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=yVywSB O=} R O=OaD OwHw seQ|ra [28]"OvOQm u}}aD =Q uUm =w Ci=} QO CyH O=Qi=
QO |tO}B= |=ypOt Vkv 'uw}U=v}Um =w Ci=} QO |=Q@ O=Qi= |Ov@C} wrw= xRwL QO
'19 � O} wwm R= |W=v |O=YDk= Q=F; w |a=tDH= xv} Ry Ovv=t |i=Oy= |R=Uxv}y@
|=ypOt w |tO}B= pOt ?}mQD R= u=wD|t 'u}vJty "CU= xDiQov Q=Qk xHwD OQwt
OQm xO=iDU= Q=OC} wrw= xwQo Qy x@ uUm =w RO O=OaD u}}aD |=Q@ |[=} Q |R=Uxv}y@
VywSB R= hOy 'u}=Q@=v@ "CU= xDiQov Q=Qk |UQQ@ OQwt |r@k |=yVywSB QO xm
xDi=} X}YND uUm =w RO O=OaD u}}aD |=Q@ xiOy wO |[=} Q pOt l} x�=Q= 'Q[=L
|a=tDH= xv} Ry 'VywSB u}= QO |UQQ@ OQwt h=Oy= "CU= Q=OC} wrw= xwQo Qy x@
w =yQ=mw?Um |r}]aD R= |W=v |O=YDk= Q=F; w O=Qi= |Q=t}@ w Q}twnQt R= |W=v
C=Q=UN u=Q@H =Q} R OQ=O |}q=@ C}ty= =yCrwO |=Q@ h=Oy= u}= "CU= |Q=HD Rm =Qt
|DU}=@ 'xRwL u}= u=Q=PoCU=}U 'u}=Q@=v@ "Ow@ Oy=wN CrwO xOya Q@ u; R= |W=v
|=yxwQo u=}t QO OwOLt RO O=OaD =@ uUm =w `} RwD CyH ?U=vt |=xt=vQ@ p=@vOx@
u; R= |W=v C=QF= =@ '|vwia |=y|Q=t}@ |Q}o =Qi OQ=wt QO Ovv=wD@ =D OvW=@ hrDNt
u=tRty |R=Uxv}tm 'VywSB u}= QO xOW x�=Q= xiOy wO pOt hOy "Ov}=tv xr@=kt
|}=yCU=}U |O=YDk= C=QF= w O=Qi= Q}twnQt w |Q=t}@ R= |W=v |a=tDH= xv} Ry
|=yQ=mw?Um w |Q=HD Rm =Qt |r}]aD x@ QHvt xm CU= O=Qi= |twta xv}]vQk Ovv=t

"OwW|t OQN
%R= OvDQ=@a VywSB u}= |=y|Qw;wv u} QDsyt Cio u=wD|t 'u}=Q@=v@

&Q=OQ}o =w |Q=t}@ R= |W=v |a=tDH= xv} Ry uDiQo Q_v QO �
&=y=mw?Um |wQ Q@ 5|twta xv}]vQk uwv=k |O=YDk= QF= uDiQo Q_v QO �

|=yxwQo |=Q@ |twta xv}]vQk u=tR Vy=m |=Q@ |R=wt uw}U=v}Um =w OQm} wQ x�=Q= �
"|O=YDk=

xr�Ut h} QaD "3
|oOvR|wQ Q@|irDNtC=QF= '|vwia w Q=OQ}o =w|=y|Q=t}@ ẁ}W 'OW xDio xm xvwou=ty
|=yQ=mw?Um w =yCrwO x@ xOW p}tLD |=yxv} Ry '|O=YDk= C}a[w '|a=tDH=
s=Ok= 'CqmWt u}= =@ xr@=kt |=Q@ =yQwWm R= |Q=}U@ "OQ=Po|t \UwDt w OQN
|=Q@ O=Qi= |Ov@C} wrw= |=Q@ =yQwWm xty |SD=QDU= "Ov=xOQm O=Qi= uw}U=v}Um =w x@
xm CU= |v=yH CW=Oy@ u=tR=U QO xOW x�=Q= |SD=QDU= T=U=Q@ 'uUm =w Ci=} QO
'Qo}O CQ=@a x@ "OvwW|t xv}Um =w |Qo}O R= TB |m} Q=OC} wrw= |=yxwQo 'u; QO
OwW|t R=e; Qo}O xwQo uw}U=v}Um =w 'Q=OC} wrw= xwQo l} pt=m uw}U=v}Um =w R= TB
O}=@ 'QDu}}=B C} wrw= =@ |}=yxwQo 'u}=Q@=v@ "OvwW xv}Um =w O=Qi= |t=tD xm |v=tR =D
u=tR uOW |vqw] x@ QHvt xm OUQ =Qi =yv; uw}U=v}Um =w u=tR =D OvW=@ Q=_Dv= QO

"OW Oy=wN =yv; |R=Uut}=
=yx=oWwQi u=@L=Y |vU |v=w=Qi u} QDW}@ xm CiQo Q_v QO O}=@ Qo}O hQ] R=
w O=Qi= u}= uw}U=v}Um =w sOa p}rOx@ "CU= p=U 49 |r= 30 xOQ QO =yxR=et w
|Q=HD Rm =Qt w VwQi Rm =Qt '=yQ=mw?Um R= |Q=}U@ '|twta xv}]vQk CU=}U |=QH=
x�=Q= O=Qi= |R=wt uw}U=v}Um =w CyH |SD=QDU= l} u=wD|t 'u}=Q@=v@ "Ov=xOW p}]aD

"OQm xr@=kt Rm =Qt u}= |r}]aD CqmWt =@ u=wD@ =D O=O
|OQ=wt Q@ Q=OC} wrw= |=yxwQo |R=wt uw}U=v}Um =w Q}F-=D 'Q[=L VywSB QO
u=@L=Y x@ xOW p}tLD xv} Ry w xv}]vQk |O=YDk= C=QF= '|a=tDH= xv} Ry uwJty
"CU= xOW |UQQ@ xv}]vQk xQwO pw] QO |Q=HD |=yx=oWwQi w OQN |=yQ=mw?Um
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%Ow@ Oy=wN Q} R CQwYx@ uw}U=v}Um =w
dS1;j(t)
dt = Aj � �jS1;j (t)

Pm
j=1 (Ia1;j (t) + Is1;j (t))

��jS1;j (t) ; 0 � t < �j
(4)

dE1;j(t)
dt = �jS1;j (t)

Pm
j=1 (Ia1;j (t) + Is1;j (t))

��jE1;j (t)� �jE1;j (t) ; 0 � t < �j
(5)

dIa1;j(t)
dt = "j�jE1;j (t)� 
jIa1;j (t)� 
0jIa1;j (t)

�(�j + �j)Ia1;j (t) ; 0 � t < �j
(6)

dIs1;j(t)
dt =

(1� "j)�jE1;j (t) + 
0jIa1;j (t)� (�j + �j)Is1;j (t)

��jIs1;j (t)� �0jIs1;j (t) ; 0 � t < �j

(7)

dHq1;j(t)
dt = �jIs1;j (t)� (�j + �j)Hq1;j (t)

��jHq1;j (t) ; 0 � t < �j
(8)

dH1;j(t)
dt = �0jIs1;j (t)� (�j + �j)H1;j (t)

��jH1;j (t) ; 0 � t < �j
(9)

dR1;j(t)
dt = �jHq1;j (t) + �jH1;j (t)

+
jIa1;j (t)� �jR1;j (t) ; 0 � t < �j
(10)

Qy QO |Q=t}@ |}=} wB xOvyOu=Wv w xOw@ Cr=L |=yxrO=at '10 =D 4 |=yxrO=at
hrDNt |=yxwQo |=Q@ |Q=t}@ |tO}B= pOt T=U=Q@ '=yxrO=at u}= "CU= |v=tR `]kt
QO |Q=t}@ OaDUt O=Qi= O=OaD C=Q}}eD '4 xrO=at 'p=Ft u=wvax@ "OvwW|t G=QNDU=

"OyO|t u=Wv uw}U=v}Um =w ẁQW R= p@k w u=tR OL=w QO =Q Q=OC} wrw= xwQo Qy
xt=vQ@ |=QH= w Q=OC} wrw= xwQo Qy x@ uUm =w R=}vOQwt RO O=OaD X}YND R= Oa@
CQwYx@ |rQDvm Q=R@= u=wvax@ uw}U=v}Um =w uDiQo Q_v QO =@ |tO}B= pOt '|R=Uut}=

"Ow@ Oy=wN p}P
dS2;j(t)
dt = Aj � �jS2;j (t)

Pm
j=1 (Ia2;j (t) + Is2;j (t))

��jS2;j (t)� ujS2;j (t) ; �j � t < Tj
(11)

dE2;j(t)
dt = �jS2;j (t)

Pm
j=1 (Ia2;j (t) + Is2;j (t))

��jE2;j (t)� �jE2;j (t) ; �j � t < Tj
(12)

dIa2;j(t)
dt = "j�jE2;j (t)� 
jIa2;j (t)

�
0jIa2;j (t)� (�j + �j)Ia2;j (t) ; �j � t < Tj
(13)

dIs2;j(t)
dt = (1� "j)�jE2;j (t) + 
0jIa2;j (t)

�(�j + �j)Is2;j (t)� �jIs2;j (t)

��0jIs2;j (t) ; �j � t < Tj

(14)

dHq2;j(t)
dt = �jIs2;j (t)� (�j + �j)Hq2;j (t)

��jHq2;j (t) ; �j � t < Tj
(15)

dH2;j(t)
dt = �0jIs2;j (t)� (�j + �j)H2;j (t)

��jH2;j (t) ; �j � t < Tj
(16)

dR2;j(t)
dt = �jHq2;j (t) + �jH2;j (t) + 
jIa2;j (t)

��jR2;j (t) + ujS2;j (t) ; �j � t < Tj
(17)

CQwYx@ Cr=L CqO=at '|rQDvm Q=R@= l} u=wvax@ uUm =w R= xO=iDU= x@ xHwD =@
xwQo R= xOW xv}Um =w O=Qi= u; QO xm Ow@ Oy=wN V}=tv p@=k 17 =D 11 |=yxrO=at

u=Q=t}@ '|v=DUQ=t}@ |QDU@ u=Q=t}@ 'Ctqa uwO@ Q=t}@ O=Qi= w Ctqa |=Q=O Q=t}@
pOt xm CU= QmP p@=k "OW=@|t xOW ut}= w xDi=} Ow@y@ O=Qi= w |ov=N xv}]vQk
Cw=iDt u; QO OwHwt |=yMQv =t= 'xOw@ u=Um} Q=OC} wrw= |=yxwQo |t=tD |tO}B=
=@ x=Qty |oOvR |=yp=U O=OaD XN=W R= '|a=tDH= xv} Ry x@U=Lt |=Q@ "CU=
QO u; ẁ}W xv} Ry w |Q=t}@ Q=@ pt=W XN=W u}= xm CU= xOW xO=iDU= |v=wD=v

[31w30'3]"CU= Qo}O |L=wv u=}t

|O=yvW}B |[=} Q pOt "1"3
O=Qi= R= |W=v |a=tDH= xv} Ry u=tRty |R=Uxv}tm p=@vO x@ 'xOW x�=Q= xiOy wO pOt
|W=v |O=YDk= Q=F; w uw}U=v}Um =w R= Oa@ w p@k hrDNt Q=OC} wrw= |=yxwQo Q=t}@
|=yxwQo O=Qi= uw}U=v}Um =w u=tR u} QDy@ 'u}=Q@=v@ "OW=@|t =yQ=mw?Um |r}]aD R=

"OwW|t u}}aD xwQo Qy x@ xOW xO=O X}YND |=yRO O=OaD w Q=OC} wrw=
Q=t}@ O=Qi= R= |W=v |a=tDH= xv} Ry |R=Uxv}tm p=@vO x@ =OD@= QO 'hOy `@=D
u; R= TB w uw}U=v}Um =w R= p@k u=DUQ=t}@ QO xOW |QDU@ w xv=N QO xOW xv}]vQk

"CU= hrDNt Q=OC} wrw= |=yxwQo |=Q@
Min Z1 =

P
j

[s�j0 SCj (Hq1;j (t) +H1;j (t)) dt

+ sTj�j (SCj (Hq2;j (t) +H2;j (t))

+ 1
2C

vu2
j (t))dt]

(1)

xv}]vQk Q=t}@ O=Qi= R= |W=v |a=tDH= xv} Ry xOvyOu=Wv '1 xrO=at QO pw= xrtH
uw}U=v}Um =w R= p@k u=DUQ=t}@ QO xOW |QDU@ Q=t}@ O=Qi= w xv=N QO xOW
'swU xrtH w xOw@ uw}U=v}Um =w R= Oa@ QwmPt xv} Ry R}v swO xrtH "CU=
CU= QmP u=}=W "CU= xv}y@ pQDvm Q}eDt uDiQo Q_v QO =@ uw}U=v}Um =w xv} Ry
|rQDvm Q}eDt u} QDtm =@ xDi=} Ow@y@ O=Qi= O=OaD |R=Uxv}W}@ 'swU xrtH R= hOy xm
|@v=H ZQ=wa COW xOvyOu=Wv '|rQDvm Q}eDt swO u=wD 'u}vJty "CU= umtt
pm |a=tDH= xv} Ry QO uw}U=v}Um =w xv} Ry QF= Vy=m CyH w uw}U=v}Um =w

[1]"CU=
=yQ=mw?Um |r}]aD R= |W=v |O=YDk= QF= |R=Uxv}tm p=}vO x@ 'swO hOy `@=D
'|twta xv}]vQk pw] QO |WwQixOQN w |Q=HD Rm =Qt w =yx=oWwQi |r}]aD "CU=
"OW=@ Cw=iDt Q=mw?Um ẁv x@ xHwD =@ Ov=wD|t xm Ovm|t p}tLD O=Qi= x@ =Q |=xv} Ry
R=e; u=tR XwYN QO =D Ovm|t ltm u=Q=PoCU=}U x@ 'swO hOy `@=D 'u}=Q@=v@

"Ov}=tv |Q}os}tYD Q=OC} wrw= xwQo Qy uw}U=v}Um =w
Min Z2 =

P
k

[BCk (�J) (s�J0 S1;J (t) dt))

+ sTj�j (BCk (�J) (Hq2;J (t) +H2;J (t))]
(2)

xv}]vQk pw] QO Q=mw?Um x@ xOW p}tLD xv} Ry xOvyOu=Wv '2 xrO=at QO pw= xrtH
xwQo l} u=wvax@ u=WwQixOQN w Q=mw?Um u=@L=Y uw}U=v}Um =w R= p@k |twta
u=@L=Y |Q=t}@ pw] QO Q=mw?Um x@ xOW p}tLD xv} Ry 'swO xrtH "CU= Q=OC} wrw=
xQwO pw] QO xOW p}tLD xv} Ry xmv}= x@ xHwD =@ "CU= u=WwQixOQN w Q=mw?Um
xv} Ry u}= |=Q@ 3 xrO=at 'CU= uw}U=v}Um =w ẁQW u=tR R= |a@=D |twta xv}]vQk

"CU= xOW xDiQo Q_v QO
BCk (�J) = A�J +B (3)

|tO}B= pOt 'CU= |rQDvm Q=R@= l} u=wvax@ uw}U=v}Um =w xmv}= x@ xHwD =@
R= p@k |tO}B= pOt "Ow@ Oy=wN Cw=iDt u; R= Oa@ w uw}U=v}Um =w R= p@k |Q=t}@
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|U
Ovyt 'OW=@ 21 hOy `@=D uOQm st}v}t CyH xv}y@ |rQDvm Q}eDt u�i (t) xJv=vJ %|Qw�D

|=yxrO=a xm OvQ=O OwHw !7(t) =D !1(t) Ovv=t 8|mtm |=yQ}eDt CQwYu}= QO
%OvR=U|t xOQw;Q@ =Q Q} R

d!1 (t)
dt

= !1 (t) (� (Ia2 (t) + Is2 (t)) + � + u)

�!2 (t)� (Ia2 (t) + Is2 (t))� !7 (t)u

d!2 (t)
dt

= !2 (t) (�+ �)� !3 (t) "�

�!4 (t) (1� ")�
d!3 (t)
dt

= (!1 (t)� !2 (t))�S

+!3 (t)
�

 + 
0 + � + �

�� !4 (t) 
0 � !7 (t) 


d!4 (t)
dt

= (!1 (t)� !2 (t))�S

+!4 (t) (�+ � + �)� !5 (t)�� !6 (t)�0

d!5 (t)
dt

= !5 (t) (� + � + �)� !7 (t) � � SC
d!6 (t)
dt

= !6 (t) (� + � + �)� !7 (t)�� SC
d!7 (t)
dt

= !7 (t) � (22)

%OvDUy p}P x}rw= \}=QW |=Q=O w
!ij (Tend) = 0; for i = 1; 2; : : : ; 7 (23)

QO `@=vt O=OaD umax u; QO xm Ow@ Oy=wN 20 x]@=Q CQwYx@ |rQDvm Q}eDt 'u}=Q@=v@
"CU= |tO}B= pQDvm |=Q@ TQDUO

%s}yO|t p}mWD Q} R CQwYx@ =Q HAM uwDr}ty `@=D %C=@F=
HAM

(S2; E2; Ia2; Is2; H2; Hq2; R2; !1; !2; !3; !4; !5; !6; !7)j =

wt1:(SCj : (Hqj +Hj) + 1
2C

vu2
j (t))+

wt2: (BC: (Hq2;J (t) +H2;J (t)))

+!1 (t) : dS2(t)
dt + !2 (t) : dE2(t)

dt + !3 (t) : dIa2(t)
dt + !4 (t) : dIs2(t)

dt

+!5 (t) : dHq2(t)
dt + !6 (t) : dH2(t)

dt + !7 (t) : dR2(t)
dt

%CW=O s}y=wN u}o} QDvwB |QFm =OL pY= R= xO=iDU= =@
d!1
dt

= �@HAM
@S

; d!2
dt

= �@HAM
@E

;

d!3
dt

= �@HAM
@Ia

; d!4
dt

= �@HAM
@Is

;

d!5
dt

= �@HAM
@Hq

; d!6
dt

= �@HAM
@H

;

d!7
dt

= �@HAM
@R

(24)

%s} Q=O |ov}y@ \QW R= xO=iDU= =@
@HAM
@u

= 0 at u = u� (t) (25)

U = fui (t) j0 � ui (t) � umax �|rQDvm |=[iuDiQo Q_v QO =@ 'u}vJty

xi=[= xDi=} Ow@y@ =} w xOW ut}= xwQo x@ w xOW GQ=N |Q=t}@ VQ}PB OaDUt O=Qi=
uUm =w |=Q@ j Q=OC} wrw= xwQo |=[=kD xOvyOu=Wv 18 xrO=at 'u}vJty "OvwW|t
u=tR w xwQo Qy QO |Q=t}@ VQ}PB OaDUt O=Qi= O=OaD '|rQDvm Q}eDt R= |a@=D xm CU=

"CU= xwQo Qy uw}U=v}Um =w
Dj =

X
j

sTj�j u�jS2;j (t) dt (18)

pOt pL OQm} wQ "4
xOW |QDU@ Q=t}@ O=Qi= |a=tDH= xv} Ry |R=Uxv}tm p=@vOx@ 'xOW xO=O xaUwD pOt
|r}]aD R= |W=v |O=YDk= QF= u=tRty w xOw@ xv=N QO xOW xv}]vQk w u=DUQ=t}@ QO
QO R}v |Q=t}@ |}=} wB QF= "CU= xDiQo Q_v QO =Q |twta xv}]vQk p}rOx@ Q=mw?Um
u}tND u; T=U=Q@ =Q uw}U=v}Um =w R=e; u=tR u=wD@ =D xDiQo Q=Qk xHwD OQwt pOt u}=

"OR
|@U=vt Q=R@= xm CU= xOW xO=iDU= xv}y@ pQDvm |Qw�D R= 'pOt u}= pL |=Q@
`k=w QO "OwW|t ?wULt p}Uv=Qi}O CqO=at |=Q=O p�=Ut |R=Uxv}y@ |=Q@
uw}U=v}Um =w uDiQo Q_v QO w xv}y@ pQDvm |Qw�D R= xO=iDU= =@ Cio u=wD|t
ẁkw QO Q=t}@ O=Qi= O=OaD Vy=m |=Q@ |SD=QDU= u} QDQFwt '|rQDvm Q}eDt l} u=wvax@
K} QWD |Qw�D u}= R= xO=iDU= xwLv 'xt=O= QO [33w32]"Ow@ Oy=wN x�=Q= p@=k |tO}B=

"OwW|t
|Q=t}@ ẁv uDiQo Q_v QO =@ Q=OC} wrw= xwQo Qy |=Q@R0j u=R}t u}}aD x@ =OD@= QO
sOa =} w OwHw xOvyO u=Wv Q=Okt u}= xm =QJ 'CU= xOW xDN=OQB u; p=kDv= MQv w
pUv T} QD=t R= R0j x]@=Q uOQw; CUOx@ |=Q@ "CU= xwQo l} QO |tO}B= OwHw

[34]%OwW|t xO=iDU= 6|Oa@
R0;j =

[�A�[(�+�+
+
0)�"(�+�0+
+
0+2�+2�)
�(�+�)(�+�0+�+�)(
+
0+�+�) ]j

(19)

uw}U=v}Um =w x@ |R=}v w CU= |tO}B= OwHw sOa xOvyOu=Wv 'OW=@R0;j < 1 Qo =
xm|DQwY QO "OwW|t hPL Q=OC} wrw= |=yxwQo u=}t R= xwQo u}= w OQ=Ov OwHw j xwQo

"OwW|t xDiQo Q=m x@ |Oa@ xrLQt 'OW=@ l} R= QDoQR@ Q=Okt u}=
OwW|t |R=Ux}@W xOv=t}k=@ Q=OC} wrw= |=yxwQo |=Q@|tO}B= pOt 'xrLQtu}= QO

"OwW XNWt |tO}B= pOt R= Cr=L Qy QO O=Qi= O=OaD =D
Qy |Q=t}@ VQ}PB OaDUt O=Qi= O=OaD 'xv}y@ pQDvm |Qw�D R= xO=iDU= =@ 'TBU
u}}aD |tO}B= pQDvm |=Q@ uUm =w Ci=} QO |=Q@ xwkr=@ O=Qi= u=wvax@ Q=OC} wrw= xwQo
|QDU@ w xv=N QO xOW xv}]vQk Q=t}@ O=Qi= R= |W=v |a=tDH= xv} Ry 'u}vJty "OwW|t

"OwW|t u}}aD u=DUQ=t}@ QO xOW
u�j (t) = max

�
min

�
(!1 (t)� !7 (t))S�2;j

Cv
; umax

�
; 0
�

(20)

|R=Uxv}y@ =@ xv}y@ pQDvm xr�Ut pL x@ 7'u}o} QDvwB |QFm =OL pY= R= xO=iDU= =@
'xr�Ut u}= QO xOW xDiQo Q_v QO xiOy wO pOt [35]"CU= xOW xDN=OQB uwDr}ty `@=D
hOy wO |vRw `tH xm OwW|t p}O@D xiOy lD pOt l} x@ p}P x]@=Q R= xO=iDU= =@
OwHwt hOy `@=wD |vRw ?} Q[ u=wvax@ wt2 w wt1 w xOw@ |[=} Q pOt QO OwHwt

wt1 + wt2 = 1 %s} Q=O w CU= pOt QO
Z = wt1:Z1 + wt2:Z2 (21)

161



Q=mt
yw

|J
to|

UtW
xU}

iv/"
""=@

uU
m=w

X}
YN

D|
=Q@|

[=}
Qp

Otx
aUw

D

dE2(t)
dt = �S2 (t) (Ia2 (t) + Is2 (t))

��E2 (t)� �E2 (t) ;

dIa2(t)
dt = "�E2 (t)� 
Ia2 (t)

�
0Ia2 (t)� (� + �)Ia2 (t) ;

dIs2(t)
dt = (1� ")�E2 (t) + 
0Ia2 (t)

�(� + �)Is2 (t)� �Is2 (t)� �0Is2 (t) ;

dHq2 (t)
dt

= �Is2 (t)� (� + �)Hq2 (t)� �Hq2 (t) ;

dH2 (t)
dt

= �0Is2 (t)� (� + �)H2 (t)� �H2 (t) ;

dR2(t)
dt = �Hq2 (t) + �H2 (t) + 
Ia2 (t)� �R2 (t)

+ max
n

min
n

(!1(t)�!7(t))S�2
Cv

; umax
o
; 0
o
:S2 (t) ;

d!1(t)
dt = !1 (t) (� (Ia2 (t) + Is2 (t)) + � + u)

�!2 (t)� (Ia2 (t) + Is2 (t))

�!7 (t) max
n

min
n

(!1(t)�!7(t))S�2
Cv

; umax
o
; 0
o

d!2 (t)
dt

= !2 (t) (�+ �)� !3 (t) "�� !4 (t) (1� ")�
d!3(t)
dt = (!1 (t)� !2 (t))�S

+!3 (t) (
 + 
0 + � + �)� !4 (t) 
0 � !7 (t) 


d!4(t)
dt = (!1 (t)� !2 (t))�S

+!4 (t) (�+ � + �)� !5 (t)�� !6 (t)�0

d!5 (t)
dt

= !5 (t) (� + � + �)� !7 (t) � � SC �X
k

BC

d!6(t)
dt = !6 (t) (� + � + �)� !7 (t)�

�SC �P
k
BC

d!7 (t)
dt

= !7 (t) �

!ij (Tend) = 0; for i = 1; 2; : : : ; 7
S2 (0) = S1 (�) ; E2 (0) = E1 (�) ;

Ia2 (0) = Ia1 (�) ; Is2 (0) = Is1 (�) ;

Hq2 (0) = Hq1 (�) ; H2 (0) = H1 (�) ; R2 (0) = R1 (�) (27)

CUO |rQDvm |=yQ}eDt xv}y@ Q}O=kt x@ u=wD|t 27 w 26 |ov}y@ |=ysDU}U pL =@
"Ci=}

|D=@U=Lt G}=Dv "5
pw] QO "CU= xOW xDN=OQB pL OQm} wQ |}=Q=m w pOt |@=} RQ= x@ 'VN@ u}= QO
uUm =w Ow@tm p}rOx@TBU w uUm =whWm sOa p}rOx@ =OD@= QO '19 � O} wwm |tO}B=
uwJty |}=yCU=}U |R=UxO=}B x@ Qw@Ht =yCrwO '|Q=t}@ pQDvm |=Q@ R=}v OQwt
Ow@tm p}rOx@ 'u}vJty "OvOW u; R= |W=v Q}twnQt pQDvm |=Q@ O=Qi= |twta xv}]vQk
|=yxOQ T=U=Q@ Qt= u}= xm CW=O OwHw O=Qi= |Ov@C} wrw= x@ R=}v 'uUm =w `@=vt
|R=Uut}= xt=vQ@ 'xwQo l} uw}U=v}Um =w p}tmD R= TB xm CiQo CQwY |vU
x�=Q= O=Qi= |R=wt uw}U=v}Um =w |=Q@ |rOt 'VywSB u}= QO "OW|t R=e; Qo}O xwQo

%Ci=} s}y=wN CUO Q} R xrO=at x@ 1; t 2 [�start; Tend]g

u�j (t) = max
�

min
�

(!1 (t)� !7 (t))S�2;j
Cv

; umax
�
; 0
�
:

x@ \w@ Qt xwQo RH x@ Q=OC} wrw= xwQo Qy |=Q@ jwi OQ=wt x@ xHwD =@ |ov}y@ sDU}U
%Ow@ Oy=wN Q} R CQwYx@ (j 6= J) u=WwQixOQN

dS2(t)
dt = A� �S2 (t) (Ia2 (t) + Is2 (t))� �S2 (t)

�max
n

min
n

(!1(t)�!7(t))S�2
Cv

; umax
o
; 0
o
:S2 (t) ;

dE2(t)
dt = �S2 (t) (Ia2 (t) + Is2 (t))

��E2 (t)� �E2 (t) ;

dIa2(t)
dt = "�E2 (t)� 
Ia2 (t)

�
0Ia2 (t)� (� + �)Ia2 (t) ;

dIs2(t)
dt = (1� ")�E2 (t) + 
0Ia2 (t)

�(� + �)Is2 (t)� �Is2 (t)� �0Is2 (t) ;

dHq2 (t)
dt

= �Is2 (t)� (� + �)Hq2 (t)� �Hq2 (t) ;

dH2 (t)
dt

= �0Is2 (t)� (� + �)H2 (t)� �H2 (t) ;

dR2(t)
dt = �Hq2 (t) + �H2 (t) + 
Ia2 (t)� �R2 (t)

+ max
n

min
n

(!1(t)�!7(t))S�2
Cv

; umax
o
; 0
o
:S2 (t) ;

d!1(t)
dt = !1 (t) (� (Ia2 (t) + Is2 (t)) + � + u)

�!2 (t)� (Ia2 (t) + Is2 (t))

�!7 (t) max
n

min
n

(!1(t)�!7(t))S�2
Cv

; umax
o
; 0
o

d!2(t)
dt = !2 (t) (�+ �)

�!3 (t) "�� !4 (t) (1� ")�
d!3(t)
dt = (!1 (t)� !2 (t))�S

+!3 (t) (
 + 
0 + � + �)� !4 (t) 
0 � !7 (t) 


d!4(t)
dt = (!1 (t)� !2 (t))�S

+!4 (t) (�+ � + �)� !5 (t)�� !6 (t)�0

d!5 (t)
dt

= !5 (t) (� + � + �)� !7 (t) � � SC
d!6 (t)
dt

= !6 (t) (� + � + �)� !7 (t)�� SC
d!7 (t)
dt

= !7 (t) �

!ij (Tend) = 0; for i = 1; 2; : : : ; 7
S2 (0) = S1 (�) ; E2 (0) = E1 (�) ;

Ia2 (0) = Ia1 (�) ; Is2 (0) = Is1 (�) ;

Hq2 (0) = Hq1 (�) ;H2 (0) = H1 (�) ;

R2 (0) = R1 (�)

(26)

%CW=O s}y=wN R}v J xwQo |=Q@
dS2(t)
dt = A� �S2 (t) (Ia2 (t) + Is2 (t))� �S2 (t)

�max
n

min
n

(!1(t)�!7(t))S�2
Cv

; umax
o
; 0
o
:S2 (t) ;
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=D Ovm|t ltm CtqU xRwL u=Q=PoCU=}U x@ |D=k}kLD u}vJ OwHw "OQ=O |twta
`kwtx@ w |DUQOx@ u; Q=F; w |tO}B= =@ w xDW=O x@=Wt OQ=wt |=Q@ |@U=vt |R} Qxt=vQ@

"Ov}=tv xr@=kt
'p=Ft u=wvax@ "OQ=O OwHw Q[=L VywSB VQDUo |=Q@ |O=} R C=O=yvW}B
xwQo l} u=wvax@ =yv; uDiQo Q_v QO w u=WwQixOQN Q@ xwqa pe=Wt Q}=U |Ov@xwQo
K]U QO =Q |Q=t}@ |O=YDk= C=QF= xm OQm Oy=wN ltm u=Q=PoDU=}U x@ Q=OC} wrw=
|Q=PoxrY=i Ovv=t hrDNt |DW=Oy@ |=ypmDwQB 'u}vJty "Ovvm pQDvm |QDoQR@
QO |rQDvm |=yQ=R@= u=wvax@ Ovv=wD|t O=Qi= VRwt; w lU=t R= xO=iDU= '|a=tDH=
"OQ}o Q=Qk |UQQ@ OQwt R=}vOQwt uUm =w RO u=R}t |wQ Q@ =yv; Q}F-=D =D OvwW xDiQo Q_v

=yO=tv
=yT}Ov= �

&(j = 1; 2; : : : ;m) Q=OC} wrw= |=yxwQo T}Ov= %j

=yCWwv=B
1. https://www.worldbank.org/en/news/press-

release/2020/06/08/COVID-19-to-plunge-
global-economy-into-worst-recession-since-world-war-ii

2. Years of Life Lost (YLL)
3. Basic Reproduction Number (R0)
4. Quality-Adjusted Life-Year (QALY)
5. Lockdown
6. Next Generation Matrix
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7. Pontryagin's Maximum Principle
8. Co-State Variable
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