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"CU= QiY

s}UkD `@=wD w s}tYD |=yQ}eDt '=yQDt=Q=B xwQo xU x@ =yO=tv '|R=UxO=U Qw_vt x@
"Ov=xOW

=yQDt=Q=B
&pwYLt R= OL=w Qy O} QN Ct}k %Cp

&pwYLt R= OL=w Qy |Q=Oyov C@=F |xv} Ry %Cg
&u=tR x@ xDU@=w |Q=Oyov |]N `@=D ?}W %Ch

&pwYLt |=[kv= u=tR %m
&xUik |=[i |xR=Ov= %w

&VQ=iU Q=@ Qy |xv} Ry %Co
&(� > 0) Ct}k x@ C@Uv =[=kD VWm ?} Q[ %�

&(� > 0) xwkr=@ u=} QDWt O=OaD QFm =OL %�
&(0 � � < 1) xOW xO=OV}=tv |OwHwtK]U x@C@Uv =[=kDVWm?} Q[ %�

"�[0; t1] xR=@ QO VwQi Ct}k� x}rw= Ct}k %p1

VwQixOQN OwU Qo}O |wU R= w Ovm?}eQD QDsm|oR=D =@ pwYLt O} QN x@ =Q |QDWt
"OyO V}=Ri= =Q

|OwHwt C} Q}Ot w |Q=PoCt}k |=Q@ xDUw}B |[=} Q pOt l} 'VywSB u}= QO
"OwW|t xO=O xaUwD �=[kv= M} Q=D� C@=F |}xUik Qta =@ |vOWOU=i CqwYLt
xO=O V}=tv |OwHwt K]U w VwQi Ct}k '|oR=D x@ =[=kD `@=D xOW x�=Q= pOt QO
'xOW xDNB |=y=Pe '=yxw}t '=y|mwm 'C=H} R@U Ovv=t |DqwYLt "CU= xDU@=w xOW
C=ar=]t T=U= Q@ "OvDUy CqwYLt u}= R= |}=yxvwtv 'dQt sND w |y=t 'CWwo
CQwY x@ pt=a OvJ Q}F-=D ,qwtat 'xDWPo C=ar=]t QO 'C=}@O= QwQt QO xOW s=Hv=
Q@ xOW QmP pt=wa C=QF= VywSB u}= QO "CU= xOW xO}O |atHpY=L |x]@=Q
p@=kDt QF= CU= QO=k xm CU= xOW xO}O |@ Q[pY=L |x]@=Q CQwY x@ =[=kD
x@ VwQi Ct}k QF= ,=DOta 'xOW s=Hv= C=ar=]t QO "Ovm pOt Qo}Om} Q@ =Q pt=wa
VywSB u}= QO xOW x�=Q= pOt QO xm |r=L QO "CU= xOW xO}O |]N `@=D CQwY
u}vJty "CU= xOW xDiQo Q_v QO VwQi Ct}k x@ xDU@=w |=[=kD `@=D |}=tv sQi
xOW xO=O V}=tv |OwHwt K]U QF= 'C=}@O= QO xOW x�=Q= x@=Wt |=ypOt QFm = QO
x@ xDU@=w |=[=kD `@=D |v=wD sQi xm |r=L QO 'CU= xOW xO}O |]N `@=D CQwY x@
pt=a QF= u}}aD QO |QDW}@ |}=v=wD |r@k |]N |=ysQi x@ C@Uv |OwHwt K]U
|vOWOU=i CqwYLt R= xwQo u}= |=[=kD Q@ xOW xO=O V}=tv |OwHwt K]U

"OQ=O
CqwYLt |Q=Oyov |xv} Ry ,qwtat u}W}B C=ar=]t QO 'QwmPt OQ=wt Q@ xwqa
x@ xm |r=L QO "CU= xOW xDiQo Q_v QO C@=F CQwY x@ u=tR x@ C@Uv |vOWOU=i
'C=H} R@U w =yxw}t Ovv=t xR=D CqwYLt XwYN x@ 'CqwYLt u}= C}y=t p}rO
|=Q@ |QDW}@ |xv} Ry x@ s} wW QDl}ORv CqwYLt u}= |=[kv= u=tR x@ QOkQy
u}= |Q=Oyov |xv} Ry VywSB u}= QO [61]"s} Q=O R=}v CqwYLt u}= |oR=D ^iL

"CU= xOW xO}O u=tR x@ xDU@=w |W}=Ri= � |]N `@=D CQwY x@ CqwYLt
pw] 'u=tR R= xDUUo \=kv QO VwQi Ct}k Vy=m p=ta= =@ VywSB u}= QO
Ct}k Vy=m u=R}t 'VQ=iU |O=YDk= Q=Okt 'xQwO u=}=B |OwHwt '|R=UQB R=@ xQwO
|xt=O= QO "OQm s}y=wN u}}aD u=tRty =Q O=O Q}}eD O}=@ =Q Ct}k xm |v=tR w
u; R= TB "s} R=OQB|t C=[wQit w =yO=tv h} QaD x@ 2 VN@ QO VywSB u}=
|a@=D u=wva x@ =[=kD CmQ=Wt =@ |[=} Q pOt uOQm xrwtQi x@ 3 VN@ QO
CqwYLt |oR=D 'xOW xO=O V}=tv |OwHwt K]U 'OL=w Qy Ct}k R= xv=oOvJ
hOy `@=D TBU "s} R=OQB|t pkDUt |=yVN@ Q} R CQwY x@ =[kv= M} Q=D w
|OwHwt '|R=UQB R=@ |xNQJ |xv}y@ u=tR u}}aD hOy u; QO xm s}U} wv|t =Q
VN@ QO "Ovm xv}W}@ =Q pm OwU xm CU= |}xvwo x@ h}iND MQv w xQwO u=}=B
|=yQ}eDt s=tD QO pm OwU xm s}vm|t C@=F 'hOy `@=D Q=DN=U |UQQ@ ut[ 4
|xv}y@ l} uDi=} |=Q@ wHwCUH u=mt= ẁ[wt u}= &CU= Qaktx@W ,=O}m = s}tYD
|=Q@ |i=m w sRq \}=QW 'xOW C=@F= |=}=[k T=U= Q@ "Ovm|t QDxO=U =Q |rLt
"CW=O Oy=wN OwHw xOW x�=Q= |wHwCUH sD} Qwor= =@ xv}y@ ?=wH |wHwCUH
x�=Q= |D} Q}Ot C=QF= w |Q_v G}=Dv uO=O u=Wv |=Q@ |OOa |=yp=Ft 5 VN@ QO

"OwW|t

C=[wQit w =yO=tv "2
|=y=Pe 'dQt 'CWwo 'C=HR@U w xw}t Ovv=t |vOWQ=@v= |vOWOU=i pwYLt l}
|=[kv= M} Q=D xm O} Q}o@ Q_v QO |WwQixOQN l} QO =Q =yu=v w =y|v} Q}W 'xDNB
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PoC
t}k

pOt
l}xr�Ut uOQm xrwtQi "3

w Ovm|t Ci=} QO =Q pwYLt R= OL=w Q VwQixOQN 'QiY u=tR QO |va} =OD@= QO
xOv=t}k=@ OL=w Q�w w OyO|t V}=tv xUik QO =Q u; R= �xUik |xR=Ov=� OL=w w
VwQixOQN 'OwW|t xDNwQi |rwYLt xm u=tR Qy "Ovm|t xQ}NP VQ=@v= QO =Q
xm t1 u=tR =D OvwQ u}= "OwW QB xUik =D Ovm|t pkDvt xUik x@ Q=@v= R= =Q |OwHwt
pw] QO u}=Q@=v@ "O@=}|t xt=O= OQ=Ov OwHw VwQixOQN Q=@v= QO |OwHwt I}y Qo}O
x@ xR=@ u}= pw] QO =[=kD w �w C@=F Q=Okt� Ow@ Oy=wN QB xQ=wty xUik [0; t1] xR=@
QF= ^iL |=Q@ "CW=O Oy=wN |oDU@ pwYLt |oR=D w x}rw= Ct}k 'xUik |xR=Ov=
"CU= xOW xDiQo Q_v QO |@ Q[pY=L CQwY x@ x]@=Q u}= '=[=kD Q@ pt=wa u}=
p1 QDt=Q=B =@ Q@=Q@ w OQm Oy=wNv |Q}}eD xR=@ u}= pw] QO Ct}k Q=Okt xm CU= |y}O@

%s} Q=O q=@ |=yZQi ?}mQD R= "Ow@ Oy=wN �pwYLt x}rw= Ct}k�
D(t) = (m�tm )w��e��p1 0 � t � t1 � T (5)

xwqa "OvDUy QiY R= QDnQR@ w C@=F |=yQDt=Q=B p1 w m w � w � w � u; QO xm
M} Q=D |w=Ut =} QDlJwm O}=@ T |R=UQB R=@ |xNQJ u=tR xm CU= K[=w u}= Q@
Q}e QO &OW=@ T � m O}=@ xQ=wty Qo}O CQ=@a x@ "OW=@ m pwYLt |=[kv=
R= xO=iDU= |=Q@ "OW Oy=wN |ivt =[=kD Q=Okt 'OW=@ T > m Qo = CQwY u}=
|xR=Ov= =@ |w=Ut =} QDnQR@ Q VQ=iU Q=Okt xm OwW|t ZQi xUik |=[i s=tD

"(Q � w) OW=@ w |xUik
pwYLt |OwHwt T =D t1 R= "OwW|t |r=N VwQi xOQN Q=@v= t1 u=tR QO
u}=Q@=v@ "OwW|t hQYt QwQt x@ sy u; xm Ow@ Oy=wN xUik |OwHwt xR=Ov= x@ \ki
xOW xO=O V}=tv |OwHwt K]U w pwYLt |oR=D 'VwQi Ct}k ?} Q[ x@ =[=kD
Oy=wN p=ta= kVy=m ?} Q[ =@ Ct}k Vy=m t1 u=tR QO "OQ=O |oDU@ xUik QO
|QDW}@ sHL '=[=kD Q@ xOW p=ta= Ct}k Vy=m Q}F-=D x@ xHwD =@ u=tR u}= QO "OW
"OW Oy=wN |Q}owrH pwYLt C=a}=[ R= w O}UQ Oy=wN VwQi x@ pwYLt R=
OL=w Qy |=Q@ s Ci=} R=@ Ct}k =@ E xQwO u=}=B |OwHwt T |R=UQB R=@ u=tR QO
w xOW Ci=} QO Q Q=Okt =@ |O}OH VQ=iU xQ=@ wO w OUQ|t VwQi x@ xOv=t}k=@
pw] QO =[=kD MQv '?}DQD u}= x@ "CiQo Oy=wN pmW |O}OH |R=UQB R=@ |xNQJ

"Ow@ Oy=wN 6 |x]@=Q CQwY x@ [t1; T ] xR=@
D(t; k) = � (m�tm )[I(t)]�e��kp1 0 � t1 � t � T (6)

|[=} Q pOt
%s} Q=O =Q 7 |x]@=Q j@=]t p}Uv=Qi}O |x]@=Q xR=@ wO Qy QO

dI(t)
dt

=( �D(t) = ��w� m�tm e��p1 0 � t � t1 � T
�D(t; k) = ��[I(t)]� m�tm e��kp1 0 � t1 � t � T (7)

|OwHwt K]U I(t1) = w 'I(T ) = E 'I(0) = Q |RQt \}=QW p=ta= =@
"CU= 8 |x]@=Q =@ Q@=Q@ xR=@ wO Qy QO

s}tYD |=yQ}eDt �
&|R=UQB R=@ |xv}y@ u=tR %T

'Ct}k Vy=m |xv}y@ ?} Q[ %k
x@ \ki xOv=t}k=@ |OwHwt w OUQ|t s=tD= x@ VwQixOQN Q=@v= |OwHwt xm |v=tR

&CU= (w) xUik |OwHwt xR=Ov=
&|R=UQB R=@ |xNQJ Qy QO VQ=iU |xv}y@ Q=Okt %Q

"E � 0 xQwO u=}=B |OwHwt K]U %E
`@=wD �

0 =D 1 u}@ |rwRv `@=D l} xm 't u=tR QO pwYLt uU x@ xDU@=w |oR=D `@=D %F (t)

&CU=
|OwHwt K]U w u=tR 'Ct}k ?} Q[ R= =t}kDUt xm =[=kD `@=D %D(t; k; I(t))

&OQ}o|t Q}F-=D xOW xO=O V}=tv
'(T ) |R=UQB R=@ |xQwO pw] R= xQ}eDtOvJ |a@=D xm pm OwU `@=D %Q(T; k;E)

&CU= (E) xQwO u=}=B |OwHwt w (k) Ct}k ?} Q[
&t u=tR QO |OwHwt K]U %I(t)

"pwYLt OL=w Qy |Q=Oyov |xv} Ry `@=D %H(t)

s} Q}o|t Q_v QO t u=tR QO pwYLt uU x@ xDU@=w |oR=D `@=D u=wva x@ =Q F (t) `@=D
|va} =[kv= u=tR QO� QiY =D �xQwO |=OD@= QO� 1 R= u; Q=Okt w CU= |rwRv |a@=D xm

%�1 |x]@=Q� O@=}|t Vy=m |]N Qw] x@ �m
F (t) = m�t

m 0 � t � m (1)

Q}=U x@ C@Uv |}=tv |=[=kD `@=D 'OW EL@ p@k VN@ QO xm u=vJ
CqwYLt Ct}k x@ =[=kD |oDU@=w u=R}t V}=tv QO |QDW}@ |}=v=wD `@=wD
Ovv=t |}=tv CQwY x@ Ct}k x@ xDU@=w |=[=kD R= u}=Q@=v@ "OQ=O =Q |vOWOU=i
nvD w uwUBt=D '�1975� |Q=Nq w uwUv}@=Q Ovv=t |v=kkLt pOt QO xJv;
u=Q=mty w w=O=v} w; '�2006� u=Q=mty w nv=J '�2005� nv=J w nvD '�1984�
|x]@=Q� OwW|t xO=iDU= 'CU= xOW x�=Q= �2017� u=Q=mty w nvi '�2014�

%�2

D(k) = �e��kp1 � > 0; � > 0 (2)

Qm}@ \UwD xm |OwHwt K]U x@ xDU@=w |=[=kD `@=D |v=wD sQi R= VywSB u}= QO
"�3 |x]@=Q� OwW|t xO=iDU= 'OW x�=Q= �1988� u@ Q= w

D(t) = [I(t)]� 0 � � < 1: (3)

h} QaD 4 |x]@=Q CQwY x@ pwYLt OL=w Qy |Q=Oyov |xv} Ry `@=D pOt u}= QO
%�u=tR x@ C@Uv |W}=Ri= |]N `@=D� OwW|t

H (t) = Cg + Cht Cg;Ch � 0 (4)

I(t) =

8><>: Q� �w�e��p1
�
t� t2

2m
� 0 � t � t1 � T�

�(1��)e��kp1
2m (t2 + 2m(T � t)� T 2) + E1��

� 11�� 0 � t1 � t � T
�8�
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xQ=t
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|xQ
wO'
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u=DU
@=D�

h}
QW

C}
Q}Ot

w`}
=vY

|U
Ovyt H1 =

t1R
0

(Cg + Cht)I(t)dt = Cg(Qt1 + �w�e��p1 ( t1
3

6m � t12
2 )) + Ch( t1

2
2 Q+ �w�e��p1 ( t1

4
8m � t13

3 )) 0 � t � t1 � T

H2 =
TR
t1

(Cg + Cht)I(t)dt =
TR
t1

(Cg + Cht)
�
�(1��)e��kp1

2m (t2 + 2m(T � t)� T 2) + E1��
� 11��

dt 0 � t1 � t � T
�13�

Subject to :

Q = w + �w�e��kp1

2m
�
m2 � (m� T )2 � 2m(w1�� � E1��)

�(1� �)e��kp1

�
t1 = m�

s
(m� T )2 + 2m(w1�� � E1��)

�(1� �)e��kp1

0 � E � w;
0 � kp1 � p1;

and 0 � t1 � T � m: (16)

|Q_v G}=Dv w hOy `@=D Q=DN=U |UQQ@ "4
"OvDUy |OwaY w Qakt x@ C@Uv Q w t1 'xOW xO=O k Q=Okt |=Q@ %1 |x}[k�

1 CUw}B %C=@F=�
&xOW xO=O T Q=Okt |=Q@ %2 |x}[k�

&CU= |OwaY E x@ C@Uv w |rwRv k x@ C@Uv t1 �
"CU= Qakt w |OwaY E x@ C@Uv w ?OLt w |rwRv k x@ C@Uv Q �

2 CUw}B %C=@F=�
`@=D x=ov; OW=@ Q=QkQ@ 17 x]@=Q Qo = 'xOW xO=O k w E Q}O=kt |=Q@ %3 |x}[k�
T � |xv}y@ ?=wH l} xH}Dv QO w CU= Qakt x@W T x@ C@Uv Q(E; T; k)

"OQ=O OwHw
(Cg + Chm) (m�T )2

(m�t1)2 < Cg

p1 � Cp � Cgt1 � Ch t12
2 > 0 (17)

3 CUw}B %C=@F=�
`@=D pw= jDWt |x@U=Lt =@ (T �) |R=UQB R=@ |xv}y@ u=tR '3 |x}[k T=U= Q@
|i=m w sRq \QW 'u; uO=O Q=Qk QiY =@ |w=Ut w T x@ C@UvQ(E; T; k) hOy

%�19 w 18 \@=wQ� O};|t CUO x@
G = �p1 + (�Cg � Cht1)��mp1e�kp1 (w1���E1��)

�(1��)(m�t1)
w�
E��

Ch w�E2
��mp1e�kp1 (w1���E1��)

�(1��)(m�t1) + (�Cg2 � Ch2 t1)
��mp1e�kp1 (w1���E1��)

�(1��)(m�t1) + (�Cg2 � Ch2 t1)(w � E)
�p1me�kp1
�E�(m�t1) [1� me�kp1 (w1���E1��)

�(1��)(m�t1)2 ]

(18)

F = (p1 � Cp � Cgt1 � Ch t12
2 )��w�E1+� +

(�Cg � Cht1) me�kp1
�E�(m�t1)

w�
E� + (2Cg + Cht1) me�kp1

�E�(m�t1)

(�Cg2 � Ch2 t1)(w � E)[ m2e2�kp1
�2E2�(m�t1)3 � �me�kp1

�E�+1(m�t1) ]

�Ch2 (w � E)( me�kp1
�E�(m�t1) )2

(19)

[0; t1] xR=@ QO VQ=iU |O=YDk= Q=Okt 'I(t1) = w w I(0) = Q xm =Hv; R=
"OwW|t x@U=Lt 9 |x]@=Q j} Q] R=

Q = w + �w�e��p1
�
t1 � t12

2m
�

0let � t1 � T (9)

%Ow@ Oy=wN 10 |x]@=Q =@ Q@=Q@ t1 Q=Okt '9 |x]@=Q R= xO=iDU= =@

t1 = m�
r
m2 � 2m(Q� w)

�w�e��p1 � 0 0 � t � t1 � T (10)

%CU= 11 |x]@=Q =@ Q@=Q@ t1 Q=Okt I(t1) = w uO=O Q=Qk =@ [t1; T ] xR=@ QO

t1 = m�
s

(m� T )2 � 2m(w1�� � E1��)
�(1� �)e��kp1 � 0

0 � t1 � t � T (11)

%=@ CU= Q@=Q@ VQ=iU |O=YDk= Q=Okt 9 |x]@=Q QO 11 |x]@=Q |Q=Po}=H =@
Q =

w + �w�e��kp1

2m
�
m2 � (m� T )2 � 2m(w1�� � E1��)

�(1� �)e��kp1

�
�w
(12)

xOW x@U=Lt 13 |x]@=Q QO [t1; T ] w [0; t1] xR=@ wO QO |Q=Oyov |=yxv} Ry
xR=@ QO I(t1) = w w I(T ) = E xm u}= x@ xHwD =@ |R=UxO=U |=Q@ "CU=
Ck}kL u}= uDiQo Q_v QO =@ "Ow@ Oy=wN w+E

2 =@ Q@=Q@ |OwHwt u}ov=}t [t1; T ]

%Ow@ Oy=wN 14 |x]@=Q CQwY x@ xR=@ u}= QO |Q=Oyov |xv} Ry
H2 � Cg (w + E)

2 (T � t1) + Ch
(w + E)

2
(T 2 � t12)

2 (14)

pm OwU `@=D
%OwW|t h} QaD Q} R CQwY x@ pm OwU `@=D

� O} QN |xv} Ry � |vDi=} R=@ VRQ= R= pY=L Ot;QO � Ot;QO � pm OwU
|Q=Oyov |xv} Ry � VQ=iU |xv} Ry

w k Ct}k Vy=m ?} Q[ 'E xQwO u=}=B |OwHwt |=Q@ xv}y@ K]U xr�Ut u}=
pOt "Ovm|t u}}aD =Q pm OwU |R=Uxv}W}@ hOy =@ 'T |R=UQB R=@ |xNQJ u=tR
'pwYLt |oR=D x@ xDU@=w |=[=kD =@ |vOWOU=i CqwYLt |=Q@ EOQ |OwHwt

"CU= xOt; 16 w 15 |=yx]@=Q QO |OwHwt K]U w VwQi Ct}k
Max �(E; T; k) = 1

T fp1(Q� w) + kp1(w � E)+

sE � CpQ� Co � Cg(Qt1 + �w�e��p1( t1
3

6m � t12
2 ))

�Ch( t1
2

2 Q+ �w�e��p1( t1
4

8m � t13
3 ))� Cg (w+E)

2 (T � t1)�
Ch (w+E)

2
(T 2�t12)

2 g
(15)
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V}=Ri= |]N CQwY x@ |R=UQB R=@ |xQwO pw] QO OL=w Qy |Q=Oyov |xv} Ry "OQ=O
|}xQ}HvR x=oWwQi QO VwQi Ct}k x@ C@Uv CqwYLt u}= |=[=kD OvwQ "O@=}|t
xDiQo Q=Qk |UQQ@ OQwt 1399 p=U QO u=Q=mty w |Q}v |v=kyO \UwD 'VwQwm ji=
=yv; Ct}k C=Q}}eD x@ xHwD =@ =Q CqwYLt u}= |=[=kD u=R}t 1 pwOH [62]"CU=

"OyO|t u=Wv
CqwYLt u}= VwQi Ct}k x@ xDU@=w |=[=kD |}=tv uw}UQoQ 1 pmW QO

"CU= xOW xO=O V}=tv
"CU= xOt; 2 pwOH QO p=Ft u}= |=yQDt=Q=B Q}=U

KQW x@ xv}y@ |=y?=wH 'xOW x�=Q= sD} Qwor= R= xO=iDU= =@ p=Ft pL R= TB
"Ow@ Oy=wN 3 pwOH

?=wH w xOQm jOY 4 w 3 |=yx}[k QO p=Ft |=yQDt=Q=B CU= QmP x@ sRq
w 2 |=ypmW QO s}tYD |=yQ}eDt x@ C@Uv hOy `@=D "OQ=O OwHw |rLt |xv}y@

"CU= xOW xO=O V}=tv 3

C}U=UL p}rLD "2"5
Q}F-=D w CU= xOW pL 'pOt hrDNt |=yQDt=Q=B Q=Okt Q}}eD =@ 1 p=Ft 'VN@ u}= QO
p}rLD G}=Dv "CU= xOW EL@ w |Q}oxR=Ov= xr�Ut s}tYD |=yQ}eDt Q@ QDt=Q=B Qy

"CU= xOt; 4 pwOH QO 'x]w@ Qt |=yQDt=Q=B C}U=UL
VWm ?} Q[ V}=Ri= =@ '=yQDt=Q=B C}U=UL p}rLD R= pY=L G}=Dv T=U= Q@
=yv; VwQi Ct}k x@ C@Uv xOW |Ov@xDU@ C=H} R@U |=[=kD C=Q}}eD "1 pwOH

"VwQwm ji= |}xQ}HvR x=oWwQi QO
C=H} R@U VwQi u=R}t C=H} R@U VwQi Ct}k

�sQowr}m � �p=} Q�
370 43000
340 45000
300 50000
250 55000
210 57000

"Ct}k x@ xDU@=w |=[=kD |}=tv uw}UQoQ `@=D "1 pmW

M = (p1 � Cp � Cgt1 � Ch t12
2 )�

2p12�w�e��kp1
2mh

m2 � (m� T )2i+ (�Cg � Cht1)��mp1e�kp1 (w1���E1��)
�(1��)(m�t1)

��p1�w�e��kp1
2m

h
m2 � (m� T )2i+ Ch (�w+E)

2
(��mp1e�kp1 (w1���E1��)

�(1��)(m�t1) )2 + (Cg + Cht1)
(�w+E)

2
�2p12me�kp1 (w1���E1��)

�(1��)(m�t1) [me
�kp1 (w1���E1��)
�(1��)(m�t1)2 � 1]

(20)

F < 0;M < 0; FM �G2 > 0: Qo = 'xOW xO=O T Q=Okt |=Q@ %4 x}[k�
?=wH l} u}=Q@=v@ "CU= Qakt x@W w k w E x@ C@Uv Q(E; T; k) x=ov; 'OW=@

"OQ=O OwHw OQi x@ QYLvt |xv}y@
4 CUw}B %C=@F=�

wHwCUH sD} Qwor= |x�=Q=
'xOW C=@F= |=}=[k R= xO=iDU= =@ w xOW x�=Q= |[=} Q pOt |Q}oQ=m x@ =@ 'xt=O= QO
OW C@=F '4 w 3 |=yx}[k QO "OW Oy=wN x�=Q= xv}y@ ?=wH |wHwCUH sD} Qwor=
|xv}y@ ?=wH l} u}=Q@=v@ "CU= Qakt x@W s}tYD |=yQ}eDt x@ C@Uv hOy `@=D xm
|rLt |xv}y@ ?=wH |wHwCUH ' ẁ[wt u}= "CW=O Oy=wN OwHw OQi x@ QYLvt
x�=Q= Q} R |rm |wHwCUH sD} Qwor= '|Q_v G}=Dv T=U= Q@ "OR=U|t Q}PBu=mt= =Q

"OwW|t
wHwCUH sD} Qwor=

|OwQw |=yQDt=Q=B |=Q@ s=o "1 s=o
&xO@ Q=Qk i = 1 �hr=

&xO@ Q=Qk =Q Ti = m
2 x}rw= Q=Okt T |=Q@ �?
&xO@ Q=Qk ansi = [] �G
&xO@ Q=Qk ans� = [] �O

&um x@U=Lt =Q Ei w ki Q}O=kt 20 w 19 \@=wQ QO 'Ti Q=Okt uO=O Q=Qk =@ "2 s=o
&um x@U=Lt =Q Ti+1 Q=Okt �6�3� |x]@=Q QO Ei w ki Q}O=kt uO=O Q=Qk =@ "3 s=o

%x=ov; �0 001 < Ti+1 � Ti < 0 001 Qo = "4 s=o
ansi = [Ei; Ti+1; ki;

Q
i] wum x@U=Lt =QQi(Ei; Ti+1; ki) Q=Okt �hr=

&xO@ Q=Qk
CQwYu}= Q}e QO "ans�  ansi x=ov; ansi(4) > ans�(4) �?

"2 s=o x@ wQ@ w xO@ Q=Qk i = i+ 1
|xv}y@ |=y?=wH "5 s=o

"xO@ V}=tv =Q E�= Ei;T � =Ti+1;k� =ki;
Q�= Qi

|OOa |=yp=Ft "5
Q=Ri=sQv =@ |OOa p=Ft OvJ VN@ u}= QO 'xOW x�=Q= |=ypOt G}=Dv |UQQ@ |=Q@
|UQQ@ R= TB 'u}vJty "CU= xOW pL ?rDt w MATHEMATICA 12 2

"CU= xOW x�=Q= |D} Q}Ot |=yO=yvW}B C}U=UL p}rLD G}=Dv

1 p=Ft "1"5
Q=@v= |vOW OU=i pwYLt l} u=wva x@ xOW |Ov@xDU@ C=H} R@U p=Ft u}= QO
u=tR� |oR=D 'VwQi Ct}k x@ CqwYLt u}= |=[=kD "OwW|t xDiQo Q_v QO |vOW
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|U
Ovyt E xQwO u=}=B |OwHwt 'Q VQ=iU |O=YDk= Q=Okt '(�) Ct}k x@ C@Uv =[=kD

|mOv= R}v T |R=UQB R=@ |xQwO pw] "CU= xDi=} Vy=m TP pm OwU u}vJty w
Vy=m =Q t1 Ct}k Vy=m p=ta= u=tR pOt '� V}=Ri= =@ "CU= xDi=} V}=Ri=
w Q VQ=iU |O=YDk= Q=Okt '(�) xwkr=@ u=} QDWt O=OaD V}=Ri= =@ "CU= xO=O
(�) xwkr=@ u=} QDWt O=OaD V}=Ri= "O@=}|t V}=Ri= COW x@ TP pm OwU u}vJty
pw] '(�) V}=Ri= =@ "OwW|t E xQwO u=}=B |OwHwt QO |mOv= V}=Ri= ?Hwt
'CU= O=} R xwkr=@ u=} QDWt O=OaD xm |v=tR "CU= xDi=} Vy=m T |R=UQB R=@ |xQwO
|xv} Ry V}=Ri= =@ "�k Ct}k ?} Q[ V}=Ri=� OQ}o|t Q_v QO |QDsm h}iND pOt
pm OwU u}vJty w Q VQ=iU |O=YDk= Q=Okt '(Cp) pwYLt OL=w Qy O} QN
Vy=m ?Hwt (Cp) pwYLt OL=w Qy O} QN |xv} Ry V}=Ri= "O@=}|t Vy=m TP
(Cp) pwYLt OL=w Qy O} QN |xv} Ry xm |v=tR "OwW|t E xQwO u=}=B |OwHwt
V}=Ri= =@ "�kCt}k?} Q[V}=Ri=� OQ}o|t Q_v QO |QDsmh}iND pOt 'CU= O=} R
p=ta= CU=}U R= w CU= xO=O Vy=m |tm =Q t1 Ct}k Vy=m p=ta= u=tR pOt Cp
|v=tR QO "CU= xOQm xO=iDU= xQwO |=OD@= u=ty QO �QDW}@ k ?} Q[� sm h}iND
pOt CU= xO}UQ |rwB OL=w 24 x@ (Cp) pwYLt OL=w Qy O} QN |xv} Ry xm
VwQi x@ p1 |x}rw= Ct}k u=ty =@ pwYLt w CU= xDiQov Q_v QO |i}iND I}y
|O=YDk= Q=Okt Q@ |tm |r}N Q}F-=D '(Co) VQ=iU Qy |xv} RyV}=Ri= "O}UQ Oy=wN
Vy=m ?Hwt w xDW=O TP pm OwU u}vJty w E xQwO u=}=B |OwHwt 'QVQ=iU
OL=w Qy |Q=Oyov C@=F |xv} Ry V}=Ri= "CU= xOW =yQ}eDt u}= Q}O=kt QO |mOv=
E xQwO u=}=B |OwHwt 'QVQ=iU |O=YDk= Q=Okt Vy=m ?Hwt '(Cg) pwYLt
|O=YDk= Q=Okt '(m) =[kv= M} Q=D V}=Ri= =@ "CU= xOW TP pm OwU u}vJty w
\}=QW u}= QO "O@=}|t V}=Ri= |}xOv}=Ri Qw] x@ TP pm OwU R}v w Q VQ=iU
|xR=Ov= V}=Ri= =@ "�k Ct}k ?} Q[ V}=Ri=� OQ}o|t Q_v QO |QDsm h}iND pOt
?Hwt xR=D CqwYLt R= |O=} R sHL V}=tv xm u}= p}rO x@ (w) xUik |=[i
Q@ QDt=Q=B u}= OW EL@ ,q@k xm Qw]v=ty w OwW|t QDW}@ O} QN x@ u=} QDWt ?}eQD
VQ=iU |O=YDk= Q=Okt V}=Ri= =@ pOt u}=Q@=v@ 'OQ=O |v=wD Q}F-=D u=} QDWt |=[=kD
|=[i |xR=Ov= V}=Ri= "OwW|t xOv}=Ri Qw] x@ TP pm OwU V}=Ri= ?Hwt Q
|xR=Ov= V}=Ri= =@ "OwW|t R}v E xQwO u=}=B |OwHwt V}=Ri= ?Hwt (w) xUik
Qw_vt x@ pOt 'VQ=iU |O=YDk= Q=Okt V}=Ri= xH}Dv QO w (w) xUik |=[i
QO |QDW}@ h}iND T |R=UQB R=@ xQwO u=ty pw] QO CqwYLt VwQi V}=Ri=
x@ C@Uv =[=kD VWm ?} Q[ V}=Ri= =@ "�k Ct}k ?} Q[ Vy=m � OQ}o|t Q_v
Vy=m wQVQ=iU |O=YDk= Q=OktV}=Ri= =@ pOt '(�) xOW xO=OV}=tv |OwHwt
"OwW|t xOv}=Ri Qw] x@ TP pm OwU V}=Ri= ?Hwt T |R=UQB R=@ |xQwO pw]
?Hwt (�) xOW xO=O V}=tv |OwHwt x@ C@Uv =[=kD VWm ?} Q[ V}=Ri=
Qy |vDi=} R=@ VRQ= Q=Okt V}=Ri= =@ "OwW|t R}v E |xQwO u=}=B |OwHwt V}=Ri=
TP pm OwU V}=Ri= ?Hwt E xQwO u=}=B |OwHwt V}=Ri= =@ pOt (s) OL=w
Q_v QO |QDsm h}iND pOt (s) OL=w Qy |vDi=} R=@ VRQ= Q=Okt V}=Ri= =@ "OwW|t

"�k Ct}k ?} Q[ V}=Ri=� OQ}o|t

Q=m w ?Um u=@L=Y w u=Q}Ot |=Q@ |}=yO=yvW}B "3"5
u=Q}Ot x@ Ov=wD|t xm CU= xOt; CUO x@ C}U=UL p}rLD w x} RHD R= Q} R |=yxDi=}

%Ovm ltm QDW}@ OwU ?Um Qw_vt x@ =y|WwQixOQN QO u=oOvQ}os}tYD w
u} QDW}@ 'Ct}k x@C@Uv =[=kDVWm?} Q[ w xwkr=@ u=} QDWt O=OaD |=yQDt=Q=B �
Q=R=@ p}rLD x@ O}=@ xOvQ}os}tYD 'u}=Q@=v@ "OvQ=O OwU Vy=m w V}=Ri= QO =Q Q}F-=D

"1 p=Ft |=yQDt=Q=B "2 pwOH
=yQDt=Q=B Q=Okt =yQDt=Q=B

6000 (�) �Qiv � xwkr=@ u=} QDWt O=OaD
0 6 (�) xOW xO=O V}=tv |OwHwt x@ C@Uv =[=kD VWm ?} Q[
0 1 (�) Ct}k x@ C@Uv =[=kD VWm ?} Q[
20 (Cp) �p=} Q Q=Ry� pwYLt OL=w Qy O} QN xv} Ry
5 (Cg) �p=} Q Q=Ry� pwYLt OL=w Qy |Q=Oyov xv} Ry

0 25 (Ch) �p=} Q Q=Ry� u=tR x@ xDU@=w |Q=Oyov |]N `@=D ?}W
10 (Co) �p=} Q Q=Ry� VQ=iU xv} Ry

0 04 (m) �p=U� pwYLt =[kv= u=tR
10 (s) �p=} Q Q=Ry� pwYLt Qy C=a}=[ VwQi Ct}k
25 (w) xUik R}=U
30 (p1) �p=} Q Q=Ry� x}rw= VwQi Ct}k

"1 p=Ft |xv}y@ |=y?=wH "3 pwOH
xv}y@ Q=Okt =yQ}eDt
0 0232 (T �) |R=UQB R=@ u=tR
6 541 (E�) xQwO u=}=B |OwHwt
0 941 (k�) Ct}k Vy=m ?} Q[
0 006 (t�1 ) Ct}k Vy=m u=tR
39 594 (Q�) VQ=iU |O=YDk= Q=Okt
8366 99 (

Q
(T; k; E)) pm OwU

"VwQi Ct}k w xQwO u=}=B |OwHwt x@ C@Uv 1 p=Ft hOy `@=D "2 pmW

"|R=UQB R=@ u=tR x@ C@Uv 1 p=Ft hOy `@=D "3 pmW
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Ovyt "4 pwOH |xt=O=

|Q}oxH}Dv "6
w |OwHwt C} Q}Ot |=Q@ |]NQ}e |R} Qxt=vQ@ pOt l} 'Q[=L VywSB QO
pOt u}= QO "CU= xOW xO=O xaUwD |vOWQ=@v= |vOWOU=i CqwYLt |Q=PoCt}k
C=t}tYD Q@ QF-wt pt=wa R= |@ Q[pY=L |a@=D CQwY x@ CqwYLt |=[=kD
VwQi Ct}k '|oR=D x@ CqwYLt |=[=kD "CU= xOW xDiQo Q_v QO u=} QDWt O} QN
|OwHwt |DvU ZQi pOt u}= QO "OQ=O |oDU@ xOW xO=O V}=tv |OwHwt K]U w
"CU= xOW xO=O Q}}eD QiY Q}e |xQwO u=}=B |OwHwt ZQi x@ QiY |xQwO u=}=B
Ct}k x@ xDU@=w |=[=kD `@=D |=Q@ '|]N sQi R= |oR=D x@ xDU@=w |=[=kD `@=D |=Q@
xOW xO=O V}=tv |OwHwt K]U x@ xDU@=w |=[=kD `@=D |=Q@ w '|}=tv sQi R= O} QN
|xv} Ry xm |DqwYLt |t=tD |=Q@ xOW x�=Q= pOt "CU= xOW xO=iDU= |v=wD sQi R=
?} Q[ xOW x�=Q=pOt "OvQ=O OQ@ Q=mCU=|W}=Ri= u=tR pw] QO u; OL=w Qy |Q=Oyov
'VQ=iU |O=YDk= Q=Okt 'Ct}k Vy=m u=tR '�xDi=} p}rkD Ct}k� Ct}k Vy=m
VwQixOQN OwU uOQm xv}W}@ hOy =@ =Q xQwO u=}=B |OwHwt w |R=UQB R=@ u=tR
|xv}y@ ?=wH OwHw \}=QW w hOy `@=D Q=DN=U 'xOW x�=Q= pOt |=Q@ "Ovm|t u}}aD
`@=D xm OW xO=O u=Wv 'xOW x�=Q= |=yx}[k T=U= Q@ "CiQo Q=Qk |UQQ@ OQwt |rLt
|rLt |xv}y@ ?=wH u}=Q@=v@ w CU= Qakt x@W s}tYD |=yQ}eDt x@ C@Uv hOy
Ov=wD|t VywSB u}= "OwW|t u}}aD xOW x�=Q= wHwCUH sD} Qwor= =@ xm OQ=O OwHw
u=tRty Qw] x@ ptmt pwYLt OvJ xm |Dr=L |=Q@ '|rwYLtOvJ |D@=kQ |=[i QO
=yv; |=[=kD w OvQo}Om} u} Ro}=H xm |DqwYLt 'OwW|t x[Qa VwQixOQN \UwD
|xv} Ry 'VywSB u}= QO "OwW xDiQo Q_v QO 'OvQ=Po|t QF= Qo}Om} Q@ w xOw@v pkDUt
"CU= xOW xDiQo Q_v QO u=tR x@ C@Uv |W}=Ri= *|]N `@=D CQwY x@ |Q=Oyov
xDiQo Q_v QO |]NQ}e CQwY x@ Ov=wD|t |Q=Oyov |=yxv} Ry '|D; |=yVywSB QO
VwQi |=yCr=L QO Ow@tm \}=QW uDiQo Q_v QO R=Ht =@ Ov=wD|t VywSB u}= "OwW

Q=Qk VHvU OQwt |@ wN x@ Ct}k C=Q}}eD x@ C@Uv =Q u=} QDWt Q=DiQ w xDN=OQB
&OyO

OwU Q@ |O=} R Q}F-=D xm CU= |rt=wa R= Qo}O |m} CqwYLt |=[kv= M} Q=D �
'pwYLt |=[kv= M} Q=D V}=Ri= =@ 'G}=Dv T=U= Q@ "CW=O Oy=wN VwQixOQN
OQwt pwYLt "CU= xDi=} V}=Ri= VwQixOQN OwU xH}Dv QO w pwYLt |=[=kD
|xrLQt QO OwW|t x}YwD O} QN u=Q}Ot x@ "CU= sm Qta =@ |rwYLt |UQQ@
|Q=oOv=t =@ |DqwYLt 'Cw=iDt Qta pw] x@ u=Um} CqwYLt u}@ ?=NDv=
?=NDv= u=} QDWt x@ x[Qa |=Q@ =Q QD|vqw] |=[kv= M} Q=D =@ |DqwYLt =} QDW}@

&Ovvm
OL=w Qy O} QN |xv} Ry xm OyO|t u=Wv C}U=UL p}rLD G}=Dv u}vJty �
j} Q] R= O}=@ u=Q}Ot 'u}=Q@=v@ "OQ=O VwQixOQN OwU u=R}t Q@ |O=} R Q}F-=D 'pwYLt
|@=} RQ= w |Q}os}tYD |=ysDU}U R= xO=iDU= u}vJty w u=oOvvmu}t-=D =@ xQm =Pt

&Ov}=tv s=Ok= pwYLt O} QN |xv} Ry Vy=m x@ C@Uv 'u=oOvvmu}t-=D
OvwQ |R=UQB R=@ |xQwO pw] QO CqwYLt |oR=D ^iL w |Q=Oyov |=yxv} Ry �
Ct}kh}iND |=yCU=}U p=ta= =yxv} Ry u}=V}=Ri= =@ "CW=O Ovy=wN|W}=Ri=

&Ovm |v=}=W ltm |Q=Oyov |=yxv} Ry Vy=m x@ Ov=wD|t

C@Uv u=} QDWt |=[=kD VWm w xUik |xR=Ov= QDt=Q=B wO O=} R Q}F-=D x@ xHwD =@ �
p}rLD x@ O}=@ u=oOvQ}os}tYD 'pm OwU Q@ xOW xO=O V}=tv |OwHwt K]U x@
C@Uv =[=kD VWm QDt=Q=B xm |DQwY QO "OvR=OQB@ u=oOvvmhQYt Q=DiQ w Q=R=@
x@ |OwHwt V}=tv |=yxUik |xR=Ov= V}=Ri= 'OW=@ xDW=O |}q=@ u}tND Q=R=@ x@

"OwW|t x}YwD u=Q}Ot
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|=ypOt |x�=Q= x@ QHvt |iO=YD CQwY x@ xR=D CqwYLt |=[=kD uDiQo Q_v QO
'|D; |=yVywSB QO pOt |xaUwD Qw_vt x@ "OW Oy=wN |QD|OQ@ Q=m w QD|ak=w

"CiQo Q_v QO =Q |Q=Okt h}iND |=yCU=}U u=wD|t

|D; |=yVywSB QO "OwW xO=O xaUwD |@}mQD CQwY x@ =} 'Ci=TB 'xDiQ CUO R=
xaUwD =Q xOW x�=Q= pOt sQwD \}=QW w p} RvD MQv 'pwB VRQ= uDiQo Q_v QO =@ u=wD|t
'Q}N-=D =@ O} QN |=yxv} Ry CN=OQB uOw@ R=Ht uDiQo Q_v QO =@ u=wD|t u}vJty "O=O
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@E@k + (�Cg � Cht1) @t1@k @Q
@E � p1

�Ch w�E2
@t1
@k + (�Cg2 � Ch2 t1)[

@t1
@k + (w � E) @2t1

@E@k ]

= �p1 + (�Cg � Cht1)��mp1e�kp1 (w1���E1��)
�(1��)(m�t1)

w�
E�

�Ch w�E2
��mp1e�kp1 (w1���E1��)

�(1��)(m�t1)

+(�Cg2 � Ch2 t1)
��mp1e�kp1 (w1���E1��)

�(1��)(m�t1)

+(�Cg2 � Ch2 t1)(w � E) �p1me�kp1
�E�(m�t1) [1� me�kp1 (w1���E1��)

�(1��)(m�t1)2 ]

�16�4�
F = @2Z(E;k)

@E2 =

(p1 � Cp � Cgt1 � Ch t12
2 ) @

2Q
@E2 + (�Cg � Cht1) @t1@E

@Q
@E+

(2Cg + Cht1) @t1@E + (�Cg2 � Ch2 t1)(w � E)
@2t1
@E2 � Ch2 (w � E)( @t1@E )2 = (p1 � Cp � Cgt1 � Ch t12

2 )��w�E1+� +

(�Cg � Cht1) me�kp1
�E�(m�t1)

w�
E� + (2Cg + Cht1) me�kp1

�E�(m�t1)

(�Cg2 � Ch2 t1)(w � E)[ m2e2�kp1
�2E2�(m�t1)3 � �me�kp1

�E�+1(m�t1) ]�
Ch2 (w � E)( me�kp1

�E�(m�t1) )2

�17�4�
M = @2Z(E;k)

@k2 = (p1 � Cp � Cgt1 � Ch t12
2 ) @

2Q
@k2 +

(�Cg � Cht1) @t1@k @Q
@k + Ch (�w+E)

2 ( @t1@k )2 + (Cg + Cht1)
(�w+E)

2
@2t1
@k2 = (p1 � Cp � Cgt1 � Ch t12

2 )�
2p12�w�e��kp1

2mh
m2 � (m� T )2i+ (�Cg � Cht1)
��mp1e�kp1 (w1���E1��)

�(1��)(m�t1)
��p1�w�e��kp1

2m
h
m2 � (m� T )2i+

Ch (�w+E)
2 (��mp1e�kp1 (w1���E1��)

�(1��)(m�t1) )2 + (Cg + Cht1)
(�w+E)

2
�2p12me�kp1 (w1���E1��)

�(1��)(m�t1) [me
�kp1 (w1���E1��)
�(1��)(m�t1)2 � 1]
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