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hrDNt uw}UQoQ wO '|Q}os}tYD |=yxQwO QO CqwYLt Ct}k u}tND |=Q@ "CU=
"�5 w 4 |=ypmW� OW p=ta= xDWPo |=yp=U QO =yu; VwQi |=yxO=O |wQ Q@

"u; |=yxv} Ry w |D=e}r@D |=yxDU@ "1 pmW

d}r@D lQDWt |D=e}r@D Q=my=Q l} =@ u=tRty =Q =yu; OwW|t Ea=@ w Ovm|t O}rwD =Q
Q@ p@=kDt Q}F-=D w �OvDU}v ptmt =} u}Wv=H� Ov=pkDUt CqwYLt u}= xJQo "s}vm
|iQat xv=o =OH |}xv=UQ C=e}r@D QO O}=@ w OvQ=O |mQDWt |xHOw@ =t= 'OvQ=Ov Qo}Om}

"OvwW
|xDU@ Qy Q}F-=D u=R}t =yu; x@ xHwD =@ xm CU= |}=y|oS} w |=Q=O pwYLt Qy
xOvQ}os}tYD 'u=oQ@N \UwD Ovv=wD|t Q}O=kt u}= "OwW|t u}}aD VwQi Q@ |D=e}r@D
|O=yvW}B hrDNt |=yxDU@ Q}F-=D "OwW XNWt |w=mxO=O uwJty |}=yVwQ =} w
xQw=Wt xwQo T} QD=t 'Qta |xNQJ |vLvt QO |Q}oQ=Qk C}a[w x@ xHwD =@
T} QD=t "OwW |@=} RQ= Cw=iDt Q=}U@ Ov=wD|t =@kQ Vvm =w =} 11(BCG) uwDUw@
p}rLD w x} RHD Qw_vt x@ 'COtOvr@ |OQ@y=Q |R} Qxt=vQ@ l} x@ ltm |=Q@ BCG
|Q}oQ=Qk x@ xHwD =@ pwYLt Qy |=Q@ C=e}r@D ẁv "CU= xOW |L=Q] Q=mw?Um
|rm Qw] x@ "OW=@ Cw=iDt Ov=wD|t BCGT} QD=t CtUk Q=yJ R= l} Qy QO u;
Ctqa VN@ QO Q=R=@ x@ |iQat |=OD@= QO pwYLt l} xm OQm =aO= u}vJ u=wD|t
u=R}t Vy=m =@ w xDi=} x=Q =yxQ=DU VN@ x@ |@Uv syU V}=Ri= =@ w xDiQo Q=Qk p=wU
VN@ x@ |@Uv syU Vy=m =@ C}=yv QO w xOW p}O@D xOQ}W w=o x@ Q=R=@ OWQ MQv

[17]"OwW|t GQ=N O}rwD |xNQJ R= w xOQm =O}B OwQw =ynU
s}tYD Qy Q}F-=D u=R}t =yu; x@ xHwD =@ xm CU= |}=y|oS} w |=Q=O pwYLt Qy
|=yxDU@ |Q=PoQF= u=R}t 2 w 1 pwOH QO "OwW|t u}}aD VwQi Q@ �|D=e}r@D |xDU@�
xOQw; 2 w 1 pwYLt |=Q@ QF-wt |=yQwDm =i x@ xHwD =@ ?}DQD x@ |D=e}r@D hrDNt
'u=oQ@N C=Q_v R= xv}W}@ |xO=iDU= w VywSB uOQm QD|D=}rta Qw_vt x@ "CU= xOW
xDiQo Q_v QO OwOLt |xR=@ l} QO |iO=YD OOa l} CQwY x@ =y|Q=PoQ}F-=D u}=
QO C=Q}}eD |q=@ w u}}=B OwOL Qou=}@ ?}DQD x@ r2 w r1 pwOH u}= QO OvwW|t

"OvDUy VwQi
xDiQo Q_v QO Cw=iDt pwYLt Qta |xNQJ R= xrLQt Qy QO C=e}r@D ,qwtat
OQwt QO |y=o ; V}=Ri= Ea=@ C=e}r@D 'Qta |xNQJ |x}rw= pL=Qt QO "OwW|t
u=} QDWt |Q=O=iw ^iL QO |aU |Oa@ pL=Qt QO xm |r=L QO 'OwW|t pwYLt
w dwr@ 'OWQ '|iQat xrLQt Q=yJ R= pwYLt Qta |xNQJ 'xr=kt u}= QO "s} Q=O
Qta |vLvt QO u; VwQi u=R}t T=U= Q@ pwYLt Qy |xrLQt w xOW p}mWD 12pwi=
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vQ@"1 pwYLt |=Q@ BCGT} QD=t w =@kQ Q=my=Q 'Qta |vLvt |=yCr=L x@ xHwD =@ |D=e}r@D |xDU@ Qy |Q=PoQF= u=R}t "1 pwOH

"2 pwYLt |=Q@ BCGT} QD=t w =@kQ Q=my=Q 'Qta |vLvt |=yCr=L x@ xHwD =@ |D=e}r@D |xDU@ Qy |Q=PoQF= u=R}t "2 pwOH

"|D; |=yxQwO |=Q@ |v}@V}B w xDWPo p=U |=yxQwO QO Q=R=@ sHL "3 pwOH
12 11 10 9 8 7 6 5 4 3 2 1 (T) =yxQwO

2 30 1 41 1 29 1 40 1 51 1 59 1 86 2 09 2 14 2 19 2 29 3 21 104 � (�̂tm) Q=R=@ sHL
2 44 1 71 1 5 1 46 1 51 1 48 1 69 1 9 2 1 90 2 1 2 91 104� xDWPo p=U QO Q=R=@ sHL
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=vY
|U

Ovyt %OwW h} QaD
= = f1; 2; :::; Tg ;
T � 1 (3)

|xQwO Qy |=OD@= QO C=t}tYD w CU= (T ) C@=F |Q}os}tYD |=yxQwO O=OaD
Cr=L w OW=@ t |xQwO QO sDU}U Cr=L St:t2� O}vm ZQi "OwW|t xDiQo |v=tR
\}=QW w p@k |xrLQt s}tYD x@ =yCr=L u}= "OW=@ XNWt V}B R= (S0) x}rw=
QO t u=tR C}a[w "OvQ=O |oDU@ 'OyO|t MQ |r@k |xQwO pw] QO xm |iO=YD
xO=Di= j=iD= t w t� 1 |xrY=i QO xm CU= |]}=QW w t� 12 QO s}tYD |xH}Dv
p=tDL= ẁtHt 'VRQ= XN=W j@] O}=@ s}tYD l} '|v=tR |xQwO Qy QO "CU=
O=OaD 'xwqa x@ "OwW P=ND= '|Q}os}tYD |=yC}OwOLt w |Oa@ |=yCr=L x@ uDiQ

%CU= xOW h} QaD Q} R CQwYx@ hrDNt CqwYLt
M = f1; 2; :::;Mg (4)

O}rwD CmQW \UwD xm CU= |irDNt w ẁvDt CqwYLt O=OaD |xOvyOu=Wv M
"OQ}PB CQwY hrDNt |=yxQwO QO |D=e}r@D |R} Qxt=vQ@ O}=@ =yu; |=Q@ w xOW

|=Q@ |Q}os}tYD u=tR QO xm CU= |D=aq]= xawtHt 'sDU}U l} Cr=L
'Qta |xNQJ |xrLQt =@ sDU}U u}= |=yCr=L "CU= TQDUO QO xOvQ}os}tYD
xOv=t}k=@ |xHOw@ R}v w pwYLt Qy |=Q@ =@kQ Q=my=Q w BCG tT} QD=t QO xk@]
Qy 'Qo}O CQ=@a x@ "OwW|t u=}@ 'CU= lQDWt CQwYx@ CqwYLt xty |=Q@ xm
?}DQD u}O@ "OQm |R=UpOt xir-wt 3M + 1 =@ |Q=OQ@ =@ u=wD|t =Q sDU}U Cr=L
Qta |xNQJ pL=Qt QO hrDNt CqwYLt |Q}oQ=Qk C}a[w |xawtHt u=wD|t

%O=O u=Wv xir-wt M =@ Q=OQ@ l} CQwYx@ =Q
LCt = (lct1; lct2; : : : ; lctM ); (5)

|Q}os}tYD |xQwO QOmpwYLt|=Q@ Qta|xNQJ|xrLQt Qou=}@ 'lct:m u; QO xm
OQ=O |oDU@ t |xQwO |=OD@= QO pwYLt VwQi sHL x@ Cr=L u}= "CU= s=t
|=yC}a[w uO=O u=Wv |=Q@ u}vJty "OwW|t xO=O u=Wv Yt(m) Ctqa =@ xm
%s}vm|t xO=iDU= xir-wt M Q=OQ@ l} R= BCG T} QD=t QO CqwYLt hrDNt
BCGt = (bcgt1; bcgt2; : : : ; bcgtM ) ; (6)

|Q}os}tYD |xQwO QO m pwYLt |=Q@ BCGT} QD=t C}a[w Qou=}@ 'bcgt:m
=@kQ Vvm =w |R=UpOt |=Q@ xOW xDiQo Q_v QO |=yC}a[w 'u}vJty "CU= s=t

%OwW|t u=}@ xir-wt M =@ Q=OQ@ l} CQwYx@
CSt = (cst1; cst2; : : : ; cstM ) ; (7)

xm OvQ=O OwHw |Dw=iDt |=@kQ 'CmQW |O}rwD pwYLt Qy |=Q@ xm xOW ZQi u}vJ
|tH=yD |@=} Q=R=@ 'O}OW |a=iO |@=} Q=R=@ |=yQ=my=Q R= |m} Ovv=wD|t xQwO Qy QO
Qou=Wv cstm "Ovvm Q=}DN= =Q sm |tH=yD |@=} Q=R=@ 'sm |a=iO |@=} Q=R=@ 'O}OW
p=@vO s=t |Q}os}tYD |xQwO QO m pwYLt |=@kQ xawtHt xm CU= |Q=my=Q
w xOw@ xDU@=w CmQW C=t=Ok= x@ 'Vvm =w |ovwoJ |=Q@ =@kQ s}tYD "Ovvm|t
Cw=iDt Ov=wD|t xQwO Qy QO =@kQ OQmrta |xwLv x@ xHwD =@ R}v CmQW C=t}tYD
?=NDv= |=Q@ CmQW C=t}tYD x@ C@Uv =yVvm =w u}= R= l} Qy Cq=tDL= "OW=@
"CU= xOW xOQw; 5 w 4 pw=OH QO '2 pwYLt w 1 pwYLt |=Q@ hrDNt |=yxDU@

"1 pwYLt Ct}k |v}@V}B uw}UQoQ "4 pmW

"2 pwYLt Ct}k |v}@V}B uw}UQoQ "5 pmW

"1 pwYLt x@ x}rw= Q=Okt QO 2 pwYLt Ct}k C@Uv p}rLD "6 pmW

|R} Qxt=vQ@|}=OD@= x=tVW QO pwYLt wO QyCt}k 'OwW|t xOy=Wt xm u=vJ
Q_v QO =@ '6 pmW QO u}vJty "CU= xDW=O Vy=m |v=}=B x=t VW QO w 'V}=Ri=
2 pwYLt |=Q@ |OL=w 550 w 1 pwYLt |=Q@ |OL=w 780 VwQi u=R}t uDiQo
1 pwYLt Ot;QO x@C@Uv pwYLt VwQi Ot;QO C=Q}}eD Q=Owtv '�x}rw= VwQi Q=Okt�
C}ty= Qov=}=tv |awv x@ Q=Owtv u}= "OyO|t u=Wv =Q |R} Qxt=vQ@ |=yxQwO pw] QO
QDW}@ 2 pwYLt C}ty= u} R=e; |=yxQwO QO xm CU= Qo}Om} x@ C@Uv CqwYLt

"CU= xOW TmaQ@ |v=}t |=yxQwO QO C}ty= u}= |rw xOw@ 1 pwYLt R=
|=yCr=L u; QO xm CU= OwOLt ji= =@ |}xr�Ut '|UQQ@ OQwt |xr�Ut
Q} R CQwY x@ |Q}os}tYD |=yxQwO |xawtHt Qo = "s}=xOQm |UQQ@ =Q QDptDLt
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rwY

LtO
vJ

|}x
v=UQ

C=e
}r@D

|R}
Qxt=

vQ@'OvyO Q=Qk Q}F-=D CLD =Q |Oa@ |=yxQwO C=t}tYD Ovv=wD|t w OvQ=O Q=O}=B Q}F-=D
|v}@V}B 'QDj}kO Qw] x@ "s}DUy xOv}; |=yOt=}B Q@ u; C=QF= |v}@V}B OvtR=}v
s}kDUt Q}F-=D '?wr]t |}xv=UQ C=e}r@D |xDU@ ?=NDv= Qw_vt x@ CqwYLt VwQi
|Qo}O Vvm =w =} QDsm |xHOw@ =@ CU= umtt xm OQ=O |Oa@ |xQwO |=y?=NDv= Q@
xm CU= |D=QF= =@ Q@=Q@ �|@=NDv= |xDU@� s=Ok= Qy V=O=B "OwW xDiQo """ w =@kQ R=
"OwW|t u}}aD 'xOW ?=NDv= xm |t=Ok= w Cr=L =@ w OQ=Po|t pwYLt VwQi Q@
|iO=YD QDt=Q=B l} CQwYx@ Stm Q=OQ@ |=yxir-wt R= l} Qy |=Q@ '=y|Q=PoQF= u}=

"CU= xOW |R=UpOt |}xR=@
R(stm;xtm) = rand

�
r1;stm;xtm ; r2;stm;xtm

� 8t 2 =; (11)

C=Q}}eD '|}q=@ OL w |v}}=B OL ?}DQD x@ r2;stm;xtm w r1;stm;xtm u; QO xm
'm pwYLt Cr=L x@ xDU@=w Q=Okt u}= "OyO|t u=Wv =Q m pwYLt VwQi sHL
C}a]k sOa |xOvyOu=Wv uOw@ |iO=YD u}= '`k=w QO "CU= xtm s=Ok= w stm
xm |Q}F-=D 'xOW QmP |=yC}a]k sOa u}@ QO pqkDU= ZQi =@ "CU= xr�Ut QO
xDiQo Q_v QO 12 |x]@=Q pO=at 'OQ=Po|t pwYLt VwQi Q@ xOW xDiQo s}tYD

"OwW|tY
stm2Stm

R (stm; xtm) ; (12)

VwQi sHL O}=@ '|v=tR |xQwO Qy QO |r=tDL= C=t}tYD G}=Dv |@=} RQ= |=Q@
|v}tND VwQi sHL "s}vR@ u}tND 'OwN s=Ok= T=U= Q@ =Q xQwO u=}=B QO
CUO x@ u}vJ 't |v=tR |xQwO u=}=B QO m pwYLt |=Q@ (Â(Stm; xtm))

%O};|t
Â(Stm; xtm) = Yt(m)

Y
stm2Stm

R(stm; xtm)

8m 2M;8t 2 =; (13)

t |xQwO |=OD@= QO m pwYLt VwQi sHL Yt(m) OW xQ=W= R}v ,q@k xm u=vJ
VwQi sHL OQw;Q@ 'hrDNt C=t}tYD C=Q}F-=D uDiQo Q_v QO =@ xm OyO|t u=Wv =Q

"Ow@ Oy=wN |@=}CUO p@=k xQwO |=yDv= |v}tND
x]w@ Qt VwQi sHL w pwYLt Ct}k x@ |oDU@ |D=e}r@D |xDU@ Qy V=O=B
xO=iDU= =@ w CU}v XNWt X=N |v=tR |xQwO l} QO pwYLt Qy Ct}k "OQ=O
pm Q=Okt =Q y(St;Xt) u}vJty "O};|t CUO x@ |Q=t; |v}@V}B |=yQ=R@= R=
=@ xm xOQm h} QaD Xt |xv} Ro ?=NDv= CQwY QO xOW |v}@V}B �Ot;QO� VwQi
Q=R=@ Ct}k uDiQo Q_v QO =@ w m pwYLt |=Q@ |v}tND VwQi sHL uOQm `tH

%s} Q=O xH}Dv QO "O};|t CUO x@ (�m(t))

y(St;Xt) =
MP
m=1

�m(t)Â(Stm; xtm);

8t 2 T; xtm 2 Xt;
(14)

'xwqa x@ "CU= t |Q}os}tYD |xQwO QO m pwYLt Ct}k �m(t) u; QO xm
CQwY 'C}OwOLt uDiQo Q_v QO =@ xrLQt Qy QO C=t}tYD P=ND= xm s}vm|t ZQi

%OwW|t h} QaD Q} R CQwYx@ xHOw@ C}OwOLt |DQ=@a x@ "CU= xDiQ}PB
c(Xt) � Bt; (15)

CU= xOW s=Hv= t s}tYD |xQwO QO xm CU= (Xt) |t=Ok= |xv} Ry c(Xt) xm

"1 pwYLt |=Q@ |@=NDv= xDU@ x@ xHwD =@ =@kQ Vvm =w Cq=tDL= "4 pwOH
sqk= uwO@ |D=e}r@D xDU@

5 4 3 2 1
0 29 0 24 0 2 0 21 0 19 0 14 O}OW |a=iO
0 29 0 11 0 13 0 21 0 29 0 34 O}OW |tH=yD
0 21 0 37 0 35 0 31 0 31 0 31 sm `=iO
0 21 0 28 0 32 0 27 0 21 0 21 sm |tH=yD

"2 pwYLt |=Q@ |@=NDv= xDU@ x@ xHwD =@ =@kQ Vvm =w Cq=tDL= "5 pwOH
sqk= uwO@ |D=e}r@D xDU@

5 4 3 2 1
0 31 0 25 0 22 0 2 0 19 0 17 O}OW |a=iO
0 15 0 09 0 11 0 18 0 24 0 29 O}OW |tH=yD
0 24 0 25 0 31 0 34 0 36 0 21 sm `=iO
0 3 0 41 0 36 0 28 0 21 0 33 sm |tH=yD

|]QW p=tDL= `} RwD |xOvyOu=Wv P (cstm) = P̂ (cstmjX(t�1;m))

p=tDL= xm CU= |r@k |xQwO QO =t s=Ok= x@ \wQWt `} RwD u}= "CU=@kQ Q=my=Q
xQwO Qy QO =@kQ Vvm =w p=tDL= 'Qo}O |v=}@ x@ "Ovm|t u}}aD =Q Q=R=@ QO =@kQ Vvm =w
C=t}tYD P=ND= w xOw@ xDU@=w p@k |xQwO QO CmQW \UwD xOW P=ND= s}tYD x@
CQwY =@kQ Vvm =w ẁv uOQm ^=Lr =@ hrDNt |=yxQwO QO CmQW \UwD hrDNt

"OQ}PB|t
OOa xm OwW|t xO=O V}=tv Bt =@ w OwW|t ZQi xDUUo xOv=t}k=@ |xHOw@
sDU}U Cr=L '=yxir-wt u}= x@ xHwD =@ "CU= (B) xHOw@ pm w QiY u}@ |L}LY

%OwW|t h} QaD u}vJ |Q}os}tYD u=tR QO
St = (LCt; BCGt; CSt;Bt) St 2 S; (8)

\@DQt|=yCr=Lu}vJty 'CU=umtt|=yCr=L|t=tD|xawtHt Qou=WvS u; QO xm
%s}vm|t h} QaD u}vJ =Q t |v=tR |xQwO QO m pwYLt =@

Stm = (lctm; bcgtm; cstm) ; (9)

u}@ QO =Q |D=e}r@D |xDU@ l} xm s} Q}o@ s}tYD O}=@ =t '|v=tR |xQwO Qy QO
|=Q@ xOW ?=NDv= s=Ok= Q=OQ@ 'wQ u}= R= "s}vm ?=NDv= R=Ht |xHOw@ |=Q=O |=yxv} Ro

%s}vm|t h} QaD u}vJ =Q CqwYLt pm
Xt = (xt1; xt1; : : : ; xtM ) ; xtm 2 D8m 2M (10)

'D w CU= t |xQwO QO m pwYLt |=Q@ =t s}tYD =} s=Ok= |xOvyOu=Wv xtm
|xv} Ro � s=Ok= sOa w �|Q}os}tYD |=yxv} Ro � |D=e}r@D |=yxDU@ |t=tD |xawtHt
""" '2 |D=e}r@D |xDU@ '1 |D=e}r@D |xDU@ 'Vvm =w uwO@g= D &CU= �Vvm =w uwO@

"fk |D=e}r@D |xDU@
OwHwt VRQ= OQw;Q@ =} j}kO Q=Okt |x@U=Lt '=} wB CQwYx@ |Q}os}tYD |=Q@
x]w@ Qt s}tYD R= pY=L C}a[w u}vJty w |rai C}a[w QO �xar=]t u}= QO�
'OwW|t xDiQo Q[=L p=L QO xm |D=t}tYD xm C}ak=w u}= x@ xHwD =@ "CU= |QwQ[
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Ovyt 'MU=B uDi=} |=Q@ "CU=yxQwO |x}rm QO VwQi Q=_Dv= OQwt VRQ= E 'u; QO xm
[20]%OwW|t |iQat 22 |x]@=Q j@=]t =t hOy `@=D |=Q@ utr@ |xrO=at

V (St) =

max8Xt
u (Xt) (y (St:Xt) + 
E fV (St+1) jSt:Xtg) : (22)

'=ys}tYD xm OyO|t u=Wv w CU= xr�Ut |=Q@ |UQQ@ OQwt VRQ= `@=D hQat xm
OQwt VwQi w t |xQwO u=}=B QO VwQi u}tND T=U= Q@ CqwYLt |xty |=Q@
|}xvwo x@ (Xt) s}tYD 22 |x]@=Q QO "O};|t CUO x@ �Oa@ |=yxQwO� xOv}; Q=_Dv=
'u}=Q@=v@ "Ovm xv}W}@ =Q |D; |=yxQwO w t |xQwO s}tYD VRQ= xm 'OwW|t ?=NDv=
'CU= St C}a[w QO sDU}U xm |t=ovy 'hOy `@=DCr=L VRQ= Qou=}@ xm V (St)

Q@ xm CU= |Oa@ |=yxQwO |=Q@ Q=_Dv= OQwt VwQi Q=Okt w |rai VwQi Q=Okt pt=W
C=t}tYD OvJQy 'Ck}kL QO "OvwW|t u}}aD 
 p} RvD MQv w s}tYD 'Cr=L T=U=
sDU}U C}a[w Q@ w OvDUy COtR=QO Q}F-=D l} |=Q=O |rw 'OwW|t P=ND= t u=tR QO
C=t}tYD "OwW|t pY=L u; |ak=w VRQ= u; R= TB w OvQ=Po|t Q}F-=D xOv}; QO
Q@ s}kDUt Qw] x@ 'OwW|t s=Hv= Q[=L p=L QO xm |D=e}r@D w xHOw@ x@ \w@ Qt
R= Oa@ QO pY=L |Ot;QO VRQ= w �s=Ok= ẁv x@ xHwD =@� xOv}; QO |D=e}r@D |}=v=wD
Q=_Dv= OQwt VwQi VRQ= uO=O u=Wv |=Q@ xrO=at u}= xt=O= QO "OQ=Po|t Q}F-=D u;

%CU= xOW KqY=
V (St) =

maxu (Xt)

0@ y (St;Xt) +



P
s;2S

P (s0jSt;Xt)V (St+1)

1A (23)

sDU}UCr=L |Q}oQ=Qk u=mt= |xOvyOu=Wv |awv x@ P (s0jSt; Xt) u; QO xm
|xQwO QO sDU}U |rai C}a[w xmu}= ZQi =@ CU= s: C}a[w QO |D; |xQwO QO

"CU= Xt Q_v Ot s}tYD w St |rai
P (s0jSt; Xt) =8>>>><>>>>:

8m if pbcgtm = 1 and plctm :
MQ
m=1

P (cstm) and Rbt+1 = Rbt � c(Xt)
0 Otherwise

(24)

St+1 x@ St R= p=kDv= p=tDL= `@=D u=wvax@ =Q P (s0jSt; Xt) u=wD|t |DQ=@a x@
Cq=tDL= |xOvyOu=Wv 'plctm = 1 w pbcgtm = 1 u}vJty 'CiQo Q_v QO
Cq=tDL= u}= xm CU= QmP x@ sRq "CU= BCGT} QD=t w pwYLt Qta |xNQJ
xDiQo Q_v QO QiY 'OvDU}v |@=}CUOp@=k |D; |=yxQwO QO xm |}=yCr=L |=Q@

"OwW|t

VwQ KQW "3
|@} QkD |=} wB |R} Qxt=vQ@ Q@ j@]vt '|UQQ@ OQwt |xr�Ut pL |O=yvW}B sD} Qwor=
VwQ "CU= xOW xO=O xaUwD [21]pw=B 14|wHwCUH � pwOH VwQ R= xO=iDU= =@
xm CU= |@} QkD |=} wB |R} Qxt=vQ@ |=yVwQ R= |m} `k=w QO wHwCUH � pwOH
Cr=L Qy xOW RwQx@ VRQ= xm OwW|t x}yD pwOH l} '|UQQ@ OQwt |xQwO Qy |=Q@

"OwW|t |Q=Oyov |D; |=y|v=UQRwQx@ |=Q@ xQwO u; QO

O}OH |Qv}=@ Q}eDt l} xt=O= QO "CU= t |xQwO R=e; QO xOv=t}k=@ |xHOw@ Bt w
%OwW|t h} QaD �|vOWv� 13 |rta Q}e C=t=Ok= hPL |=Q@

u (Xt) =

( 1; c(Xt) � Bt
0; otherwise

)
; (16)

"CU= Xt s=Ok= s=Hv= u=mt= |xOvyOu=Wv u(Xt) u; QO xm
w C=t}tYD |xH}Dv QO sDU}U C=Q}}eD |xwLv |}=U=vW |=Q@ p=kDv= `@=wD
`@=D [19]"OwW|t h} QaD w |iQat 'Qo}O Cr=L l} x@ Cr=L l} R= xm |D=aq]=
u}O@ "O};|t CUO x@ |ak=w VwQi sHL R= |a}@] Qw] x@ Qta |xNQJ p=kDv=
|i}m Qw] x@ Cr=L w XNWt Qta |xNQJ QO m pwYLt |ak=w VwQi ?}DQD
C}a[w xrtH R= |Oa@ |=yCr=L u}}aD Qw_vt x@ 'xar=]t u}= QO "OvwW|t u}}aD
sHL� Oa@ |xQwO QO =Q VwQi sHL O}=@ =t 'BCGT} QD=t |xk@] w Qta |xNQJ

%OwW|t h} QaD Q} R KQW x@ xm s} Qw; CUO x@ �|ak=w VwQi
Yt+1(m) = Â(Stm; xtm) + !0tm (17)

VwQi u}tND QO C}a]k sOa |xOvyOu=Wv xm CU= |iO=YD Q}eDt l} !0tm
xDiQo Q_v QO |v}tND VwQi sHL |=Q@ xm CU= |D}a]k sOa Q@ uwRi= w CU=
RwQx@ |Oa@ |v=tR |xQwO QO =Q |ak=w VwQi sHL CU= sRq xm =QJ &CU=xOW

"s}vm
u=Wv �tm QDt=Q=B =@ xm CU= Q=R=@ |rm sHL x@ xDU@=w BCGT} QD=t |xk@]
u}}aD 18 |xrO=at =@ w CU= C}a]k sOa C}y=t |=Q=O Q=Okt u}= "OwW|t xO=O
sHL |xOW |v}@V}B Q=Okt x@ w CU= |iO=YD OOa l} !_ u; QO xm OwW|t

"OwW|t xi=[= Q=R=@ |rm
�tm = �̂tm + _!tm (18)

%OwW|t u}}aD Q} R CQwYx@ BCG T} QD=t QO pwYLt Qy C}akwt

BCGT} QD=t �

8>>>>>>><>>>>>>>:
p=-wU Ctqa"  t >  �t :
t � 
�t
xQ=DU"  t >  �t :
t > 
�t
xOQ}W w=o"  t �  �t :
t > 
�t
=ynU"  t �  �t :
t � 
�t

Q=R=@ u}}=B OWQ �  �t � Q=R=@ q=@ OWQ
Q=R=@ u}}=B syU � 
�t � Q=R=@ q=@ syU (19)

w  �t &t s}tYD |xQwO pw= QO Q=R=@ |@Uv syU 
t w Q=R=@ OWQ MQv  t u; QO xm
|=yxk@] xm OvDUy Q=R=@ R= |@Uv syU w OWQ MQv RQt |xOvyOu=Wv ?}DQD x@ 
�t
R=Ov=sWJ |=OD@= QO x}rw= |xHOw@ l} =yvD "Ovvm|t u}}aD =Q BCG T} QD=t
|xQwO |xHOw@ T=U= Q@ xQwO Qy QO OwHwt |xHOw@ w OQ=O OwHw =t |R} Qxt=vQ@

%OwW|t u}}aD xOW ?=NDv= s=Ok= |xv} Ry w |r@k
Bt+1 = Bt � c (Xt) ; (20)

%OwW|t ?=NDv= Q} R hOy `@=D\UwD|v=tR ji= QO|D=e}r@D |xDU@ u} QDy@C}=yv QO

MaxE
TX
t=1

y(St; Xt); (21)
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vQ@P=ND= s}tYD |=v@tQ@ |UQQ@ OQwt Cr=L VRQ= Q=Okt 'xOW P=ND= s}tYD R= TB
Q=Okt 'xt=O= QO "OwW|t xO=O V}=tv vnt =@ x]w@ Qt Q=Okt w OW Oy=wN u}}aD xOW
pwOH |v}@ R=@ VwQ R= xO=iDU= =@ V nt (St) `@=D Q=Okt ?} QkD |v=UQRwQ@ |=Q@ vnt

"OwW|t xOQ@ Q=m x@ wHwCUH �
|}=Qoty Q@ |tyt pt=a xm 'CU= |v=UQRwQx@ Q_=vDt s=o |xR=Ov= '�n�1
17l}vwtQ=y pOt CQwYx@ |O=yvW}B pOt QO pt=a u}= "CU= ADP sD} Qwor=
xO=O V}=tv '�n�1 = a

a+n�1a 2 (0;1) CQwYx@ w CU= xOW xDiQo Q_v QO
O=OaD "Ovm|t QDOvm =Q QiY x@ �n uOQm p}t MQv a QDq=@ Q}O=kt u; QO xm OwW|t
p}rLD 's=o |xR=Ov= x@ xHwD =@ u; |=QH= Q=@ Qy R=e; QO (N) sD} Qwor= |=yQ=QmD

"OwW XNWt O}=@ hOy `@=D |R=Uxv}W}@ w |}=Qoty

G}=Dv "4
w 7100� Core i3 pDv}= |xOvR=OQB =@ xv=}=Q l} R= '|OOa C=W}=tR; |=Q@
sD} Qwor= "CU= xOW xO=iDU= Ram |x_i=L C}=@=o}o 4 =@ CPU 3 90 GHz

u}= p}rLD w x�=Q= x@ xt=O= QO "OW =QH= w |R=UxO=}B Python 3 6 Q=Ri=sQv \UwD
|xQwO l}� OwOLt |v=tR ji= |] xr�Ut u}= |R} Qxt=vQ@ "CN=OQB s}y=wN G}=Dv
'OW Oy=wN P=ND= =yxQwO u}= |=OD@= QO C=t}tYD w xDiQ}PB CQwY �xy=t 12
xm 'CU= |rwB OL=w 100 =@ Q@=Q@ xQwO 12 |t=tD |=Q@ xOW xDiQo Q_v QO |xHOw@

"Ov=s}yU xHOw@ u}= QO CmQW pwYLt wO Qy
1�107 R= Oa@ ,=@} QkD hOy Q=Okt '|UQQ@ OQwt �7 pmW� |}=Qoty Q=Owtv QO
xDiQ VwQi Q=Okt pm VRQ= xm OwW|t =Qoty 4 05� 104 Q=Okt OwOL x@ Q=QmD

"OyO|t u=Wv u=tR pw] QO =Q
u} QD`} QU QO?U=vt ?=wH x�=Q= |@} QkD |=} wB |R} Qxt=vQ@ VwQ h=Oy= R= |m}
'pL sD} Qwor= ?=NDv= |=Q@ xDiQo CQwY |=y|UQQ@ u}L QO "CU= umtt u=tR
CQwYx@ s}tYD ?=NDv= xQwO Qy QO xm CQwY u}= x@ �|Q=mD@=� O}OH VwQ l}
�Ow@ Oy=wN |iO=YD Cr=L l} |Oa@ |xrLQt Cr=L |va}� OwW s=Hv= |iO=YD
OQwt 'OwW |v=UQRwQx@ �s}tYD u} QDy@� umtt Q=Okt QFm =OL =@ hOy Q=Okt |rw
CUO x@ VRQ= Q=Okt 'VwQ u}= CLY |@=} RQ= |=Q@ "CiQo Q=Qk p}rLD w |UQQ@
CiQo Q=Qk xU}=kt OQwt p@k VwQ R= xOt; CUO x@ VRQ= =@ VwQ u}= R= xOt;
RwQ@ |=Q@ xOW |] Q}Ut 'xOW O=yvW}B |Q=mD@= VwQ QO |DQ=@a x@ "�8 pmW�
T=U= Q@ Cr=L Qy VRQ= |rw xOW |] |iO=YD CQwYx@ hrDNt Cq=L |v=UQ

"Q=QmD uw}r}t 15 |=Q@ |}=Qoty Q=Owtv "7 pmW

%xv=UQ X}YND xr�Ut pL |=Q@ |@} QkD |=} wB sD} Qwor= Om x@W
%x}rw= |yOQ=Okt "0 xrLQt

&O}yO Q=Qk =Q V 0
t |x}rw= Q=Okt 'St |=yCr=L |xty |=Q@ �hr= 0 |xrLQt

&O}vm XNWt =Q sn0 |x}rw= Cr=L �? 0 |xrLQt
&s}yO|t Q=Qk n = 1 �G 0 |xrLQt

%O}yO s=Hv= =Q Q} R pL=Qt T = 0; 1; 2; : : : ; t |=Q@ "1 |xrLQt
&O}vm u}}aD �m(t) w R(stm:xtm) |=Q@ |iO=YD Q=Okt l} �hr= 1 |xrLQt
Q}e QO w u(Xt) = 0 Q=Okt x=ov; OW=@ c(Xt) > Bt Qo = �? 1 |xrLQt

&O} Q}o@ Q_v QO u(Xt) = 1 CQwYu}=
=Q VRQ= `@=D xm O}vm ?=NDv= =Q |t}tYD (1� pn�1) p=tDL= =@ �G 1 |xrLQt

"�15|Q=OQ@xQy@� OR=U|t xv}W}@
vnt =

max
Xt

u (Xt)

0@ y (Snt ; Xt) +



P
s;2S

P (Snt+1 = s0jSnt ; Xt)V n�1
t+1 (s0)

1A
(25)

y(Snt ; Xt) = CQwYx@ y(Snt ;Xt) Q=Okt 25 |x]@=Q QO
"O};|t CUO x@ MP

m=1
�m(t)A(m:St; xtm)

"�16h=WDm =� O}vm ?=NDv= |iO=YD CQwYx@ =Q |t}tYD pn�1 p=tDL= =@
%O}vm |v=UQRwQx@ 26 `@=D |xr}Uwx@ =Q V n�1

t (St) Q=Okt "2 xrLQt
V nt (St) =(

(1� �n�1)V
n�1
t+1 (Snt ) + �n�1vnt
V nt (Snt )

(26)

|Oa@ |=yxQwO |=yCr=L x@ p=kDv= |=Q@ |iO=YD Q}Ut l} O}vm ?=NDv= "3 xrLQt
%Q} R |iO=YD Q}eDt wO ?=NDv= j} Q] R=

!n = (!tm; !̂tm) (27)

"O}vm XNWt |Oa@ |xQwO QO =Q sDU}U C}a[w "4 xrLQt
St+1 = SM (St; xt; wtm+1) (28)

&CU= xr�Ut O}OH C=aq]= Qou=Wv Wt+1(!n) CQ=@a
&1 |xrLQt x@ O} wQ@ 'n < N Qo = w xO=OQ=Qk n = n+ 1 "5 xrLQt

"O}vm sqa= =Q �vnt = f1; 2; :::; Tg Q=Okt "6 xrLQt
"OyO|t u=Wv =Q xQwO |=OD@= QO x}rw= VwQi sHL A:(m) %xDmv

|Q=OQ@xQy@ VRQ= `@=D T=U= Q@ C=t}tYD ?=NDv= x@ =} wB |R} Qxt=vQ@ C=}@O= QO
h=WDm = u}@ pO=aD "OwW|t jq]= h=WDm = 'C=t}tYD |iO=YD ?=NDv= x@ w
|@} QkD |=} wB |R} Qxt=vQ@ QO xOWv pL |U=U= CqmWt R= |m} |Q=OQ@xQy@ w
=t 'OwW |rLt MU=B x@ QHvt Ov=wD|t |a]k CU=}U l} xm =Hu; R= [17]"CU=
GwQN |=Q@ 'u}vJty "s}vm|t xO=iDU= |@}mQD |Q=OQ@xQy@ w h=WDm = Q=my=Q l} R=
|iO=YD s}tYD l} R= pn�1 p=tDL= =@ Cr=L Qy QO '|rLt xv}y@ |=y?=wH R=
|xQwO R= |a@=D T=U= Q@ |O=yvW}B pOt QO pn�1 p=tDL= Q=Okt "s} Q}o|t xQy@

"CU= xOW O=yvW}B 29 |x]@=Q CQwY x@ w |UQQ@ OQwt Q=QmD
pn�1 =

�
b

b+ n� 1
�2

(29)
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"1 pwYLt 'xHOw@ QO |D=e}r@D |=yxDU@ O=H}= OYQO "11 pmW

"2 pwYLt 'xHOw@ QO |D=e}r@D |=yxDU@ O=H}= OYQO "12 pmW
"OW=@ Cw=iDt 'xOW xDiQo Q_v QO u=v}t]= sOa x@ xHwD =@ Ov=wD|t |Q}os}tYD 'Oa@
|xrLQt w q=@Ct}k =@ xm Ov=xOW ?=NDv=|v=}t pL=Qt QO ,=@} QkD QD|tH=yD |=yxDU@
2 pwYLt |=Q@ |UwULt CQwYx@ p=L u}a QO "OQ=OCk@=]t =yu; |oOvR xNQJ

"OW=@ u; QDq=@ |Dt}k C@Uv Ov=wD|t Qt= u}= Cra 'OwW|t s=Ok= QD|tH=yD
|=y?=NDv= x@ xHwD =@ �=yCr=L Q}}eD OvwQ� xOQm|]pwYLt xm|Q}UtCN=vW
Ov=wD|t w xOQm ltm |R} Qxt=vQ@ |=yxQwO |] |Q}os}tYD x@ '|O=yvW}B sD} Qwor=
OvwQ|ovwoJ |UQQ@ |=Q@ "OyO Q=Qk u=R} Qxt=vQ@ w u=Q}Ot Q=}DN= QO =Q |@U=vt x=oO}O
OQ=wt R= l} Qy C}a[w 'BCG T} QD=t |xk@] w pwYLt Qta pL=Qt C=Q}}eD
|UQQ@ OQwt xOW |v=UQRwQ@ |=yCr=L u=}t QO hrDNt |=yxQwO |] QO =Q jwi
QO 2 w 1 CqwYLt |Q}oQ=Qk Cr=L OYQO '12 w 11 |=ypmW "CU= xDiQo Q=Qk
|=Q@� "OyO|t u=Wv '|UQQ@ OQwt |xQwO 12 QO =Q Qta |xNQJ hrDNt pL=Qt
|v=UQRwQ@ |=yCr=L OYQO 85 QO ,=@} QkD '1 pwYLt |=Q@ 6 |xQwO QO p=Ft
|xrLQt QO OYQO 15 ,=@} QkD w |iQat C}a[w QO Qta |xNQJ |xrLQt 'xOW

"�CU= xDW=O Q=Qk OWQ
|vLvt |@} QkD CQwYx@ |O=yvW}B C=t}tYD =@ 2 pwYLt xm OUQ|t Q_v x@
'CU= xO}UQ pwi= |xrLQt x@ |v=}=B |=yxQwO QO w xOQm |] pt=m =Q OwN Qta
C=t}tYD x@ xHwD =@ w xOQmv |] =Q pL=Qt u}= 1 pwYLt xm CU= |r=L QO u}=
"OQ=O Q=Qk dwr@ =} w OWQ |xrLQt QO Rwvy |v=}=B |=yxQwO QO 'xOW xDiQo h}a[

|=yxQwO |] QO BCG T} QD=t |Q}oQ=Qk C}a[w 14 w 13 |=ypmW
"OyO|t u=Wv =Q hrDNt

"|Q=mD@= w wHwCUH � pwOH VwQ |}=Qoty Q=Owtv |xU}=kt "8 pmW

"1 pwYLt |=yxQwO QO |D=e}r@D |=yxDU@ ?=NDv= OYQO "9 pmW

"2 pwYLt |=yxQwO QO |D=e}r@D |=yxDU@ ?=NDv= OYQO "10 pmW
xOvyO u=Wv G}=Dv w OwW|t |v=UQ RwQ@ Q_vOt Cr=L QO umtt s}tYD u} QDy@
sHL VwQ u}= QO "CU= VwQ u}= CLY p=L u}a QO w O=} R Q=}U@ CaQU
?U=vt ?=wH |QDq=@ CaQU =@ w xDi=} V}=Ri= CaQU x@ |UQQ@ OQwt |=yCr=L

"O};|t CUO x@
1 pwYLt |=Q@ ?}DQD x@ 10 w 9 |=ypmW QO xOW ?=NDv= C=t}tYD OYQO

"CU= xOW xO=O u=Wv 2 pwYLt w
|a]k CQwYx@ |Q}os}tYD pw= |xQwO QO 'OwW|t xOy=Wt xm Qw]v=ty
pL=Qt QO 'p=L u}= =@ "s}v=O|t =Q sDU}U C}a[w ,=k}kO =t =Q} R 'CU= XNWt
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"Cw=iDt pm |=yxHOw@ QO xOW O=H}= hOy Q=Okt "17 pmW
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|D=e}r@D |=yxDU@ ?=NDv= QO Ov=wD|t TQDUO QO |xHOw@ Q=Okt xmCU=K[=w
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w xOw@v |]N CQwYx@ hOy `@=D V}=Ri= w xHOw@ V}=Ri= u}@ \=@DQ= xm CU=
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"1 pwYLt BCGT} QD=t |=yxk@] O=H}= OYQO "13 pmW

"2 pwYLt BCGT} QD=t |=yxk@] O=H}= OYQO "14 pmW

u=wD|t |@} QkD CQwYx@ xm CU= ẁ[wt u}= xOvvm u}}@D |awv x@ 13 pmW
OwN |a}@] |DmQL xNQJ '1 pwYLt '|UQQ@ OQwt |xQwO 12 |] QO xm OQm =aO=
CtU x@ CmQL TBU w =yxQ=DU CtU x@ =yp=wU Ctqa VN@ R= CmQL |va}� =Q
"Ov=UQ@ s=tD= x@ pt=m CQwYx@ xDUv=wDv �=ynU VN@ C}=yv QO w xOQ}W |=yw=o
=@ |OwOL =D 2 pwYLt xm OQm =aO= u=wD|t 14 pmW x@ xHwD =@ 'u}vJty
|xk@] QO |QDW}@ p=tDL= =@ 8 =D 4 |=yxQwO QO QDy@ |D=e}r@D |=yxDU@ ?=NDv=
=ynU xk@] QO 'QN; |xQwO w xOQ}W =yw=o xk@] '11 =D 8 |=yxQwO QO w '=yxQ=DU
pwYLt Qta u=}=B x@ uOW l}ORv |xOvyOu=Wv ẁ[wt u}= xm 'CU= xDiQo Q=Qk
u; w xDW=O Ck@=]t CQwY Qta |vLvt QO u}W}B |=yxDi=} =@ jwi xH}Dv "CU=

"Ovm|t O}}-=D R}v =Q
CU=|rt=wa Qo}O R=sD} Qwor=\UwD xDiQoCQwY|=y?=NDv= x@ =@kQVvm =w ẁv
Vvm =w OYQO '16 w 15 |=ypmW "OW=@ Q=PoQ}F-=D Q=}U@ xr�Ut ?=wH QO Ov=wD|t xm
C=t=Ok= x@ xHwD =@ 1 pwYLt |=@kQ "OyO|t u=Wv =Q C=t}tYD x@ CqwYLt =@kQ
|=yxQwO QO =yu; "Ov=xOQm ?=NDv= =Q �`=iOsm|@=} Q=R=@� OQm} wQ QDW}@ 'xDiQo CQwY
pwYLt|=@kQ =:t= OQ=O|v=}=B |=yxQwO x@C@Uv |QD|tH=yDCr=L|Q}os}tYD x}rw=
=@ '=yOQm} wQ Q}=U x@ C@Uv =Q �sH=yDsm |@=} Q=R=@� OQm} wQ |UwULt CQwYx@ '2
x@ =Q OwNC=t=Ok= 'sWW|xQwO QO 2 pwYLt|=@kQ "Ov=xOQm?=NDv= |QDW}@ p=tDL=
OW=@ xQwOu}= R=e; QO q=@|tH=yD C=t}tYDCra x@ Ov=wD|t xm 'xOQm|tH=yD COW
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"CU=

21



"""|
rwY

LtO
vJ

|}x
v=UQ

C=e
}r@D

|R}
Qxt=

vQ@

=yCWwv=B
1. outdoor advertising
2. oligopoly
3. Monte Carlo
4. mathematical programming
5. fuzzy and robust programming
6. approximate dynamic programming (ADP)
7. cost function approximations (CFA)
8. value function approximations (VFA)
9. policy function approximations (PFA)
10. multiperiod multiproduct advertising budgeting (MAB)
11. the boston consulting group's product portfolio matrix

"CU= xOW xOQw; �pwRv� u=wva =@ `@=vt |NQ@ QO "12
13. infeasible
14. lookup-table
15. exploitation
16. exploration
17. harmonic
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