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QO pwYLt |i}m |xYNWt u}@ \=@DQ= |Q=QkQ@ |=Q@ pOt l} x@ =OD@= QO
uw}UQoQ pOt R= x]@=Q |Q=QkQ@ |=Q@ "CU= R=}v (Y) swO |xrLQt w (X) pw= |xrLQt

%CU= xOW xO=iDU= xO=U |]N
Y = b0 + b1X + ": (1)

"OW=@ N(0; �2) |iO=YD |=]N `} RwD w OvDUy swrat b1 w b0 xm OwW ZQi
CLD Cr=L QO Ov}=Qi w OvwW|t |R=Ov=x=Q pt=m Qw]x@ 'Ov}=Qi ẁQW QO C=R}yHD
Qy pwYLt |i}m |=yxYNWt "OwW|t xDio QiY Cr=L u; x@ xm OQ=O Q=Qk pQDvm

%OvDUy Q} R CQwYx@ w p=tQv `} RwD |=Q=O R}yHD wO
X � N(�0X ; �2

X); (2)

Y � N(�0Y ; �2
Y ): (3)

Q@ CQ=_v |=Q@ X Q=Owtv R= "OwW|t s=Hv= swO |xrLQt u=}=B R= Oa@ |Q}oxvwtv
xO=iDU= swO |xrLQt Q@ CQ=_v |=Q@ xOv=t|k=@ u}ov=}t Q=Owtv R= w pw= |xrLQt

"OwW|t
|=Q@ "OwW|t xDiQo Ov}=Qi R= (xi; yi) |}=Dn |xvwtv l} swO |xrLQt u=}=B QO

%OwW|t x@U=Lt Q} R CQwYx@ u; |i}m |xYNWt u}ov=}t pw= |xrLQt

Xt =

nP
i=1

xit

n
: (4)

pw= |xrLQt |i}m |xYNWt |=Q@ X pQDvm Q=Owtv u}ov=}t |x@U=Lt R= TB
%OwW|t sUQ Q} R pQDvm OwOL

Z1t = Xt � �X
�X/pn

; (5)

UCL = 0 + L1(
1p
n

); (6)

LCL = 0� L1(
1p
n

): (7)

|=Q@ xOv=t|k=@ u}ov=}t Q=Owtv O}=@ 'pw= |xrLQt |=Q@ pQDvm Q=Owtv sUQ R= TB
%CU= Q} R CQwYx@ swO |xrLQt |xQ=t; "OQm sUQ R}v =Q swO |xrLQt

et =

nP
i=1

eit

n
; (8)

%OwW|t x@U=Lt Q} R CQwYx@ eit xm
eit = yit � b0 � b1xit: (9)

%OwW|t x@U=Lt Q} R CQwYx@ et xQ=t; pQDvm OwOL
Z2t = et � 0

�Y/pn
; (10)

UCL = 0 + L2(
1p
n

); (11)

LCL = 0� L2(
1p
n

): (12)

R= GQ=N x@ Ov}=Qi Cr=L Q}}eD [2]'u=Q=mty w u}} |xr=kt Ovv=ty VywSB u}= QO
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"""C
U=}U

w|
Q=t;

Ov}=Q
ip

QDvm
|xJ

Q=Bm
}pO

t"C=Q}taD w |Q=Oyov w |Q=t; C}i}m pQDvm xJQ=Bm} pOt |=yw} Q=vU "1 pwOH
2 u}W=t 1 u}W=t

Q=OWy
Q}}eD Q}}eD |@=QN |@=QN

sr=U Q=OWy
Q}}eD Q}}eD |@=QN |@=QN

sr=U w} Q=vUQ=Owtv
C}i}m C}i}m R= Oa@ R= p@k Q=Owtv

C}i}m C}i}m R= Oa@ R= p@kR= Oa@ R= p@k
TD TD

R= Oa@ R= p@k
TD TD

TD TD TD TD
� � 1

� � 2
� � 3

� � 4
� � 5
� � 6

� � 7
� � � 8

� � � 9
� � � � 10

� � � 11
� � � 12
� � � � 13

� � � 14
� � � 15
� � � � 16

� � 17
� � 18
� � 19

� � � 20
� � � 21
� � � � 22

� � � 23
� � � 24
� � � � 25

� � 26
� � 27
� � 28

xNQJ Q=_Dv= OQwt |xv} Ry xm O};|t CUO x@ CQwY u}= x@ 'E(CT ) 'u=tR OL=w
"OwW|t s}UkD xNQJ Q=_Dv= OQwt u=tR x@

E(CT ) = E(CycleCost)=E(Cycle T ime) =

28P
i=1

P (Si)E(C jSi )
28P
i=1

P (Si)E(T jSi )
: (21)

w} Q=vU Qy ẁkw p=tDL= |x@U=Lt "5"2
Qy =} wO =} l} R}yHD =t= 'OyO|tv MQ Ov}=Qi QO C}i}m Q}}eD 3 =D 1 |=yw} Q=vU QO

"OvwW|t ?=QN CQ=_v uOW ẁQW u=tR R= p@k 'R}yHD wO

=@ x=Qty w 5"2 VN@ QO =yw} Q=vU pt=m KQW "CU= xOt; 1 pwOH QO =yu; |xty xm
pw] QO C=R}yHD xm |DQwY QO "CU= xOW QmP w} Q=vU Qy ẁkw p=tDL= |x@U=Lt
|Q=Oyov CU=}U R= sr=U Cr=L x@ =yv; uOv=OQoR=@ |=Q@ 'OvwW ?=QN O}rwD Ov};Qi
w OvwW GQ=N pQDvm R= O}rwD |=yOv};Qi Qo = "OwW |t xO=iDU= |LqY= C=Q}taD w
CU=}U R= pQDvm CLD Cr=L x@ Ov};Qi uOv=OQoR=@ |=Q@ 'OwW |}=U=vW Q}}eD u}=
QO Ov};Qi xm |DQwY QO u}vJty "OwW |t xO=iDU= xv=} woW}B C=Q}taD w |Q=Oyov
u; |wQ Q@ O}=@ Ov};Qi s=tD= R= TB 'OwWv xH=wt |rmWt I}y =@ OwN C}r=ai pw]

"OwW p=ta= xv=Q}oW}B C=Q}taD w |Q=Oyov CU=}U

xv} Ry `@=D "4"2
QO O}rwD pm |=yxv} Ry "CU= xOW O=H}= w} Q=vU 28 |xv} Ry `@=D VN@ u}= QO
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w`}
=vY

|U
Ovyt R= GQ=N Cr=L QO Ov}=Qi xm |v=tR [2]|xr=kt j@] Q@ CW=O xHwD O}=@ =Q xDmv u}=

"Ovm|t |wQ}B g11(x1)
G11(t) p=tDL= |r=oJ `@=D =@ |a} RwD R= 'OQ=O Q=Qk pQDvm

P (S8) = (
TDZ
0
f1(t):h7(t)dt):F 2(TD + T )G02(TD + T );

h7(t) =
1Z
t

g01(x0)dx0

TDR
t
g11(x1)dx1

G11(t)
: (30)

P (S9) = (
TDZ
0
f2(t):h8(t)dt):F 1(TD + T )G01(TD + T );

h8(t) =
1Z
t

g02(y0)dy0

TDR
t
g12(y1)dy1

G12(t)
: (31)

P (S10) = (
TDZ
0
f1(t1):h9(t1)dt1):(

TDZ
0
f2(t2):h10(t2)dt2);

h9(t) =
1Z
t1

g01(x0)dx0

TDR
t1
g11(x1)dx1

G11(t1)
:

h10(t) =
1Z
t2

g02(y0)dy0

TDR
t2
g12(y1)dy1

G12(t2)
: (32)

=D 17 '13 =D 11 |=yw} Q=vU QO xm CU= XNWt �1 pwOH� =yw} Q=vU pwOH QO
u}= pQDvm Q=Owtv =t= 'Ovm|t Q}}eD pQDvm R= GQ=N x@ Ov}=Qi Cr=L 28 =D 26 w 22
OwHw swO ẁv |=]N p=tDL= =yw} Q=vU u}= QO u}=Q@=v@ "Ovm|tv |}=U=vW =Q Q}}eD

"OQm x@U=Lt =Q u; O}=@ xm OQ=O
�i = �(Li � �ipn)� �(�Li � �ipn); i = 1; 2 (33)

"CU= OQ=Ov=DU= p=tQv |atHD `} RwD `@=D �(:) u; QO xm
VywSB u}= 'pQDvm Q=Owtv \UwD C}i}m Q}}eD hWm p=tDL= |x@U=Lt |=Q@
|xQwO |wQ 'Ovm RmQtD |Q}oxvwtv |xrY=i |wQ Q@ xmu}= |=Hx@ [2]'|xr=kt Ovv=ty
[ts; te] u=tR pw] QO xvwtv Qy QO C}i}m Q}}eD "CU= RmQtDt u=tR R= |vqw] ,=D@Uv

"CU= hWm p@=k
p=tDL= 'Ovmv |}=U=vW |Q}oxvwtv u}t=s QO =Q C}i}m Q}}eD pQDvm Q=Owtv Qo =

%O};|t CUO x@ Q} R CQwYx@ Q}}eD hWm
Ps = (1� �i)�is�1: (34)

Q} R CQwYx@ |Q}oxvwtv O=OaD w OwW|t s=Hv= |Q}oxvwtv m'[ts; te] u=tR pw] QO
%O};|t CUO x@

m =
�
te � ts
h

�
: (35)

=@ |w=Ut =} R= QDlJwm K}LY OOa u} QDnQR@ |xOvyOu=Wv b c x]@=Q u}= QO
Q}}eD hWm p=tDL= '|Q}oxvwtv O=OaD x@ xHwD =@ u}=Q@=v@ "CU= ?qk pN=O CQ=@a

P (S1) = (
TDZ
0
g01(x0):h1(x0)dx0):F 2(TD + T )G02(TD + T );

h1(x0) =
1Z
x0

f1(t)dt: (22)

u=v}t]=C}r@=k Q@ h(x0) 'OyO|tv MQC}i}m Q}}eD =yw} Q=vU u}= QO xmu}= x@ xHwD =@
"OQ=O CrqO Ov}=Qi

P (S2) = (
TDZ
0
g02(y0):h2(y0)dy0):F 1(TD + T )G01(TD + T );

h2(y0) =
1Z
y0

f2(t)dt: (23)

P (S3) = (
TDZ
0
g01(x0):h1(x0)dx0):(

TDZ
0
g02(y0):h2(y0)dy0): (24)

3 =@ u; Cw=iD =t= "OQ}o|tv CQwY Ov}=Qi QO C}i}m Q}}eD 6 =D 4 |=yw} Q=vU QO
'OQ=O OwHw Ov}=Qi Q@ CQ=_v xm |}xQwO QO C=R}yHD xm CU= u}= QO |r@k |w} Q=vU

"�(TD; T ) |xR=@ pw] QO |va}� OvwW|t ?=QN

P (S4) = (
TD+TZ
TD

g01(x0):h4(x0)dx0):F 2(TD + T )G02(TD + T );

h4(x0) =
1Z
x0

f1(t)dt: (25)

P (S5) = (
TD+TZ
TD

g02(y0):h5(y0)dy0):F 1(TD + T )G01(TD + T );

h5(y0) =
1Z
y0

f2(t)dt: (26)

P (S6) = (
TD+TZ
TD

g01(x0):h4(x0)dx0):(
TD+TZ
TD

g02(y0):h5(y0)dy0):

(27)

OvwW|tv ?=QN Ov}=Qi u=}=B =D 2 w 1 |xrLQt C=R}yHD R= s=OmI}y 7 |w} Q=vU QO
p=tDL= "CU= pQDvm CLD TD +T u=tR =D R=e; R= Ov}=Qi "OvyO|tv C}i}m Q}}eD w

"CU= 28 |x]@=Q CQwYx@ 7 |w} Q=vU
P (S7) = (F1(TD + T ):G01(TD + T ))�

(F2(TD + T ):G02(TD + T )): (28)

%OwW|t x@U=Lt Q} R CQwYx@ G w F pOt u}= QO xm
F (TD + T ) = 1� F (TD + T );

G(TD + T ) = 1�G(TD + T ): (29)

Q}}eD pQDvm R= GQ=N Cr=L x@ Ov}=Qi Cr=L 'TD u=tR R= p@k 10 =D 8 |=yw} Q=vU QO
"OvwW|t ?=QN u}W=t wO Qy =} wO 'l} u}W=t (t; TD) u=tR pw] QO w Ovm|t
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Ov}=Q
ip

QDvm
|xJ

Q=Bm
}pO

t

h13�1(t) = G01(t)

TD+TR
TD

g11(x1)P01(TD; x1)dx1

G11(t)
;

h13�2(t) = G01(t)

1R
TD+T

g11(x1)P01(TD; TD+T )dx1

G11(t)
: (41)

P (S15) = P (S15�1) + P (S15�2) =

(
TDZ
0
f2(t):h14�1(t)dt):F 1(TD + T )G01(TD + T )+

(
TDZ
0
f2(t):h14�2(t)dt):F 1(TD + T )G01(TD + T );

h14�1(t) = G02(t)

TD+TR
TD

g12(y1)P02(TD; y1)dy1

G12(t)
;

h14�2(t) = G02(t)

1R
TD+T

g12(y1)P02(TD; TD + T )dy1

G12(t)
: (42)

P (S16) = (
TDZ
0
f1(t1):h13�1(t1)dt+

TDZ
0
f1(t1):h13�2(t1)dt)�

(
TDZ
0
f2(t2):h14�1(t2)dt+

TDZ
0
f2(t2):h14�2(t2)dt): (43)

Oa@ "OyO|t MQ TD u=tR R= p@k =yOv}=Qi C}i}m Q}}eD 19 =D 17 |=yw} Q=vU QO
xm Ovm|tv O}rwD |Q=OWy xvwoI}y pQDvm Q=Owtv 'Ov}=Qi Q@ CQ=_v |xQwO ẁQW R=
|R} Qxt=vQ@ u=tR x@ |@=QN I}y uwO@ C=R}yHD =t= "CU= swO ẁv |=]N Qou=}=tv
x@ C=R}yHD 'QwmPt C=}rta s=Hv= =@ "OvUQ|t xv=Q}oV}B C=Q}taD w |Q=Oyov xOW

"OvOQo|tR=@ ?wN Cr=L
P (S17) = (

TDZ
0
f1(t):h15(t)dt):F 2(TD + T )G02(TD + T );

h15(t) = G01(t)

1R
TD+T

g11(x1)P01(TD; TD + T )dx1

G11(t)
: (44)

P (S18) = (
TDZ
0
f2(t):h16(t)dt):F 1(TD + T )G01(TD + T );

h16(t) = G02(t)

1R
TD+T

g12(y1)P02(TD; TD + T )dy1

G12(t)
: (45)

P (S19) = (
TDZ
0
f1(t1):h15(t1)dt1):(

TDZ
0
f2(t2):h16(t2)dt2): (46)

xm Cw=iD u}= =@ "CU= 19 =D 17 |=yw} Q=vU x}@W C=@U=Lt Oa@ x@ 20 |w} Q=vU R=
'(TD; TD + T ) CQ=_v |xQwO QO w TD u=tR R= Oa@ 'C=R}yHD QO C}i}m Q}}eD

"OyO|t MQ
�|xR=@ pw] QO |va}� CQ=_v |xQwO pw] QO =yOv}=Qi 22 =D 20 |=yw} Q=vU QO

%OwW|t x@U=Lt Q} R CQwYx@ R}v Q=Owtv \UwD C}i}m
P0i(ts; te) =

mX
s=1

Ps = 1� �im: (36)

"CU= �i Q@=Q@ sy Q=Owtv |wU R= C}i}m Q}}eD uOQmv hWm p=tDL= w
CQwYx@ CU= pQDvm R= GQ=N Ov}=Qi xm |v=tR xr=@vO pw] u}ov=}t u}= Q@xwqa

%CU= Q} R
ARL1i = 1

1� �i : (37)

CLD R= u=WDr=L (0; TD) u=tR pw] QO =yOv}=Qi R}v 13 =D 11 |=yw} Q=vU QO
'OQ=O OwHw CQ=_v xm |}xQwO QO C=R}yHD =t= "Ovm|t Q}}eD pQDvm R= GQ=N x@ pQDvm
Q=Owtv =Q} R "OQ=O OwHw swO ẁv |=]N =yw} Q=vU u}= QO u}=Q@=v@ "OvwW|t ?=QN
Q=m u}= xm 'O=O|t Q=OWy w OQm|t |}=U=vW =Q =yOv}=Qi Cr=L Q}}eD O}=@ pQDvm

"CiQov CQwY

P (S11) = (
TDZ
0
f1(t):h11(t)dt):F 2(TD + T )G02(TD + T );

h11(t) = G01(t)

TD+TR
TD

g11(x1)P01(TD; x1)dx1

G11(t)
: (38)

P (S12) = (
TDZ
0
f2(t):h12(t)dt):F 1(TD + T )G01(TD + T );

h12(t) = G02(t)

TD+TR
TD

g12(y1)P02(TD; y1)dy1

G12(t)
: (39)

P (S13) = (
TDZ
0
f1(t1):h11(t1)dt1):(

TDZ
0
f2(t2):h12(t2)dt2); (40)

Oa@ w OyO|t MQ TD u=tR R= p@k Ov}=Qi C}i}m Q}}eD 16 =D 14 |=yw} Q=vU QO
Cr=L wO =yw} Q=vU u}= QO "OwW|t |}=U=vW QwmPt Q}}eD 'CQ=_v |xQwO ẁQW R=

%OyO MQ CU= umtt
TBU w OyO MQ TD u=tR R= p@k t u=tR QO Q=@ u}rw= Ov}=Qi C}i}m Q}}eD �hr=
u=tR pw] QO 'OvwW ?=QN (t; TD + T ) u=tR pw] QO C=R}yHD xmu; R= p@k

"OvwW |}=U=vW (TD; TD + T )

u=}=B R= p@k w OyO MQ TD u=tR R= p@k t u=tR QO Q=@ u}rw= Ov}=Qi C}i}m Q}}eD �?
C=R}yHD CU= Q=Qk w OwW|t |}=U=vW (TD; TD + T ) u=tR pw] QO xNQJ
=yw} Q=vU ẁkw p=tDL= u}=Q@=v@ "OvwW ?=QN C}=yv|@ =D TD +T u=tR pw] QO

%OwW|t x@U=Lt Q} R CQwYx@
P (S14) = P (S14�1) + P (S14�2) =

(
TDZ
0
f1(t):h13�1(t)dt):F 2(TD + T )G02(TD + T )+

(
TDZ
0
f1(t):h13�2(t)dt):F 2(TD + T )G02(TD + T );
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h20�1(t) = G02(t)

TD+TR
t

g12(y1)P02(t; y1)dy1

G12(t)
;

h20�2(t) = G02(t)

1R
TD+T

g12(y1)P02(t; TD + T )dy1

G12(t)
: (51)

P (S25) =

(
TD+TZ
TD

f1(t1):h19�1(t1)dt+
TD+TZ
TD

f1(t1):h19�2(t1)dt)�

(
TD+TZ
TD

f2(t2):h20�1(t2)dt+
TD+TZ
TD

f2(t2):h20�2(t2)dt): (52)

uDW=O OwHw |xQwO pw] QO =yOv}=Qi C}i}m Q}}eD R}v 28 =D 26 |=yw} Q=vU QO
u=tR uO}UQ =@ w O};|tv OwHw x@ C=R}yHD |=Q@ |@=QN I}y =t= "OyO|t MQ CQ=_v
Cr=L x@ C=R}yHD 'u; s=Hv= w xv=Q}oV}B C=Q}taD w |Q=Oyov |xOW |R} Qxt=vQ@

"OvOQo|tR=@ pQDvm CLD

P (S26) = (
TD+TZ
TD

f1(t):h21(t)dt):F 2(TD + T )G02(TD + T );

h21(t) = G01(t)

1R
TD+T

g11(x1)P01(t; TD + T )dx1

G11(t)
: (53)

P (S27) = (
TD+TZ
TD

f2(t):h18(t)dt):F 1(TD + T )G01(TD + T );

h22(t) = G02(t)

1R
TD+T

g12(y1)P02(t; TD + T )dy1

G12(t)
: (54)

P (S28) = (
TD+TZ
TD

f1(t1):h21(t1)dt1):(
TD+TZ
TD

f2(t2):h22(t2)dt2):

(55)

xNQJ Qy Q=_Dv= OQwt u=tR |x@U=Lt "6"2
%CU= CtUk xU pt=W xNQJ Qy Q=_Dv= OQwt u=tR

'pQDvm R= GQ=N Cr=L QO O}rwD u=tR w TI 'pQDvm CLD Cr=L QO O}rwD u=tR "1
w} Q=vU Qy |=Q@ TO

pQDvm Q=Owtv Q=OWy CLY X}NWD |=Q@ |UQR=@ pm u=tR "2
xv=Q}oW}B w (TR) xv=} woV}B '(TC) |LqY= C=Q}taD w |Q=Oyov s=Hv= u=tR "3

(TP )

%OwW|t x@U=Lt Q} R |x]@=Q R= w} Q=vU Qy Q=_Dv= OQwt u=tR u}=Q@=v@
E(T jSi ) = TIi + TOi + TY ( TMi

hARL01
+ v1 + TMi

hARL02
+ v2)+

(!TC + 
TR + �TP ) ; i = 1; 2; :::; 28 (56)

u}= pQDvm Q=Owtv =t= "Ovm|t Q}}eD pQDvm R= GQ=N x@ u=WDr=L '(TD; TD + T )

w |Q=Oyov "OvwW|t ?=QN xQwO u}ty QO C=R}yHD w Ovm|tv |}=U=vW =Q Q}}eD
"OwW|t s=Hv= R}v |LqY= C=Q}taD

P (S20) = (
TD+TZ
TD

f1(t):h17(t)dt):F 2(TD + T )G02(TD + T );

h17(t) = G01(t)

TD+TR
t

g11(x1)P01(t; x1)dx1

G11(t)
: (47)

P (S21) = (
TD+TZ
TD

f2(t):h18(t)dt):F 1(TD + T )G01(TD + T );

h18(t) = G02(t)

TD+TR
t

g12(y1)P02(t; y1)dy1

G12(t)
: (48)

P (S22) = (
TD+TZ
TD

f1(t1):h17(t1)dt1):(
TD+TZ
TD

f2(t2):h18(t2)dt2):

(49)

R=TB w OyO|t MQ TD u=tR R= Oa@ Ov}=Qi C}i}m Q}}eD 25 =D 23 |=yw} Q=vU QO
"OQ}o|t CQwY xv=} woV}B C=Q}taD w |Q=Oyov w OwW|t |}=U=vW QwmPt Q}}eD 'u;

%OyO MQ CU= umtt Cr=L wO =yw} Q=vU u}= QO
TBU w OyO MQ TD u=tR R= Oa@ t u=tR QO Q=@ u}rw= Ov}=Qi C}i}m Q}}eD �hr=
pw] QO |@=QN 'OvwW ?=QN (t; TD + T ) u=tR pw] QO C=R}yHD xmu; R= p@k

"OwW |}=U=vW u=tR u=ty
u=}=B R= p@k w OyO MQ TD u=tR R= Oa@ t u=tR QO Q=@ u}rw= Ov}=Qi C}i}m Q}}eD �?
C=R}yHD OwW|t ZQi w OwW |}=U=vW (t; TD + T ) u=tR pw] QO xNQJ

"OvwW ?=QN C}=yv|@ =D TD + T u=tR pw] QO
P (S23) =

P (S23�1) + P (S23�2) = (F 2(TD + T )G02(TD + T ))�

(
TD+TZ
TD

f1(t):h19�1(t)dt+
TD+TZ
TD

f1(t):h19�2(t)dt);

h19�1(t) = G01(t)

TD+TR
t

g11(x1)P01(t; x1)dx1

G11(t)
;

h19�2(t) = G01(t)

1R
TD+T

g11(x1)P01(t; TD + T )dx1

G11(t)
: (50)

P (S24) =

P (S24�1) + P (S24�2) = (F 1(TD + T )G01(TD + T ))�

(
TD+TZ
TD

f2(t):h20�1(t)dt+
TD+TZ
TD

f2(t):h20�2(t)dt);
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"""C
U=}U
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Q=t;

Ov}=Q
ip

QDvm
|xJ

Q=Bm
}pO

t

%CU= 61 |x]@=Q CQwYx@ w} Q=vU Qy Q=_Dv= OQwt |xv} Ry
E(C jSi ) = CITIi + COTOi+

(CF + Cvn)TMi
h

+ CY ( TMi
hARL01

+ v1 + TMi
hARL02

+ v2)

+(!CC + 
CR + �CP ): (61)

|OOa p=Ft w pL VwQ "3
l}DvS sD} Qwor= R= |O=yvW}B pOt ?U=vt s}tYD |=yQ}eDt uDi=} |=Q@ xr=kt u}= QO
x@l}ORv |=ypLx=Q uDi=} |=Q@ wHDUH VwQl}l}DvS sD} Qwor= "OwW|t xO=iDU=
x}rw= C}atH l} =@ sD} Qwor= u}= `k=w QO "Ovm|t x�=Q= |R=Uxv}y@ p�=Ut |=Q@ xv}y@
w OwW|t xO=O V}=tv swRwtwQm l} j} Q] R= pLx=Q Qy "OwW|t ẁQW =ypLx=Q R=
"OvwW|t Om x@ p}O@D |Q=PoOm |xv=t=U l} R= xO=iDU= =@ umtt |=ypLx=Q s=tD
OwHw 'OvyO|t V}=tv xm |rLx=Q |oDU}=W =@ \@DQt Q=Okt l} swRwtwQm Qy |=Q@
QO xm|Qw]x@ CU= |oDU}=W `@=D Q=Okt uOQm xv}tm p=@vO x@ sD} Qwor= u}= "OQ=O

"Ovm jOY |Q=t; |=yC}OwOLt
\UwD C=Q}taD w |Q=Oyov w |Q=t; Ov}=Qi pQDvm s}tYD |=yQ}eDt xr=kt u}= QO
'K 'n |xv}y@ |=yQ=Okt uDiQo Q=Qk =@ TBU "OvwW|t |L=Q] l}DvS sD} Qwor=
"OwW|t xv}tm u=tR OL=w QO O}rwD pm |xv} Ry 21 |x]@=Q QO h w L2 'L1 'KD

%CU= Q} R CQwYx@ l}DvS sD} Qwor= VwQ
p=tDL= '20 C}atH |xR=Ov= '200 Q=QmD O=OaD %|OwQw |=yQDt=Q=B s}_vD "1 s=o

"CU= 0 1 VyH p=tDL= w 0 4 s=eO=
|iO=YD pLx=Q 20 l}DvS sD} Qwor= uOQm Om =@ %C}atH |x}rw= |yOQ=Okt "2 s=o
CQwYx@ s}tYD |=yQ}eDt |yOQ=Okt C}OwOLt p=L u}ty QO "OwW|t O}rwD

%CU= Q} R
1 � L1 � 3 1 � n � 50
1 � L2 � 3 1 � K � 50
1 � h � 15 1 � KD � 20
x@ swRwtwQm Qy ?U=vDt Q=Okt 21 |x]@=Q x@ xHwD =@ %|Q=oR=U |x@U=Lt "3 s=o

"OwW|t C@F xOt; CUO
=@ |oOvR=Q@ `@=D T=U= Q@ =Q =yswRwtwQm xrLQt u}= QO %Or=w swRwtwQm ?=NDv= "4 s=o
u} QDtm � hOy `@=wD u} QDy@ xm |}=yswRwtwQm "s}vm|t |@=} RQ= w xU}=kt Qo}Om}

"OvwW|t ?=NDv= s=eO= C=}rta s=Hv= Qw_vtx@ 'OvQ=O =Q �xv} Ry Q=Okt
CQwYx@ '|}x]kvxU s=eO= Qorta R= xO=iDU= =@ xrLQt u}= QO %s=eO= "5 s=o
p=tDL= =@ =Q p@k s=o QO xOW ?=NDv= Or=w |=yswRwtwQm R= Q_=vDt uS xU |iO=YD
=yu; hOy `@=wD Q=Okt "s}vm|t O}rwD OvRQi swRwtwQm wO w =Hx@=H Qo}Om} =@ s=eO=
swRwtwQm 20� 0=4 = 8 "s}vm|t xQ}NP =Q OvRQi |=yswRwtwQm w x@U=Lt =Q

"OwW|t ?=NDv= s=eO= |=Q@
w VyH C=}rta |=Q@ |iO=YD Qw]x@ swRwtwQm 20� 0=1 = 2 %VyH "6 s=o

"OwW|t ?=NDv= O}OH swRwtwQm O}rwD
|HwQN "Ovm|t =O}B xt=O= Q=QmD 200 x@ uO}UQ u=tR =D 6 =D 3 |=ys=o "7 s=o

"CU= u=tR OL=w QO O}rwD pm |xv} Ry u} QDtm s=200 Q=QmD

|DUQO x@ xHwD uwO@ 'Q=OWy Ctqa Qy xm CW=O xHwD xDmv u}= x@ O}=@ u}vJty
CLD Cr=L QO Ov}=Qi xm|Dkw '56 |x]@=Q QO "OW Oy=wN |UQR=@ '|DUQO=v =}
|iQ] R= "CU= Si |w} Q=vU Q@ CQ=_v |ak=w u=tR Qou=Wv TMi 'CU= pQDvm
CQwYx@ R}v pQDvm CLD Cr=L QO xr=@vO pw] u}ov=}t w pw= ẁv |=]N p=tDL=

%OwW|t x@U=Lt Q} R
�i = 2�(�Li); (57)

ARL0i = 1
�i
: (58)

p=Lu}= =@ "CU= TMi
hARL0 Q@=Q@ \re |=yQ=OWy |=y|UQR=@ O=OaD \UwDt u}=Q@=v@

17 '7 |=yw} Q=vU |=Q@ "CU= QiY Q@=Q@ 10 =D 8 w 3 =D 1 |=yw} Q=vU |=Q@ 'TMi

TI + TO � TD Q@=Q@ sy =yw} Q=vU |x}k@ |=Q@ "CU= T Q@=Q@ 28 =D 26 w 19 =D
Q}e QO w l} Q@=Q@ 'OW=@ K}LY Q=Owtv Q=OWy Qo = xm CU= |YN=W sy vi "CU=
QwmPt XN=W '25 =D 23 w 16 =D 14 |=yw} Q=vU QO "CU= QiY Q@=Q@ CQwY u}=

"CU= QiY Q@=Q@ =yw} Q=vU |x}k@ QO w l} Q@=Q@
xv=Q}oV}B w xv=} woV}B '|LqY= C=Q}taD w |Q=Oyov |=yXN=W sy !; 
; �
=yu; x@ \w@ Qt |=yXN=W C=Q}taD w |Q=Oyov u}= s=Hv= CQwY QO xm OvDUy

"CU= QiY Q@=Q@ CQwY u}= Q}e QO w l} Q@=Q@
|r=oJ `@=D 'OwW|t ?=QN pw= |xrLQt R}yHD 'l} |w} Q=vU QO xm |v=tR

%CU= Q} R CQwYx@ |@=QN p=tDL=
� = g01(x0)h1(x0)

P (S1)
: (59)

|xH}Dv 'OwW ?=QN (0; TD) |xrY=i QO R}yHD Qo = xm Ovm|t u=}@ 59 |x]@=Q
|w} Q=vU QO pQDvm CLD Cr=L QO O}rwD u=tR u}=Q@=v@ "CU= l} Q@=Q@ x]@=Q u}=
u=tR =D swO |xrLQt R}yHD Q=m |xt=O= w pw= |xrLQt R}yHD |@=QN x@ xHwD =@ 'l}

"CU= xOt; 60 |x]@=Q QO 'xOW |R} Qxt=vQ@ C=Q}taD w |Q=Oyov

TI1 =
TDZ
0

(x0g01(x0)h1(x0)
P (S1)

)dx0 + TD + T: (60)

|Q=Oyov u=tR =D swO |xrLQt R}yHD xm CU=vat u}= x@ TD + T x]@=Q u}= QO
R}yHD u}= |=Q@ |k=iD= I}y w OyO|t xt=O= OwN Q=m x@ xOW |R} Qxt=vQ@ C=Q}taD w
O}rwD u=tR u}=Q@=v@ &OyO|tv MQ |D}i}m Q}}eD 1 |w} Q=vU QO "O=O Oy=wNv MQ
C=@U=Lt R}v =yw} Q=vU |x}k@ |=Q@ "CU= QiY Q@=Q@ pQDvm R= GQ=N Cr=L QO
xOW x@U=Lt 2 pwOH QO =yw} Q=vU |xty TO w TI |=yu=tR w x@=Wt jwi

"CU=

xNQJ Qy Q=_Dv= OQwt |xv} Ry |x@U=Lt "7"2
%OwW|t xDN=OQB u; x@ xt=O= QO xmCU=CtUk4pt=W w} Q=vU28Q=_Dv= OQwt|xv} Ry

&pQDvm R= GQ=N w pQDvm CLD |=yCr=L QO O}rwD |xv} Ry "1
|Q}oxvwtv C=}rta Q}eDt |xv} Ry w C@=F |xv} Ry pt=W xm '|Q}oxvwtv |xv} Ry "2

"CU=
\re w CUQO |=yQ=OWy R= pmWDt xm pQDvm Q=Owtv Q=OWy |UQR=@ |xv} Ry "3

"CU=
xv=Q}oV}B w xv=} woV}B '|LqY= C=Q}taD w |Q=Oyov |xv} Ry "4
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U=}U

w|
Q=t;

Ov}=Q
ip

QDvm
|xJ

Q=Bm
}pO

t"2 pwOH |xt=O=

"xOW xU}=kt pOt w |OOa p=Ft QO xOW xO=iDU= |=yQDt=Q=B Q=Okt "3 pwOH
Q=Okt QDt=Q=B Q=Okt QDt=Q=B Q=Okt QDt=Q=B Q=Okt QDt=Q=B Q=Okt QDt=Q=B Q=Okt QDt=Q=B Q=Okt QDt=Q=B Q=Okt QDt=Q=B Q=Okt QDt=Q=B
5 CV 50 C1 750 �2 885 �02 300 Cp 45 TR 0 5 �1 1 15 B12 1 1 B01

1500 CY 400 Co 0 5 �2 895 �12 770 �01 20 TY 75 Tc 1 01 B1 1 05 B11
30 CF 1000 CR 740 �1 780 �11 5000 CC 50 Tp 1 01 B2 1 65 B02

"l}DvS sD} Qwor= \UwD u=tR OL=w QO O}rwD pm |xv} Ry pOt |=yQ}eDt |xv}y@ ?=wH "4 pwOH
n h K KD L1 L2 ECT TD TD

4 6 366 29 16 2 907 2 974 121 65 190 98 101 85

|Q}N-=D CQ=_v uwO@ xJQ=Bm} pOt l} '|}xrLQtwO |=yOv}=Qi QO |Q}N-=D CQ=_v
nvS \UwD xm CU= w} Q=vU 8 |x}=B Q@ xU}=kt pOt "OW xDiQo Q_v QO xU}=kt |=Q@

"OwW|t xOy=Wt 5 pwOH QO xm CU= xOW x�=Q= [15]=t w
CQ=_v |=Q@ xm CU= XNWt |@=QN MQv =@ |}xrLQtwO Ov}=Qi l} QwmPt pOt
`} RwD `@=D l} |@=QN MQv `@=D "Ovm|t xO=iDU= CQ=ywW pQDvm Q=Owtv l} R= Ov}=Qi Q@
u=tR OL=w QO Q=_Dv= OQwt |xv} Ry uOQm xv}tm pOt hOy "CU= �i QDt=Q=B =@ |}=tv

"CU=
xOW xO=iDU= 4 pwOH |}xv} Ry w |v=tR |=yQDt=Q=B R= xU}=kt pOt pL |=Q@
129 81|=yxv} Ry\UwDt?}DQDx@ |O=yvW}B pOt w xU}=kt pOtpL R=TB "CU=
QO |Q}N-=D CQ=_v pOt QDy@ OQmrta |xOvyOu=Wv xm OW pY=L 123 65 w

"CU= |}xrLQtwO |=yOv}=Qi

|=Q@ =yQDt=Q=B "CU= xOW x�=Q= |OOa p=Ft l} pOt |O=YDk= QF= uO=O u=Wv |=Q@
Q}O=kt w xOW ?=NDv= |iO=YD Qw]x@ u=tR OL=w QO O}rwD pm |xv} Ry |x@U=Lt
xm CU= CQwY u}O@ Q=m VwQ "CU= 4 w 3 |=ypwOH CQwYx@ xOW x@U=Lt
'|O=yvW}B pOt |R=Uxv}y@ |=Q@ ?rDt Q=Ri=sQv QO l}DvS sD} Qwor= |U} wvOm R= TB
'�xvwtv |xR=Ov=� n '�|Q}oxvwtv |xrY=i� h '�pQDvm OL� L s}tYD |=yQ}eDt Q}O=kt
O}=@ xm |}xvwtv O=OaD K w �OwW|tv xDiQo Q}N-=D u=tR QO xm |}xvwtv O=OaD� KD

"OW x@U=Lt '�OwW xDiQo Ov}=Qi Q@ CQ=_v u=tR QO

xU}=kt pOt "4
Q@|vD@t C=Q}taD w |Q=Oyov w |Q=t; Ov}=Qi pQDvm xJQ=Bm} pOt OQmrta |@=} RQ= |=Q@
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C=Q}taD w |Q=Oyov CU=}U Q=Owtv C}a[w w} Q=vU KQW w} Q=vU xQ=tW
xOW |R} Qxt=vQ@ OyOv Q=OWy pQDvm CLD pw= |xrLQt 1

|v=Q@H OyO Q=OWy pQDvm CLD swO |xrLQt 2

|LqY= OyOv Q=OWy pQDvm R= GQ=N pw= |xrLQt 3
|LqY= OyO Q=OWy pQDvm CLD swO | xrLQt 4

|LqY= OyOv Q=OWy pQDvm CLD pw= |xrLQt 5
|LqY= OyO Q=OWy pQDvm GQ=N swO |xrLQt 6

|LqY= OyOv Q=OWy pQDvm R= GQ=N pw= |xrLQt 7
|LqY= OyO Q=OWy pQDvm R= GQ=N swO |xrLQt 8

"|rY= QF= Q=Owtv "1 pmW

|Q}osWJ RQ] x@ u=tR OL=w QO O}rwD pm |xv} Ry 'pw= |xrLQt Ci}m Q}}eD u=R}t
Q}}eD Q=Okt V}=Ri= "CU= QDt=Q=B u}= syt |Q=PoQ}F-=D |xOvyOu=Wv xm O@=}|t V}=Ri=
"CiQo xO}O=v =Q u; u=wD|t xm OQ=OO}rwDpm|xv} Ry Q@|R}J=v Q}F-=D 'swO|xrLQtC}i}m

|Q}oxH}Dv "6
|Q=t; Ov}=Qi pQDvm |xJQ=Bm} |R=Uxv}y@ pOtl} x@ xm [2]u=Q=mty w u}} pOt x}=B Q@
xDN=OQB |}xrLQtlD |=yOv}=Qi QO |Q}N-=D CQ=_v Q@|vD@t C=Q}taD w |Q=Oyov w
Q@|vD@t C=Q}taD w |Q=Oyov w |Q=t; Ov}=Qi pQDvm xJQ=Bm} |R=Uxv}y@ pOtl} 'CU=
xOW ZQi xr=kt u}= QO "OW xO=O xaUwD |}xrLQtwO |=yOv}=Qi QO |Q}N-=D CQ=_v
"OQ=O OwHw Ov};Qi pw] QOC=R}yHD|@=QN R}v w pQDvm R= GQ=NCr=L ẁkw u=mt=CU=
xrLQt wO QO |@=QN =D u=tRCOt w C}i}m Q}}eD =D u=tRCOt `} RwD `@=wD u}= Q@ xwqa

C}U=UL p}rLD "5
O}rwD |=yxv} Ry |=yQDt=Q=B C=Q}}eD QF= '|rY= QF= Q=Owtv R= |Q}oxQy@ =@ VN@ u}= QO
w |LqY= C=Q}taD w |Q=Oyov |=yxv} Ry 'pQDvm R= GQ=N w pQDvm CLD Cr=L QO
xOW |UQQ@ u=tR OL=w QO O}rwD pm |xv} Ry |wQ Q@ 'C}i}m Q}}eD u=R}t w xv=} woV}B
pm |xv} Ry Q@ QwmPt |=yQDt=Q=B QF= xm CU= xOw@ xvwo u}O@ C}U=UL p}rLD "CU=
"CU= xOt; =yQDt=Q=Bu}= C=QF= Q=Owtv 1pmW QO xm xOW|Q}oxR=Ov= u=tR OL=w QO O}rwD
CLDCr=L QO O}rwD |xv} RyV}=Ri= xm O}tyi u=wD|tC}U=ULp}rLDG}=Dv R=
"CW=O Oy=wNu=tR OL=w QO O}rwDpm |xv} Ry Q}osWJV}=Ri= Q@|t}kDUt Q}F-=D pQDvm
OL=w Q@ O}rwD pm |xv} Ry 'pQDvm R= GQ=N Cr=L QO O}rwD |xv} Ry V}=Ri= u}vJty
C=Q}taD w |Q=Oyov |xv} Ry V}=Ri= "O=O Oy=wN V}=Ri= |rt-=Dp@=k Qw]x@ R}v =Q u=tR
|xv} RyV}=Ri= =t= &OyO|tV}=Ri=|rt-=Dp@=k u=R}t x@ =Q O}rwD pm |xv} Ry '|LqY=
V}=Ri=CQwYQO "OQ=Ov O}rwDpm|xv} Ry|wQ Q@ |Q}F-=D xv=Q}oV}BC=Q}taD w|Q=Oyov
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uOQm xv}tm xr=kt u}= hOy "CU= xOW hrDNt |w} Q=vU 28 O=H}= x@ QHvt |Q}N-=D
ẁkw p=tDL= =OD@= QO hOy u}= x@ uO}UQ |=Q@ "CU= u=tR OL=w QO O}rwD pm |xv} Ry

"OW x@U=Lt w} Q=vU Qy Q=_Dv= pOt |xv} Ry w w} Q=vU Qy Q=_Dv= OQwt u=tR 'w} Q=vU Qy
|xv} Ry 'w} Q=vU Qy Q=_Dv= OQwt u=tR Q@ w} Q=vU Qy Q=_Dv= OQwt |xv} Ry s}UkD =@TBU
OL=w QO O}rwD pm |xv} Ry uOQm xv}tm |=Q@ "Ot; CUO x@ u=tR OL=w QO O}rwD pm

CWwv=B
1. Statistical Process Control
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