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|vRw Ow@tm `tH Qo = sDU}U ẁv u}= QO [20]"Ov=xOQm |UQQ@ =Q OQmrta l =QDW=
C}r@=k |xv=DU; R= '|QFm =OL w O=R=t OOHt `} RwD |Q=Po l =QDW= ẁv wO R= Oa@
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gij =

n
gij;1; gij;2 : : : ; gij;Mi

j

o
&s=i sDU}UQ} R QO s=j |xa]k |iO=YD OQmrta K]U %Gij

&s=i+ 1 w s=i sDU}U Q} R u}@ p=kDv= \N C}iQ_ Kw]U xawtHt %cy;i;i+1
&p=kDv= \w]N C}iQ_ Kw]U O=OaD %Y

&y K]U QO s=i+ 1 w s=i sDU}U Q} R u}@ p=kDv= \N |iO=YD C}iQ_ %Cy;i;i+1

cy;i;i+1 =
n
c1;i;i+1; c2;i;i+1; : : :; cY;i;i+1

o
&s=i sDU}UQ} R |iO=YD |=[=kD w |iO=YD OQmrta u}@ hqDN= %Zi

Zi =
niX
j=1

Gij �Wi = Gi �Wi

&s=i sDU}UQ} R OQmrta Kw]U xawtHt %gi
&s=i sDU}UQ} R OQmrta Kw]U O=OaD %Vi

=Q jQ@ CiQQOy '2019 p=U QO u=Q=mty w =}=UiwO=U "CU= xOW xDiQo Q_v QO
pm C}i}m u=R}t u}}aD |=Q@ |rY= Q=}at w jQ@ xm@W QO |O}rm pt=a u=wvax@
CiQQOy pOt xU '2019 p=U QO u=Q=mty w nvB [23]"OvDiQo Q_v QO jQ@ sDU}U
xU CQwYx@ p=kDv= CiQ QOy sR}v=mt 'sDU}U u}= QO [24]"Ov=xOQm |UQQ@ =Q p=kDv=

%OwW|t h} QaD Cw=iDt pOt
&xrY=i R= |a@=D =yvD "1

&xOW pkDvt OQmrta Q=Okt R= |a@=D =yvD "2
"xOW pkDvt OQmrta Q=Okt w xrY=i R= |a@=D "3

CiQ QOy =@ =Q |=xrLQt C} Qwt=t sDU}U QO p=kDv= \w]N 'u=Q=mty w |r
|UQQ@ OQwt sDU}U p=kDv= \w]N '|QOS= w |} w@= [18]"Ov=xDiQo Q_v QO p=kDv=
|=yVwQ [12]"Ov=xDiQo Q_v QO p=kDv= CiQQOy =@ K]U wO Qy QO =Q OwN
C}r@=k |R=Uxv}y@ |=Q@ xm OvDUy |}=yVwQ xrtH R= |Q=mD@==Qi w |Q=mD@=
'2020 p=U QO u=Q=mty w nvB "OvQ}o|t Q=Qk xO=iDU= OQwt sDU}U u=v}t]=
k-out- sDU}U l} C=a]k |xv}y@ X}YND 'l}DvS sD} Qwor= R= xO=iDU= =@
R= xO=iDU= =@ 7Q}o =Qi Orwt `@=D l}vmD [25]"Ov=xOQm |UQQ@ =Q of-r-from-n:F

OQmrta `} RwD T=U=Q@ =Q xDr=L OvJ sDU}U OQmrta `} RwD pm '|Q@H VwQ
p=U QO u=Q=mty w nv=w "Ovm|t x@U=Lt sDU}U Q=DN=U `@=D w u; QY=va
=Q s}_vD p@=k O}rwD |=ysDU}U |Q}PB?}U; 'VwQ u}= R= xO=iDU= =@ '2020
Qw]x@ =Q sDU}U |}=Q=m VwQ u}= xm OyO|t u=Wv G}=Dv [26]"Ov=xOQm |UQQ@
R= 'u=v}t]= C}r@=k x@U=Lt |=Q@ 'VywSB u}= QO "OyO|t Ow@y@ |yHwD p@=k
xOW xO=iDU= l}DvS sD} Qwor= R= |[=} Q pOt pL |=Q@ w Q}o =Qi Orwt `@=D l}vmD

"CU=
|xwLv w sDU}U Q=DN=U xm Ci=} QO u=wD|t 'xOW s=Hv= C=ar=]t x@ xHwD =@
Vkv sDU}U u=v}t]= C}r@=k h} QaD Q@ OQmrta l =QDW= s} R}v=mt QO OQmrta p=kDv=
OwN O=R=t OQmrta =yOL=w 'OQmrta l =QDW= |=ysDU}U QDW}@ QO "OQ=O |}=RUx@
u}@ xOW pkDvt OQmrta w OvQ=Po|t l =QDW= x@ |rm p=kDv= \N l} j} Q] R= =Q
QO '2018 p=U QO nv=w "CU= OL=w wO u; u}@ |xrY=i R= pkDUt 'OL=w wO
wO u; u}@ |xrY=i x@ xDU@=w =Q OL=w wO u}@ xOW pkDvt OQmrta 'OwN VywSB
l =QDW= x@ OwN Qw=Ht OL=w =@ OL=w l} O=R=t OQmrta w CU= xDiQo Q_v QO OL=w
XNWt =OD@= R= C=a]k ẁv w |QU Q=DN=U 'VywSB u}= QO "OwW|t xDW=Po
=@ xm |R=wt � |QU sDU}U l} u=v}t]= C}r@=k 'Q[=L VywSB QO "CU= xOW
'OQ=Po|t l =QDW= x@ =Q OwN OQmrta nv=w \UwD xOW x�=Q= OQmrta l =QDW= sR}v=mt
w hOy `@=D x@ xHwD =@ 'sDU}UQ} R Qy C=a]k O=OaD w ẁv "CU= xOW |UQQ@
u=Q=mty w nvB "OwW|t u}}aD l}DvS sD} Qwor= R= xO=iDU= =@ xr�Ut C}OwOLt
ZQi =@ w |QU Q=DN=U l} QO =Q OwN p=kDv= CiQQOy |=ypOt '2019 p=U QO
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|O=yvW}B pOt KQW "3
C=a]k w xOW p}mWD Cw=iDt sDU}UQ} R N R= xm |R=wt � |QU sDU}U l}
|xa]k "OwW|t xDiQo Q_v QO 'OvDUy `} RwD sy w u=Um} sDU}UQ} R Qy pN=O
OwW|t xO=O u=Wv gij =@ xm OQ=O |irDNt OQmrta Kw]U 's=i sDU}UQ} R QO s=j
OQmrta K]U "a > b |=Q@ gij;a > gij;b xm gij =

�
gij;1; gij;2 : : : ; gij;Mi

j

�
|xawtHt R= =Q OwN Q=Okt xm CU= |iO=YD Q}eDt l} 'QwmPt |xa]k |=Q@ Gij
QO s=j |xa]k |iO=YD OQmrta K]U |xOvyO u=Wv Gij 'u}=Q@=v@ "OQ}o|t gij

"CU= s=i sDU}UQ} R
R= "O};|tCUOx@ sDU}UQ} R u; C=a]k OQmrta `tH =@ s=i sDU}UQ} R OQmrta
pY=L Zi Q}eDt 's=i sDU}UQ} R |iO=YD |=[=kD w |iO=YD OQmrta u}@ hqDN=

%Qo = xm "OwW|t
&OQ=O O=R=t OQmrta sDU}UQ} R w C@Ft u; Q=Okt 'OW=@ niP

j=1
Gij > Wi "1

"OQ=O OQmrta Ow@tm sDU}UQ} R w |ivt u; Q=Okt 'OW=@ Wi >
niP
j=1

Gij "2
|=Q=O xm p=kDv= \w]N j} Q] R= =Q OwN O=R=t OQmrta =OD@= i+ 1 w i sDU}UQ} R
OL=w l} CQwYx@ TBU w xDW=Po l =QDW= x@ Qo}Om} =@ 'CU= OQmrta CiQQOy

"OvQ=Po|t l =QDW= =@ OwN Qw=Ht sDU}UQ} R =@ =Q OwN OQmrta
Q}eDt l} i + 1 w i sDU}UQ} R u}@ p=kDv= \N C}iQ_
cy;i;i+1 = |xawtHt R= =Q OwN Q=Okt xm CU= xDr=L OvJ |iO=YD
|xOvyO u=WvCy;i;i+1 "OQ}o|t

n
c1;i;i+1; c2;i;i+1; : : :; cY;i;i+1

o
"CU= 'OQ=O Q=Qk s= Cr=L QO |Dkw i+ 1 w i sDU}UQ} R u}@ p=kDv= \N C}iQ_
R= =Q OwN OQmrta R= |Q=Okt 'OQmrta p=kDv= u}L QO \w]N u}= 'u}vJty
O=tv =@ w CU= p=kDv= p@=k Q=Okt w xrY=i R= |a@=D CiQQOy u}= "OvyO|t CUO
?} Q[ =@ p=kDv= p@=k Q=Okt "OwW|t xO=O u=Wv �k;k+1 = f (Lk;k+1; Yk)

"O@=}|t Vy=m �k;k+1
x@ Ov=wD|t sDU}U 'OwW|t xOQw;Q@ =ysDU}UQ} R |xty |=[=kD xm |v=tR =D
"Ovm|t u}}aD =Q u; u=v}t]= C}r@=k sDU}U uOQm Q=m p=tDL= "OyO xt=O= OwN Q=m

u; u=v}t]= C}r@=k |@=} RQ= w |O=yvW}B pOt p}rLD "4
=} w |atHD O=R=t OQmrta u=R}t '|O=yvW}B pOt |UQQ@ |=Q@ =OD@= 'VN@ u}= QO
sDU}UQ} R u} QN; QO 'Q_v OQwt sDU}U p}mWD R= xrLQt Qy |atHD OQmrta Xkv
p}mWD |=ysDU}UQ} R u}@ p=kDv= p@=k OQmrta Q=Okt 'TBU "OwW|t x@U=Lt u;
u=R}t w p=kDv= \N C}iQ_ Q}O=kt x@ xHwD =@ 'xrLQt u; sDU}UQ} R u} QN; w xOW
p=ta= =@ C}=yv QO w OwW|t u}}aD |atHD OQmrta Xkv =} w |atHD O=R=t OQmrta
u}}aD |=Q@ 'u=}=B QO "O@=}|t Vy=m |QDtm Q=Okt x@ '\w]N p=kDv= CiQQOy ?} Q[
|atHD OQmrta Xkv =} |atHD O=R=t OQmrta C}a[w 'sDU}U pm u=v}t]= C}r@=k
'sDU}U u=v}t]= C}r@=k |@=} RQ= CyH "OQ}o|t Q=Qk |UQQ@ OQwt QN= sDU}UQ} R QO

"OwW|t xO=iDU= Q}o =Qi Orwt `@=D VwQ R=

|O=yvW}B pOt p}rLD "1"4
Q_v QO B1 OL=w u=wvax@ w OQ=O OwHw pw= sDU}UQ} R \ki 'sDU}U QO "1 s=o

&s=i sDU}UQ} R s=v OQmrta K]U %gi;v
gi =

n
gi;1; gi;2; : : :; gi;Vi

o
&s=i sDU}UQ} R OQmrta pm %Gi

Gi =
niX
j=1

Gij

&s=i sDU}UQ} R |=[=kD Kw]U xawtHt %wi
&s=i sDU}UQ} R |=[=kD Kw]U O=OaD %Xi
&s=i sDU}UQ} R s=x |=[=kD K]U %wi;x

wi =
n
wi;1; wi;2; : : :; wi;Xi

o
&s=i sDU}UQ} R |=[=kD pm %Wi

&1 : : : k |=ysDU}UQ} R R= xOW p}mWD OL=w %Bk
&Bk |atHD O=R=t OQmrta %Sk

&p=kDv= CiQQOy uDiQo Q_v QO uwO@ Bk p=kDv= p@=k Q=Okt %Yk
&�p=kDv= xrY=i� k + 1 w k sDU}UQ} R u}@ p=kDv= \N pw] %Lk:k+1

&xQ}eDt wO `@=D l} %f
&Gij Q}o =Qi Orwt `@=D %UGij
&Gi Q}o =Qi Orwt `@=D %UGi
&Wi Q}o =Qi Orwt `@=D %UWi
&Zi Q}o =Qi Orwt `@=D %UZi
&Sk Q}o =Qi Orwt `@=D %USk

&Cy;k;k+1 Q}o =Qi Orwt `@=D %UCy;k;k+1
&Yk Q}o =Qi Orwt `@=D %UYk

&sDU}U u=v}t]= C}r@=k %R
&xQ}eDt wO `@=D l} %'(0; 0)

Yk = ' (Sk; Cy;k;k+1)

&k + 1 w k sDU}UQ} R u}@ p=kDv= CiQQOy ?} Q[ %�k;k+1

�k;k+1 = f (Lk;k+1; Yk)

&p=kDv= CiQQOy uDiQo Q_v QO =@ Bk p=kDv= p@=k Q=Okt %Y �
k

Y �
k = Yk ��k;k+1

&Y �
k Q}o =Qi Orwt `@=D %UY�

k

&Ovm Q=}DN= =Q gij;m Q=Okt Gij xa]k OQmrta K]U xmv}= p=tDL= %�ij;m
&gi;v OwW Q=Okt Q@=Q@ Gi sDU}UQ} R OQmrta K]U xmv}= p=tDL= %
i;v

&Ovm Q=}DN= =Q wi;x Q=Okt Wi sDU}UQ} R |=[=kD K]U xmv}= p=tDL= %�i;x
&Ovm Q=}DN= =Q zi;e Q=Okt Zi xmv}= p=tDL= %�i;e
&Ovm Q=}DN= =Q sk;t Q=Okt Sk xmv}= p=tDL= %�k;t

&Ovm Q=}DN= =Q cy;k;k+1 Q=Okt Cy;k;k+1 xmv}= p=tDL= %!y;k;k+1
&Ovm Q=}DN= =Q yk;o Q=Okt Yk xmv}= p=tDL= % k;o

&Ovm Q=}DN= =Q y�
k;o Q=Okt Y �

k xmv}= p=tDL= % �
k;o

y�
k;o = yk;o ��k;k+1

"Q}o =Qi Orwt Qorta %
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Ovyt \N C}iQ_ R= Bk OL=w OQmrta Xkv |va} 'OW=@ �Sk > Cy;k;k+1 Qo = "1

"xOQm Rw=HD (Cy;k;k+1) 's=y Cr=L QO s=k+ 1 w s=k sDU}UQ} R u}@ p=kDv=
sDU}U w OwW|tv u=Q@H =ysDU}UQ} R Qo}O j} Q] R= RoQy OQmrtaXkv 'u}=Q@=v@

&CU= Yk = (�1) Cr=L u}= QO ODi=|t Q=m R=
C}iQ_ R= Bk OL=w O=R=t OQmrta |va} 'OW=@ Sk > Cy;k;k+1 Qo = "2
(Cy;k;k+1) 's=y Cr=L QO s=k + 1 w s=k sDU}UQ} R u}@ p=kDv= \N
(Cy;k;k+1) p=kDv= \N C}iQ_ x@ OwOLt OQmrta 'u}=Q@=v@ "CU= QDW}@
x@ Ov=wD|t xm |O=R=t OQmrta Q=Okt u} QDW}@ 'Cr=L u}= CLD "OwW|t
Yk = Ow@ Oy=wN p=kDv= \N C}iQ_ Q@=Q@ 'OwW pkDvt k + 1 sDU}UQ} R

&Cy;k;k+1

Ov=wD|t Bk OL=w O=R=t OQmrta |va} 'OW=@ 0 � �Sk � Cy;k;k+1 Qo = "3
&CU= Yk = Sk Cr=L u}= QO "OwW pkDvt s=k + 1 sDU}UQ} R x@

R= Bk OL=w OQmrta Xkv |va} 'OW=@ 0 � Sk � Cy;k;k+1 Qo = "4
Yk = Sk 'R}v Cr=L u}= QO "OwW u}t-=D Ov=wD|t k + 1 sDU}UQ} R

"CU=
p@=k Q=Okt 'u}=Q@=v@ 'OvW=@|t p=kDv= CiQQOy |=Q=O p=kDv= \w]N xmv}= x@ xHwD =@

"OwW|t p}O@D Y �
k Q=Okt x@ w O@=}|t Vy=m �k;k+1 ?} Q[ =@ Yk p=kDv=

sDU}U OwW XNWt xmv}= |=Q@ 'u}=Q@=v@ "OQ}o|t Q@ QO =Q sDU}U pm BN =Q} R
wO "OwW|t |UQQ@ (SN ) |atHD O=R=t OQmrta 'xv =} OyO|t xt=O= OwN Q=m x@

%R= CU= CQ=@a umtt Cr=L
Q=m x@ w OQ=O O=R=t OQmrta s=N sDU}UQ} R QO sDU}U 'OW=@ SN � 0 Qo = "1

&OyO|t xt=O= OwN
C}r@=k "ODi=|t Q=m R= w OQ=O OQmrta Ow@tm sDU}U 'OW=@ SN < 0 Qo = "2
|ivtQ}e Q}O=kt SN xm |}=yCr=L Cq=tDL= `tH CQwYx@ sDU}U u=v}t]=

"OwW|t h} QaD 'OQ}o|t

R = P (SN � 0) =
1X
K=0

P (SN = K) (11)

l =QDW= sR}v=mt uwO@ 'xO=U |R=wt � |QU Q=DN=Ul} x@ sDU}U 'OW=@C = 0 Qo =
%OwW|t x@U=Lt Q} R x]@=Q R= u=v}t]= C}r@=k w OwW|t p}O@D OQmrta

R = P

(
NX
i=1

max (Wi �Gi; 0) = 0
)

= P

(
NY
i=1

(Wi � Gi)
)
(12)

u; xDr=L OvJ C=a]k |xty xm |R=wt Q=DN=U l} x@ sDU}U 'OW=@ C =1 Qo =
x]@=Q R= u=v}t]= C}r@=k w OwW|t p}O@D 'Ov=xOW pYDt Qo}Om} x@ |R=wt CQwYx@

%OwW|t x@U=Lt Q} R

R = P

(
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NX
i=1

Wi �
NX
i=1

Gi

)
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NX
i=1

Wi �
NX
i=1

Gi

)
(13)

sDU}U 'OwW xOQw;Q@ OwN OQmrta =@ sDU}UQ} R u}= |=[=kD Qo = w OwW|t xDiQo
"Ovm|t Q=m

S1 = Z1 + Y �0 (1)

Y �0 = 0 (2)

sDU}UQ} R O=R=t OQmrta w OwW|t pYDt sDU}U x@ swO sDU}UQ} R 'TBU "2 s=o
�1;2 p=kDv= CiQQOy ?} Q[ =@ w Cy;1;2 C}iQ_ =@ p=kDv= \N j} Q] R= pw=
QO B2 OL=w u=wvax@ swO w pw= sDU}UQ} R w OwW|t pkDvt swO sDU}UQ} R x@

"OwW|t xDiQo Q_v
S2 = Y �1 + Z2 (3)

Y �1 = Y1 ��1;2 (4)

O=R=t OQmrta w OwW|t pYw swO sDU}UQ} R x@ swU sDU}UQ} R u; R= TB "3 s=o
C}iQ_ =@ p=kDv= \N j} Q] R= 'CU= xOW `tH swO sDU}UQ} R QO xm B2 OL=w
w OwW|t pkDvt swU sDU}UQ} R x@ �2;3 p=kDv= CiQQOy ?} Q[ =@ w Cy;2;3

"OvyO|t p}mWD =Q swU sDU}UQ} R B3 w B2 xt=O= QO
'OW p}mWD 1; 2; : : : ; k OL=w u=wvax@ sDU}UQ} R xmv}= R= Oa@ 'x@=Wt Qw] x@
j} Q] R= k+1 sDU}UQ} R w Bk OL=w "OwW|t pYDt Bk OL=w u}= x@ sDU}UQ} R
"Ovvm|t xrO=@t =Q O=R=t OQmrta '�k;k+1 p=kDv= CiQQOy ?} Q[ =@ Cy;k;k+1
'OwW|t pYDt Bk OL=w x@ s=k sDU}UQ} R j} Q] R= k+ 1 sDU}UQ} R xm =Hv; R=
"OwW|t x@U=Lt k sDU}UQ} R QO Bk OL=w OQmrta Ow@tm =} O=R=t OQmrta 'u}=Q@=v@

"OyO|t p}mWD =Q sDU}U pm BN 'C}=yv QO
Yk = ' (Sk; Cy;k;k+1) (5)

�k;k+1 = f (Lk;k+1; Yk) (6)

Y �
k = Yk ��k;k+1 (7)

Zk+1 = Gk+1 �Wk+1 (8)

Sk+1 = Y �
k + Zk+1 (9)

OL=w |atHD OQmrta Xkv =} w |atHD O=R=t OQmrta |xOvyO u=Wv Q}eDt u}= %Sk
&CU= s=k sDU}UQ} R QO Bk

&OQ=O s=k sDU}UQ} R QO Sk xR=Ov= x@ O=R=t OQmrta Bk OL=w 'OW=@ C@Ft Qo = "1
s= k sDU}UQ} R QO (�Sk) xR=Ov= x@ OQmrta Ow@tm Bk OL=w 'OW=@ |ivt Qo = "2

"OQ=O
&CU= s=k + 1 sDU}UQ} R O=R=t OQmrta |xOvyO u=Wv Q}eDt u}= %Zk+1

k + 1 sDU}UQ} R x@ Ov=wD|t xm Bk OL=w O=R=t OQmrta Q=Okt Q}eDt u}= %Yk
p@=k Q=Okt� CU= Ovm Ci=} QO xm Bk OL=w OQmrta Ow@tm Q=Okt =} w OyO@

"CU= Cy;k;k+1 w Sk R= |a@=D Q}eDt u}= "�p=kDv=

Yk = ' (Sk; Cy;k;k+1) = (�1) I (�Sk > Cy;k;k+1) +

Cy;k;k+1I (Sk > Cy;k;k+1) + SkI (jSkj � Cy;k;k+1)
(10)

%R= OvDQ=@a sDU}U |=Q@ umtt Cr=L Q=yJ "CUy Qov=Wv `@=D If0g O=tv
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RQ=x@U=Lt Q} R x]@=Q R= u; Orwt `@=D w OwW|t p}O@D Y �
k x@ p=kDv= p@=k Q=Okt w O@=}|t

%OwW|t

U�
Yk (Z) = UYk ��k;k+1 =

OkX
o=1

 �
k;oZ

yk;o��k;k+1 (21)

"CU=  �
k;o = P

�
Y �
k = yk;o ��k;k+1

	
=  k;o u; QO xm

USk (Z) = 
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�
U�
Yk�1 ; UZk

�
=

Ok�1P
o=1

EkP
e=1

 �
k�1;o�k;eZ(yk�1;o��k�1;k+zk;e) =

TkP
t=1

�k;tZsk;t

(22)

u; QO xm
�k;t =

Ok�1P
o=1

EkP
e=1

 �
k�1;o�k;eI fyk�1;o ��k�1;k + zk;e = sk;tg

= P fSk = sk;tg
CQwYx@ sDU}U u=v}t]= C}r@=k 'C}=yv QO "CU= Qov=Wv `@=D If:g O=tv w CU=

%OwW|t x@U=Lt Q} R

R =
TNX
t=1

�N;tI fSN;t � 0g (23)

%CU= Q} R C}OwOLt |=Q=O jwi pOt

MaxRs =
TNX
t=1

�N;tI fSN;t � 0g (24)

NX
i=1

niCiai � C (25)

X}YND |xv} Ry QFm =OL R= O}=@ xm OyO|t u=Wv =Q sDU}U pm |xv} Ry 'x]@=Q u}=
"OW=@ QDtm sDU}U u}= Q=DN=U |Q}opmW |=Q@ xOW xO=O

|OOa p=Ft "5
Qo}Om} x@ |QU CQwYx@ xm Cw=iDt w pkDUt sDU}UQ} R Q=yJ pt=W 'sDU}U l}
w u=Um} sDU}UQ} R Qy pN=O C=a]k "CU= xOW xDiQo Q_v QO 'Ov=xOW pYDt
C=a]k ẁv w O=OaD "Ov=xOW pYDt Qo}Om} x@ |R=wt CQwYx@ w OvDUy pkDUt
sD} Qwor= |=QH= =@ xr�Ut C}OwOLt w hOy `@=D x@ xHwD =@ sDU}UQ} R Qy pN=O
xOW xOQw; 11 |r= 2 |=ypwOH xr�Ut x@ \w@ Qt |=yxO=O "Ov=xOW u}}aD l}DvS
'sDU}U u}= Q=DN=U |Q}opmW |=Q@ xOW xO=O X}YND |xv} Ry QFm =OL "CU=
sDU}UQ} R u}@ p=kDv= CiQQOy ?} Q[ u}vJty "CU= "(C = 160) OL=w 160
|UQQ@ ẁ[wt wO p=Ft u}= QO "(�k;k+1 = 0=9) CU= 0/9 Q@=Q@ k + 1 w k
Q}F-=D "2 sDU}U u=v}t]= C}r@=k Q@ OQmrta l =QDW= sR}v=mt Q}F-=D "1 %CU= xOW

"sDU}U u=v}t]= C}r@=k Q@ p=kDv= CiQQOy
sDU}U u=v}t]= C}r@=k Q@ OQmrta l =QDW= sR}v=mt Q}F-=D |UQQ@ "1

sR}v=mt =@ sDU}UQ} R Qy O=R=t OQmrta xm |Dr=L QO sDU}U u=v}t]=C}r@=k =OD@=
x@ p=kDv= CiQQOy |=Q=O w xDr=L OvJ p=kDv= \N C}iQ_ =@ OQmrta l =QDW=
Q@=Q@ p=kDv= \N C}iQ_ 'TBU "CU= xOW |@=} RQ= 'OwW|t xDW=Po l =QDW=

sDU}U u=v}t]= C}r@=k |@=} RQ= "2"4
`} RwD u}}aD |=Q@ xm CU= |WwQ 'Q}o =Qi Orwt `@=D 'OW xQ=W= QDV}B xm Qw]v=ty
xO=iDU= 'u; QY=va OQmrta |=y`} RwD T=U=Q@ xDr=L OvJ sDU}U pm OQmrta
Orwt `@=D l}vmD R= xO=iDU= =@ |O=yvW}B sDU}U u=v}t]= C}r@=k 'xt=O= QO "OwW|t

"OwW|t x@U=Lt Q}o =Qi
Q} R x]@=Q R= s=i sDU}UQ} R QO s=j |xa]k OQmrta K]U Q}o =Qi Orwt `@=D

%OwW|t x@U=Lt

UGij (Z) =
Mi
jX

m=1
�ij;mZ

gij;m (14)

�ij;m = =@ CU= Q@=Q@ xm CU= Gij Q}eDt p=tDL= |r=oJ `@=D �ij;m u; QO xm
Q} R CQwYx@ s=i sDU}UQ} R OQmrta K]U Q}o =Qi Orwt `@=D P �Gij = gij;m

	
%OwW|t x@U=Lt

UGi (Z) = 
sum
�
UGi1 ; UGi2 ; : : :; UGini

�
=

ViX
v=1


i;vZgi;v

(15)

sDU}UQ} R |=[=kD K]U Q}o =Qi Orwt `@=DCU= 
i;v = P fGi = gi;vg u; QO xm
%OwW|t x@U=Lt Q} R CQwYx@

UWi (Z) =
XiX
x=1

�i;xZwi;x (16)

"CU= �i;x = P fWi = wi;xg u; QO xm

UZi (Z) = 
sub (UGi ; UWi) =
EiX
e=1

�i;eZzi;e (17)

zi =

(
zi;1; z

i;2; : : :;
zi;Ei

)
w �i;e = P fZi = zi;eg u; QO xm

"CU= Q}eDt u}= Kw]U xawtHt

USk (Z) =
TkX
t=1

�k;tZsk;t (18)

"CU= �k;t = P fSk = sk;tg u; QO xm

UCy;k;k+1 (Z) =
YX
y=1

!y;k;k+1Zcy;k;k+1 (19)

"CU= !y;k;k+1 = P fCy;k;k+1 = cy;k;k+1g u; QO xm
UYk(Z)=
'

�
USk ; UCy;k;k+1

�
=

TkP
t=1

YP
y=1

�k;t!y;k;k+1Z'(sk;t;cy;k;k+1) =
OkP
o=1

 k;oZyk;o
(20)

 k;o =
TkP
t=1

YP
y=1

�k;t!y;k;k+1I f' (sk;t; cy;k;k+1) = yk;og
= P fYk = yk;og

u; QO xm
"CU= Qov=Wv `@=D If:g O=tv w CU=

Vy=m �k;k+1 ?} Q[ =@ Yk Q=Okt 'p=kDv= \N p=kDv= CiQQOy x@ xHwD =@
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2|
xQ=t

W'
39

|xQ
wO'

�14
02

u=DU
tR�

h}
QW

C}
Q}Ot

w`}
=vY

|U
Ovyt "pw= sDU}UQ} R QO C=a]k OQmrta R= p=tDL= sQH `@=D Q}O=kt "2 pwOH

�ij;1 gij;1 �ij;2 gij;2 �ij;3 gij;3 �ij;4 gij;4 �ij;5 gij;5 j

0/05 0 0/05 4 0/1 6 0/6 8 0/2 10 1
0/05 0 0/1 5 0/05 7 0/3 9 0/5 11 2
0/05 0 0/3 6 0/05 8 0/4 10 0/2 12 3
0/05 0 0/05 7 0/1 9 0/4 10 0/4 13 4
0/05 0 0/05 8 0/3 10 0/2 11 0/4 13 5
0/05 0 0/3 9 0/1 11 0/05 12 0/5 14 6

"swO sDU}UQ} R QO C=a]k OQmrta R= p=tDL= sQH `@=D Q}O=kt "3 pwOH
�ij;1 gij;1 �ij;2 gij;2 �ij;3 gij;3 �ij;4 gij;4 �ij;5 gij;5 j

0/05 0 0/05 2 0/1 3 0/4 5 0/4 6 1
0/05 0 0/05 2 0/2 4 0/3 6 0/4 7 2
0/05 0 0/05 3 0/3 5 0/1 7 0/5 8 3
0/05 0 0/05 4 0/3 5 0/3 8 0/3 9 4
0/05 0 0/1 5 0/05 6 0/4 9 0/4 10 5
0/05 0 0/05 6 0/4 7 0/2 10 0/3 11 6

"swU sDU}UQ} R QO C=a]k OQmrta R= p=tDL= sQH `@=D Q}O=kt "4 pwOH
�ij;1 gij;1 �ij;2 gij;2 �ij;3 gij;3 �ij;4 gij;4 �ij;5 gij;5 j

0/05 0 0/05 1 0/2 4 0/3 6 0/4 9 1
0/05 0 0/1 2 0/05 5 0/4 7 0/4 10 2
0/05 0 0/05 3 0/2 6 0/3 8 0/4 10 3
0/05 0 0/05 4 0/1 7 0/2 9 0/6 11 4
0/05 0 0/05 5 0/2 8 0/2 9 0/5 12 5
0/05 0 0/1 6 0/05 9 0/3 10 0/5 13 6

"sQ=yJ sDU}UQ} R QO C=a]k OQmrta R= p=tDL= sQH `@=D Q}O=kt "5 pwOH
�ij;1 gij;1 �ij;2 gij;2 �ij;3 gij;3 �ij;4 gij;4 �ij;5 gij;5 j

0/05 0 0/05 6 0/2 8 0/4 10 0/3 12 1
0/05 0 0/05 7 0/3 9 0/3 11 0/3 13 2
0/05 0 0/05 8 0/1 10 0/5 12 0/3 13 3
0/05 0 0/05 9 0/2 11 0/2 13 0/5 14 4
0/05 0 0/05 9 0/1 12 0/5 14 0/3 15 5
0/05 0 0/05 10 0/5 13 0/3 15 0/1 16 6

"=ysDU}UQ} R |=[=kD R= p=tDL= sQH `@=D Q}O=kt "6 pwOH
�i;1 Wi;i �i;2 wi;2 �i;3 wi;3 �i;4 wi;4 �i;5 wi;5 i

0/1 6 0/2 9 0/2 14 0/4 16 0/1 18 1
0/1 4 0/3 8 0/3 11 0/2 15 0/1 20 2
0/1 4 0/4 6 0/3 9 0/1 10 0/1 14 3
0/1 8 0/2 13 0/1 17 0/2 20 0/4 25 4

"p=kDv= \N C}iQ_ R= p=tDL= sQH `@=D Q}O=kt "7 pwOH
!1;k;k+1 c1;k;k+1 !2;k;k+1 c2;k;k+1 !3;k;k+1 c3;k;k+1 Cy;k;k+1

0/1 0 0/3 10 0/6 20 Cy;1;2
0/1 0 0/3 10 0/6 20 Cy;2;3
0/1 0 0/3 10 0/6 20 Cy;3;4
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Q=mt
yw

|H
v=}t

|v=t
mQDs

}Qt/
"""|

R=wt
�|

QU
|=y

sDU
}Uu

=v}t
]=C

}r@=k
|@=}

RQ=

"pw= sDU}UQ} R QO xa]k ẁv Qy |xv} Ry "8 pwOH
6 ẁv xa]k xv} Ry 5 ẁv xa]k xv} Ry 4 ẁv xa]k xv} Ry 3 ẁv xa]k xv} Ry 2 ẁv xa]k xv} Ry 1 ẁv xa]k xv} Ry

18 16 14 12 10 8

"swO sDU}UQ} R QO xa]k ẁv Qy |xv} Ry "9 pwOH
6 ẁv xa]k xv} Ry 5 ẁv xa]k xv} Ry 4 ẁv xa]k xv} Ry 3 ẁv xa]k xv} Ry 2 ẁv xa]k xv} Ry 1 ẁv xa]k xv} Ry

15 13 11 9 7 5

"swU sDU}UQ} R QO xa]k ẁv Qy |xv} Ry "10 pwOH
6 ẁv xa]k xv} Ry 5 ẁv xa]k xv} Ry 4 ẁv xa]k xv} Ry 3 ẁv xa]k xv} Ry 2 ẁv xa]k xv} Ry 1 ẁv xa]k xv} Ry

17 15 13 11 9 7

"sQ=yJ sDU}UQ} R QO xa]k ẁv Qy |xv} Ry "11 pwOH
6 ẁv xa]k xv} Ry 5 ẁv xa]k xv} Ry 4 ẁv xa]k xv} Ry 3 ẁv xa]k xv} Ry 2 ẁv xa]k xv} Ry 1 ẁv xa]k xv} Ry

20 18 16 14 12 10

"|OOa p=Ft QO OQmrta l =QDW= sR}v=mt Q}F-=D |UQQ@ CyH sD} Qwor= |HwQN G}=Dv "12 pwOH

C=a]k O=OaD CiQQOy ?} Q[ 4 3 2 1 sDU}UQ} Rp=kDv=
4 0/9 4 1 3 1 C=a]k ẁv

4 4 4 4 C=a]kO=OaD
sDU}U |xv} Ry xv} Ry QFm =OL 0=9984 0=9963 0=9874 0=9968 u=v}t]= C}r@=k

sDU}UQ} R
160 160 64 28 36 32 sDU}UQ} R |=yxv} Ry

"p=kDv= \N C}iQ_ Cw=iDt |=yCr=L QO sDU}U u=v}t]= C}r@=k "13 pwOH
u=v}t]= C}r@=k

sDU}U B4 B3 B2 B1 Bk
0=999225341 0=9992 0=9991 0=998 0=9968 Cy;k;k+1 = [20; 10 0]

0=979028934 0=979 0=9806 0=9843 0=9968 p=kDv= \N C}iQ_
QiY =@ Q@=Q@

0=999999426 0=9999 0=9999 0=9996 0=9968 p=kDv= \N C}iQ_
C}=yv|@ =@ Q@=Q@

\N C}iQ_ =@ OQmrta l =QDW= sR}v=mt =@ xm |Dr=L QO sDU}U %G}=Dv p}rLD
uwO@ xm |Dr=L x@ C@Uv 'Ovm|t Q=m p=kDv= CiQQOy |=Q=O w xDr=L OvJ p=kDv=
Qo = 'u}vJty "OQ=O |QDq=@ u=v}t]= C}r@=k 'CU= OQmrta l =QDW= sR}v=mt
pkDvt xv=O=R; O=R=t OQmrta 'OW=@ nQR@ =ysDU}UQ} R u}@ p=kDv= \N C}iQ_
Q=m R1 = 0=999999426 u=v}t]= C}r@=k =@ Ov=wD|t sDU}U w OwW|t

"O@=}|t Ow@y@ u=v}t]= C}r@=k 'p=kDv= \N C}iQ_ V}=Ri= =@ 'u}=Q@=v@ "Ovm

� |QU Q=DN=U l} x@ sDU}U 'Cr=L u}= QO "CU= xOW xDiQo Q_v QO QiY
C}iQ_ 'QN; QO "OwW|t p}O@D OQmrta l =QDW= sR}v=mt uwO@ w xO=U |R=wt
'Cr=L u}= QO "CU= xOW xDiQo Q_v QO �C}=yv|@� Q=Okt QFm =OL p=kDv= \N
x@ |R=wt CQwY@ u; xDr=L OvJ C=a]k |xty xm |R=wt Q=DN=U l} x@ sDU}U
sD} Qwor= |=QH= G}=Dv 13 w 12 pwOH "OwW |t p}O@D Ov=xOW pYDt Qo}Om}

"OyO|t u=Wv =Q l}DvS
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xQ=t

W'
39

|xQ
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�14
02

u=DU
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h}
QW
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w`}
=vY

|U
Ovyt "|OOa p=Ft QO p=kDv= CiQQOy Q}F-=D |UQQ@ CyH sD} Qwor= |HwQN G}=Dv "14 pwOH

C=a]k O=OaD CiQQOy ?} Q[ 4 3 2 1 sDU}UQ} Rp=kDv=
4 � 4 4 3 1 C=a]k ẁv

4 2 4 4 C=a]kO=OaD
sDU}U |xv} Ry xv} Ry QFm =OL 0=9984 0=9738 0=9874 0=9968 u=v}t]= C}r@=k

sDU}UQ} R
158 160 64 26 36 32 sDU}UQ} R |=yxv} Ry

"p=kDv= CiQQOy ?} Q[ hrDNt |=yCr=L QO sDU}U u=v}t]= C}r@=k "15 pwOH
0=5 0=6 0=7 0=8 0=9 1 CiQQOy ?} Q[

p=kDv=
0=998474001 0=998656594 0=998807528 0=998850366 0=998904616 0=998955913 u=v}t]= C}r@=k

sDU}U

"|R=wt � |QU Q=DN=U u=v}t]= C}r@=k "16 pwOH
p=kDv= CiQQOy ?} Q[ 4 3 2 1 sDU}UQ} R

0/9 1 2 1 5 2 C=a]k ẁv
C}=yv|@ xDr=LOvJ QiY C}=yv|@ xDr=LOvJ QiY p=kDv= \N C}iQ_ 4 4 3 4 C=a]kO=OaD

0=999999244 0=9988 0=96 0=999999614 0=9989 0=96 u=v}t]= C}r@=k 0=994 0=9963 0=9791 0=9986 u=v}t]= C}r@=k
sDU}U sDU}UQ} R

"|QU Q=DN=U u=v}t]= C}r@=k "17 pwOH
p=kDv= CiQQOy ?} Q[ 4 3 2 1 sDU}UQ} R

0=9 1 2 1 5 2 C=a]k ẁv
C}=yv|@ xDr=LOvJ QiY C}=yv|@ xDr=LOvJ QiY p=kDv= \N C}iQ_ 1 1 1 1 C=a]kO=OaD
0=044 0=036 0=006 0=048 0=04 0=006 u=v}t]= C}r@=k 0=15 0=49 0=235 0=245 u=v}t]= C}r@=k

sDU}U sDU}UQ} R

CUOx@ G}=Dv =@ l}DvS sD} Qwor= pL R= xOt; CUOx@ G}=Dv "CU= xOW xDiQo Q_v
sDU}U u=ty u=v}t]= C}r@=k |@=} RQ= |x} wQ |xrLQt x@ xrLQt |x@U=Lt R= xOt;
OQmrta QO sDU}U Q=DN=U xm =Hv; R= 'TBU "OQ=O Ck@=]t 'QDw}Bt=m R= xO=iDU= uwO@
C}r@=k Q@ Q=DN=U Q}F-=D CtUk u}= QO 'OQ=O |U=U= Vkv =yu; \=@DQ= w =ysDU}UQ} R
O=OaD '|R=wt � |QU Q=DN=U QO xmv}= x@ xHwD =@ "CU= xOW |UQQ@ sDU}U u=v}t]=
C}r@=k h} QaD |iQ] R= w O@=}|t V}=Ri= |QU Q=DN=U x@ C@Uv sDU}U C=a]k
Q=DN=U ẁv x@ xHwD =@ 'OvQ=O OQmrta l =QDW= sR}v=mt xm |}=ysDU}U QO u=v}t]=
|QDq=@ u=v}t]= C}r@=k |R=wt-|QU sDU}U OwQ|t Q=_Dv= 'CU= Q}eDt sDU}U
pOt u=v}t]= C}r@=k ' ẁ[wt u}= |UQQ@ |=Q@ "OW=@ xDW=O |QU sDU}U x@ C@Uv
|@=} RQ= 'CU= xOW x�=Q= 2018 p=U QO nv=w \UwD xm u; |QU pOt w |O=yvW}B

"CU= xOW
u=v}t]= C}r@=k xm CiQo xH}Dv u=wD|t 17 w 16 pwOH |=yxO=O |xU}=kt =@
\w]N |=yCr=L |xty QO w sDU}U |=yCr=L |xty QO |R=wt � |QU sDU}U
"CU= QDq=@ Q=}U@ 'u=Um} \}=QW =@ |QU sDU}U u=v}t]= C}r@=k x@ C@Uv p=kDv=
sDU}U u=v}t]= C}r@=k QO |O=} R Ow@y@ Q=DN=U Q}}eD =@ VywSB u}= QO 'u}=Q@=v@

"CU= xOW pY=L

sDU}U u=v}t]= C}r@=k Q@ p=kDv= CiQQOy Q}F-=D "2
OQmrta xm |Dr=L QO sDU}U u=v}t]= C}r@=k =OD@= 'Cr=L u}= |UQQ@ |=Q@
OvJ p=kDv= \N C}iQ_ =@ OQmrta l =QDW= sR}v=mt =@ sDU}UQ} R Qy O=R=t
"CU= xOW |@=} RQ= 'OwW|t xDW=Po l =QDW= x@ p=kDv= CiQQOy uwO@ w xDr=L
|UQQ@ Cw=iDt p=kDv= CiQQOy ?} Q[ |=R= x@ sDU}U u=v}t]= C}r@=k 'TBU
u=Wv =Q l}DvS sD} Qwor= |=QH= G}=Dv 15 w 14 |=ypwOH "CU= xOW

"OyO|t
uwO@ OQmrta l =QDW= sR}v=mt \w]N xm |Dr=L QO sDU}U %G}=Dv p}rLD
CiQQOy ?} Q[ xJ Qy "OQ=O =Q u=v}t]= C}r@=k u} QDq=@ 'CU= p=kDv= CiQQOy
sDU}U w xDi=} Vy=m sy p=kDv= p@=k OQmrta Q=Okt 'O@=}|t Vy=m p=kDv= \w]N

"Ovm|t Q=m |QDu}}=B u=v}t]= C}r@=k =@

|O=yvW}B pOt |HvUQ=@Da= w |@=} RQ= "6
QO sDU}UQ} R xU =@ w QDmJwm O=a@= QO pOt u}= =OD@= '|O=yvW}B pOt |@=} RQ= |=Q@
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R=wt
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QU
|=y
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=v}t
]=C

}r@=k
|@=}

RQ=hOy 'u}=Q@=v@ "CU= xDi=} V}=Ri= |Q}otWJ Qw]x@ |QU Q=DN=U x@ C@Uv |R=wt
|=Q@ OwHwt |=yC}OwOLt x@ xHwD =@ sDU}U u=v}t]= C}r@=k V}=Ri= xm VywSB

"CU= xOW jkLt |O=yvW}B sDU}U QO 'CU= """ w C=a]k

|Q}oxH}Dv "7
C}r@=k OQmrta l =QDW= sR}v=mt =@ sDU}U xm OyO|t u=Wv xOW pY=L G}=Dv
sDU}U u=v}t]=C}r@=k 'O@=}V}=Ri= p=kDv=\NC}iQ_ xJQy w OQ=O |QDq=@ u=v}t]=
uwO@ OQmrta l =QDW= sR}v=mt \w]N xm |Dr=L QO sDU}U 'u}vJty "O@=}|t Ow@y@
CiQQOy ?} Q[ xJQy w OQ=O =Q u=v}t]= C}r@=k u} QDq=@ 'CU= p=kDv= CiQQOy
xHwD =@ 'u}=Q@=v@ "Ovm|t Q=m |QDtm u=v}t]= C}r@=k =@ sDU}U 'O@=}|t Vy=m p=kDv=
sR}v=mt =@ xm |v=tR |R=wt � |QU sDU}U Cio u=wD|t 'xOt; CUOx@ G}=Dv s=tD x@
'Ovm|t Q=m p=kDv= CiQQOy uwO@ w nQR@ p=kDv= \N C}iQ_ =@ OQmrta l =QDW=

"OQ=O =Q u=v}t]= C}r@=k u} QDq=@

sR}v=mt OwHw =ysDU}U xm Ci=} QO u=wD|t xOt; CUO x@ G}=Dv x@ xHwD =@
xm |Dr=L x@ C@Uv 'OW xO=O K}[wD j}kLD u}= QO u; x} wQ xm |OQmrta l =QDW=
|x} wQ u}= =@ w OQ=O |QDq=@ u=v}t]= C}r@=k 'CU= OQmrta l =QDW= sR}v=mt uwO@
u=wD|t 'u}vJty "CU= xDi=} V}=Ri= sDU}U u=v}t]= C}r@=k R}v |Q=Pol =QDW=
u=v}t]= C}r@=k 'OW=@ QDnQR@ xDr=LOvJ p=kDv= \w]N C}iQ_ xJ Qy xm Ci=} QO
|O=yvW}B sDU}U p=kDv= \w]N 'VywSB u}= QO '|iQ] R= "O@=}|t Ow@y@ sDU}U
x@ w OwWv OQw;Q@ OL R= V}@ u=v}t]= C}r@=k =D xOW xDiQo Q_v QO CiQQOy =@
p=kDv= CiQQOy ?} Q[ xJQy xm OyO|t u=Wv G}=Dv "OwW QDl}ORv |ak=w p�=Ut
|Dr=L u=v}t]= C}r@=k u} QDq=@ w OwW|t pkDvt |QDW}@ OQmrta Q=Okt 'OW=@ QDq=@
QO xm =Hv; R= "Ovvm Q=m CiQQOy uwO@ \w]N =D OUQ@ l} x@ ?} Q[ u}= xm CU=
'OQ=O OwHw |QU Q=DN=U x@ C@Uv |QDW}@ C=a]k O=OaD |R=wt � |QU Q=DN=U
|=Q@ "OW=@ xDW=O |QDq=@ u=v}t]= C}r@=k Q=DN=U u}= QO sDU}U xm CiQ|t Q=_Dv=
"CU= xOW |UQQ@ |R=wt � |QU Q=DN=U QO |O=yvW}B sDU}U ' ẁ[wt u}= |UQQ@
� |QU Q=DN=U QO u=v}t]= C}r@=k 'u=Um} \}=QW QO xm OyO|t u=Wv pY=L G}=Dv

=yCWwv=B
1. Performance Sharing System
2. Redundancy
3. Multi-State System (MSS)
4. Transmission Loss Universal Generating Function (TUGF)
5. Phased Mission System
6. Capacitated System
7. Universal Generating Function (UGF)
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