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"OvyO MU=B |QDWt |=[=kD x@ =D OvwW|t p=UQ= |QDWt j]=vt x@ `} RwD Rm =Qt
j]=vt R= �u=v CiQQOy� xOW xO=iDU= =} ?w}at CqwYLt 'Twmat u=} QH QO
Rm =Qt "OvwW|t p=UQ= |UQR=@/|Qw; `tH Rm =Qt j} Q] R= u=oOvvmO}rwD x@ |QDWt
Ovv=t |}=yC}r=ai w OvwW|t xO=iDU= Twmat p=v=m QO \ki |UQR=@/|Qw;`tH
`tH Rm =Qt QO CqwYLtCWoR=@ R=TB "OvyO|t s=Hv= =Q |R=U?DQt w uOQmlJ
|R=UR=@ |=yC}r=ai |=Q@ u=oOvvmO}rwD x@ Ci=} R=@ p@=k CqwYLt '|UQR=@/|Qw;
uiO |=yx=Q R= |m} "OvwW|t p=UQ= `iO Rm =Qt x@ C=a}=[ CqwYLt w xOW p=UQ=
C=v=w}L |=Q@ =Pe u=wvax@ Ci=} R=@ p@=k Q}e u=v R= xO=iDU= 'u=v `}=vY |=Q@ xr=@ R

"CU=
p@=k OQ=wt |UQQ@ R= TB w OwW|t |Qw;`tH |QDWt \UwD xOW hQYt u=v
Rm =Qt x@ xO=iDU= p@=kQ}e OQ=wt w OwW|t xO=O p=kDv= Ci=} R=@ Rm =Qt x@ 'Ci=} R=@
p@=k |=yu=v 'Ci=} R=@ Rm =Qt QO OOHt |UQQ@ R= Oa@ "OvwW|t pkDvt �s=Oyv=� `iO
p=kDv= 'OvDUy O}rwD Rm =Qt u=ty xm OOHt O}rwD Rm =Qt x@ w xOW p}O@D OQ; x@ Ci=} R=@

"Ov@=}|t

VywSB C=[wQit "2"3
&CU= u=v Ci=} R=@ w xR=D u=v O}rwD pw�Ut 'xOvvmO}rwD "1

T=U=Q@ w xDiQo CQwY |=yVywSB C=aq]= 'xDiQo CQwY Oy=wW T=U=Q@ "2
|O}rwD Rm =Qt x@ u=v CWoR=@ MQv 'CU= xOW xQ=W= CavY u}= QO xm |Q=t;

&CU= xOW xDiQo Q_v QO syO l}
&OwW|t u}t-=D |Di=} R=@ w |O}rwD CqwYLt =@ |QDWt |=[=kD "3

u}}aD V}B R= x}rND Rm =Qt pLt w �|QDWt |v=mt C}akwt� |QDWt j]=vt "4
&CU= xOW ZQi C@=F w xOW

Q}e w u�t]t=v |]}Lt CU} R ?wr]t=v C=QF= w =yxv} Ry '=[=kD |=yQDt=Q=B "5
&Ov=xOW xDiQo Q_v QO |a]k

"CU= |=xQwO lD xr-=Ut "6

xr�Ut |R=UpOt "4
xv} Ry |R=Upk=OL 'xDU@ xkrL u}t-=D xQ}HvR xr�Ut |R=UpOt QO hOy `@=D
pt=W xv} Ry hOy `@=D "CU= |]}Lt CU} R ?wr]t=v C=QF= |R=Upk=OL w pm
|=yxv} Ry 'O}rwD |=yxv} Ry '|UQR=@/|Qw;`tH w `} RwD 'O}rwD Rm =Qt Q=QkDU=|=yxv} Ry
R= pY=L Ot;QO 'u}vJty "OW=@|t |UQR=@ w `iO xv} Ry 'pkvwptL w |Q=OQ=@v=
'hOy `@=D xm |t=ovy "CU= xOW ^=Lr pOt u}= QO |DWoR=@ CqwYLt VwQi
u} QDtm 'OvQ}ov Q=Okt =yQ}eDt R= l} I}y xm |v=tR 'OW=@|t xv} Ry uOQm pk=OL
u}= x@ |DWoR=@ CqwYLt VwQi R= pY=L Ot;QO =t= "CW=O s}y=wN =Q xv} Ry
hOy `@=D "OwW |Q}owrH =yQ}eDt Q}O=kt uOW QiY R= xm CU= xOW ^=Lr p}rO
'Rm =Qt Q=QkDU= |]}Lt CU} R ?wr]t=v C=QF= pt=W |]}Lt CU} R ?wr]t=v C=QF=
C=QF= 'Rm =Qt u}@ CqwYLt �pkvwptL� |}=Hx@=H |]}Lt CU} R ?wr]t=v C=QF=
'u}vJty "CU=|UQR=@/|Qw;`tH w `} RwD 'O}rwD =@\@DQt|]}LtCU} R ?wr]t=v
xOW ^=Lr pOt u}=QO |DWoR=@ CqwYLt R= pY=L |]}Lt CU} R |} wHxiQY

"CU=
QO 'CU= xOWv xDiQoQ_v QO |R=UpOt QO s}kDUt Qw]x@ u=v |Q}PBO=Ui xJQo =
=} w Rm =Qt C}iQ_ =@ O}=@ Rm =Qt u}@ xOW =Hx@=H pwYLt Q=Okt sHL xm ẁ[wt u}=

|R=Uxv}y@ OQm} wQ =@ \rDNt xDU@ xkrL u}t-=D xQ}HvR xm@W |L=Q] |=Q@ |]}Lt
"OwW|t x�=Q= Q=wDU=

w xOw@ |a]k CQwYx@ =yQDt=Q=B xty xm CU= xOW ZQi =OD@= 'pOt u}= QO
xwqa 'OQ=O OwHwC}a]k sOa|ak=w |=}vO QO xm|}=Hv; R= "OQ=O OwHwpt=m u=v}t]=
uwJ |}=yQDt=Q=B 'pkvwptL '|Q=OQ=@v= 'O}rwD |=yxv} Ry '=[=kD uwJ |}=yQDt=Q=B Q@
|} wHxiQY 'pkvwptL w |Q=OQ=@v= 'O}rwD R= pY=L |]}Lt CU} R ?wr]t=v C=QF=
QO |a]k Q}e CQwYx@ R}v |DWoQ@ CqwYLt R= pY=L Ot;QO w |]}Lt CU} R
'pOt "OwQ|t Q=tW x@ VywSB u}= |=y|Qw;wv R= |m} 'Qt= u}= "Ov=xOW xDiQo Q_v
|mUiwQ}tv w p=Du@ VwQ xDi=}xaUwD xm u=Q=mty w |}=wW}B Q=wDU= VwQ T=U=Q@
QO "CU= xDiQo Q=Qk |UQQ@ OQwt C}a]k sOa w |a]k \}=QW wO QO 'OW=@|t
OQm} wQ l} 'u=v xDU@ xkrL u}t-=D xQ}HvR xiOy OvJ Q=wDU= pOt pL |=Q@ 'C}=yv
QO =@� C}a]k sOa w |a]k \}=QW wO QO |v}Uy w |@=QD VwQ Q@ |vD@t |rt=aD

"CU= xOW xO=O xaUwD �hrDNt |=yC}a]k sOa uDiQo Q_v

|O=yvW}B VwQ "3
KQ] Q_v R= w |OQ@ Q=m 'j}kLD hOy ẁv Q_v R= j}kLD VwQ 'Q[=L VywSB QO
'u}vJty "OW=@|t |OQwt 'xar=]t ẁv R= w |i}YwD '=yxO=O |Qw;OQo xwLv w j}kLD
|v; CQwYx@ =yxO=O u}= "Ov=xOW |Q}oxR=Ov= |tm CQwYx@ Q[=L VywSB |=yxO=O
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x�=Q= |O=yvW}B Q=wDU= |R} Qxt=vQ@ VwQ 'TBU "CU= xOW xDN=OQB |O=yvW}B xDU@

"OQ}o|t CQwY R}v C}a]k sOa \}=QW QO |R=UpOt w OOQo|t

|R=UpOt w xr�Ut K} QWD "1"3
u=Wv u=v CavY QO |UQQ@ OQwt xDU@ xkrL u}t-=D xQ}HvR R= |=xm@W '1 pmW QO
'`} RwD Rm =Qt 'u=oOvvmO}rwD pt=W xm xDU@ xkrL u}t-=D xm@W l} "CU= xOW xO=O
u=} QH QO "CU= xOW |L=Q] 'OW=@|t |QDWt j]=vt w |UQR=@/|Qw;`tH Rm =Qt
R= w `} RwD Rm =Qt x@ �O}rwD Rm =Qt� u=oOvvmO}rwD R= '�u=v� O}OH CqwYLt 'wQV}B

"|DavY u=v xDU@ xkrL u}t-=D xQ}HvR xm@W "1 pmW
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|=[=kD x@ |} woNU=B |=Q@ xOvvmO}rwD l} \UwD xOW O}rwD Q=Okt %8 C}OwOLt
&CU= u; Q@=Q@ =} QDV}@ 'Twmat u=} QH R= |Di=} R=@ |=yO}rwD Q}O=kt R= |QDWt

ptL |QDWt j]=vt x@ `} RwD Rm =Qt R= xm |rwYLt Q=Okt %10 w 9 |=yC}OwOLt
ptL =y|UQR=@/|Qw; `tH Rm =Qt x@ |QDWt j]=vt R= xm |rwYLt Q=Okt w OwW|t
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&OW=@ xOW O=H}= Rm =Qt u; xmu; Qot 'OQm p=UQ= |UQR=@/|Qw; `tH
&=yv; =@ Q_=vDt |Q}os}tYD |=yQ}eDt l} w QiY C}OwOLt %11 C}OwOLt

&=yv; =@ Q_=vDt |Q}os}tYD |=yQ}eDt |ivtQ}e C}OwOLt %12 C}OwOLt
|UQR=@/|Qw;`tH Rm =Qt R=|DWoQ@ u=v pwYLtOL=wl}pkv wptL xv} Ry %13 x]@=Q

"i u=v O}rwD Rm =Qt x@ l u=v

�|=x@aH |v}at=v� C}a]k sOa =@ xH=wt "1"4
w |R=UpOt Q@ u; Q}F-=D uDiQo Q_v QO w =[=kD QO C}a]k sOa =@ xyH=wt |=Q@
|r=tDL= CQwYx@ =yQDt=Q=B uOQm ^=Lr =} w |R=U|R=i R= u=wD|t 'pL VwQ
VywSB u}= QO 'C}ak=w x@ QDV}@ |m}ORv p}rO x@ 'p=L u}= =@ [22]"OQm xO=iDU=
'lJwm O=a@= =@ p�=Ut QO |=x@aH |v}at=v pwY= w Q=wDU= |R=Uxv}y@ OQm} wQ R=
|@OLt |R=Uxv}y@ p�=Ut '|mUiwQ}tv w p=Dv@ "CU= xOW xO=iDU= nQR@ w \UwDt
x@ jraDt \ki w OvwW|tv XNWt j}kO Qw]x@ =yxO=O u; QO xm OvOQm xar=]t =Q
|=yxO=O umtt Q}O=kt xty |=Q@ O}=@ =yC}OwOLt =t= 'OvDUy u}at=v xawtHt l}
|[}@ pmW x@ xawtHt Qo = OvO=O u=Wv =yv; [34]"OvW=@ Q=QkQ@ xawtHt u; x@ jraDt
Ovv=t '|twta ?OLt |R=Uxv}y@ p�=Ut u} QDsyt R= |NQ@ |=Q@ x=ou; 'OW=@ |v}at=v
'u; =@ Q_=vDt Q=wDU= ?OLt |R} Qxt=vQ@ w l}D=QO=wm |R} Qxt=vQ@ '|]N |R} Qxt=vQ@
j}kLD u}= QO [34]"OvW=@|t pL p@=k xr�Ut l} '|@} QkD x=wN 'OW=@ j}kO x=wN
ZQi =@ 'OQm} wQ u}= QO "CU= xOW xO=iDU= |mUiwQ}tv w p=D u@ Q=wDU= OQm} wQ R=
|=ysD} Qwor= 'OvDUy C}a]k sOa |=Q=O |w[}@ |=yxawtHt QO =yxO=O xmv}=
xOW x�=Q= =yxO=O C}a]k sOa CLD ?OLt |R=Uxv}y@ p�=Ut pL |=Q@ |}=Q=m
|]wQNt wO xHQO ẁv R= 'VwQ u}= R= xOt; CUO x@ Q=wDU= |=y|Ov@pwtQi "CU=
Q=wDU= pOt 'OwOLt ?wJQ=yJ l} QO xm OvO=O u=Wv u=Q=mty w p=D u@ "OvW=@|t
OwW p}O@D |vOW |rO=aD xr�Ut l} x@ |vOWv u=Qm}@ xt}v xr�Ut l} R= Ov=wD|t
pOt 'QDU} wU "OwW|t u} Ro}=H Uext Q=Ov=Qm xawtHt x@ Ubox xawtHt u; QO xm
=Q |OwQw |=yxO=O xty |=Q@ xHwt ?=wH u} QDy@ xm OQm x�=Q= =Q |]N |R=Uxv}y@
[35]"OQ}o@ =Q xR=@ l} R= |Q=Okt Qy Ov=wD|t |OwQw xO=O Qy xm |Qw]x@ 'OyO|t
"OvDUy xv=Q=mx_i=Lt OL R= V}@ xm OQ=O p}=tD |}=y?=wH uDi=} x@ OQm} wQ u}=
|ov}y@ R= OQm} wQ u}= QO '?=wH uOw@ Q=O}=B R= u=v}t]= |=Q@ xm |vat u}= x@
xOWv xO=iDU= OQm} wQ u}= R= p}rO u}ty x@ "s} wW|t QwO Q=}U@ |tU= xr�Ut
x]@=Q QO |a]k |R=Uxv}y@ p�=Ut |=Q@ |@=QD w |v=@ Q '|}=wW}B 'p=Ft u=wvax@ "CU=

%14
Min cx+ d

s:t:Ax � b (14)

h} QaD 15 x]@=Q CQwYx@ =Q \@DQt u}at=v |]N |R=Uxv}y@ xr�Ut 'u}vJty
[36]%OvOQm

u=tR qwtat 'xwqax@ "CU= xOW ^=Lr 'OW=@ xDW=O |v=wNty |QDWt |=[=kD =@
"OOQo|t |Qw;`tH u; R=TB wCU= RwQ 10 � 7 COt x@ w x=Dwm|DavY u=v hQYt
C=aq]= R}v w |R=UpOt QO 'CU= |Q}PBO=Ui xOvyO u=Wv xm |v=tR xQHvB u}=
QO s}kDUtQ}e Qw]x@ u=v |Q}PBO=Ui xr�Ut 'u}vJty "CU= xOW ^=Lr |OwQw
xv} Ry uOQm pk=OL w |]}Lt CU} R ?wr]t=v C=QF= uOQm pk=OL hOy `@=D wO

"CU= Q=PoQ}F-=D
MinZZ1 �= P

i
FPiPi +

P
j
FDjDj +

P
l
FClZl+P

i

P
j
CPijXij +

P
j

P
j
CDjkYjk

+
P
k

P
l
CCklWkl +

P
l

P
i
CMliVli �P

l

P
i
SRliVli

(1)

MinZZ2 �= P
i
efmiPi +

P
j
efdjDj +

P
l
efclCl+P

j

P
k
etpijXij +

P
j

P
k
etdjkYjk

+
P
k

P
l
etkklWkl +

P
L

P
i
etcliVli �P

i

P
j
etiliVli

(2)

=yC}OwOLtX
j

Yjk � DDk 8k (3)X
l

Wkl � RDk 8k (4)X
j

Xij � KKi � Pi 8i (5)X
i

Xij =
X
k

Yjk 8j (6)X
i

Vli � (1� rc)�X
k

Wkl 8l (7)X
j

Xij � (1� rp)�X
l

Vli 8i (8)X
k

Yjk � Capdj � dj 8j (9)X
k

Wkl � Capcl � Zl 8l (10)

PiDjZl 2 f10g 8i; j; l (11)

XijYjkWklVli � 0 8i; j; k; l (12)

CMli =

CQl+rc�CRl+(1� rc)� CNi + rp� CTi + (1� rp)�CSi
(13)

,qt=m O}=@ |DWoR=@ CqwYLt w u=} QDWt xty |rm |=[=kD %4 w 3 C}OwOLt
&OvW=@ VN@C}=[Q

QD=Qi u; C}iQ_ R= Ov=wD|tv xOvvmO}rwD l} \UwD |O}rwD Q=Okt pm %5 C}OwOLt
RmQt xmu; Qot 'O=DUQi i xOvvmO}rwD R= u=wD|tv =Q |rwYLt I}y 'u}vJty "OwQ

&OW=@ xOW O=H}= O}rwD
|Di=} QO Q=Okt R=V}@ Ov=wD|tv `} RwD RmQt R=|r=UQ= CqwYLt Q=Okt %6C}OwOLt

&OW=@ xOvvmO}rwD R=
RmQt l} R= p=UQ= xO=t; w xOW |UQQ@ CqwYLt Q=Okt pm %7 C}OwOLt
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Q=wDU
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xv}y
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cx � z � fy
8c 2 UcBoxjUcBox =�
C 2 Rnc :

��Ct � Ct�� � pcGct 8tf1; : : : ; nc	 (26)

|t=tD xm|Qw]x@ 'CU= |a]kQ}e |=yQDt=Q=B Q=OQ@ pt=W 26C}OwOLtAJCtU
CQwYx@ q=@ xrO=at=v |vOW sQi 'u} Q@=v@ "OvDUy |a]k CU=Q CtU |=yQDt=Q=B

"OwW|t xDWwv Q} RX
t

� �CtXt � �t� � z � fy
�cGctXt � �t 8t 2 f1; : : : ; ncg
�cGctXt � ��t 8t 2 f1; : : : ; ncg (27)

%s} Q=O 20 |w=Ut=v |=Q@ x@=Wt Qw]x@
aix � di 8i 2 f1; : : : ; ndg
8d 2 UdBox

���UdBox =n
d 2 Rnd :

��di � �di
�� � �dGdi ; i = 1; : : : ; nd

o
(28)

%OQm |U} wvR=@ Q} R KQW x@ =Q u; u=wD|t xm
aix � �di + �dGdi 8i 2 f1; : : : ; ndg (29)

C}OwOLt p}O@D |=Q@ =Q UBox x}r= |yDvt \=kv |Q}oQ=mx@ =@ u=wD|t 'u}vJty
%s} Q=O Qw_vt u}= |=Q@ "O=O xaUwD 'j}kO VwQ x@ pL p@=k |=y|w=UD x@ 21 |w=UD
HjX = rj ; 8j 2 f1; : : : ; nrg
8r UrBoxjUrBox =�
r 2 Rnr : jrj � �rj j � �rGrj ; j = 1; : : : ; nr	 (30)

Ov=wD|t q=@ QO xOW u=}@ u}at xt}v |=y|w=UD 'UBox x}r= |yDvt \=kv ltm =@
%OvwW p}O@D Q} R j}kO VwQ x@ pL p@=k |=y|w=Ut=v x@

HjX � �rj � �rGrj 8j 2 f1; : : : ; nrg
HjX � �rj + �rGrj 8j 2 f1; : : : ; nrg (31)

Q} R KQW x@ Ov=wD|t pOt Q=wDU= Q=DN=U 'xDiQo CQwY C=Q}}eD x@ xHwD =@ 's=Hv=QU
%OwW xDWwv

Minz

s:t:
X
t

� �CtXt � �t� � z � fy
�cGctXt � �t 8t 2 f1; : : : ; ncg
�cGctXt � ��t 8t 2 f1; : : : ; ncg
HjX � �rj � �rGrj 8i 2 f1; : : : ; ndg
HjX � �rj � �rGrj 8j 2 f1; : : : ; nrg
Nx = 0 8j 2 f1; : : : ; nrg
Mx � 0
Bx � Cy
y 2 f01g ; x 2 R+ (32)

Min cx+ d

s:t: Ax � b
c; d; A; b 2 U (15)

"Ovvm|t Q}}eD U ZwQit u}at=v xawtHt QO A 'b 'c 'd |=yQDt=Q=B 'pOt u}= QO
Q}O=kt xty |=Q@ Qo = 'OW=@|t xr�Ut u}= |=Q@ umtt Q=wDU= MU=B l} 'X Q=OQ@ l}
xr�Ut u}= Q=wDU= xNUv 'u}=Q@=v@ "Ovm jOY =yC}OwOLt QO U u}at=v xawtHt

%OW=@|t 16 x]@=Q CQwYx@
Minfbc (x) = sup (c; d; A; b 2 U) [ cxj+ d] : Ax � b
8c; d; A; b 2 U (16)

"OW=@ |t 15 xr�Ut x@ xv}y@ Q=wDU= MU=B l} '14 xr�Ut x@ xv}y@ MU=B l}
u}t[D w xOQm xOQw;Q@ =Q =yC}OwOLt '=yxO=O umtt Q}O=kt xty |=Q@ |NU=B u}vJ
l} 16 xr�Ut '=Hv}= QO "OW=@v ĉ(x) R= QDO@ hOy `@=D xv}y@ Q=Okt xm Ovm|t
|D=@U=Lt Q_v R= xm OUQ|t Q_v x@ w xOw@ OwOLt=v xt}v |]N |R=Uxv}y@ xr�Ut
u}at=v |=yxawtHt R= |Q=}U@ |=Q@ 'p=L u}= =@ "OW=@ j}kO VwQ x@ pL p@=kQ}e
p@=k ?OLt |[=} Q xr�Ut l} Q=wDU= xNUv pOt "OQ=O OQ@ Q=m xDUw}B w ?OLt
"CU= |]NQ}e l}D=QOQ=wm xr�Ut l} =} |]N |R=Uxv}y@ l} ,qwtat 'pL
|xR=@ l} QO u}at=v |=yQDt=Q=B u}= R= l} Qy OwW|t ZQi Cr=L u}= QO
u=}@ 17 x]@=Q CQwYx@ xR=@ u}= |rm pmW "Ovvm|t Q}}eD XNWt w OwOLt

%OwW|t
uBox =

�
� 2 Rn :

���t � �t�� � �Gt t = 1; : : : ; n	 (17)

�|Oa@n Q=OQ@� � Q=OQ@ s=t QDt=Q=B u=wvax@ � R= |tU= Q=Okt l} �t jwi CQ=@a QO
"OyO|t V}=tv =Q |v}at=v K]U � � 0 w |v}at=v T=}kt Gt C@Ft Q}O=kt w
OQwt l} =@ Q_=vDt xm OQm h} QaD =Q Gt = �t u=wD|t 'X=N OQwt l} QO
� xR=Ov= x@ 'OQ}o|t Q@ QO =Q �t xm |=xR=@ |tU= |=yxO=O R= h=QLv= w CU= xO=U
h} QaD Q} R \@=wQ CQwYx@ xOQWi pOt Q=wDU= pO=at 'q=@ C=L}[wD j@] "CU=

%OwW|t
Minz (18)

s:t:fy + cx � z 8c 2 UcBox (19)

Ax � d 8d 2 UdBox (20)

Hx = r 8r 2 UrBox (21)

Nx = 0 (22)

Mx � 0 (23)

Bx � Cy (24)

y 2 f0; 1gx 2 R+ (25)

l} x@ Ov=wD|t xr�Ut Q=wDU= xNUv 'CU= xOW OwOLt Q_v OQwt xR=@ xm OQwt u}= QO
xawtHt l} =@ UBox u; QO xm OwW p}O@D j}kO VwQ x@ pL p@=k pO=at pOt
V}=tv |=Q@ "OwW|t u} Ro}=H 'CU= UBox |RQt \=kv pt=W xm Uext OwOLt
"Ov@=} Q}}eD pO=at x@ 25 =D 18 |=yC}OwOLt O}=@ Q=wDU= xOQWi pOt 4sQv pmW

%s} Q=O 18 CQ=@a |=Q@ 'u}=Q@=v@
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l2L
Wkl � RDk + �RDGRDk 8k 2 K (48)

X
j

Xij � KKi � Pi 8i (49)X
i

Xij =
X
k

Yjk 8j (50)X
i

Vli � (1� rc)�X
k

Wkl 8l (51)X
j

Xij � (1� rp)�X
l

Vli 8i (52)X
k

Yjk � Capdj � dj 8j (53)X
k

Wkl � Capcl � Zl 8l (54)

Pi; dj ; Zl 2 f1; 0g 8i 2 I; 8j 2 J; 8l 2 L (55)

Xij ; Yjk;Wkl; Vli; �cpij ; �
cd
jk; �

cc
kl ; �

cn
li ; �

sr
li ; �

etp
ij ; �

etd
jk ; �

etk
kl ; �

etc
li �0

(56)

|rt=aD |R=i |R} Qxt=vQ@ pL OQm} wQ "3"4
CQwY |=yVywSB QO xiOy OvJ|]N |R} Qxt=vQ@ |=ypOt pL |=Q@ VwQ u}OvJ
x@ |=xOv}=Ri Qw] x@ |R=i |R} Qxt=vQ@ |=yOQm} wQ =yv; u}@ R= xm OQ=O OwHw xDiQo
xHQO OvDUy QO=k xm CU= u}= |R=i |=yOQm} wQ |xOta C} Rt "Ov=xOW xDiQo Q=m
x@ Ov=wD|t ẁ[wt u}= "Ovvm |Q}oxR=Ov= K} QY CQwYx@ =Q hOy `@=D Qy `=vk=
|L}HQD |=Q=m ?=wH l} ?=NDv= =@ =Q |}=yv s}tYD =D Ovm ltm u=oOvQ}os}tYD
'utQt} R "OvQ}o@ hOy `@=wD R= l} Qy �|@Uv C}ty=� K}HQD w `=vk= xHQO j@] Q@
xiOy OvJ p�=Ut pL |=Q@ =Q u}t Tmt OQm} wQ x@ swUwt |R=i OQm} wQ u}rw=
OQmrta [37]"OW=@v Ot;Q=m OQm} wQ u}= G}=Dv CU= umtt 'OwHw u}= =@ "O=O xaUwD
u}= =@ "Ovm|t RmQtD C} w[a xHQO pk=OL |R=UQFm =OL |wQ Q@ =yvD 'xO=R min

xHQO =@ h=Oy= u}@ Ov=wD|tv |va} "CU}v |v=Q@H Qorta l} 'Qorta u}= 'p=L
'u}=Q@=v@ "OyO s=Hv= pO=@D xO@ u}}=B C} w[a xHQO =@ h=Oy= p@=kt QO q=@ C} w[a
|=Q@ |Qo}O |=Q=m |v=Q@H |=yQorta R= QDy@ G}=Dv |wHDUH w xr�Ut u}= pL |=Q@
|=Q@ VwQ u}OvJ 'TBU "CU= xOW xO=iDU= |R=i |R} Qxt=vQ@ QO hOy `@=wD s}_vD
s}rU [39]'�5|R=i w� Qorta RQvQw xvwtv |=Q@ [38]"OW O=yvW}B |}=Q=m =v u}= hPL
OQm} wQ l} |v}Uy w |@=QD w [40]RQvQw OQm} wQ R= O}OH xNUv l} u=y=Q=mRw= w
'VywSB u}= QO "OvOQm O=yvW}B utQt} R OQm} wQ ha[ Q@ x@re |=Q@ |=xrLQt lD

[41]"CU= xOW xO=iDU= hOy `@=wD s=eO= |=Q@ (TH) |v}Uy w |@=QD OQm} wQ R=
�2008� |v}Uy w |@=QD OQm}wQ "1"3"4

w |@=QD xm xiOyOvJ p�=Ut pL u}W}B |=yOQm} wQ R= |OOa |=y|UQQ@ T=U=Q@
|=yVwQ u}@ R= "OwW|t u=}@ =yOQm} wQ u}= QO |}=y|}=Q=m =v 'Ov=xO=O s=Hv= |v}Uy
l} =@ =yvD =Q |rY= xr�Ut xm �s}rU VwQ w nv=wy w |q VwQ� |=xrLQt l}
wO VwQ =@ xU}=kt QO |y=o nv=wy w |q VwQ 'Ovvm|t pL |mtm |a]k pOt
qwtat R}v s}rU VwQ "Ovm|t O}rwD |Ot;Q=m =v |=y?=wH 'u=Q=mty w |r |=xrLQt
`=vk= xHQO xm|Qw]x@ "Ovm|t x�=Q= =Q |vR=wDt=v w h}a[ |=xLr=Yt =t= '=Q=m pLx=Q
u=oOvQ}os}tYD Q_v R= ?re= xm OvQ=O Qo}Om} =@ |=x_Lqt p@=k Cw=iD hOy `@=wD
O}rwD =Q=m pL x=Q l} xW}ty u=Q=mty w |r |=xrLQt wO VwQ "CU= pw@k p@=kQ}e

|O=yvW}B Q=wDU= |R} Qxt=vQ@ OQm}wQ "2"4
|=yQDt=Q=B uDiQo Q_v QO w � C@=F uOwRi= =@ 'sRq C=Q}}eD |R=UxO=}B |=DU=Q QO
'C}a]k sOa CQwYx@ =[=kD w |]}Lt CU} R ?wr]t=v C=QF= 'xv} Ry x@ \w@ Qt

%OwW|t h} QaD Q} R CQwYx@ xOW Q=wDU= pOt
MinZZ1 (33)

MinZZ2 (34)

Subject to :P
i
FPiPi +

P
j
FDjdj +

P
l
FClZl +

P
i

P
j

(CP ijXij + �cpij )

+
P
j

P
j

(CDjkYjk + �cdjk) +
P
k

P
l

(CCklWkl + �cckl)+P
l

P
i

(CN liVli + �cnli )�P
l

P
i

(SRliVli � �srli )

(35)P
i
efmiFi +

P
j
efdjFj +

P
l
efclFl +

P
j

P
k

(etpijXij + �etpij )

+
P
j

P
k

(etdjkYjk + �etdjk ) +
P
k

P
l

(etkklWkl + �etkkl )

+
P
i

P
j

(etcliVli + �etcli )�P
i

P
j

(etiliVli + �etili )

(36)

�cpGcpij xij��
cp
ij 8i 2 I; 8j 2 J

�cpGcpij xij���
cp
ij 8 2 I; 8j 2 J (37)

�cdGcdjkyjk��cdjk 8j 2 J; 8k 2 K
�cdGcdjkyjk���cdjk 8j 2 J;8k 2 K (38)

�cnGcnli vli��cnli 8l 2 L; 8i 2 I
�cnGcnli vli���cnli 8l 2 L; 8i 2 I (39)

�cnGcnli vli��cnli 8l 2 L; 8i 2 I
�cnGcnli vli���cnli 8l 2 L; 8i 2 I (40)

�srGsrli vli��srli 8l 2 L; 8i 2 I
�srGsrli vli���srli 8l 2 L; 8i 2 I (41)

�etpGetpij xij��
etp
ij 8i 2 I; 8j 2 J

�etpGetpij xij���
etp
ij 8i 2 I; 8j 2 J (42)

�etdGetdjk yjk��etdjk 8j 2 J; 8k 2 K
�etdGetdjk yjk���etdjk 8j 2 J;8k 2 K (43)

�etkGetkkl wkl��etkkl 8j 2 J;8k 2 K
�etdGetdjk yjk���etdjk 8j 2 J;8k 2 K (44)

�etcGetcli vli��etcli 8l 2 L; 8i 2 I
�etkGetkkl wkl���etkkl 8l 2 L; 8i 2 I (45)

�etcGetili vli��etili 8l 2 L; 8i 2 I
�etcGetili vli���etili 8l 2 L; 8i 2 I (46)X
j2J

Yjk � DDk + �DDGDDk 8k 2 K (47)
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[43w42]"pOt |a]k |=yQDt=Q=B Q=Okt "2 pwOH
Q=Okt O=tv Q=Okt O=tv

Uniform (100; 200) SRli 1000 FPi
Uniform (50; 70) efmi 300 FDj
Uniform (20; 25) efdj 400 FCl
Uniform (20; 25) efcl Uniform (50; 100) CPij
Uniform (3; 12) etpij Uniform (50; 100) CDjk
Uniform (2; 8) etdjk Uniform (40; 46) CCkl
Uniform (1; 4) etkkl Uniform (50; 100) CNli
Uniform (2; 8) etcli 1 CQl
Uniform (4; 20) etili 1 CRl

1200000 C 1 CSi
1 CTi

[42]"pOt |a]k |=yQDt=Q=B Q=Okt "3 pwOH
DDk RDk KKi Capdj Capcl O=tv

110000 400000 7640000 400000 90000

Q=Okt

150000 10000 74000 400000 90000
120000 9560 60000 400000 90000
145000 88540 500000 400000 90000
160000 3300 650000 400000 90000
135000 5500 400000 400000 90000
120000 20000 400000 90000
165000 33525 400000 90000
150000 33000 400000 90000
140000 9800 400000 90000

C=QF=|@=} RQ= |=Q@ "CU= xOW xDiQo Q_v QO |R=i O=Oa= |QDWt xk]vt Qy QO|DWoQ@
"CU= xOW xO=iDU= Eco� indicator99 VwQ R= |]}Lt CU} R ?wr]t=v

u}OvJ 'xiOyOvJ Q=wDU= xDU@ xkrL u}t-=D xQ}HvR pOt OQmrta |@=} RQ= |=Q@
"CU= xOW VQ=Ro VN@ u}= QO \@DQt G}=Dv w xOW |R=UxO=}B |OOa V}=tR;
|=Q@ w xOW xDiQo Q_v QO hrDNt |=yxR=Ov= =@ uwtR; xr�Ut Q=yJ 'Qw_vt u}= |=Q@
"CU= xOW |Q}oxR=Ov= hrDNt u=v}t]= sOa K]U xU QO =yV}=tR; xR=Ov= Qy
pL |tU= |=yxO=O CLD 'Q=wDU= w |a]k |=ypOt =OD@= "(� = 0=2; 0=5; 1)

|=y`} RwD R= xO=iDU= =@ w |iO=YD CQwYx@ |tU= |=yxO=O R= |NQ@ "OvwW|t
sOa K]U Qy Q} R QO 'TBU "OvwW|t O}rwD 2 pwOH QO xOW XNWt |iO=YD
x]w@ Qt C}a]k sOa xawtHt QO CN=wvm} Qw] x@ |iO=YD xawtHt GvB 'C}a]k
OQmrtap}rLD w x} RHD |=Q@ �+�G|tU=VRQ= w ��G|tU=VRQ=� OvOQo|t O}rwD
`@=D wO Qy "CU= xOW O=yvW}B Q=wDU= w |a]k |=ypOt 'xOt; CUO x@ |=ypLx=Q
R= xO=iDU= =@ xm Q=wDU= w |a]k \}=QW wO Qy QO |]}Lt CU} R C=QF= w xv} Ry hOy
"CU= xOW u=}@ pwOH QO zz CQwY x@ 'Ov=xOW s=eO= (TH)|v}Uy w|@=QD VwQ
w GAMS 24=9 Q=Ri=sQv R= xO=iDU= =@ xr�Ut Q=wDU= w |a]k pOt wO Qy
wO "CU= xOW pL RAM4 w CPU CORIE7 xOvR=OQB =@ xv=}=Q R= xO=iDU= =@
|=QH= u}L QO hOy OQmrta |=yVRQ= Q=}at h=QLv= w u}ov=}t OQmrta XN=W
u=v}t]= sOa "CU= xOW xO=iDU= Q=wDU= w |a]k pOt wO Qy |@=} RQ= |=Q@ |iO=YD
u=v |=[=kD w u=v pwYLt |=[=kD u}vJty w |]}Lt CU} R C=QF= '=yxv} Ry |=Q@
sOa QO hOy `@=wD Q=}at h=QLv= w u}ov=}t '4 pwOH QO "CU= xOW ^=Lr |DWoQ@

|=xrLQt l} |=yVwQ x@ C@Uv |QDV}@ |D=@U=Lt u=tR x@ u=vJty =t= 'Ovm|t
xiOyOvJ \rDNt K}LY OOa |]N |=ypOt pL QO xS} w x@ xr�Ut u}= "OQ=O R=}v
hPL =@ |v}Uy w |@=QD 'CqmWt u}= pL |=Q@ "Ovm|t =O}B |QDV}@ C}ty=
QO "Ov=xO=O xaUwD Q} R CQwYx@ O}OH |=xrLQt lD OQm} wQ l} QwmPt |}=Q=m =v
VwQ u}= QO "CW=O Oy=wN |QD=Q=m |=y?=wH |v}Uy w |@=QD VwQ R= xO=iDU= '`k=w
uwRwt ẁtHt R= |@OLt ?}mQD '=yC} w[a xHQO st}v}t uOQm xv}W}@ |=H x@
xrY=i xm |Qw]x@ 'OwW|t st} Rm =t '=yC} w[a xHQO st}v}t w =yC} w[a xHQO

"OwW|t xv}tm u; p;xO}= Q=Okt R= hOy `@=wD u}@
max� (x) = �0 � (1� )

X
g

�g�g (Zg)

st : �0 � �g (Zg) g = 1; 2
x 2 F (x)

�; �0;  2 [0; 1] (57)

"OvyO|t u=Wv =Q u=Q@H ?} Q[ w hOy `@=D u}t=g C}ty= ?}DQD x@ ' w �g
=Q hOy `@=wD `=vk= xHQO pk=OL '�0 = minf�g(Zg)g Q}eDt xv}y@ Q=Okt
|=xLr=Yt Q=Okt l} |wHDUH QO R}v OQm} wQ u}= `}tHD `@=D w OyO|t u=Wv
CQ=@a x@ "CU=  Q=Okt Q@ |vD@t xm xOw@ uwRwt `tH Qorta w min Qorta u}@
x@ xHwD =@  w �g |=yQDt=Q=B Q=Okt |Q=mDUO =@ Ovv=wD|t u=oOvQ}os}tYD 'Qo}O
pk=OL  "OvUQ@ uR=wDt=v w uR=wDt |=xLr=Yt pLx=Q wO Qy x@ 'OwN C=L}HQD
u}= |=Q@ QDq=@ Q=Okt "Ovm|t pQDvm =Q h=Oy= u}@ xLr=Yt xHQO w h=Oy= `=vk= K]U
|=Q@ QDq=@ u}}=B u=Qm l} x@ |@=}DUO |=Q@ |QDW}@ C}ty= xm OyO|t u=Wv QDt=Q=B
|=ypLx=Q x@ |@=}DUO x@ Ov=wD|t Qt= u}= "s}DUy p�=k (�0) h=Oy= `=vk= xHQO
u=Wv QDt=Q=B u}= |=Q@ QDu}}=B Q=Okt 'p@=kt QO "Ovm ltm |QDuR=wDt |=xLr=Yt
|=Q@ QDq=@ `=vk= xHQO =@ pLx=Q l} x@ |@=}DUO |=Q@ |QDW}@ C}ty= xm OyO|t
O}rwD x@ QHvt Ov=wD|t Qt= u}= "s}DUy p�=k QDq=@ |@Uv C}ty= =@ h=Oy= |NQ@
 u}@ |Uwmat |oDU@ty xmCU= xHwD p@=k "OwW uR=wDt=v |=xLr=Yt |=ypLx=Q
|=Q@ 'u}=Q@=v@ "OQ=O OwHw (maxgf�gg�mingf�gg)�g Q=Okt C=Q}}eD xvt=O w
|=Q@ Ov=wD|t QDt=Q=B u}= xrY=i u}= QO xm OQ=O OwHw OwOLt |k]vt xrY=i l} 
'�g C=Q}}eD xvt=O nQR@ Q}O=kt |=Q@ 'p=Ft |=Q@ "OwW ?=NDv=  '�g u}at Q=OQ@ l}
u}= QO =Q} R "�0/3 R= QDmJwm qFt� OwW ?=NDv= lJwm Q=Okt l} CQwYx@ O}=@ 
[41]"CU= uR=wDt=v |=xLr=Yt pL x=Q l} =@ u=oOvQ}o s}tYD ?} Q[ K}HQD 'OQwt

G}=Dv w |R=UxO=}B "5
QO xm OvW=@|t `HQt |=yVywSB R= 'R}v VywSB u}= QO xOW xO=iDU= |=yxO=O
E=OL= |=yxv} Ry xO=O pt=W =yxO=O u}= "Ov=xOW xO=O u=Wv 3 w 2 |=ypwOH
"OvW=@|t Rm =Qt C}iQ_ w |QDWt |=[=kD 'Rm =Qt u}@ pkv w ptL |=yxv} Ry 'Rm =Qt
xDU@ xkrL u}t-=D xQ}HvR xr�Ut '|O=yvW}B pOt OQ@ Q=m w OQmrta uO=O u=Wv |=Q@
QO "CU= xOW x�=Q= VN@ u}= QO u; G}=Dv w xDiQo Q=Qk |UQQ@ OQwt |D=ar=]t OQwt
`tH RmQt 6 '`} RwD RmQt 10 'O}rwD RmQt 6 |=Q=O u}t-=D xQ}HvR xr�Ut 'VywSB u}=
pOt C}a]k sOa K]U "CU= u=} QDWt x]}L x@ \w@ Qt RmQt 10 w |UQR=@/|Qw;
|=[=kD u=wD|tv '=[=kD C=v=Uwv p}rO x@ "CU= xOW xDiQo Q_v QO � = 0=5 Q@=Q@
pwYLt Q=Okt w =[=kD 'u}=Q@=v@ "OQm |v}@V}B j}kO Qw]x@ =Q |QDWt xk]vt Qy
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"hrDNt xR=Ov= Q=yJ QO Q=wDU= w |a]k \}=QW QO QO |rm hOy `@=wD Q}O=kt "2 pmW

|a]k OQm} wQ 'OQ=wt Q}=U QO w Ovm|t x@re O=} R hqDN= =@ � = 1 w � = 0=5
nQR@ p�=Ut QO Q=wDU= |SD=QDU= OyO|t u=Wv G}=Dv 'u}vJty "OQ=O |QDy@ G}=Dv
wO u}= u}@ h=mW "OQ=O |QDy@ OQmrta '|a]k x@ C@Uv QDq=@ C}a]k sOa R}v w
?re= QO �Q=}at h=QLv= |=Q@ xS} w x@� OQmrta ?} Q[ wO Qy x@ xHwD =@ 'OQm} wQ
VwQ p}rLD QO� "O@=}|t V}=Ri= 'C}a]k sOa w xr�Ut xR=Ov= x@ xHwD =@ OQ=wt
QiY x@ VwQ u}= R= xOt; CUO x@ O=Oa= Q=Okt xJQy xm OQm xQ=W= u=wD|t TH

"�CU= xOW Q=QkQ@ |QDW}@ uR=wD h=Oy= u}@ =Q} R 'CU= QDy@ =y?=wH 'OW=@ QDl}ORv
hrDNt xR=Ov= Q=yJ QO Q=wDU= w |a]k \}=QW QO |rm hOy `@=wD Q}O=kt 2 pmW QO

"CU= xOW xO=O V}=tv
'C}iQ_ 'xv} Ry |=yQDt=Q=B xrtH R= syt |=yQDt=Q=B |wQ C}U=UL p}rLD
p}rLD G}=Dv "CU= xDiQo CQwY `iO MQv '|]}Lt CU} R ?wr]t=v C=QF= '=[=kD

"OW=@|t 7 |r= 5 pw=OH KQW x@ =yQDt=Q=B |NQ@ xDiQo CQwY |=yC}U=UL

C=O=yvW}B w |Q}oxH}Dv "6
O=wt w C=tLR w xOw@ Q@|SQv= Q=}U@ QwvD R= xO=iDU= =@ u=v O}rwD |DvU |=yVwQ
\ki w CU}v ?wN u=OvJ xOW xDNB u=v C}i}m 'xwqax@ "OyO|t QOy =Q |O=} R
QOy u; |=yCtUk QDW}@ w xOQm ^iL |y=Dwm u=tR COt |=Q@ =Q u; u=wD|t
QO w Ci=} R=@ =Q u; u=wD|t w CU= OvtWRQ= Q=}U@ xOW`}=[ u=v u}= "OwQ|t

|QwQ[ xDmv u}= QmP "CU= xOW x�=Q= hrDNt xR=Ov= Q=yJ QO Cw=iDt |=yC}a]k
|v=Um} C}i}m =yOQ; 'xOW p}O@D OQ; x@ |UQR=@ R= Oa@ |DWoQ@ |=yu=v xm CU=
Qw_vt x@ '=DU=Q u}ty QO "OvDU}v ?U=vt u=v O}rwD |=Q@ C}i}m Q_v R= |y=o w OvQ=Ov
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