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"OW=@ |v=tR |xQwO l}
CQwYx@ u;|rm Q=DN=U xm OwW|t xO=OV}=tvAOA|xm@Wl}\UwD xSwQB �
pO=at gr |xawtHt w g = gr [ [0; n + 1] xm CU= G = (g; Pr)

CUmW p@=kQ}e =yC}r=ai u}= C}y=t "CU= n =D 1 R= xSwQB |ak=w |=yC}r=ai
xvwoI}y uwO@ w xDUw}B CQwYx@ O}=@ ẁQW u=tR R= C}r=ai l} |va} 'CU=
?}DQDx@ n+ 1 w 0 |=yC}r=ai xm u}= ut[ "OwW s=Hv= s=tD= u=tR =D |ikwD
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"""w
`@=vt

K}]
UD|

xr�U
t|

=Q@|
rOt

|xa
UwD

+
MX
m=1

ZmvX
z=1

VX
v=1

�dX
t=1

�mzvQmzvt

+
MX
m=1

�d�1X
t=1

HmImt

+
KX
k=1

24CEk �dX
t=1

Ekt + CDk
�dX

t=1
Dkt

35 (1)

S:t:

Rkt �Rk(t�1) +Dkt � Ekt = 0 8k; t (2)
�d+1X
t=1

(1� Sit) � 1 +
�dX

t=1
(1� fjt); i 2 (1; n+ 1) 8j 2 Pri

(3)

pmin
i � 1 +

�dX
t=1

(Sit � fit) � pmax
i 8i 2 (1; n) (4)

xit � xi(t�1) � 1
pmax
i

(Sit � fi(t�1)) 8i; t (5)

xit � xi(t�1) � Sit � fi(t�1) 8i; t (6)

Sit � Si(t+1) 8i; t (7)

fi(t�1) � fit 8i; t (8)

xi �d = fi �d = Si �d = 1 8i (9)

xi0 = fi0 = 0 8i 2 (1; n+ 1) (10)

fit � xit � Sit 8i; t (11)

f00 = S00 = 1 (12)

f(n+1) �d = S(n+1) �d = 1 (13)
nX
i=1

rik(xit � xi(t�1)) = Rkt 8i; t (14)

Imt = Im(t�1) +
ZmX
z=1

VX
v=1

Qmzvt �
nX
i=1

Uim(xit � xi(t�1))8m; t
(15)

Im(t=0) = 0 8m (16)

�m(z�1)v�mzvt � Qmzvt � �mzv�mzvt 8m; z; v; t (17)

�m(z=0)v = 0 8m (18)
ZmX
z=1

VX
v=1

�mzvt � 1 8m; t (19)

Sit; fit; �mzvt 2 f0; 1g 8i;m; t; z; v (20)

xit; Imt; Qmzvt; Rkt; Ekt; Dkt � 0 8i; t;m; z; v; k (21)

pOt \@=wQ K} QWD "6"3
|=yxv} Ry '|yOVQ=iU |=yxv} Ry ẁtHt �1 |xrO=at� hOy `@=D 'jwi pOt QO
xO=iDU= u=R}t QO C=Q}}eD R= |W=v |=yxv} Ry w O=wt |Q=Oyov |=yxv} Ry 'O=wt O} QN
|R=U|]N x@ \w@ Qt 2 C}OwOLt "Ovm|t xv}tm =Q |r=wDt |=yxQwO |] `@=vt R=

pOt |=yQDt=Q=B "2"3
&i C}r=ai R=}vV}B |=yC}r=ai xawtHt %Pri

&OUQ@ s=tD= x@ i C}r=ai =D OWm|t pw] xm |v=tR u} QDW}@ %pmax
i

&OUQ@ s=tD= x@ i C}r=ai =D OWm|t pw] xm |v=tR u} QDsm %pmin
i

&i C}r=ai p}tmD |=Q@ k Q}PBO}OHD `@vt R=}v OQwt O=OaD %rik
�""" =} s=ONDU=� p@k |xQwO x@ C@Uv |i=[= k OL=w Qy |Q}oQ=mx@ |xv} Ry %CEk

&|v=tR |xQwO l} |=Q@
|Q=m}@ 'G=QN=� p@k |xQwO x@ C@Uv QDsm k OL=w Qy |R=UO=R; |xv} Ry %CDk

&|v=tR |xQwO l} |=Q@ �""" =}
&v |xOvvmu}t-=D R= m |iQYt O=wt |yOVQ=iU |xv} Ry %Amv
&i C}r=ai s=Hv= |=Q@ m |iQYt O=wt R= R=}v OQwt Q=Okt %Uim

&v |xOvvmu}t-=D R= z h}iND |xk@] QO m |iQYt O=wt OL=w Qy Ct}k %�mzv
&v |xOvvmu}t-=D R= m |iQYt O=wt |=Q@ z h}iND |xk@] |q=@ u=Qm %�mzv

&v |xOvvmu}t-=D R= m |iQYt O=wt |=Q@ z h}iND |xk@] u}}=B u=Qm %�m(z�1)v

&m |iQYt O=wt |=Q@ v |xOvvmu}t-=D OwHwt h}iND |xk@] O=OaD %Zmv
&m |iQYt O=wt OL=w Qy |Q=Oyov |xv} Ry %Hm

"xSwQB (Deadline) pHq=?Q[ u=tR % �d

1 w QiY s}tYD |=yQ}eDt "3"3
Q}e QO '1 OwW ẁQW p@k |=yxQwO =} t |xQwO |=OD@= QO i C}r=ai Qo = %Sit

&QiY CQwYu}=
Q}e QO '1 OUQ s=tD= x@ p@k |=yxQwO =} t |xQwO |=yDv= QO i C}r=ai Qo = %fit

&QiY CQwYu}=
t |xQwO QO v xOvvmu}t-=D x@ z h}iND |xk@] QO m |iQYt O=wt Qo = %�mzvt

"QiY CQwYu}= Q}e QO '1 OwW xO=O VQ=iU
|=yO=O} wQ R= Oa@ |=yxQwO QO ?}DQDx@ fit w Sit |=yQ}eDt xm CU= QmP p@=k

"Ovv=t|t |k=@ 1 pO=at u=vJty u=}=B w ẁQW

xDUw}B |=yQ}eDt "4"3
&OwW|t =QH= t |xQwO u=}=B =D xm i C}r=ai R= |QUm %xit

&OQ}o|t Q=Qk xO=iDU= OQwt t |xQwO QO xm k Q}PBO}OHD `@vt R= |Q=Okt %Rkt
p@k |xQwO x@ C@Uv t |xQwO QO xm k Q}PBO}OHD `@vt R= |i=[= OL=w O=OaD %Ekt

&OwW|t xDiQo Q=mx@
p@k |xQwO x@ C@Uv t |xQwO QO xm k Q}PBO}OHD `@vt R= |QDsm OL=w O=OaD %Dkt

&OwW|t O=R;
R= t |xQwO |=OD@= QO v |xOvvmu}t-=D R= xm m |iQYt O=wt R= |Q=Okt %Qmzvt

&OwW|t xO=O VQ=iU z h}iND |xk@]
"t xQwO QO m |iQYt O=wt |OwHwt Q=Okt %Imt

|[=} Q pOt "5"3

min cos t =
MX
m=1

VX
v=1

�dX
t=1

Amv
ZmvX
z=1

�mzvt
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36
�1

|xQ
wO'

�13
99

u=DU
tR�

h}
QW

C}
Q}Ot

w`}
=vY

|U
Ovyt

"xOW x�=Q= swRwtwQm pw= VN@ "1 pmW

"xOW x�=Q= swRwtwQm swO VN@ "2 pmW

"xOW x�=Q= swRwtwQm swU VN@ "3 pmW

�swRwtwQm � ?=wH Q=DN=U "1"4
swRwtwQm pw= VN@ %CU= VN@ xU |=Q=O xOW x�=Q= �swRwtwQm � ?=wH Q=DN=U
Q]U l} =@ |U} QD=t pt=W VN@ u}= "CU=yC}r=ai s=Hv= |r=wD |xOvyOu=Wv
|=yx}=QO "CU= 1 pmW CQwYx@ �=yC}r=ai R= |oOv}=tv x@� uwDU N w
xO=O u=Wv Ai =@ xm CU=yC}r=ai R= |vOW |iO=YD |r=wD l} T} QD=t u}=

"OwW|t
u=Wv u; |x}=QO Qy w CU= uwDU N w Q]U 1 |=Q=O swRwtwQm swO VN@
xO=O u=Wv pi O=tv =@ =yx}=QO u}= "CU= QOkJ C}r=ai Qy u=tR COt xm OyO|t
|}xvwtv "OwW|t O}rwD pmax

i w pmin
i u}@ |iO=YD CQwYx@ =yu; Q=Okt w OwW|t
"CU= xOW xO=O u=Wv 2 pmW QO T} QD=t u}= R=

|yOVQ=iU x@ \w@ Qt 'xOW xO=O u=Wv 3 pmW QO xm swRwtwQm swU VN@
|xO=t xm OyO|t u=Wv u; x}=QO Qy w CU= uwDU �dw Q]U M �V |=Q=O w CU=
xO=O VQ=iU h}iND |xk@] s=Om QO v |xOvvmu}t-=D R= t |xQwO QOm ẁv |iQYt
Q=Okt uOw@ QiY "CU= Zmv w 0 u}@ O=Oa= pt=W T} QD=t u}= |=yx}=QO "OwW|t
"OwW|tv xO=O VQ=iU xQwO u; QO |iQYt |xO=t u; xm CU=vat u=O@ x}=QO l}
|=Q@ v |xOvvmu}t-=D R= VQ=iU QO xO=iDU= OQwt h}iND |xk@] 'C@Ft |x}=QO l}

"OyO|t u=Wv =Q t |xQwO QO m |iQYt |xO=t

`]=kD Qorta "2"4
|wQ 'Q}FmD |xrLQt QO O}OH pUv O=H}= |rY= Qorta u=wvax@ '`]=kD Qorta
`]=kD Qorta R= '|O=yvW}B l}DvS sD} Qwor= QO "OwW|t p=ta= Or=w |=yswRwtwQm
CQwYx@ Or=w sRwtwQm wO 'hOy u}= x@ p}v |=Q@ "OwW|t xO=iDU= |}x]kvl}
pw] QO XNWt p=tDL= =@ |iO=YD |}x]kv 'TBU "OwW|t ?=NDv= |iO=YD
u}@ xOW ?=NDv= pLt R= `]=kD Qorta 'Oa@ s=o QO "OwW|t ?=NDv= =yswRwtwQm
`]=kD Qorta p=ta= R= |}xvwtv 5 w 4 |=ypmW "OwW|t s=Hv= Or=w |=yswRwtwQm

R= |R=}vV}B \@=wQ 3 C}OwOLt "CU= pw= hOy `@=D QO `@=vt K}]UD CtUk
3 xQ=tW C}OwOLt AJ CtU "OyO|t u=Wv =Q =yC}r=ai u}@ R=e; � u=}=B ẁv
x@U=Lt =Q R=}vV}B |=yC}r=ai s=tD= u=tR u; CU=Q CtU w i C}r=ai ẁQW u=tR
pmax
i w pmin

i u}@ iC}r=ai VR=OQB u=tR xm Ovm|t u}t[D 4 C}OwOLt "Ovm|t
R= |QUm =} =QH= COW =@ CU= Q@=Q@ xit � xi(t�1) '6 w 5 C}OwOLt QO "OW=@
Q=Okt xv}W}@ w xv}tm C}OwOLt wO u}= "OwW|t s=Hv= t |xQwO QO \ki xm iC}r=ai
u=wD|t Cr=L xU 'C}OwOLt wO u}= OQwt QO "Ovvm|t s}_vD =Q xit � xi(t�1)

%OW QwYDt
&xit�xi(t�1) = 0w xOWv ẁQW iC}r=aiCr=Lu}= QO 'fit = 0wSit = 0 "1
'xO}UQv s=tD= x@ w xOW ẁQW i C}r=ai Cr=L u}= QO 'fit = 0 w Sit = 1 "2
& 1
Pmax
i
� xit � xi(t�1) � 1 CU=QH= p=L QO C}r=ai Qo}O CQ=@a x@

w xOW p}tmD t xQwO R= p@k i C}r=ai Cr=L u}= QO 'fit = 1 w Sit = 1 "3
"xit � xi(t�1) = 0

xHwD =@ "CU}v umtt 'fit = 1 w Sit = 0 Cr=L xm CU= QmP x@ sRq
Ovvm|t pY=L u=v}t]= 8 w 7 |=yC}OwOLt 'fit w Sit |=yQ}eDt h} QaD x@
Vy=m 'fit w Sit Q=Okt ?}DQDx@ 'u=}=B/ ẁQW u=tR R= TB C}r=ai l} |=Q@ xm
O}m -=D 9 C}OwOLt "Ov=t|t |k=@ 1 pO=at u=vJty '|Oa@ |=yxQwO |=Q@ w O@=}|tv
"OwW p}tmD w =QH= ' ẁQW i C}r=ai 'xSwQB pHq=?Q[ u=tR =D QFm =OL xm Ovm|t
u=Wv =Q xSwQB |=OD@= QO fit w xit |=yQ}eDt |=Q@ x}rw= |yOQ=Okt 10 C}OwOLt
Q}eDt 'C}r=ai l} pt=m |=QH= u=tR =D xm Ovm|t O}m -=D 11 C}OwOLt "OyO|t
xit 'xOWv ẁQW i C}r=ai xm |v=tR =D u}vJty &OQ}o@ 1 Q=Okt Ov=wD|tv ' fit
|twywt C}r=ai xm Ovm|t u}t[D 12 C}OwOLt "OQ}o@ C@Ft Q=Okt Ov=wD|tv
Ovm|t u}t[D 13 C}OwOLt "O@=} u=}=B w OwW ẁQW QiY u=tR QO O}=@ QiY
pHq=?Q[ R= QD=Qi Ov=wD|tv n + 1 |twywt C}r=ai u=}=B w ẁQW u=tR xm
QO xm CU= k Q}PBO}OHD `@=vt Q=Okt |xOvyOu=Wv 14 C}OwOLt "OW=@ xSwQB
Qy u=}=B QO O=wt |OwHwt K]U 15 C}OwOLt "OwW|t xDiQo Q=mx@ t |xQwO
|=Q@ |OwHwt K]U xm Ovm|t u}t[D 16 C}OwOLt "Ovm|t x@U=Lt =Q xQwO
O=wt Q=Okt xm OyO|t u=Wv 17 C}OwOLt "OW=@ QiY xSwQB |=OD@= QO O=wt s=tD
C}OwOLt "OQ}o Q=Qk u}}=B w q=@ h}iND |=yxk@] u}@ O}=@ xOW xO=O VQ=iU
C}OwOLt "OyO|t u=Wv =Q h}iND |xk@] u} QDu}}=B |=Q@ x}rw= |yOQ=Okt 18
l} QFm =OL 'xQwO Qy QO O=wt ẁv l} VQ=iU |=Q@ xm Ovm|t u}t[D 19
u=Wv =Q =yQ}eDt |xvt=O 21 w 20 C}OwOLt "OwW ?=NDv= O}=@ h}iND xk@]

"OvyO|t

xr�Ut pL VwQ "4
|xr�Ut =@ u; ?}mQD `@Dr=@ w `@=vt K}]UD |xr�Ut 'OW xQ=W= QDV}B xm u=vJ
u}ty x@ "OQ}o|t Q=Qk NP-Hard p�=Ut xDUO QO |oO}J}B ^=Lr R= |yOVQ=iU
|rw@k p@=k |=y?=wH Ov=wD@ x=Dwm u=tR QO xm |Q=mD@==Qi |=yVwQ R= xO=iDU= 'p}rO
p}v |=Q@ l}DvS sD} Qwor= R= 'Q[=L VywSB QO "OUQ|t Q_v x@ Q}PBx}HwD 'OyO x�=Q=
KQW xt=O= QO 'Q=YDN= C}=aQ CQwQ[ p}rO x@ "CU= xOW xO=iDU= hOy u}= x@

"OwW|t x�=Q= |O=yvW}B l}DvS sD} Qwor= |=RH= R= |QYDNt
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"""w
`@=vt

K}]
UD|

xr�U
t|

=Q@|
rOt

|xa
UwD"=yC}r=ai |r=wD u}}aD pL=Qt "2 pwOH

=yC}r=ai |r=wD R
uwO@ |=yC}r=ai CUQyi xawtHt pL=Qt xQ=tWxOW s=Hv= |R=}vV}B =} |R=}vV}B

1 [0=334� 2] = 1 Act� list = f1; 2g pw= |xrLQt
3 [0=916� 2] = 2 Act� list = f2; 3g swO |xrLQt
2 [0=512� 1] = 1 Act� list = f2g swU |xrLQt

xm R=}vV}B uwO@ |=yC}r=ai CUQyi |xOW ?DQt C}r=ai u}rw= u}=Q@=v@ "O};|t
|xrLQt QO "OwW|t |R} Qxt=vQ@ |Ov@u=tR C}r=ai u}rw= u=wvax@ 'CU= 1 C}r=ai
CUQyi u}= |=yC}r=ai O=OaD "Act� list = f2; 3g xm OwW|t xOy=Wt 'swO
swRwtwQm swO x}=QO |va} |Oa@ x}=QO |iO=YD OOa QO Q=@ u}= 'CU= 2 Q@=Q@ ,=OOHt xm
"O};|t CUO x@ 2 OOa w OwW|t OQo q=@ x@ u; Q=Okt w OwW|t ?Q[ �0 916�
|xt=vQ@ QO C}r=ai u}twO u=wvax@ 3 C}r=ai |va} CUQyi w[a u}twO 'u}=Q@=v@
u=wvax@ 2 C}r=ai 'swU |xrLQt QO CQwY u}ty x@ "OwW|t xO=O Q=Qk |v=tR

"OwW|t xO=O Q=Qk |v=tR |xt=vQ@ QO C}r=ai u}twU
Ovm|t Q}}eD swRwtwQm O=Oa= |=H =yvD 'Ovm Q}}eD `]=kD Qorta xr}Uwx@ ?=wH Qo =
Ovm|tv |Q}}eD (Act� list) |R=}vV}B uwO@ |=yC}r=ai CUQyi |xawtHt w
xm OwW Zwa �|R=}vV}B \@=wQ C}=aQ =@� =yC}r=ai |r=wD CU= umtt \ki w

"OQ=Ov u; uOw@ |vOW Q@ |QF= QmPr=jwi OQm} wQ x@ xHwD =@ xD@r=
Cw=iD u}= =@ 'OwW|t |R=UxO=}B |y@=Wt OQm} wQ R}v swRwtwQm swO VN@ |=Q@
pmin
i u}@ hqDN= '|R=}v V}B uwO@ |=yC}r=ai CUQyi |=[a= O=OaD |=H x@ xm

|=QH= u=tR u} QDsm =@ TBU w xOW ?Q[ 1 w QiY u}@ |iO=YD OOa QO pmax
i w

"OwW|t `tH C}r=ai
|vOW Q@ |Y=N Q}F-=D 'CU= |yOVQ=iU x@ \w@ Qt xm swRwtwQm swU VN@
xOvvmu}t-=D ?=NDv= xm CU= u}= CtUk u}= QO QmP p@=k |xDmv "OQ=Ov xr�Ut uOw@
s=Hv= 'xOW xO=t; |xr�Ut |=yxO=O x@ xHwD =@ xm |rwOH R= 'h}iND |xk@] w

"OwW|t

VyH Qorta "3"4
|xv}y@ |=y?=wH s=O QO sD} Qwor= uO=Di= p=tDL=Vy=m 'VyH Qorta |O}rmVkv
|iO=YD CQwYx@ swRwtwQml} R= uS OvJ =}l} Q=Okt 'Qorta u}= QO "CU= |rLt
Qorta wO R= 'Q[=L VywSB QO "OwW|t xO=O Q}}eD XNWt p=tDL= l} =@ w
QO "CU=xOW xO=iDU= pw= VN@ QO '|R=UTwmat w Z} waD |va} 'Ot;Q=m VyH
pw= VN@ |wQ QwmPt VyH |=yQorta p=ta= R= |}=yxvwtv 8 w 7 |=ypmW

"CU= xOW xO=O u=Wv swRwtwQm
=yQ}eDt R=|YNWt OYQO 'swRwtwQm swOVN@ |wQVyH Qorta p=ta= |=Q@
xOW ?=NDv= |=yC}r=ai s=Hv= u=tR COt w OwW|t ?=NDv= |iO=YD CQwYx@
|Q}owrH |=Q@ xmCU= QmP u=}=W "Ovm|t Q}}eD pmax

i w pmin
i u}@|iO=YD CQwYx@

VyH Qorta |=Q@ '`]=kD Qota QO xOW s=Hv= Ov}=Qi '=y?=wH uOW |rtaQ}e R=
"OwW|t s=Hv= x@=Wt Qw] x@ R}v

?=NDv= "4"4
pt=W xm O};|t CUO x@ O}OH C}atH l} 'l}DvS sD} Qwor= R= xrLQt Qy QO
pUv QDQ@ |=[a= w xrLQt u; QO VyH w `]=kD |=yQorta R= pY=L |=y|HwQN

"�`]=kD x]kv ?=NDv=� Or=w wO `]=kD Qorta p=ta= "4 pmW

"�OvRQi wO O}rwD� Or=w wO `]=kD Qorta p=ta= "5 pmW

"swRwtwQm pw= VN@ x}=QO Qy |=Q@ 1 w 0 u}@ |iO=YD Q}O=kt "6 pmW

s=Hv= |r=wD x@ \w@ Qt� |O=yvW}B swRwtwQm pw= VN@ R= |r=Ft |wQ =Q QwmPt
"OyO|t u=Wv �=yC}r=ai

CUQyi l} 'sD} Qwor= |R=UxO=}B QO 'O}=}v OwHw@ |vOWv Cr=L xmu}= |=Q@
�(Act-list) |R=}vV}B uwO@ |=yC}r=aiCUQyi� s=v x@ swRwtwQm pw=VN@ |=Q@
xOW s=Hv= =yv; |R=}vV}B =} OvDUy |R=}vV}B Ok=i xm |}=yC}r=ai xm xOW O=H}=
R= pmWDt 'swRwtwQm pw= VN@ |=RH= R= s=OmQy "OyO|t u=Wv xrLQt Qy QO =Q
|iO=YD OQm} wQl} |=v@t Q@ |r=wD QOC}r=ai u}rw= w OvDUy 1 w QiY u}@ |O=Oa=
OvQ=O R=}vV}B uwO@ |}=yC}r=ai xm |}xat=H� CUQyi 'u; R= TB "OwW|t ?=NDv=
|=Q@ |Oa@ |iO=YD OOa w OwW|t s=ovyx@ �CU= xOW s=Hv= =t=tD =yv; R=}vV}B =}
=D p=wQ u}= "OwW|t O}rwD 'O};|t |r=wD pw= C}r=ai R= Oa@ xm |D}r=ai uOQm =O}B
3 |r=wD ' ẁ[wt u}= QDy@ lQO Qw_vt x@ "O@=}|t xt=O= =yC}r=ai s=tD ?=NDv= s=tD=
OW=@ 3 C}r=ai R=}vV}B 1 C}r=ai \ki xm |wLv x@ 'OwW|t xDiQo Q_v QO C}r=ai
6 pmW QO xm Qw]u=ty "OvW=@ xDW=Ov |R=}vV}B |x]@=Q I}y 2 w 1 C}r=ai wO w
R= pmWDt =yx}=QO R= s=Om Qy xm CU= x}=QO xU |=Q=O swRwtwQm 'xOW xO=O u=Wv
=yvD xm OwW|t xOy=Wt R}v 2 pwOH QO "OvDUy 1 w QiY u}@ |iO=YD O=Oa=
CQwYx@ xm CU= Act� list = f1; 2g w OvR=}vV}B uwO@ 2 w 1 |=yC}r=ai
CUO x@ CQwY u}= x@R Q=Okt "OvwW|t ?DQt C}r=ai |xQ=tW T=U= Q@ |OwaY
|x}=QO |iO=YD OOa QO 'CU= 2 Q@=Q@ xm =yC}r=ai CUQyi QY=va O=OaD xm O};|t
CUO x@ 1 Q=Okt xm OwW|t OQo q=@ x@ wQ w OwW|t ?Q[ �0 334� swRwtwQm pw=

8



2/
2|

xQ=t
W'

36
�1

|xQ
wO'

�13
99

u=DU
tR�

h}
QW

C}
Q}Ot

w`}
=vY

|U
Ovyt "xr�Ut |=yC}r=ai =@ \@DQt |=yQDt=Q=B Q}O=kt "3 pwOH

rik Uim pmin
i pmax

i =yQDt=Q=B =yC}r=ai
10 30 3 5 1
12 35 3 5 2
25 44 2 4 3
30 47 2 5 4
10 27 2 4 5

"xr�Ut |=yQDt=Q=B Q}O=kt "4 pwOH
Q=Okt QDt=Q=B Q=Okt QDt=Q=B
9 �11 (0; 50] (0; �11]

8 �21 (50; 110] (�11; �21]

7 �31 (110; 185] (�21; �31]

9 �12 (0; 70] (0; �12]

8 �22 (70; 120] (�12; �22]

6 �32 (120; 185] (�22; �32]

60 A2 40 A1
10 CD 60 CE

2 H

"pHq=?Q[ hrDNt Q}O=kt |=R= x@ xSwQB |rm |=yxv} Ry l}miD "5 pwOH
pHq=?Q[ =yxv} Ry pm `@=vt K}]UD O=wt

7 3209 1435 1774
8 2642 793 1849
9 2395 484 1911
10 2315 367 1948
11 2210 210 2000
12 2123 93 2030
13 2091 40 2051

"pHq=?Q[ hrDNt Q}O=kt |=R= x@ =yxv} Ry Q=Owtv "10 pmW

( �d) pHq=?Q[ u=tR V}=Ri= =@ 'xOW xO=O u=Wv 10 pmW QO xm u=vJ
xr�Ut |=yxv} Ry C}U=UL |xOvyOu=Wv Qt= u}= "OwW|t QDsm xSwQB pm |xv} Ry
|rm |=yxv} Ry |=RH= ' ẁ[wt u}= QDy@ K}[wD |=Q@ "CU= pHq=?Q[ u=tR x@
Qo}Om} R= 'O=wt x@ \w@ Qt |=yxv} Ry w `@=vt K}]UD |=yxv} Ry R= pmWDt 'xSwQB
x�=Q= �d hrDNt Q}O=kt |=R=x@ =yxv} Ry u}= Q}O=kt 5 pwOH QO "OvwW|t l}miD

"Z}waD CQwYx@ VyH Qorta "7 pmW

"|R=UTwmat CQwYx@ VyH Qorta "8 pmW

"xSwQB |R=}vV}B \@=wQ |yQo xm@W "9 pmW
x@ xDU@ w OwW|t ?DQt VR=Q@ `@=D T=U= Q@ O}OH C}atH |=[a= "CU= |r@k

"OwW|t ?=NDv= QDQ@ |=[a= R= |YNWt O=OaD 'x}rw= C}atH |xR=Ov=

|D=@U=Lt G}=Dv "5
Qw_vt x@ =OD@= "OQ}o|t Q=Qk |UQQ@ OQwt xOW x�=Q= pOt OQmrta 'VN@ u}= QO
QO |}=yp=Ft 'xt=O= QO "OwW|t xO=O KQW |}xO=U p=Ft 'xr�Ut |rm |=[i h}YwD
|=yp}rLD w OwW|t x�=Q= |O=yvW}B sD} Qwor= |@=} RQ= Qw_vt x@ hrDNt O=a@=
|xv=}=Q l} R= 'xr�Ut pL |=Q@ "OW Oy=wN s=Hv= =yu; |=v@tQ@ |}xU}=kt
'Intel Corei7� 4500U; 1=80 GHz 2=40 GHz C=YNWt =@ |YNW
MATLAB R2014a Q=Ri=sQv R}v wGAMS 24 1 2 Q=Ri=sQv R= wRAM 8GB

"CU= xOW xO=iDU=

|OOa p=Ft "1"5
|twywt C}r=ai 2 w �5�1� |ak=w C}r=ai GvB R= pmWDt C}r=ai 7 =@ |}xr�Ut
Q_v QO =Q �Q}PB=vO}OHD� |iQYt `@vt ẁv l} w Q}PBO}OHD `@vt l} =@ �6 w 0�
\@=wQ "CU= umtt 'h}iND xk@] wO =@ s=OmQy 'xOvvmu}t-=D wO R= O=wt u}t-=D "O} Q}o@
|=yQDt=Q=B Q}O=kt 3 pwOH QO "CU= 9 pmW j@=]t =yC}r=ai u}@ |R=}vV}B

"CU= xOW x�=Q= =yQDt=Q=B Q}=U Q}O=kt 4 pwOH QO w =yC}r=ai x@ \w@ Qt
|=yxv} Ry Q@ u; Q}F-=D w xOW pL �dhrDNt Q}O=kt uDiQo Q_v QO =@ '|OOa p=Ft
`@=vt K}]UD |=yxv} Ry OvwQ '|yOVQ=iU Q=Okt '`@=vt K}]UD |wor= 'xSwQB |rm

"OwW|t xO=O u=Wv |yOVQ=iU |=yxv} Ry w
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UD|

xr�U
t|
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rOt

|xa
UwD

"7 Q@=Q@ pHq=?Q[ |=R=x@ pOt `@=vt K}]UD OQmrta Q=Owtv "12 pmW

"13 Q@=Q@ pHq=?Q[ |=R=x@ pOt `@=vt K}]UD OQmrta Q=Owtv "13 pmW
"=yv; xv}y@ K]U w l}DvS sD} Qwor= |=yQDt=Q=B Kw]U "6 pwOH

|=yQDt=Q=B QDt=Q=B K]U xv}y@ K]UsD} Qwor= swU K]U swO K]U pw= K]U
Pc 0 65 0 75 0 8 0 8
Pm 0 1 0 15 0 25 0 15
Npop 30 60 90 90
Max� 1=2�N 1=5�N 2�N 1=2�N
iteration

u}= "OR=U|t =yxO=O Tv=} Q=w |Q}oxR=Ov= |=Q@ |Qo}O Q}eDt '=yxO=O C=Q}}eD |wQ R=
Q}O=kt x@ �p=vo}U� Kq]Y= "Ovt=v|t (S=N) R} wv x@ p=vo}U C@Uv =Q Q}eDt
'u}=Q@=v@ "OwW|t jq]= �OQ=Ov=DU= h=QLv=� ?wr]t=v Q}O=kt x@ �R} wv� w ?wr]t
|=yQDt=Q=B |OwQw Kw]U 6 pwOH QO "CU= S=N C@Uv Q=Okt |R=Uxv}W}@ 'hOy
u}vJty "CU= xOW x�=Q= xOt; CUO x@ |xv}y@ Q=Okt u}vJty w l}DvS sD} Qwor=
xO=O u=Wv l}DvS sD} Qwor= |=Q@ xOt; CUO x@ S=N C@Uv Q=Owtv 14 pmW QO

"CU= xOW

|OOa G}=Dv "3"5
|=yxR=Ov= QO =Q xr�Ut '|O=yvW}B sD} Qwor= OQmrta |@=} RQ= Qw_vt x@ 'xt=O= QO
O=OaD w u=oOvvmu}t-=D O=OaD 'Q}PBO}OHD `@=vt O=OaD '=yC}r=ai O=OaD ^=Lr R= hrDNt

"pHq=?Q[ hrDNt Q}O=kt |=R=x@ =yxv} Ry ?}W w CyH V}=tv Q=Owtv "11 pmW

K}]UD |=yxv} Ry 'OwW QDW}@ �d Q=Okt xJQy 'OwW|t xOy=Wt xm u=vJ "CU= xOW
'|yOVQ=iU |=yxv} Ry ẁtHt� O=wt |=yxv} Ry |xQ=@ QO "O@=}|t Vy=m `@=vt
' ẁ[wt u}= QDy@ V}=tv |=Q@ "CU= jO=Y ẁ[wt u}= Tma �|Q=Oyov w O} QN
u=Wv |@ wNx@ Q=Owtv u}= "CU= xOW s}UQD 11 pmW QO 5 pwOH R= pY=L G}=Dv
\@DQt |=yxv} Ry w Vy=m `@=vt K}]UD |=yxv} Ry �d Q=Okt V}=Ri= =@ xm OyO|t
CyHsy |rm |=yxv} Ry xm CU= u}= syt Q=}U@ |xDmv =t= "O@=}|t V}=Ri= O=wt =@
p}rO "O@=}|t Vy=m �d Q=Okt V}=Ri= =@ w Ovm|t Q}}eD `@=vt K}]UD |=yxv} Ry =@
xm Qw]u=ty "CU= �d Q=Okt x@ `@=vt K}]UD |=yxv} Ry QDW}@ C}U=UL Qt= u}=
QO �d Q=Okt x@ C@Uv =yxv} Ry ?}W C}U=UL 'OwW|t xOy=Wt 11 pmW QO
"CU= O=wt =@ \@DQt |=yxv} Ry R= QDW}@ |Q=O=vat Qw] x@ `@=vt K}]UD |=yxv} Ry
'OQ=wt s=tD QO w OvOW pL sy |Qo}O ẁvDt |OOa |=yp=Ft xm CU= QmP x@ sRq

"OW O}}-=D |rm OvwQ u}=
QO pOt OQmrta |xwLv 'CU= Q=OQwNQ@ |}q=@ C}ty= R= xm |Qo}O ẁ[wt
|=Q@ xOW x�=Q= |[=} Q pOt ' ẁ[wt u}= |@=} RQ= |=Q@ "CU= `@=vt K}]UD p=@k
�d = 13 xm |v=tR wCU= `@=vt K}]UD |xv} Ry u} QDV}@ |=Q=O w �d = 7 xm|v=tR
12 |=ypmW� CiQo Q=Qk |UQQ@ OQwt 'CU= `@=vt K}]UD |xv} Ry u} QDsm |=Q=O

"�13 w
O=} R `@=vt |Q}oQ=mx@ =@ \@DQt C=v=Uwv 12 pmW QO OwW|t xOy=Wt xm u=vJ
Vy=m C=v=Uwv COW ' �d = 13 x@CU= \w@ Qt xm 13 pmW QO xm |r=L QO 'CU=
"CU= ?wr]t `@=vt K}]UD p=@k QO pOt OQmrta xm OyO|t u=Wv u}= "O@=}|t

l}DvS sD} Qwor= |=yQDt=Q=B s}_vD "2"5
?U=vt s}_vD |Q=mD@==Qi |=yVwQ |R=UxO=}B QO |O}rm |=yEL@ R= |m}
x@ |=y?=wH 'OwWv s=Hv= |DUQO x@ Ov}=Qi u}= Qo = "CU= xr�Ut |=yQDt=Q=B
u} QDQ=PoQ}F-=D "OvDU}v O=tDa= p@=k u=OvJ |Q=mD@==Qi |=yVwQ R= xOt; CUO
O=OaD '(Npop) x}rw= C}atH O=OaD %R= Ov=CQ=@a l}DvS sD} Qwor= QO =yQDt=Q=B
QO "(Pm) VyH MQv w (Pc) `]=kD MQv '(Max � iteration) Q=QmD
s=Hv= [17]|Jwo =D VwQ R= xO=iDU= =@ QwmPt |=yQDt=Q=B s}_vD 'Q[=L VywSB

"CU= xOW
s}UkD R} wv pt=wa w pQDvm p@=k pt=wa xDUO wO x@ pt=wa |Jwo =D VwQ QO
"OQ=Ov OwHw =yu; |wQ |rQDvm xvwoI}y xm OvDUy |rt=wa V=WDe= pt=wa "OwW|t
Q}F-=D =D OWwm|t |Jwo =D VwQ 'OQ=Ov OwHw pt=wa u}= hPL |=Q@ |WwQ I}y uwJ
u}vJty |Jwo =D "O@=}@ =Q syt pQDvm p@=k pt=wa |xv}y@ Kw]U w OR=U xv}tm =Q =yv;
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QW
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Q}Ot

w`}
=vY

|U
Ovyt "p�=Ut pL |=Q@ xOW O}rwD |=yxO=O "8 pwOH

=yQDt=Q=B |Q}oQ=Okt |=Q@ `} RwD ẁv
�d � U [7; 300]

pmin
i � U [1; 5]

pmax
i � U [1; 1=6]� pmin

i

rik � U [1; 5]

CEk � U [40; 90]

CDk � U [0=3; 0=5]� CEk
Uim � U [1; 9]

Amv � U [50; 110]

�mzv � U [4; 10]

Hm � U [1; 4]

�mzv � U [1; 1500]

Zmv � U [1; 3]

xv}y@ ?=wH x@ |@=}CUO u=mt= 'QDW}@ w C}r=ai 55 =@ p�=Ut |=Q@ xm |wLvx@
QO p�=Ut pL u=tR u} QDW}@ xm CU= |r=L QO u}= "OQ=Ov OwHw pwkat u=tR QO
pO=at u}ov=}t pL u=tR =@ C}r=ai 120 =@ |}xr�Ut x@ \w@ Qt l}DvS sD} Qwor=
pwkat u=tR QO xv}y@ ?=wH xm pw= |xr�Ut Ciy |=Q@ u}vJty "CU= x}v=F 603
|xv}y@ ?=wH R= l}DvS sD} Qwor= h=QLv= OYQO u}ov=}t 'xOw@ |@=}CUO p@=k
OQmrta u}=Q@=v@ "CU= OYQO 1 01 h=QLv= Q=Okt u} QDW}@ w OYQO 0 49 Rto
Q=Qk O}}-=D OQwt pL u=tR w xv}y@ ?=wH x@ |m}ORv Q_vt R= l}DvS sD} Qwor= ?wr]t

"OQ}o|t

|Q}oxH}Dv "6
Qw] x@ O=wt |yOVQ=iU |xr�Ut =@ `@=vt K}]UD |xr�Ut 'VywSB u}= QO
=yxv} Ry ẁtHt xm |[=} Q pOt l} Qw_vt u}O@ "CU= xOW |R} Qxt=vQ@ u=tRsy
ZQi '|ak=w |=}vO =@ QDW}@ xJQy |m}ORv Qw_vtx@ "OW O=yvW}B 'Ovm|t xv}tm =Q
|oO}J}B x@ xHwD =@ "OvwW|t VR=OQB Q}eDt |=QH= COW =@ =yC}r=ai xm OW
O=a@= QO ,=YwYN xr�Ut pL |=Q@ R}v l}DvS sD} Qwor= R= 'xr�Ut |D=@U=Lt
\UwD hrDNt O=a@= =@ |}=yxr�Ut xvwtv 'QDj}kO CQ=@a x@ "OW xO=iDU= nQR@
R= |m =L 'xOt; CUO x@ |OOa G}=Dv "OW pL l}DvS sD} Qwor= w Rto Q=Ri=sQv
pL u=tR w xv}y@ ?=wH x@ |m}ORv x@vH wO R= l}DvS sD} Qwor= ?wr]t OQmrta

"Ow@
u=tR V}=Ri= =@ xm O=O u=Wv hrDNt |=yxr�Ut xvwtv |wQ xOW s=Hv= p}rLD
V}=Ri= O=wt =@ \@DQt |=yxv} Ry w Vy=m `@=vt K}]UD |=yxv} Ry 'pHq=?Q[
p}rO "Ovm|t Q}}eD `@=vt K}]UD |=yxv} Ry =@ CyHsy |rm |=yxv} Ry =t= "O@=}|t
u}t-=D |=yxv} Ry =@ xU}=kt QO `@=vt K}]UD |=yxv} Ry QDW}@ C}U=UL 'Qt= u}=
K}]UD ^=Lr x@ pOt OQmrta u}vJty "CU= pHq=?Q[ u=tR x@ C@Uv O=wt

"CiQo Q=Qk O}}-=D w |@=} RQ= OQwt `@=vt

"S=N l}DvS sD} Qwor= R}wv x@p=vo}U C@Uv "14 pmW
"xOW |L=Q] p�=Ut QY=va "7 pwOH

xr�U
tOm

=yC
}r=ai

O=Oa
D

Q}PB
O}OH

D`@
=vt

O=Oa
D

u=oO
vvmu

}t- =D
O=Oa

D
|iQ

Yt
O=wt

O=Oa
D

6�2�1�1 6 2 1 1
10�2�2�1 10 2 2 1
15�3�2�2 15 3 2 2
21�3�2�3 21 3 2 3
28�3�3�3 28 3 3 3
36�3�3�3 36 3 3 3
45�4�3�3 45 4 3 3
55�4�3�3 55 4 3 3
66�4�3�4 66 4 3 4
78�5�3�4 78 5 3 4
91�5�3�5 91 5 3 5
105�6�3�5 105 6 3 5
120�6�4�5 120 6 4 5

w xOQm pL �TmrB}U QopL� Rto w l}DvS sD} Qwor= R= xO=iDU= =@ '|iQYt O=wt
7 pwOH QO "s}vm|t xU}=kt pL u=tR w hOy `@=D OQmrta ^=Lrx@ =Q =yv; G}=Dv
"CU= xOW xO=O u=Wv u; O=a@= Q@ QF-wt |=yQDt=Q=B w xOW pL |=yxr�Ut `=wv=
pOt |=yQDt=Q=B R= Cw=iDt |@}mQD R= pmWDt hrDNt |xvwtv xO 'xr�Ut Qy |=Q@
pwOH QO "CU= xOW pL w |L=Q] 8 pwOH j@=]t CN=wvm} `} RwD T=U= Q@
|L=Q] p�=Ut pL R= pY=L pL u=tR w hOy `@=D |xv}y@ Q}O=kt u}ov=}t 9
xOt; CUO x@ G}=Dv x@ xHwD =@ "CU= xOW x�=Q= Rto w l}DvS sD} Qwor= =@ xOW
'O@=}|t V}=Ri= |}=tv Qw] x@ Rto pL u=tR 'p�=Ut O=a@= V}=Ri= =@ '9 pwOH QO
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"""w
`@=vt

K}]
UD|

xr�U
t|

=Q@|
rOt

|xa
UwD"xOW |L=Q] p�=Ut pL |=Q@ Rto w l}DvS sD} Qwor= R= pY=L G}=Dv "9 pwOH

xr�Ut Om hOy `@=D Q=Okt sD} Qwor= ?=wH xrY=i u=R}t �x}v=F� pL u=tR
l}DvS sD} Qwor= Rto �OYQO� Rto =@ l}DvS l}DvS sD} Qwor= Rto

6�2�1�1 666 666 0 2 2
10�2�2�1 1465 1465 0 29 1259
15�3�2�2 4424 4412 0 27 68 2946
21�3�2�3 5978 5956 0 37 102 5664
28�3�3�3 6482 6421 0 95 181 7037
36�3�3�3 7286 7213 1 01 230 8904
45�4�3�3 8024 7954 0 88 282 15034
55�4�3�3 9154 � � 356 �
66�4�3�4 10459 � � 410 �
78�5�3�4 11331 � � 485 �
91�5�3�5 13037 � � 536 �
105�6�3�5 14622 � � 571 �
120�6�4�5 16405 � � 603 �

|=yu=} QH u=wD|t '|ak=w |=}vO \}=QW x@ pOt uOW QDl}ORv Qw_vtx@ u}vJty
"OQm ^=Lr |Q}os}tYD Ov}=Qi QO R}v =Q xSwQB |Okv

QO u=wD|t 'pOt u}= QO pHq=?Q[ u=tR x@ =yxv} Ry C}U=UL p}rO x@
"OQm xi=[= xar=]t OQwt pOt x@ =Q xSwQB p}tmD u=tR hOy `@=D '|D; |=yVywSB

�References� `@=vt
1. Dixit, V., Srivastava, R.K. and Chaudhuri, A. \Procure-

ment scheduling for complex projects with fuzzy activity
durations and lead times", Computers & Industrial En-
gineering, 76, pp. 401-414 (2014).

2. Yeo, K.T. and Ning, J. \Managing uncertainty in major
equipment procurement in engineering projects", Euro-
pean Journal of Operational Research, 171(1), pp. 123-
134 (2006).

3. Ponz-Tienda, J.L., Salcedo-Bernal, A. and Pellicer, E.
\A parallel branch and bound algorithm for the resource
leveling problem with minimal lags", Computer-Aided
Civil and Infrastructure Engineering, 32(6), pp. 474-498
(2017).

4. Aquilano, N.J. and Smith, D.E. \A formal set of algo-
rithms for project scheduling with critical path schedul-
ing/material requirements planning", Journal of Opera-
tions Management, 1(2), pp. 57-67 (1980).

5. Smith-Daniels, D.E. and Aquilano, N.J. \Constrained
resource project scheduling subject to material con-
straints", Journal of Operations Management, 4(4), pp.
369-387 (1984).

6. Smith-Daniels, D.E. and Smith-Daniels, V.L. \Optimal
project scheduling with materials ordering", IIE trans-
actions, 19(2), pp. 122-129 (1987).

7. Erbasi, A. and Sepil, C. \A modi�ed heuristic procedure
for materials management in project networks", Inter-
national Journal of Industrial Engineering-Theory Ap-
plication And Practic, 6(2), pp. 132-140. (1999).

8. Dodin, B. and Elimam, A. \Integrated project schedul-
ing and material planning with variable activity duration
and rewards", Iie Transactions, 33(11), pp. 1005-1018
(2001).

9. Sajadieh, M.S., Shadrokh, S. and Hassanzadeh, F. \Con-
current project scheduling and material planning: a ge-
netic algorithm approach. Scientia Iranica", Transaction
E, Industrial Engineering, 16(2), p. 91 (2009).

10. Fu, F. \Integrated scheduling and batch ordering for
construction project", Applied Mathematical Modelling,
38(2), pp. 784-797 (2014).

11. Tabrizi, B.H. and Ghaderi, S.F. \Simultaneous plan-
ning of the project scheduling and material procurement
problem under the presence of multiple suppliers", En-
gineering Optimization, 48(9), pp. 1474-1490 (2016).

12. Zoraghi, N., Shahsavar, A. and Niaki, S. \A hybrid
project scheduling and material ordering problem: Mod-
eling and solution algorithms", Applied Soft Computing,
58, pp. 700-713 (2017).

13. Tabrizi, B.H. \Integrated planning of project scheduling
and material procurement considering the environmental
impacts", Computers & Industrial Engineering, 120 pp.
103-115 (2018).

12



2/
2|

xQ=t
W'

36
�1

|xQ
wO'

�13
99

u=DU
tR�

h}
QW

C}
Q}Ot

w`}
=vY

|U
Ovyt 14. Kis, T. \A branch-and-cut algorithm for scheduling of

projects with variable-intensity activities", Mathematical
Programming, 103(3), pp. 515-539 (2005).

15. F�undeling, C.-U. and Trautmann, N. \A priority-rule
method for project scheduling with work-content con-
straints", European Journal of Operational Research,
203(3), pp. 568-574 (2010).

16. Neumann, K., Schwindt, C. and Zimmermann, J.,
Project Scheduling With Time Windows and Scarce
Resources: Temporal and Resource-Constrained Project
Scheduling With Regular and Nonregular Objective Func-
tions, Springer Science & Business Media (2012).

17. Taguchi, G, and Foster. T. \Introduction to quality engi-
neering", Tokyo: Asian productivity organization (1986).

13




