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[28]"0 � � ~AI(x) � 1 '8x 2 X xm CU= K[=w 'u}=Q@=v@
QO xOW h} QaD |OwyW |R=i |xawtHt l} ~AI O}vm ZQi "|OwyW R=i OOa
TBU 'OW=@ v ~AI C} w[a sOa `@=D w � ~AI C} w[a `@=D =@ R |k}kL |xawtHt

[29]Qo = CU= |OwyW |R=i |xawtHt l} ~AI

u}=Q@=v@� � ~AI(x0) = 1 xm |Qw] x@ x0 2 R Qy OQ=O OwHw |va} 'OW=@ p=tQv "1
�v ~AI(x0) = 0

|va} 'OW=@ ?OLt � ~AI(x0) C} w[a `@=D |=Q@ "2

� ~AI (�x1 + (1� �)x2) � min�
� ~AI (x1) ; � ~AI (x2)

�
;8x1; x2 2 R; � 2 [0; 1] (1)

|va} 'OW=@ Qakt v ~AI(x) C} w[a sOa `@=D |=Q@ "3

v ~AI (�x1 + (1� �)x2) � max�
v ~AI (x1) ; v ~AI (x2)

�
;8x1; x2 2 R; � 2 [0; 1] (2)

(a1; a2; a3; a4; b1; b2; b3; b4) |xr}Uw x@ Ov=wD|t ~AI |OwyW |R=i |xawtHt
%OwW xO=O v ~AI C} w[a sOa `@=D � ~AI `@=D =@

� ~AI (x) =

8>>>>><>>>>>:
fA (x) ; a1 � x < a2;

1; a2 � x � a3;
gA (x) ; a3 < x � a4;

0; otherwise;
(3)

v ~AI (x) =

8>>>>><>>>>>:
hA (x) ; b1 � x < b2;

0; b2 � x � b3;
kA (x) ; b3 < x � b4;

1; otherwise;
(4)

(b3; b4] w [a1; a2) QO?}DQD x@|Wy=m Q}e|}xmD QtDUt `@=wD kA w fA `@=wD
[b1; b2) w (a)3; a4] QO ?}DQD x@ |W}=Ri= Q}e |}xmD QtDUt `@=wD hA w gA `@=wD w

"OvDUy
|OwyW |R=i OOa l} ~AI ErFt |OwyW |R=i OOa "|FrFt |OwyW |R=i OOa

[29]%CU= v ~AI C} w[a sOa `@=D w � ~AI C} w[a `@=D =@

� ~AI (x) =

8>>>>><>>>>>:
x�a1
a2�a1 ; a1 < x � a2;

1; x = a2;
x�a3
a2�a3 ; a2 � x < a3;

0; otherwise;
(5)

v ~AI (x) =

8>>>>><>>>>>:
x�a2
a1�a2 ; a10 < x � a2;

0; x = a2;
x�a2
a30�a2 ; a2 � x < a30 ;

1; otherwise;
(6)

xOW XNWt (a1; a2; a3; a1; a2; a30) Ovv=t |FrFt |OwyW R=i OOa l}
"CU= xOW xO=O u=Wv 1 pmW QO w

x@ Ov=wD|t |rm |}xrLQtOvJ sDU}U l} |}=Q=m '|R=wt =} |QU Q=DN=U QO |}=Q=m
x} RHD OQm} wQ R= xar=]t u}= QO xm =Hu; R= "OwW u=}@ =yOv}=Qi |}=Q=m R= |a@=D u=wva
x@ |}xm@W |=ysDU}U `=wv= |=Q@ x} RHD OQm} wQ Oa@ VN@ QO 'CU= xOW xO=iDU=

"OW Oy=wN u=}@ p}YiD
C}r=ai x@ pweWt s=y@= w C}a]ksOa |=[i QO |O}rwD |=yCmQW xRwQt=
"Ow@ Oy=wNv TQDUO QO |}=Q=m |Q}oxR=Ov= |=Q@ sRq C=aq]= xH}Dv QO &OvDUy
|v}@V}B |=Q@ |}=v=wD 'O@=}V}=Ri= sDU}U |oO}J}B xm |t=ovyCU= OkDat [24]xO=R
p=tDL= QO |awvDt |=yxO}= '\}Lt QOC}a]ksOa =@ xr@=kt QO "O@=}|tVy=m Q=DiQ
p�=Ut QO "CU= xOW x�=Q= |QDUm =N |=ysDU}U |x} Q_v w |R=i j]vt 'Q=t; w
'|a=tDH= C}rw�Ut '|QDWt C}=[Q Ovv=t |}=y|HwQN '=yxO=O |WWwB p}rLD
"CU= xO}J}B =yv; j}kO |Q}oxR=Ov= w OvQ=O |vyP C}y=t xQ}e w |Q=HD u=Wv
C}a]k ZQi 'CU= \}Lt Q}PB=v?=vDH= |oS} w l} C}a]ksOa xm |]}=QW QO
T=U= Q@ C} Q}Ot |=ys}tYD '|]}=QW u}vJ QO "CU= C}ak=w R= QwO =yxO=O
"OQ=O OwHw |Q}os}tYD p�=Ut QO |O=} R s=y@= w CU= xOWv P=ND= j}kO C=@U=Lt
|R=i TOPSIS w xJQ=Bm} DEA OQm} wQ l} Q=@ u}rw= [25]�2011� QwWv=O
|Qw] x@ 'Ovm p}rLD =Q x=oWv=O hrDNt |=yVN@ |}=Q=m =D O=O x�=Q= =Q |OwyW
|H=L "OW x�=Q= |OwyW |R=i |=yxawtHt \UwD u=U=vWQ=m |vyP |@=} RQ= xm
QO |OwyW |R=i |=yxO=O |WWwB p}rLD OQm} wQ l} [13]�2013� u=Q=mty w =k;
Q}eDt wO |vyP C=aq]= xm |Qw] x@ 'OvOQm |iQat |Q=@Da= w |r=t |=yxUU-wt
|OwyW |R=i O=Oa= |xr}Uw x@ |a=tDH= C}rw�Ut w |QDWt C}=[Q |HwQN
|OwyW |R=i |=yxO=O |WWwB p}rLD pOt [14]�2015� w=O=} w |QwB "OvOW x�=Q=
|OwQw wO |vyP C=aq]= xm |Qw] x@ OvO=O xaUwD Ovy QO |Q=Omv=@ VN@ QO =Q
"OW x�=Q= |FrFt |OwyW |R=i O=Oa= xr}Uw x@ |D=}rta |=yxv} Ry w Q=m |wQ}v
|UQQ@ |=Q@ =Q |OwyW |R=i |xawtHt |x} Q_v [26]�2015� u=Q=mty w =Ov} wwo
uOQ@ Q=m x@ =@ =Q pDt}O VwQ =yv; "OvOQ@ Q=m x@ |Qw=O QO s=y@= w |v=@ R CkOsOa
QO =yv; |O=yvW}B VwQ "OvO=O xaUwD |v=@ R |=yQ}eDt w |OwyW |R=i |=yxawtHt
|=yxO=O |WWwB p}rLD OQm} wQ [27]�2018� u}=U "OW =QH= wQOwN O}rwD CmQW
|OwyW |R=i |HwQN/|OwQw |=yxO=O =@ |}=Q=m |@=} RQ= |=Q@ =Q |OwyW |R=i
u}}aD |xQ=@ QO xm |v=tR u=oOvQ}os}tYD w u=YYNDt |=Q@ OQm} wQ u}= "O=O x�=Q=
G}=Dv "CU= O}it 'OvQ=O O}OQD |R=i |=yxO=O QO C} w[asOa/C} w[a |xHQO

"OW O}}-=D Q}PBh=]av= O}rwD sDU}U |OQwt |xar=]t =@ w= Q=m
|=yxO=O |WWwB p}rLD VwQ u=oOvU} wv q=@ QO xOW x�=Q= |=ypOt |xty QO
x@ xOvQ}os}tYD |=yOL=w Qo}O =@ xOvQ}os}tYD OL=w l} |@=} RQ= |=Q@ =Q |}xm@W
QDW}@ C=@F p}rO x@ 'xr=kt u}= QO IFNDEA |O=yvW}B pOt =t= "OvQ}o|t Q=m
p}rLD w |UQQ@ OQwt Cw=iDt |v=tR |=yxR=@ QO =Q xOvQ}os}tYD OL=w l} '\}=QW

"OyO|t Q=Qk

VywSB |U=vWVwQ "3
TBU "OW=@ C@=F |xawtHt l} X O}vm ZQi "|OwyW |R=i |xawtHt
~AI = fx; � ~AI(x); v ~AI(x) : Ovv=t X QO ~AI |OwyW |R=i |xawtHt

w � ~AI : x 2 X ! [0; 1] xm |Qw] x@ 'CU= xOW h} QaD x 2 Xg
0 � � ~AI(x) + v ~AI(x) � 1 '8x 2 X \QW =@ v ~AI : x 2 X ! [0; 1]

'u}vJty "OvyO|t u=Wv =Q C} w[a sOa |xHQO w C} w[a xHQO ?}DQD x@
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"""|
=y\

}Lt
QO|

}xm@
WO

}rwD
|=y

sDU
}U|

@=}RQ
=Ow

N

"Ov}=Qi q =@ |R=wt Q=DN=U "2 pmW

=@ |OwyW |R=i OOa l} xQ_Dvt VRQ=
EV

�
~AI
�

= (E�
�

~AI
�

+ E�
�

~AI
�

)=2 (13)

|R=i OOa l} ~AI = (a1; a2; a3; a10 ; a2; a30) O}vm ZQi "CU= xOW h} QaD
EI( ~AI) '11 |x]@=Q R= xO=iDU= =@ TBU "OW=@ |FrFt |OwyW

EI
�

~AI
�

=
h
E�
�

~AI
�
; E�

�
~AI
�i

=�
a10 + 2a2 + a1

4 ; a3 + 2a2 + a30
4

�
(14)

=@ EV ( ~AI) '13 |x]@=Q R= xO=iDU= =@ w CU= xOW h} QaD
EV

�
~AI
�

= (a10 + a1 + 4a2 + a3 + a30) =8 (15)

[31]"CU= xOW xO=O
|O=OaD R= xm CU= |}=ysDU}U =@ pO=at |R=wt Q=DN=U "|R=wt O}rwD |=ysDU}U
u=Wv 2pmW QO xm Qw]u=ty "CU= xOW xDN=U 'Ovvm|tptapkDUt Qw]x@ xm Ov}=Qi
'i 2 I(p) |=y|OwQw 'Ov}=Qi q =@ |R=wt Q=DN=Ul} QO p Ov}=Qi Qy 'CU= xOW xO=O
ẁtHt "Ovvm|t xO=iDU= Y (p)

r 'r 2 O(p) |=y|HwQN O}rwD |=Q@ =Q Xi
(p)

'j xOvQ}os}tYD OL=w |=Q@ Ov}=Qi q |xty |=Q@ Y (p)
r =y|HwQN wX(p)

i =y|OwQw
[7]w�=m "CU= qP

p=1
Y (p)
rj = Yrj |HwQN w qP

p=1
X(p)
ij = Xij |OwQw ?}DQD x@

x�=Q= u; |=yOL=wQ} R w |R=wt sDU}U |}=Q=m |Q}oxR=Ov= |=Q@ =Q 16 |}x]@=Q pOt
%OQm

maxEparallelk =
sX
r=1

urkYrk

s:t :
mX
i=1

vikXik = 1;X
r2O(p)

urkY (p)
rj �

X
i2I(p)

vikX(p)
ij � 0; p = 1; : : : ; q; j =

1; : : : ; n;
urk; vik � "; r = 1; : : : ; s; i = 1; : : : ;m (16)

|=yOL=wQ} R w sDU}U |}=Q=m 'OW=@ 16 pOt R= xv}y@ ?=wH l} (u�rk; v�ik) Qo =

a10 � a1 � |FrFt |OwyW |R=i OOa C}w[asOa w C}w[a `@=wD "1 pmW
"a2 � a3 � a30

OOa l} ~AI = (a1; a2; a3; a10 ; a2; a30) |FrFt |OwyW |R=i OOa l}
a1 = a20a3 = a30 Qo = CU= ~AI = (a10 ; a2; a30) |FrFt |R=i

a |k}kL OOa l} w v ~AI(x) = 1 � � ~AI(x) '� ~AI(x) = 0 '8x 2 R
"a10 = a1 = a2 = a3 = a30 = a Qo = CU=

~AI = O}vm ZQi "|FrFt |OwyW |R=i O=Oa= |wQ Q@ |@=UL C=}rta
|R=i OOa wO ~BI = (b1; b2; b3; b10 ; b2; b30) w (a1; a2; a3; a10a2; a30)
|FrFt |OwyW |R=i O=Oa= |wQ Q@ |@=UL C=}rta TBU "OvW=@ |FrFt |OwyW

[30]%CU= xOW xO=O 10 =D 7 CqO=at QO
%`tH �hr=

~AI � ~BI = (a1 + b1; a2 + b2; a3 + b3; a10 + b10 ; a2 + b2; a30 + b30)
(7)

%j} QiD �?
~AI 	 ~BI = (a1 � b3; a2 � b2; a3 � b1; a10 � b30 ; a2 � b2; a30 � b10)

(8)

' ~AI ; ~BI > 0 |=Q@ %?Q[ �G
~AI 
 ~BI = (a1b1; a2b2; a3b3; a10b10 ; a2b2; a30b30) (9)

'k 2 R |=Q@ %�OOa� Qr=mU= ?Q[ �O

k ~AI =

(
(ka1; ka2; ka3; ka10 ; ka2; ka30) k > 0
(ka3; ka2; ka1; ka30 ; ka2; ka10) k < 0 (10)

|R=i OOa l} |xQ_Dvt |xrY=i "|OwyW |R=i O=Oa= 10xQ_Dvt VRQ=
EI( ~AI) |a]k |xrY=i l} ~AI = (a1; a2; a3; a4; b1; b2; b3; b4) |OwyW

=@ xm CU=
EI
�

~AI
�

=
h
E�
�

~AI
�
; E�

�
~AI
�i

(11)

xm |Qw] x@ "CU= xOW xO=O8>><>>:
E�
�

~AI
�

= b1+a22 + 1
2
b2s
b1
hA (x) dx� 1

2
a2s
a1
fA (x) dx

E�
�

~AI
�

= a3+b42 + 1
2
a4s
a3
gA (x) dx� 1

2
b4s
b3
kA (x) dx

(12)
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2 2
|xQ

=tW
'35

�1|
xQwO

'�1
39

8u
=DUt

R�h
}QW

C}
Q}Ot

w`}
=vY

|U
Ovyt X

f2M(p)

wfkZ(p)
fj �

X
f2M(p�1)

wfkZ(p�1)
fj � 0;

p = 2; : : : ; q � 1; j = 1; : : : ; n;
sX
r=1

urkYrj � X
f2M(q�1)

wfkZ(q�1)
fj � 0; j = 1; : : : ; n;

ur; vi; wf � "; r = 1; : : : ; s; i = 1; : : : ;m; f = 1; : : : ; g (20)

24 =D 21 \@=wQ =@ Ovv=wD|t u; |=yOL=wQ} R w |QU sDU}U |=y|}=Q=m 'u}=Q@=v@
%OvwW x@U=Lt

Ek =
Ps
r=1 u

�
rkYrkPm

i=1 v�ikXik
=

sX
r=1

u�rYrk (21)

E(1)
k =

P
f2M(1) w�fkZ(1)

fkPm
i=1 v�ikXik

(22)

E(p)
k =

P
f2M(p) w�fkZ(p)

fk )P
f2M(p�1) w�fkZ

(p�1)
fk

; p = 2; : : : ; q � 1 (23)

E(q)
k =

Ps
r=1 u

�
rkYrkP

f2M(q�1) w�fkZ
(q�1)
fk

(24)

qY
p=1

E(P )
k =

"P
f2M(1) w�fkZ(1)

fkPm
i=1 v�ikXik

#
"q�1Y
p=2

P
f2M(p) w�fkZ(p)

fk )P
f2M(p�1) w�fkZ

(p�1)
fk

#
" Ps

r=1 u
�
rkYrkP

f2M(q�1) w�fkZ
(q�1)
fk

#
=
Ps
r=1 u

�
rkYrkPm

i=1 v�ikXik
(25)

Q=DN=U =@ |}=ysDU}U |=Q@ sDU}U |}=Q=m 'u}=Q@=v@ "CU= sDU}U |}=Q=m Q@=Q@ xm
"CU= ' Ek =

qQ
p=1

E(P )
k Ov}=Qi q |}=Q=m ?Q[pY=L |QU

R= xO=iDU= =@ OQmrta |@=} RQ= |=Q@ "|OwyW |R=i |=yxO=O |WWwB p}rLD
OL=w n OQmrta O}vm ZQi '|OwyW |R=i |=y\}Lt QO =yxO=O |WWwB p}rLD
m 'DMUj "OwW |Q}oxR=Ov= (DMUj ; j = 1; :::; n) Tv=HDt xOvQ}os}tYD
|OwyW |R=i |HwQN s O}rwD |=Q@ ~xIij ; i = 1; : : : ;m |OwyW |R=i |OwQw
~xIij =

�
xij1 ; x

ij
2 ; x

ij
3 ;xij1 ; x

ij
2 ; x

ij
3
� "Ovm|t xO=iDU= ~yIrj ; r = 1; : : : ; s

yrj1 > w xij1 > 0;8i; j \QW =@ ~yIrj =
�
yrj1 ; y

rj
2 ; y

rj
3 ; yrj1 ; y

rj
2 ; y

rj
3
� w

|}=Q=m |x@U=Lt |=Q@ "OvDUy C@Ft |FrFt |OwyW |R=i O=Oa= ?}DQD x@ 0; 8r; j
%OvO=O x�=Q= =Q 26 pOt [14]w=O=} w |QwB sDU}U |OwyW |R=i

max ~EIk =
sX
r=1

~uIrk 
 ~yIrk

s:t :
mX
i=1

~vIik 
 ~xIik = ~1I ;
sX
r=1

~uIrk 
 ~yIrj 	
mX
i=1

~vIik 
 ~xIij � ~0I ; j = 1; :::; n;

~uIrk � "; r = 1; :::; s;
~vIik � "; i = 1; :::;m; " > 0 (26)

%OW Oy=wN x@U=Lt u}vJ u}= u;

Ek =
Ps
r=1 u

�
rkYrkPm

i=1 v�ikXik
=

sX
r=1

u�rkYrk (17)

E(p)
k =

P
r2O(p) u�rkY (p)

rkP
i2I(P ) v�ikX

(p)
ik

; p = 1; : : : ; q (18)

u}= |xr}Uw x@ xOW hQYt |OwQw ẁtHt u=wva x@ =Q p Ov}=Qi =@ \w@ Qt uRw Qo =
w(p) = 's}vm h} QaD Ov}=Qi q |xty |xr}Uw x@ xOW hQYt |OwQw x@ Ov}=Qi
uwRwt w(p) |xr}Uw x@ xm Ov}=Qi q |}=Q=m u}ov=}t TBU '

P
i2I(P ) v

�
ikX

(p)
ikPm

i=1 v�ikXik

%R= CU= CQ=@a 'CU= xOW
qX
p=1

w(p)E(P )
k =

qX
p=1

" P
i2I(P ) v�ikX(p)

ikPm
i=1 v�ikXik

! P
r2O(p) u�rkY (p)

rkP
i2I(P ) v�ikX

(p)
ik

!#
=

qX
p=1

 P
r2O(p) u�rkY (p)

rkPm
i=1 v�ikXik

!
=
Ps
r=1 u

�
rkYrkPm

i=1 v�ikXik
(19)

"CU= sDU}U |}=Q=m xm
x@ 'OyO|t u=Wv =Q Ov}=Qi q =@ |QU Q=DN=U l} 3 pmW "|QU O}rwD |=ysDU}U
x[Qa uwQ}@ R= xm =Q Xi; i = 1; :::;m |=y|OwQw Ov}=Qi u}rw= xm |Qw]
|=Q@ =Q Z(1)

f 'f 2 M (1) |v=}t C=O}rwD =D Ovm|t xO=iDU= 'CU= xOW
|v=}t C=O}rwD p Ov}=Qi Qy '|Oa@ |=yOv}=Qi QO "Ovm O}rwD 2 Ov}=Qi xO=iDU=
O}rwD p � 1 |r@k Ov}=Qi |xr}Uw x@ xm xO=iDU= =Q Z(p�1)

f 'f 2 M (p�1)

|Oa@ |=yOv}=Qi |xO=iDU= |=Q@ =Q Z(p)
f 'f 2 M (p) |v=}t C=O}rwD =D 'Ov=xOW

|=Q@ =Q Z(q�1)
f 'f 2 Mq�1 |v=}t C=O}rwD q Ov}=Qi u} QN; "Ovm O}rwD p + 1

'[4]nv=wy w w�=m "Ovvm|t xO=iDU= Yr; r = 1; :::s |}=yv |=y|HwQN O}rwD
x�=Q= u; |=yOL=wQ} R w |QU sDU}U |}=Q=m |Q}oxR=Ov= |=Q@ =Q 20 |}x]@=Q pOt

%OvO=O
maxEseriesk =

sX
r=1

urkYrk

s:t :
mX
i=1

vikxik = 1;
X

f2M(1)
wfkZ(1)

fj �
mX
i=1

vikXij � 0; j = 1; : : : ; n;

"Ov}=Qi q =@ |QU Q=DN=U "3 pmW
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"""|
=y\

}Lt
QO|

}xm@
WO

}rwD
|=y

sDU
}U|

@=}RQ
=Ow

Nx@ |}=Q=m |Q}oxR=Ov= xm CU= u}= =yxO=O |WWwB p}rLD VwQ |=y|oS} w R=
xm OQ=O OwHw |OQ=wt '|ak=w |=}vO QO 'p=L u}= =@ "CU= T=UL xO=O C=Q}}eD
=} OvwW OQw;Q@ O}=@ w Ov=xOW so C=Oy=Wt 'CU= Q=wWO C=Oy=Wt j}kO |Q}oxR=Ov=
R�=L Q=}U@ |}xm@W O}rwD |=ysDU}U |=Q@ xS} w x@ u}= "OvwW |v}@V}B O}=@ =yxO=O
xm OQ=O OwHw |OQ=wt "Ov=xOW p}mWD |v=}t C=O}rwD R= =yxO=O =Q} R &CU= Ct}y=
"OvDUy sy@t |}=yxO=O u}vJ V}=tv |=Q@ xO=iDU= OQwt Q}O=kt w Ov=|i}m =yxO=O
|xOvyOu=Wv `k=w QO xm OvwW ZQi |a]k Q}O=kt 'p�=Ut ẁv u}= pL |=Q@ Qo =
QO w 'Ovm O=tDa= j}kOQ}e G}=Dv x@ CU= umtt xOvQ}os}tYD OvDUy sy@t |=yxO=O

[7]"OwW P=ND= |@U=vt=v C=t}tYD xH}Dv
�|}xm@W� |R=wt � |QU sDU}U |@=} RQ= OwN |=Q@ 'xOW u=}@EL=@t T=U= Q@
R= u=wD|t |v=tR VQ@ 10 QO |OwyW |R=i |=yxO=O =@ u=et p@=m w s}U CmQW

%OQm xO=iDU= 27 pOt
max ~EIk =

4X
r=1

~uIrk 
 ~yIrk

s:t :
3X
i=1

~vIik 
 ~xIik �
6X
r=5

~uIrk 
 ~yIrk = ~1I ;

~uI1k 
 ~Y I1j � ~wI1k 
 ~ZI1j 	 ~vI1k 
 ~XI1j � ~0I ; j = 1; : : : ; n;
~uI2k 
 ~Y I2j � ~wI2k 
 ~ZI2j 	

�
~vI2k 
 ~XI2j � ~wI1k 
 ~ZI1j

� � ~0I ;
j = 1; : : : ; n;

4X
r=3

~uIrk 
 ~yIrj 	
 

~vI3k 
 ~XI3j � ~wI2k 
 ~ZI2j �
6X
r=5

~uIrk 
 ~yIrj

!
� ~0I ; j = 1; : : : ; n;
~uI1k; ~uI2k; ~uI3k; ~uI4k; ~uI5k; ~uI6k; ~vI1k; ~vI2k; ~vI3k; ~wI1k; ~wI2k � "; (27)

?wr]t=v '�6w 5 |HwQN� 3 VN@ |=y|HwQN R= OQwt wO sDU}U u}= QO
Q=DiQ |OwQw x@=Wt |}=y|HwQN u}vJ =@ 'OvDUy �s} Q=O =Q =yv; Vy=m OYk�
x@U=Lt 31 =D 28 \@=wQ =@ =yOL=wQ} R w sDU}U |}=Q=m 27 pOt T=U= Q@ "OwW|t

%OvwW|t

~EIk =
P4
r=1 ~uI�rk 
 ~yIrkP3

i=1 ~vI�ik 
 ~xIik �P6
r=5 ~uI�rk 
 ~yIrk

=
4X
r=1

~uIrk 
 ~yIrk

(28)

~EI(1)
k = ~uI�1k 
 ~Y I1k � ~wI�1k 
 ~ZI1k

~vI�1k 
 ~XI1k
(29)

~EI(2)
k = ~uI�2k 
 ~Y I2k � ~wI�2k 
 ~ZI2k

~vI�2k 
 ~XI2k + ~wI�1k 
 ~ZI1k
(30)

~EI(3)
k =

P4
r=3 ~uI�rk 
 ~yIrk

~vI�3k 
 ~XI3k � ~wI�2k 
 ~ZI2k �P6
r=5 ~uI�rk 
 ~yIrk

(31)

'�5 pmW� |QU pmW x@ xm OQ=O VN@ xU 4 pmW R= xOW p}O@D sDU}U
ẁtHt x@ =y|HwQN ẁtHt s}UkD R= VN@ Qy |}=Q=m "Ov=xOW pYDt Qo}Om} x@

"O};|t CUO x@ =y|OwQw
ẁtHt 'CU= l} =@ Q@=Q@ =} R= QDsm VN@ |}=Q=m xm u}= R= u=v}t]= |=Q@

"OW=@ =y|OwQw ẁtHt R= QDnQR@ O}=@v VN@ Qy |=y|HwQN

u}t=r Q=Okt ~yIrk '|@=} RQ= CLD OL=w |xOvyOu=Wv w k = 1; :::; n 26 pOt QO
Q=Okt ~xIik |xOvQ}os}tYD OL=w u}t=k \UwD xOW O}rwD |OwyW |R=i |HwQN
~vIik = 'xOvQ}os}tYD OL=w u}t=k \UwD xOW hQYt |OwyW |R=i |OwQw u}t=i
~uIrk =

�
urk1 ; urk2 ; urk3 ;urk1 ; urk2 ; urk3

� w�vik1 ; vik2 ; vik3 ; vik1 ; vik2 ; vik3
�

|HwQN u}t=r w |OwyW |R=i |OwQw u}t=i |=Q@ |OwyW |R=i |=yuRw ?}DQD x@
" w|FrFt|OwyW|R=i O=Oa= =@ xOW x�=Q= w xOvQ}os}tYD OL=wu}t=k R= |OwyW|R=i
~0I = (0; 0; 0; 0; 0; 0) Q[=L|xr=kt QO "CU=|UO}tWQ=Q}elJwmC}=yv|@

"Ow@ Oy=wN ~1I = (1; 1; 1; 1; 1; 1) w

|R=wt � |QU |O=yvW}B |@=} RQ= OwN pOt "4
|OwyW |R=i �|}xm@W�

R= xO=iDU= [8]w�=m '|R=wt � |QU Q=DN=U l} x@ |rm |}xm@W sDU}U p}O@D |=Q@
O=yvW}B |v=}t |=y|HwQN w =y|OwQw uOQm ptL |=Q@ =Q |R=Ht |=yOL=wQ} R
ltm |=Q@ \ki w OvQ=O u=Um} |=y|HwQN w =y|OwQw '|R=Ht |=yOL=wQ} R "OQm
|QU 'Q}Ut l} \ki '|}xm@W |}xrLQtOvJ sDU}U |=Q@ "OvwW|t x�=Q= V}=tv x@
=@ |R=wt pmW x@ xm � |R=Ht OL=wQ} R l} 'xrLQt Qy QO "OQ=O OwHw 'Ov}=Qi q R=
xO=iDU= |=Q@ =y|OwQw =D OwW|t xi=[= � CU= xOW pYDt |ak=w OL=wQ} R l}
u}= Q@ "Ovm ptL =Q p@k |xrLQt QO xOW O}rwD |=y|HwQN w Oa@ |xrLQt QO
?}DQD x@ =yxQ}=O w =y`@ Qt xm |Qw] x@ OwW|t p}O@D 5 pmW x@ 4 pmW T=U=

"OvDUy |R=Ht w |ak=w |=yOL=wQ} R

"u=et p@=m w s}U CmQW QO pwYLt O}rwD Ov}=Qi "4 pmW

w s}U CmQW |rm |}xm@W sDU}U R= xOW p}O@D |R=wt � |QU sDU}U "5 pmW
"p@=m
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2 2
|xQ

=tW
'35

�1|
xQwO

'�1
39

8u
=DUt

R�h
}QW

C}
Q}Ot

w`}
=vY

|U
Ovyt

~EI(a)
k =

P3
i=2 ~vI�ik
~xIik� ~wI�1k
 ~ZI1k�~uI�1k
 ~Y I1k�P6

r=5 ~uI�rk
~yIrkP3
i=1 ~vI�ik
~xIik�

P6
r=5 ~uI�rk
~yIrk

�32�

~EI(b)k =
~vI�3 
 ~XI3k� ~wI�2 
 ~ZI2k�~uI�1 
 ~Y I1k�~uI�2 
 ~Y I2k�

6P
r=5

~uI�rk
~yIrk

3P
i=2

~vI�ik
~xIik� ~wI�1k
 ~ZI1k�~uI�1k
 ~Y I1k�
6P
r=5

~uI�rk
~yIrk

�33�

~EI(c)k =
P4
r=1 ~uI�rk
~yIrk

~vI�3 
 ~XI3k� ~wI�2k
 ~ZI2k�~uI�1k
 ~Y I1k+~uI�2k
 ~Y I2k�
P6
r=5 ~uI�rk
~yIrk

�34�

"CU= VN@ xU |OwyW |R=i |=y|}=Q=m
~EIk = ~EI(a)

k 
 ~EI(b)k 
 ~EI(c)k =
h

~wI(1) ~EI(1)
k � �~1I 	 ~wI(1)

�ih
~wI(2) ~EI(2)

k � �~1I 	 ~wI(2)
�i h

~wI(3) ~EI(3)
k � �~1I 	 ~wI(3)

�i
(44)

C=O}rwD w =y|HwQN w =y|OwQw =@ |}xrLQt q QD|rm OQ=wt x@ Ov=wD|t G}=Dv u}=
"s}W=@ xDW=O =Q Q} R |x}[k =D OwW xO=O xaUwD QDW}@ |OwyW |R=i |v=}t

|R=i |=y\}Lt QO Ov}=Qi q w VN@ n =@ |}xm@W |=ysDU}U |}=Q=m "x}[k
|Qw] x@ 'CU= VN@ n |xOW p}OaD |OwyW |R=i |}=Q=m ?Q[pY=L '|OwyW
|OwyW |R=i |}=Q=m uwRwt u}ov=}t 'VN@ |xOW p}OaD |OwyW |R=i |}=Q=m xm

"CU= |R=Ht w |ak=w |=yOv}=Qi
~EIk =

qY
p=1

h
~wI(p) ~EI(p)k � �1	 ~wI(p)

�i
(45)

=yVwQ R= |m} "|OwyW |R=i |}xm@W |@=} RQ= OwN pOt pL |=Q@ |WwQ
xO=iDU= |a]k |=y?=wH uOQw; CUO x@ w |OwyW |R=i |=ypOt |}=ORs=y@= |=Q@
=@ =OD@= QO "CU= xOW xO=O KQW "2"5 VN@ QO xm CU= xQ_Dvt VRQ= VwQ R=
|OwyW |R=i |=yuRw w |OwyW |R=i |=y|HwQN w =y|OwQw Q}O=kt R= xO=iDU=

%OwW p}O@D 46 pOt pmW x@ Ov=wD|t 27 pOt '=yv; pO=at
max ~EIk =

4X
r=1

(urk1 ; urk2 ; urk3 ;urk1 ; urk2 ; urk3 )


(yrk1 ; yrk2 ; yrk3 ; yrk1 ; yrk2 ; yrk3 )

s:t :
3X
i=1

(vik1 ; vik2 ; vik3 ; vik1 ; vik2 ; vik3 )


(xik1 ; xik2 ; xik3 ;xik1 ; xik2 ; xik3 )

�
6X
r=5

(urk1 ; urk2 ; urk3 ;urk1 ; urk2 ; urk3 )


(yrk1 ; yrk2 ; yrk3 ; yrk1 ; yrk2 ; yrk3 ) = (1; 1; 1; 1; 11);

(
3X
i=2

~vIik 
 ~xIij � ~wI1k 
 ~ZI1j � ~uI1k 
 ~Y I1j �
6X
r=5

~uIrk 
 ~yIrj)

	(
3X
i=1

~vIik 
 ~xIij �
6X
r=5

~uIrk 
 ~yIrj) � 0 (35)

(~vI3 
 ~XI3j � ~wI2 
 ~ZI2j � ~uI1 
 ~Y I1j � ~uI2 
 ~Y I2j �
6X
r=5

~uIrk 
 ~yIrj)

	(
3X
i=2

~vIik 
 ~xIij � ~wI1k 
 ~ZI1j � ~uI1k 
 ~Y I1j �
6X
r=5

~uIrk 
 ~yIrj) � 0
(36)

(
4X
r=1

~uIrk 
 ~yIrk)	 (~vI3 
 ~XI3j � ~wI2k 
 ~ZI2j � ~uI1k


 ~Y I1j + ~uI2k 
 ~Y I2j �
6X
r=5

~uIrk 
 ~yIrj) � 0 (37)

|=yC}OwOLt =@ pO=at ,=k}kO C}OwOLt xU u}= 'u=Um} C=Q=@a uOQm hPL =@
"OvDUy 27 pOt QO =yOL=wQ} R =@ \@DQt

l} w |ak=w OL=wQ} R l} R= xm OQ=O |R=wt Q=DN=U l} VN@ xU R= l} Qy
|R=Ht OL=wQ} R |=y|HwQN w =y|OwQw uwJ "CU= xOW p}mWD |R=Ht OL=wQ} R
VN@ Qy |}=Q=m "CU= l} |}=Q=m R=}Dt= w O�=R x]w@ Qt C}OwOLt 'CU= u=Um}

%CU= |R=Ht w |ak=w |=yOL=wQ} R |}=Q=m uwRwt u}ov=}t �|R=wt sDU}U�
~EI(a)
k = ~wI(1) ~EI(1)

k � ~wI(4) ~EI(4)
k = ~wI(1) ~EI(1)

k � �~1I 	 ~wI(1)
�

(38)

~EI(b)k = ~wI(2) ~EI(2)
k � ~wI(5) ~EI(5)

k = ~wI(2) ~EI(2)
k � �~1I 	 ~wI(2)

�
(39)

~EI(c)k = ~wI(3) ~EI(3)
k � ~wI(6) ~EI(6)

k = ~wI(3) ~EI(3)
k � �~1I 	 ~wI(3)

�
(40)

?Q[pY=L |}xm@W |}xrLQtOvJ sDU}U |}=Q=m 5 pmW T=U= Q@ xm |Qw] x@

~wI(1) = ~vI�1k
~xI1kP3
i=1 ~vI�ik
~xIik�

P6
r=5 ~uI�rk
~yIrk

�41�
~wI(2) = (~vI2k
~xI2k� ~wI1k
 ~ZI1k)

(P3
i=2 ~vI�ik
~xIik� ~wI�1k
 ~ZI1k�~uI�1k
 ~Y I1k�

P6
r=5 ~uI�rk
~yIrk) �42�

~wI(3) = (~vI�3k
~xI3k� ~wI�2k
 ~ZI2k�P6
r=5 ~uI�rk
~yIrk)

(~vI�3 
 ~XI3k� ~wI�2 
 ~ZI2k�~uI�1 
 ~Y I1k�~uI�2 
 ~Y I2k�
P6
r=5 ~uI�rk
~yIrk) �43�
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"""|
=y\

}Lt
QO|

}xm@
WO

}rwD
|=y

sDU
}U|

@=}RQ
=Ow

N��v1k1 x1j
1 ; v

1k2 x1j
2 ; v

1k3 x1j
3 ; v1k10 x1j

10 ; v
1k2 x1j

2 ; v
1k30 x1j

30
�

)

� EV ((0; 0; 0; 0; 0; 0)) ; j = 1; : : : ; n;
EV (

�
u2k1 y2j

1 ; u
2k2 y2j

2 ; u
2k3 y2j

3 ;u2k10 y2j
10 ; u

2k2 y2j
2 ; u

2k30 y2j
30
�

+

(w2k1 Z2j
1 ; w

2k2 Z2j
2 ; w

2k3 Z2j
3 ;w2k10 Z2j

10 ; w
2k2 Z2j

2 ; w
2k30 Z2j

30 )��
(v2k1 x2j

1 ; v
2k2 x2j

2 ; v
2k3 x2j

3 ; v2k10 x2j
10 ; v

2k2 x2j
2 ; v

2k30 x2j
30
�

+

(w1k1 Z1j
1 ; w

1k2 Z1j
2 ; w

1k3 Z1j
3 ;w1k10 Z1j

10 ; w
1k2 Z1j

2 ; w
1k30 Z1j

30 )))

� EV ((0; 0; 0; 0; 0; 0)) ; j = 1; : : : ; n;

EV ((
4X
r=1

urk1 yrk1 ;
4X
r=1

urk2 yrk2 ;
4X
r=1

urk3 yrk3 ;

4X
r=1

urk10 yrk10 ;
4X
r=1

urk2 yrk2 ;
4X
r=1

urk30 yrk30 )�

(
�
v3k1 x3j

1 ; v
3k2 x3j

2 ; v
3k3 x3j

3 ; v3k1 x3j
1 ; v

3k2 x3j
2 ; v

3k3 x3j
3
�

+�
w2k1 Z1j

1 ; w
2k2 Z1j

2 ; w
2k3 Z1j

3 ;w2k10 Z1j
10 ; w

2k2 Z1j
2 ; w

2k3 Z1j
3
�

+

(
6X
r=5

urk1 yrk1 ;
6X
r=5

urk2 yrk2 ;
6X
r=5

urk3 yrk3 ;
6X
r=5

urk10 yrk10 ;

6X
r=5

urk2 yrk2 ;
6X
r=5

urk30 yrk30 )))

� EV ((0; 0; 0; 0; 0; 0)) ; j = 1; : : : ; n;
urk30 � urk3 � urk2 � urk1 � urk1 � "; r = 1; : : : ; 6;
vik3 � vik3 � vik2 � vik1 � vik10 � "; i = 1; 2; 3; wfk30 � wfk3 �
wfk2 � wfk1 � wfk10 � "; f = 1; 2; " > 0 (47)

pOt '2"5 VN@ QO xOW xO=O |FrFt |OwyW |R=i O=Oa= xQ_Dvt VRQ= R= xO=iDU= =@
|}xm@W |]N |R} Qxt=vQ@ pOt x@ 47 |OwyW |R=i |}xm@W |]N |R} Qxt=vQ@

%OwW|t p}O@D 48 |a]k
maxEIk = 1=8 4X
r=1

(urk10 yrk10 + urk1 yrk1 + 4urk2 yrk2 + urk3 yrk3 + urk30 yrk30 )

!
s:t :

3X
i=1

(vik10 xik10 + vik1 xik1 + 4vik2 xik2 + vik3 xik3 + vik30 xik30 )

+
6X
r=5

(urk10 yrk10 + urk1 yrk1 + 4urk2 yrk2 + urk3 yrk3 + urk30 yrk30 ) = 8;

(u1k10 y1j
10 + u1k1 y1j

1 + 4u1k2 y1j
2 + u1k3 y1j

3 + u1k30 y1j
30 )+

(w1k10 z1j
10 + w1k1 z1j

1 + 4w1k2 z1j
2 + w1k3 z1j

3 + w1k30 z1j
30 )��

v1k10 x1j
10 + v1k1 x1j

1 + 4v1k2 x1j
2 + v1k3 x1j

3 + v1k30 x1j
30
�

� 0; j = 1; : : : ; n;
(u2k10 y2j

10 + u2k1 y1j
1 + 4u2k2 y2j

2 + u2k3 y2j
3 + u2k30 y2j

30 )+

(w2k10 z2j
10 + w2k1 z2j

1 + 4w2k2 z2j
2 + w2k3 z2j

3 + w2k30 z2j
3 )�

(u1k1 ; u1k2 ; u1k3 ;u1k1 ; u1k2 ; u1k3 )
 (y1j
1 ; y

1j
2 ; y

1j
3 ; y1j

1 ; y
1j
2 ; y

1j
3 )

�(w1k1 ; w1k2 ; w1k3 ;w1k1 ; w1k2 ; w1k30 )

(z1j

1 ; z
1j
2 ; z

1j
3 ; z1j

1 ; z
1j
2 ; z

1j
3 )	 (v1k1 ; v1k2 ; v1k3 ; v1k1 ; v1k2 ; v1k3 )


(x1j
1 ; x

1j
2 ; x

1j
3 ;x1j

1 ; x
1j
2 ; x

1j
3 ) � (0; 0; 0; 0; 0; 0); j = 1; : : : ; n;

(u2k1 ; u2k2 ; u2k3 ;u2k1 ; u2k2 ; u2k3 )
 (y2j
1 ; y

2j
2 ; y

2j
3 ; y2j

1 ; y
2j
2 ; y

2j
3 )

�(w2k1 ; w2k2 ; w2k3 ;w2k10 ; w2k2 ; w2k30 )


(z2j
1 ; z

2j
2 ; z

2j
3 ; z2j

1 ; z
2j
2 ; z

2j
3 )	 ((v2k1 ; v2k2 ; v2k3 ; v2k1 ; v2k2 ; v2k3 )


(x2j
1 ; x

2j
2 ; x

2j
3 ;x2j

1 ; x
2j
2 ; x

2j
3 )

�(w1k1 ; w1k2 ; w1k3 ;w1k10 ; w1k2 ; w1k30 )
 (z1j
1 ; z

1j
2 ; z

1j
3 ; z1j

1 ; z
1j
2 ; z

1j
3 ))

� (0; 0; 0; 0; 0; 0); j = 1; : : : ; n;
4X
r=1

(urk1 ; urk2 ; urk3 ;urk1 ; urk2 ; urk3 )
 (yrk1 ; yrk2 ; yrk3 ; yrk1 ; yrk2 ; yrk3 )

	((v3k1 ; v3k2 ; v3k3 ; v3k1 ; v3k2 ; v3k3 )

(x3j

1 ; x
3j
2 ; x

3j
3 ;x3j

1 ; x
3j
2 ; x

3j
3 )� (w2k1 ; w2k2 ; w2k3 ;w2k10 ; w2k2 ; w2k30 )


(z2j
1 ; z

2j
2 ; z

2j
3 ; z2j

1 ; z
2j
2 ; z

2j
3 )

�
6X
r=5

(urk1 ; urk2 ; urk3 ;urk1 ; urk2 ; urk3 )
 (yrk1 ; yrk2 ; yrk3 ; yrk1 ; yrk2 ; yrk3 ))

� (0; 0; 0; 0; 0; 0); j = 1; : : : ; n;
(urk1 ; urk2 ; urk3 ;urk1 ; urk2 ; urk3 ) � "; r = 1; : : : ; 6;
(vik1 ; vik2 ; vik3 ; vik1 ; vik2 ; vik3 ) � "; i = 1; 2; 3;
(wik1 ; wik2 ; wik3 ; wik10 ; wik2 ; wik30 ) � "; f = 1; 2; " > 0 (46)

pOt '2"5 w 2"4 VN@ QO xOW x�=Q= |@=UL C=}rta w xQ_Dvt VRQ= R= xO=iDU= =@
%OwW|t p}O@D 47 pOt pmW x@ 46

maxEV
�

~EIk
�

= EV
� 4X
r=1

urk1 yrk1 ;
4X
r=1

urk2 yrk2 ;
4X
r=1

urk3 yrk3 ;

4X
r=1

urk10 yrk10 ;
4X
r=1

urk2 yrk2 ;
4X
r=1

urk30 yrk30
�

s:t : EV (
� 3X
i=1

vik10 xik10 ;
3X
i=1

vik2 xik2 ;
3X
i=1

vik3 xik3 ;

3X
i=1

vik1 xik1 ;
3X
i=1

vik2 xik2 ;
3X
i=1

vik30 xik30
�

+� 6X
r=5

urk1 yrk1 ;
6X
r=5

urk2 yrk2 ;
6X
r=5

urk3 yrk3 ;

6X
r=5

urk10 yrk10 ;
6X
r=5

urk2 yrk2 ;
6X
r=5

urk30 yrk30
�

)

= EV ((1; 1; 1; 1; 11)) ;

EV ((u1k1 y1j
1 ; u

1k2 y1j
2 ; u

1k3 y1j
3 ;u1k10 y1j

10 ; u
1k2 y1j

2 ; u
1k30 y1j

30 )+

(w1k1 Z1j
1 ; w

1k2 Z1j
2 ; w

1k3 Z1j
3 ;w1k10 Z1j

10 ; w
1k2 Z1j

2 ; w
1k
3primeZ

1j
30 )
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w`}
=vY

|U
Ovyt

�
w2k10 z2j

1 + w2k1 z2j
1 + 4w2k2 z2j

2 + w2k3 z2j
3 + w2k30 z2j

3
�

+

+
6X
r=5

(urk10 yrk10 + urk1 yrk1 + 4urk2 yrk2 + urk3 yrk3 + urk30 yrk30 )) (52)

"OW Oy=wN x@U=Lt 55 =D 53 \@=wQ =@ OL=wQ} R Qy uRw '|a]k Q}O=kt R= xO=iDU= =@
~wI(1) =

�
v1k1 x1k10 + v1k1 x1k1 + 4v1k2 x1k2 + v1k3 x1k3 + v1k30 x1k30

��� 3X
i=1

(vik10 xik10 + vik1 xik1 + 4vik2 xik2 + vik3 xik3 + vik30 xik30 )+

6X
r=5

(urk10 yrk10 + urk1 yrk1 + 4urk2 yrk2 + urk3 yrk3 + urk30 yrk30 )
�

(53)

~wI(2) =
��

v2k1 x2k10 + v2k1 x2k1 + 4v2k2 x2k2 + v2k3 x2k3 + v2k30 x2k30
�

+�
w1k10 z1j

1 + w1k1 z1j
1 + 4w1k2 z1j

2 + w1k3 z1j
3 + w1k30 z1j

3
��

�(
3X
i=2

(vik10 xik10 + vik1 xik1 + 4vik2 xik2 + vik3 xik3 + vik30 xik30 )

+
�
w1k10 z1j

1 + w1k1 z1j
1 + 4w1k2 z1j

2 + w1k3 z1j
3 + w1k30 z1j

3
�

+(u1k10 y1k10 + u1k1 y1k1 + 4u1k2 y1k2 + u1k3 y1k3 + u1k30 y1k30 )+
6X
r=5

(urk1 yrk10 + urk1 yrk1 + 4urk2 yrk2 + urk3 yrk3 + urk30 yrk30 ) (54)

~wI(3)(
�
v3k1 x3k10 + v3k1 x3k1 + 4v3k2 x3k2 + v3k3 x3k3 + v3k30 x3k30

�
+�

w2k10 z2j
1 + w2k1 z2j

1 + 4w2k2 z2j
2 + w2k3 z2j

3 + w2k30 z2j
3
�

+
6X
r=5

(urk10 yrk10 + urk1 yrk1 + 4urk2 yrk2 + urk3 yrk3 + urk30 yrk30 ))�

(
�
v3k1 x3k10 + v3k1 x3k1 + 4v3k2 x3k2 + v3k3 x3k3 + v3k30 x3k30

�
+�

w2k10 z2j
1 + w2k1 z2j

1 + 4w2k2 z2j
2 + w2k3 z2j

3 + w2k3 z2j
3
�

+(u1k10 y1k10 + u1k1 y1k1 + 4u1k2 y1k2 + u1k3 y1k3 + u1k30 y1k30 )+

(u2k1 y2k10 + u2k1 y1k1 + 4u2k2 y2k2 + u2k3 y2k3 + u2k30 y2k30 )+
6X
r=5

(urk10 yrk10 + urk1 yrk1 + 4urk2 yrk2 + urk3 yrk3 + urk30 yrk30 )) (55)

�u=et p@=m w s}U CmQW� |OQwt |xar=]t "5
|=Q@ Ov=wD|t xar=]t u}= G}=Dv =Q} R &CU= |OQ@ Q=m 'hOy Q_v R= Q[=L VywSB
R= Oa@ 'Q[=L |xar=]t QO "OwW xDiQo Q=m x@ |}xm@W |D=tON w |O}rwD |=yCmQW
l} QO |@=} RQ= OwN pOt 'pOt |WN@ QF= R= u=v}t]= |=Q@ '|O=yvW}B pOt |x�=Q=
'j}kLD |xr�Ut x@ xHwD =@ "OwW|t p}rLD w x} RHD w xDiQo Q=m x@ |OQwt |xar=]t
p@=m w s}U |rN=O u=oOvvmO}rwD u} QDxDiQW}B R= |m} xm u=et p@=m w s}U CmQW

"OW ?=NDv= |OQwt |xar=]t u=wva x@ 'CU=
w CU=Q=O =Q |}xm@W sDU}U ^=Lr R= j}kLD R=}v OQwt \}=QW CmQW u}=
CqwYLt ẁvD x@ xHwD =@ "CU= Q}PBu=mt= xv=NQ=m u}= CqwYLt |wQ pOt |=QH=
|=Q=O w xv=NQ=m pw=ODt C=O}rwD R= xm �pwDit 2�6 � pwYLt C=aq]= R= 'xv=NQ=m

��
v2k1 x2j

10 + v2k1 x2j
1 + 4v2k2 x2j

2 + v2k3 x2j
3 + v2k30 x2j

30
�

+�
w1k10 z1j

1 + w1k1 z1j
1 + 4w1k2 z1j

2 + w1k3 z1j
3 + w1k30 z1k3

��
� 0; j = 1; :::; n

4X
r=1

(urk10 yrj10 + urk1 yrj1 + 4urk2 yrj2 + urk3 yrj3 + urk30 yrj30 )�

((v3k1 x3j
10 + v3k1 x3j

1 + 4v3k2 x3j
2 + v3k3 x3j

3 + v3k30 x3j
30 )+�

w2k10 z2j
1 + w2k1 z2j

1 + 4w2k2 z2j
2 + w2k3 z2j

3 + w2k30 z2j
3
�

+

(
6X
r=5

(urk10 yrj10 + urk1 yrj1 + 4urk2 yrj2 + urk3 yrj3 + urk30 yrj30 ))

� 0; j = 1; : : : ; n;
urk30 � urk3 � urk2 � urk1 � urk10 � "; r = 1; : : : ; 6;
vik3 � vik3 � vik2 � vik1 � vik10 � "; i = 1; 2; 3;
wfk30 � wfk3 � wfk2 � wfk1 � wfk10 � "; f = 1; 2; " > 0 (48)

pOt u=wva x@ xOW xDN=vW w |a]k |}xm@W |]N |R} Qxt=vQ@ pOt l} 48 pOt
"CU= |OwyW |R=i \}Lt |}xm@W

=@ u=et p@=m |O}rwD CmQW QO =yOL=wQ} R w sDU}U |a]k |}=Q=m xH}Dv QO
"OvwW|t x@U=Lt 52 =D 49 \@=wQ

~EIk =
4X
r=1

(urk10 yrk10 + urk1 yrk1 + 4urk2 yrk2 + urk3 yrk3 + urk30 yrk30 )�� 3X
i=1

(vik10 xik10 + vik1 xik1 + 4vik2 xik2 + vik3 xik3 + vik30 xik30 )+

6X
r=5

(urk10 yrk10 + urk1 yrk1 + 4urk2 yrk2 + urk3 yrk3 + urk30 yrk30 )
�

= 1=8
 4X
r=1

(urk10 yrk10 + urk1 yrk1 + 4urk2 yrk2 + urk3 yrk3 + urk30 yrk30 )

!
(49)

~EI(1)
k =

�
(u1k10 y1k10 + u1k1 y1k1 + 4u1k2 y1k2 + u1k3 y1k3 + u1k30 y1k30 )+

(w1k10 z1j
1 + w1k1 z1j

1 + 4w1k2 z1j
2 + w1k3 z1j

3 + w1k30 z1j
3 )
�

��v1k1 x1k10 + v1k1 x1k1 + 4v1k2 x1k2 + v1k3 x1k3 + v1k30 x1k3
�

(50)

~EI(2)
k =

�
(u2k10 y2k1 + u2k1 y1k1 + 4u2k2 y2k2 + u2k3 y2k3 + u2k30 y2k30 )+�

w2k10 z2j
1 + w2k1 z2j

1 + 4w2k2 z2j
2 + w2k3 z2j

3 + w2k30 z2j
3
��

�
��

v2k1 x2k10 + v2k1 x2k1 + 4v2k2 x2k2 + v2k3 x2k3 + v2k30 x2k30
�

+

+
�
w1k10 z1j

1 + w1k1 z1j
1 + 4w1k2 z1j

2 + w1k3 z1j
3 + w1k30 z1j

3
��

(51)

~EI(3)
k =

4X
r=3

(urk10 yrk10 + urk1 yrk1 + 4urk2 yrk2 + urk3 yrk3 + urk30 yrk30 )�

(
�
v3k1 x3k10 + v3k1 x3k1 + 4v3k2 x3k2 + v3k3 x3k3 + v3k30 x3k30

�
+
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"u=et p@=m w s}U |O}rwD sDU}U |OwyW |R=i w |a]k |HwQN w |OwQw |=yxO=O "1 pwOH
swU VN@ swO VN@ pw= VN@ =yVN@

Y6 Y5 Y4 Y3 X3 Z2 Y2 X2 Z1 Y1 X1 |v=tR |xQwO
0 497 0 845 �11'7'6'14'7'5� 515 0 2 0 3 0 007 5 0 04 0 10 8 1394 Q=y@ �1 |xQwO
0 595 1 �22'20'17'25'20'14� 510 0 3 0 1 0 006 4 0 06 0 07 9 1394 u=DU@=D �2 |xQwO
0 631 0 554 �38'37'33'40'37'30� 500 0 2 0 2 0 005 4 0 03 0 14 7 1394 R}}=B �3 |xQwO
0 521 0 456 �22'19'18'24'19'16� 505 0 4 0 5 0 005 3 0 06 0 08 6 1394 u=DUtR �4 |xQwO
0 456 1 �20'18'13'24'18'11� 515 0 3 0 4 0 006 2 0 03 0 11 8 1395 Q=y@ �5 |xQwO
0 554 0 725 �32'25'22'38'25'18� 505 0 4 0 2 0 009 3 0 06 0 13 10 1395 u=DU@=D �6 |xQwO
0 561 0 851 �47'37'15'50'37'11� 510 0 3 0 2 0 008 4 0 04 0 09 11 1395 R}}=B �7 |xQwO
0 225 0 875 �43'40'34'47'40'32� 515 0 2 0 1 0 007 3 0 05 0 10 11 1395 u=DUtR �8 |xQwO
0 505 0 597 �28'20'15'32'20'12� 510 0 1 0 4 0 008 4 0 01 0 12 12 1396 Q=y@ �9 |xQwO
0 521 0 756 �18'15'12'20'15'9� 500 0 3 0 1 0 006 4 0 02 0 13 10 1396 u=DU@=D �10 |xQwO

"u=et p@=m w s}U |O}rwD sDU}U |=Q@ |OwyW |R=i \}Lt QO |}=Q=m G}=Dv "2 pwOH
EIk EI (c)

k EI (3)
k W (3) EI (b)

k EI (2)
k W (2) EI (a)

k EI (1)
k W (1) |v=tR |xQwO

0 8160 0 8165 0 8163 0 9992 0 9997 0 5534 0 0007 0 9995 0 2699 0 0007 1394 Q=y@ �1 |xQwO
0 6716 0 6721 0 6719 0 9994 0 9998 0 6200 0 0005 0 9996 0 6222 0 0009 1394 u=DU@=D �2 |xQwO
0 9997 1 1 0 9992 0 9997 0 3867 0 0004 1 1 0 0007 1394 R}}=B �3 |xQwO
0 9998 1 1 0 9997 0 9998 0 7323 0 0006 1 1 0 0006 1394 u=DUtR �4 |xQwO
0 9794 0 9796 0 7230 0 0737 0 9988 0 9987 0 9259 0 9998 0 7250 0 0008 1395 Q=y@ �5 |xQwO
0 9861 0 9864 0 7961 0 0667 0 9999 0 9999 0 9327 0 9998 0 7999 0 001 1395 u=DU@=D �6 |xQwO
0 9417 0 9425 0 9425 0 9995 0 9998 0 7160 0 0006 0 9994 0 4970 0 0011 1395 R}}=B �7 |xQwO
0 9993 1 1 0 9992 0 9998 0 6750 0 0005 0 9995 0 5757 0 0011 1395 u=DUtR �8 |xQwO
0 9992 1 1 0 9991 0 9999 0 9851 0 0004 0 9993 0 4389 0 0012 1396 Q=y@ �9 |xQwO
0 8072 0 8077 0 8076 0 9992 0 9998 0 6284 0 0005 0 9996 0 6133 0 001 1396 u=DU@=D �10 |QwO

|@=} RQ= `]=kt Q}=U x@ C@Uv |v=tR `]kt Qy QO =Q OwN |}=Q=m w OvvR@ VQ@ hrDNt
|R=Ht |=yxv} Ro O=H}= |x}[Qi =@ =D CU= u; Q@ VqD j}kLD u}= QO 'u}=Q@=v@ "Ovvm
"OQ}o CQwY |}=Q=m |@=} RQ= '|v=tR |QU Ov}=Qi |] QO xOvQ}os}tYD OL=w Qy |=Q@
|=y\}Lt QO =Q|}xm@W |=yxO=O|WWwB p}rLD|@=} RQ= OwN pOtl} xar=]t u}=
xOQm |iQat �|}xm@W� |R=wt � |QU sDU}U |}=Q=m |Q}oxR=Ov= |=Q@ |OwyW |R=i
|rwtat |OwyW |R=i |=yxO=O|WWwB p}rLD pOt '=ysDU}U R= ẁv u}= |=Q@ "CU=
|O=yvW}B pOt xm|r=LQO &OQ}o|t Q_v QO pm l} =Q =ysDU}U =Q} R &CU}v ?U=vt
Q_v QO =Q |vwQO |=yOv}=Qi '|OwyW |R=i |}=Q=m |Q}oxR=Ov= QO xar=]t u}= QO
VQ@ 10 |@=} RQ= OwN |xr�Ut '|O=yvW}B pOt |WN@ QF= R= u=v}t]= |=Q@ "OQ}o|t
|Q=HD u=Wv� |OwyW |R=i |HwQN l} =@ u=et p@=m w s}U CmQW R= |v=tR
u=et p@=m w s}U CmQW QO pOt u}= |Q}oQ=m x@ =@ "OW xDiQo Q_v QO �x=o}=H w
xQwO Qy QO OL=wQ} R u} QD=Q=m w |v=tR |xQwO u} QD=Q=m '|OQwt |xar=]t u=wva x@
pOt xm OwW|t |Q}oxH}Dv u}vJ LINGO Q=Ri=sQv R= xO=iDU= =@ "OW XNWt
|Q}oxR=Ov= hOy Qo = TB &OQ=O |QDW}@ |}=Q=m |rwtat pOt x@ C@Uv |}xm@W
R= xO=iDU= 'OW=@ =yOL=wQ} R w pm |}=Q=m u}@ |x]@=Q u}}aD w =yOL=wQ} R |}=Q=m
OyO|t u=Wv Q[=L |xr=kt u}=Q@=v@ "OQ=O C} wrw= �x} RHD OQm} wQ� |}xm@W pOt
|OwQw |=yQ}eDt ?}mQD |=Q@ w QD|ak=w CQwY x@ |rta |=yOQ@ Q=m |UQQ@ |=Q@ xm

R=}v p}rO x@ u}vJty "CU= xOW xO=iDU= 'CU= |R=UpOt |=Q@ ?U=vt C=}rta
w 1395 w 1394 |=yp=U xy=txU |xQwO 4 C=aq]= '|v=tR |=yxO=O x@ pOt
QO xm "OW G=QNDU= pwYLt u}= 1396 p=U pw= |xy=txU |xQwO 2 u}vJty

"CU= xOW xO=O u=Wv 1 pwOH
|HwQN VW w |v=}t |OwQw wO '|OwQw xU |=Q=O Q_v OQwt |O}rwD OL=w
x@ |=Q@ w CU= xOW G=QNDU= CmQW |=yQDiO R= |a]k C=aq]= "CU= |}=yv
u=oQ@N C=Q_v R= x=o}=H w |Q=HDu=Wv|HwQN |OwyW |R=i C=aq]= uOQw;CUO
=@ 'OvDUy ?wr]t=v 3 VN@ |HwQN wO xm =Hu; R= "OW xO=iDU= |@=} Q=R=@ VN@

�"s} Q=O =Q =yv; Vy=m OYk� OwW|t OQwNQ@ |OwQw x@=Wt =yv;
'sDU}U |a]k |}=Q=m u=wD|t 52 =D 49� \@=wQ w 48 |x]@=Q uOQ@ Q=m x@ =@
u=Wv 2 pwOH QO xm OQm x@U=Lt |OwyW |R=i \}Lt QO =Q =yOL=wQ} R w =yVN@

"CU= xOW xO=O

=yO=yvW}B w |Q}oxH}Dv "6
|@=} RQ= |=yVwQ u} QDy@ R= |m} |@=} RQ= OwN '=yu=tR=U |wy=t Cw=iD x@ xHwD =@
|v=tR |=yji= QO =Q OwN |=yC}r=ai Ovv=wD|t =yu=tR=U "OwW|t ?wULt OQmrta
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|U
Ovyt OwW|t O=yvW}B 'CU= xOW xO=iDU= |OwyW |R=i |=yxO=O R= |O}rwD |=yOL=w

QO |}xm@W pOt 'xar=]t u}= QO "Ovvm xO=iDU= sy@t |=yxO=O Q}=U R= u=kkLt
|Q}oQ=m x@ =@ u=wD|t =t= 'OvOW xDiQo Q=m x@ pkDUt ,qt=m CQwY x@ |v=tR |=yxQwO

"OQm p}tmD =Q |O=yvW}B pOt =yxO=O |WWwB p}rLD |=} wB pOt

|R=i |=yxO=O =@ |}=Q=m |Q}oxR=Ov= 'DEA QO |OwyW |R=i C}y=t =@ |HwQN w
=@ xr@=kt |=Q@ IFDEA OQm} wQ l} xm CU=vat u}O@ u}= "OQ=O CQwQ[ |OwyW
|=ypmW x@ |ak=w \}=QW QO =yv; |=yxO=O xm CU= R=}v =y|HwQN w =y|OwQw u}=
p}rLD |=Q@ Q[=L |xar=]t QO xmu}= x@ xHwD =@ "OvQ=O OwHw sy@t w |v=@ R '|vyP

=yCWwv=B
1. data envelopment analysis (DEA)
2. crisp network DEA
3. degrees of hesitate
4. intuitionistic fuzzy set (IFS)
5. self-assessment
6. decision making unit (DMU)
7. intuitionistic fuzzy network data envelopment analysis (IFN-

DEA)
8. Stackelberg
9. Slack-based measure (SBM)
10. Expected value
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