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"OUQ|t u=}=B x@ =t VywSB '|Q}oxH}Dv =@ C}=yv

|O=yvW}B pLx=Q w xr�Ut u=}@ "2
R= w}rwiDQwB l} |=yxSwQB 'QwLt xSwQB u=tR=U l} QO xm Cio C}a]k =@ u=wD|tv
x@ |vwQO |oDU@=w =yxSwQB xm OwW|t Ea=@ |Q=}U@ pt=wa w OvDUy pkDUt sy
O=[D QO Qo}Om} =@ =yxSwQB ?=NDv= |@=} RQ= |=yQ=}at |y=o "OvW=@ xDW=O Qo}Om}
xm CU= |]}=QW QO u}= "OwW|t xH=wt |oO}J}B =@ xSwQB O@U ?=NDv= w xOw@
CmQW |SD=QDU= u=}t |} wUsy O=H}= ?Hwt 'w}rwiDQwB l} |=yxSwQB u=}t |}=Ri=sy
?U=vDt w xO=O Vy=m =Q |@=} RQ= |=yQ=}at u=}t h=mW w xOW |v=tR=U |=yxSwQB w
OwU =yvDxv =yxSwQB w}rwiDQwB |xv}y@ ?=NDv= QO 'u}=Q@=v@ &O}=tv|t pta |SD=QDU= =@
|v=tR=U |}=v=wD '|}=QH= lU} Q Ovv=t |Qo}O pt=wa xmr@ '=yxSwQB |=QH= R= pY=L
w =yQ=}at ?=NDv= OQm} wQ QO syt u}= xm CiQo Q_v QO O}=@ R}v =Q xHOw@ w xSwQB |=QH=
sHUvt ?wJQ=Jl} x�=Q= =@ OQ=O VqD 'VywSB u}= "CU= Q}PBu=mt= '?=NDv= VwQ
CkO w CaQU w xDW=O |v=tR=U |=yxSwQB ?=NDv= w |@=} RQ= QO s}kDUt Vkv
OwW|t VqD syt u}= uOwtv jkLt |=Q@ Qo}O hQ] R= "OyO V}=Ri= =Q |Q}os}tYD
G}=Dv w =yxSwQB |D=}rta C}y=t |UQQ@ =@ =D OwW xDiQo Q_v QO =yxSwQB u=}t |oDU@=w
=yxv} Ro u} QDy@ w xOw@ u=tR=U l} SD=QDU= h=Oy= |=DU=Q QO l} Qy R= xOt; CUO@
"OwW jkLt 'xOW|v}@V}B C}i}m w |=xv} Ry '|=xHOw@ |=yC}OwOLt x@ C}=va =@
=yxSwQB u=}t |}=Ri=sy w =yQ=}atQ} R '=yQ=}at G=QNDU= =@ =t |O=yvW}B Ov}=Qi
R= xSwQB u=}t |=y|oDU@=w pY=L |}=Ri=sy "OwW|t R=e; |Q}os}tYD s}D \UwD
"OW=@ Ov=wD|t xQ}ew lU} Q 'xv} Ry 'u=tR '`@=vt Q}_v =yxSwQB R=UC}OwOLt pt=wa
u=}t |v=WwBsy |UQQ@ =@ xSwQB ?=NDv= |=yQ=}atQ} R w =yQ=}at =OD@= 'xr�Ut pL |=Q@
=@ =yQ=}at "OvwW|t ?=NDv= w |}=U=vW 'xSwQB s}D \UwD =yxSwQB R=UxDU@=w pt=wa
|UQQ@ '|}=U=vW xRwL u}= |rrtv=u}@ |=yCmQW |UQQ@ w |v=tR=U x@ QHD x@ xHwD
pw= QDt=Q=B wO u=wvax@ |=xv} Ry w |v=tR |}=Ri=sy u=R}t TBU "Ov=xOW ?=NDv= w
VwQ ltm x@ =yxSwQB u=}t |Q=PoQF= w xOW G=QNDU= |Q}os}tYD s}D \UwD 'pOt
'|Oa@ xrLQt QO "CU= x@U=Lt p@=k swU QDt=Q=B u=wvax@ |@D=Qt xrUrU p}rLD Ov}=Qi
R=}Dt= 'O=H}= hrDNt |=yxv} Ro uOQw; sy=Qi Qw_vtx@ |R=i G=DvDU= sDU}U l}
|R=i |[=} Q |R} Qxt=vQ@ pOt QO hOy `@=D u=wvax@ w G=QNDU= xSwQB Qy |}=yv
sy=Qi =Q u=mt= u}= |R=i G=DvDU= sDU}U R= xO=iDU= "OwW|t xO=iDU= |O=yvW}B
`tH Qo}Om} =@ =Q hrDNt |Q}oxR=Ov= |=yOL=w =@ ?NDvt |=yQ=}at =D OQw;|t
=Q xar=]t u}= QO xOW xO=iDU= ?wJQ=J 1 pmW "OwW x@U=Lt |}=yv R=}Dt= w xOwtv
VwQ w VywSB u}= QO xar=]t OQwt `@=vt R= |=xYqN 1 pwOH "OyO|t V}=tv
x�=Q= w pL=Qt 'xt=O= QO "OyO}t V}=tv =Q |R=U s}tYD CyH l} Qy xr�Ut pL

"OwW|t K} QWD |OQwt xar=]t QO pY=L G}=Dv

w =yQ=}atQ} R '=yQ=}at G=QNDU= w s}D p}mWD %pw= xrLQt "1"2
=yxSwQB u=}t |}=Ri=sy

X=NW= R= pmWDt |t}D '=yxSwQB u=}t |}=Ri=sy u=mt= |UQQ@ Qw_vtx@ =OD@= QO
XNW QyVkv x@ xHwD =@ xm OwW|tp}mWD u=tR=U w xSwQB x@C@Uv pw�Ut w woMU=B
|=y|OvtR=}v u=}t ZQ=aD u=mt= w xDW=O |}=RHt C}rw�Ut l} Qy u=tR=U QO
|=yR=}v x@C@Uv pw�Ut� xSwQB Q}Ot pt=W xSwQB |=[a= "OQ=O OwHw l} Qy |}=QH=
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/"""
lt

mx@
w}rwi

DQwB
|=y

xSwQ
B|

xv}y
@?

=NDv
=

"xOt; CUOx@ xv} Ry =@ QF= w u=tR Q}O=kt \=@DQ= "2 pmW
"xOW h} QaD |=yxR=@ w =yxSwQB Cw=[k =@ \@DQt |v=}@ C=Lq]Y= "3 pwOH

Cw=[k xOW xDiQo Q_v QO |tm |=yxR=@
[0 4 1 +1] |wk

[0 0 5 1] |wk xt}v
[0 4 0 0 4] \UwDt

[�1 � 0 5 0] h}a[ xt}v
[�1 � 1 0 4] h}a[

"xOW h} QaD |=yxR=@ Q}O=kt x=Qtyx@ =yxSwQB QF= |v=}@ C=LqY= "4 pwOH
sm QF= \UwDt QF= O=} R QF=

[�1 �1 0 2 0 4] [0 2 0 4 0 6 0 8] [0 6 0 8 1 1]

"xOW h} QaD |=yxR=@ Q}O=kt x=Qtyx@ =yxSwQB |xv} Ry |v=}@ C=LqY= "5 pwOH
sm xv} Ry \UwDt xv} Ry O=} R xv} Ry

[�1 �1 5 10] [5 12 18 25] [20 25 1 1]

"xOW h} QaD |=yxR=@ Q}O=kt x=Qtyx@ =yxSwQB u=tR |v=}@ C=LqY= "6 pwOH
sm u=tR \UwDt u=tR O=} R u=tR

[�1 0 6] [3 02 5 02 10 12] [9 15 1]

"xSwQB Qy |}=yv R=}Dt= "7 pwOH
R=}Dt= |OwQw Q}O=kt xSwQB
0 72 [0 126 7 11] 1
0 50 [0=109 10 12] 2
0 21 [0=125 30 10] 3
0 50 [0 118 12 9] 4
0 91 [0 089 5 7] 5
0 50 [0 106 15 11] 6
0 90 [0 119 5 7] 7
0 50 [0 106 10 8] 8
0 50 [0 102 11 15] 9

"xSwQB QF= x@U=Lt |=yQ=}atQ} R w =yQ=}at "2 pwOH
=yQ=}atQ} R w =yQ=}at Om =yQ=}atQ} R w =yQ=}at

hr= =QH= C}r@=k
1"hr= x@=Wt C=}@ QHD
2"hr= |}=QH= u}t[D
3"hr= =QH= lU} Q
? |Q}PBh=]av= C}r@=k

1"? `@=vt R= xv}y@ xO=iDU=
2"? |Q=mty V}=Ri=
3"? Q}N-=D Vy=m
4"? |Q=mxQ=@ wO Vy=m
A u=tR=U |SD=QDU= =@ |ovy=ty

1"A |QDWt |OvtC}=[Q V}=Ri=
2"A xm@W C}i}m E2E Ow@y@

u=tR=U w w}rwiDQwB h=Oy= |=DU=Q QO xm � =yxSwQB ?=NDv= |=yQ=}atQ} R w =yQ=}at
OwW|t x@U=Lt xSwQB Qy QF= Q=Okt =yv; ltmx@ w |}=U=vW ?NDvt s}D \UwD �CU=
"�CU= xOW xO=iDU= 11 xNUv Expert Choice Q=Ri=sQv R= xar=]t u}= QO�
w |v=tR=U x@ QHD w =y|OvtR=}v |xRwL wO =yQ=}at ?=NDv= w |}=U=vW Qw_vtx@
w xDiQo Q=Qk |UQQ@ OQwt |rrtr=u}@ |=yCmQW QO xOW |R=UxO=}B jiwt |=yxvwtv

"Ov=xOW ?=NDv= xSwQB s}D \UwD R=}vOQwt |=yQ=}at sy=
xO=iDU= =@ =yv; |=xv} Ry w |v=tR |v=WwBsy w =yxSwQB u=}t |}=Ri=sy u=R}tTBU
=yxSwQB CUmW Q=DN=U Qw_vt u}= |=Q@ "OwW|t xOR u}tND |Qmi u=iw] VwQ R=
|=yxDU@ u=}t |}=Ri=sy w |v=WwBsy u=R}t w xOW xDUmW |Q=m |=yxDU@ K]U =D
w =yQ=}at 2 pwOH "OvwW|t |}=U=vW 'xOW u}}aD |=yQ=}at x@ xHwD =@ |Q=m

"OyO|t V}=tv =Q |OQwt xar=]t QO xOW G=QNDU= |=yQ=}atQ} R

R=}Dt= uOwtv XNWt w |R=i j]vt sDU}U O=H}= %swO xrLQt "2"2
xSwQB Qy |}=yv

C=Lq]Y= R= |Q}oxQy@ =@ |R=i G=DvDU= sDU}U 'u=oQ@N Q_v ltmx@ 'xrLQt u}= QO
G=QNDU= xSwQB Qy |xOwRi= R=}Dt= u; ltmx@ =D CU= xOW x}yD �3 pwOH� |v=}@
OQwt hOy `@=D QDt=Q=B u=wvax@ 'Oa@ xrLQt |R=i |[=} Q |R} Qxt=vQ@ pOt QO w xOW
pOt x@ |OwQw Q}O=kt w |Dw=[k |v=}@ C=Lq]Y= 2 pmW "OQ}o Q=Qk xO=iDU=
=yxSwQB u=tR w xv} Ry 'QF= |v=}@ C=Lq]Y= 6 w 5 '4 pw=OH w |R=i G=DvDU= sDU}U

"OvyO|t u=Wv =Q xOW h} QaD Q_v QO |=yxR=@ Q}O=kt x=Qtyx@
QwD=QB= R= w CU= O=} R w \UwDt 'sm K]U xU pt=W QDt=Q=B Qy xmv}= x@ xHwD =@
pt=W xt=vWUQB |HwQN 'CU= xOW xO=iDU= |R=i G=DvDU= u}v=wk x}yD QO And

ltm x@ |Qmi u=iw] VwQ R= xO=iDU= =@ |}=yv Cw=[k w xOw@ uwv=k 27 O=OaD
FIS Q=R@=x@aH ltm x@ xSwQB Qy R=}Dt=� CU= xOW x}yD |v=}t u=Q}Ot w u=oQ@N Q_v

"�CU= xOW x@U=Lt MATLAB2017b Q=Ri=sQv QO Editor GUI

u=Wv =Q xSwQB Qy |}=yv R=}Dt= w |R=i G=DvDU= sDU}U |OwQw Q}O=kt 7 pwOH
=@ \@DQt u=tR w xv} Ry 'QF= Q}O=kt AJ x@ CU=Q R= |OwQw Q}O=kt uwDU "OyO|t

"CU= xSwQB Qy
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i; j = 1; 2; 3 � � �n (7)

|DQwYx@ CU= s=i |xSwQB xOwRi= R=}Dt= |R=U QFm =OL p=@vOx@ 1 hOy `@=D
xHOw@ QFm =OL �2� pw= C}OwOLt "OwW =[Q= xOW h} QaD |=yC}OwOLt xm
OwHw CQwY QO w xOwtv XNWt =Q w}rwiDQwB |=yxSwQB |=Q@ xOW h} QaD
hPL s=i xSwQB |xv} Ry R= =Q �xOW sm � xOW xQ}NP xv} Ry Q=Okt '|}=Ri=sy
p@=k sqk= jkLD CyH xOW h} QaD u=tR QFm =OL �3� swO C}OwOLt "O}=tv|t
u=}t |}=Ri=sy OwHw CQwY QO xm |DQwYx@ O}=tv|t XNWt =Q =yxSwQB p} wLD
C}OwOLt "OwW|t QUm s=i |xSwQB u=tR R= xOW xQ}NP u=tR s=j w s=i |xSwQB
w Ovm|t XNWt =Q w}rwiDQwB l} |=yxSwQB u=}t |v=WwBsy pk=OL �4� swU
"CU= uOW xi=[= p@=k s=i |xSwQB x@ QF= Q=Okt |}=Ri=sy OwHw CQwY QO
�6� sHvB C}OwOLt w xOw@ |}=Ri=sy |R=Up=ai \QW �5� sQ=yJ C}OwOLt
xOW |UQQ@ |=yxSwQB O=OaD xOvyOu=Wv �7� QDt=Q=B uOw@ |m} w QiY |xOvyOu=Wv

"CU=
Nec(a � g) = 1� poss(a < g) = 1� Sup

r<g
f�A(r)g (8)

hOy `@=D =@ \@DQt |v=mt= Q}eDt u=ty � |v=mt= Q}eDt xmv}= x@ xHwD =@ 'u}=Q@=v@
%CWwv u=wD|t CU= xr�Ut

MaxZ

s:t:

Nec(
nX

ij=1
~Aixi � g) � 0 5 (9)

'|Oa@ xrLQt QO "Owtv p}O@D |a]k pOt x@ u=wD|t =Q pOt hOy `@=D xH}Dv QO
VwQ R= OW xO=O K}[wD xm Qw]u=ty Qw_vt u}O@ "OvwW |t |R=i}O =yC}OwOLt
uOQm |R=i Q}e |=Q@ |}=Q=m |Ov@x@DQ R= VwQ u}= QO "CU= xOW xO=iDU= Rvt}N
|=Q@ '|Ov@x@DQ VwQ j@] [16]"OwW|t xO=iDU= |v=mt= pOt l} |=yC}OwOLt
C@Uv a |R=i OOa uOw@ |w=Ut =} QDnQR@ xHQO 'b w a |R=i O=Oa= R= |HwR Qy

%OwW|t h} QaD p}P CQwYx@ b |R=i OOa x@
Degree(~a: � ~b:) =

�M (~a:;~b:)� degree of preference of ~a over ~b

�M (~a:;~b:) �8>>>><>>>>:
0 Ea2 < Eb1

Ea2 �Eb1
Ea2 �Ea1 +Eb2�Eb1 0 2 [Ea1 � Eb2 < 0 ; Ea2 � Eb1 > 0]

1 Ea1 < Eb2

(10)

=D@ xHQO =@ pk=OL "a |R=i OOa s}} wo|t 'OW=@ Q=QkQ@ p}P \QW wO xJv=vJ p=L
%CWwv u=wD |t w CU= |w=Ut =} QDnQR@ "b |R=i OOa R=

� 2 [0; 1]; �M (~a:;~b:) � �
~a:��~b: � Ea2 � Eb1

Ea2 � Ea1 + Eb2 � Eb1 � � (11)

pOt x@ p}P pmW x@ =Q xOW u=wva |R=i pOt u=wD|t xOW xDio OQ=wt x@ xHwD =@
%Owtv p}O@D |a]k

pOt R= xO=iDU= =@ xSwQB w}rwiDQwB xv}y@ ?=NDv= %swU xrLQt "3"2
|R=i |[=} Q |R} Qxt=vQ@

pOt |OwQw |=yQDt=Q=B u=wvax@ p@k pL=Qt QO xOW x@U=Lt Q}O=kt R= xrLQt u}= QO
xr�Ut |=yQDt=Q=B w =yQ}eDt '=yXN=W "OwW|t xO=iDU= |R=i |[=} Q |R} Qxt=vQ@

%CU= u=}@ p@=k p}P KQWx@
=yXN=W �

"s= j w s= i xSwQB %i; j
=yQDt=Q=B �

&i xSwQB xOwRi= R=}Dt= % ~Ai
&?wYt xHOw@ %B

&pm u=tR %TT
&QF= u=R}t pk=OL %Minl

&i xSwQB xv} Ry %ci
&j xSwQB xv} Ry %cj
&i xSwQB u=tR %ti
&j xSwQB u=tR %tj

&i xSwQB QF= %Ii
&j xSwQB QF= %Ij

&j w i |=yxSwQB u=}t |}=Ri=sy % ~SCij
&j w i |=yxSwQB u=}t |}=Ri=sy % ~STij
&j w i |=yxSwQB u=}t |}=Ri=sy % ~Sij

&i xSwQB uRw %wi
&|D} Q}Ot xQ}NP %�

&?=NDv= u=mt= ?} Q[ %�; �
"0 CQwY u}= Q}e QO w 1 Q@=Q@ j w i |=yxSwQB uOW ?=NDv= CQwY QO %yij

=yQ}eDt �
"CU= 0 Q@=Q@ CQwY u}= Q}e QO w 1 Q@=Q@ s=i |xSwQB uOW ?=NDv= CQwY QO %xi
p}P KQW x@ �|R=i OOa w sQv C}OwOLt ẁv R=� |R=i |[=} Q |R} Qxt=vQ@ pOt

"OwW|t u=}@

MaxZ =
nX

ij=1
~Aixi (1)

s:t:
nX
i=1

cixi �
" X

1<i<j<n
~SCij(ci + cj)

#
� yij ~�B (2)

nX
i=1

tixi �
" X

1<i<j<n
~STij(ti + tj)

#
� yij ~�TT (3)

nX
i=1

Iixi +

" X
1<i<j<n

~Sij(Ii + Ij)

#
� yij ~�MinI (4)

yij = xi � xj (5)

yij ; xi; xj 2 f0; 1g (6)
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"xOt; CUOx@ R=}Dt= =@ QF= w u=tR Q}O=kt \=@DQ= "3 pmW

"xOt; CUOx@ R=}Dt= =@ xv} Ry w u=tR Q}O=kt \=@DQ= "4 pmW

"R=}Dt= w QF= Q}O=kt |]N \=@DQ= "5 pmW

=@ R=}Dt= x@ C@Uv u=tR w xv} Ry xm OyO|t u=Wv 4 pmW QO |HwQN K]U
Q}O=kt R= l} Qy |]N \@=wQ 7 w 6 '5 |=ypmW "OvQ=O s}kDUt x]@=Q Qo}Om}
"OvyO|t V}=tv |R=i G=DvDU= sDU}U R= xOW pY=L R=}Dt= =@ =Q QF= w u=tR 'xv} Ry

p}rLDwx} RHD "3
QO QDnQR@ 0 5 Q=Okt R= =Q hOy `@=D u=mt= Q=Okt =t 'uOwtv |a]k Qw_vtx@
|=Q@ u=mt= u}= '|R=i |[=} Q pOt uOwtv |R=i|O ẁv x@ xHwD =@ "s} Q}o|t Q_v

MaxZ =
nX

ij=1
~Aixi � 


"
nX
i=1

wixi

#
(12)

s:t:
nX
i=1

cixi �
" X

1<i<j<n
(�E

~SCij(ci+cj)
1 + (1� �)E

~SCij(ci+cj)
2 )

#
�yij � B +B(1� �)� (13)
nX
i=1

tixi �
" X

1<i<j<n
(�E

~STij(ti+tj)
1 + (1� �)E

~STij(ti+tj)
2 )

#
�yij � TT + TT (1� �)� (14)
nX
i=1

Iixi +

" X
1<i<j<n

�E
~Sij(Ii+Ij)
2 + (1� �)E

~Sij(Ii+Ij)
1

#
�yij �MinI +MinI(1� �)� (15)

yij = xi � xj (16)

yij ; xi; xj 2 f0; 1g (17)

i; j = 1; 2; 3 � � �n (18)

�; � 2 [0; 1] (19)

Q_v QO �10 Q@=Q@ =yC}OwOLt QO �|D} Q}Ot xQ}NP� =DD Q=Okt xm CU= QmPx@ sRq
xmv}= x@ xHwD =@ u}vJty "CU= 0 5 Q@=Q@ hOy `@=D QO =t=o Q=Okt w xOWxDiQo
VwQ R= 'CU= xSwQB Qy uRw uOw@ XNWt x@ R=}v hOy `@=D uOwtv |R=i}O |=Q@
=@ \@DQt pw=OH "CU= xOW xO=iDU= xSwQB Qy uRw uOwtv XNWt CyH |B wQDv;
s}D \UwD xm s=j w s=i |=yxSwQB u=}t |Q=PoQF= w |=xv} Ry '|v=tR |}=Ri=sy OYQO

"CU= xOW xO=O u=Wv xt}t[ CtUk QO xOW G=QNDU= |Q}os}tYD
%|R=i G=DvDU= sDU}U

sDU}U x@ u=tR w xv} Ry 'QF= |OwQw xU xm =Hv;R= |R=i G=DvDU= sDU}U XwYN QO
x�=Q= xSwQB Qy R=}Dt= u=wvax@ |R=i G=DvDU= sDU}U \UwD |HwQN l} w OQ=w
Q}PBu=mt= syt u}= xm CU= R=}v |Oa@ Q=yJ Q=Owtv l} x@ |UQQ@ CyH 'OwW|t
p}rLDwx} RHD OQwt Q=Ri=sQv \UwD xOW O}rwD |Oa@xU Q} w=YD 'u}=Q@=v@ "OW=@|tv
u=}t |x]@=Q Q=Owtv Qy OwW|t xOy=Wt p}P p=mW= QO xm Qw]u=ty "OQ}o|t Q=Qk
Q}O=kt Y w X |=yQwLt "OyO|t V}=tv =Q |HwQN l} w |OwQw CiH l}
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'?NDvt |=yxSwQB ẁtHt pw= h}OQ Q=yJ QO w Ov=xOQmv ?=NDv= =Q sQ=yJ w swU
QO w xSwQB wO O=OaD OQwt xU QO xm |=xvwox@ &OvQ=O 4 145 Q=Okt =@ Q@=Q@ |WRQ=
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