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Vehicle routing problems are a category of complex mathematical problems in the field of
transportation and supply chain management, and a wide variety of these problems have been
introduced. One category within this field involves the collaboration of two different types of fleets
in a network, where in many cases, one of the fleets must patrol the graph as a support fleet and is
not subject to the same constraints as the other fleet, such as only visiting a vertex or an edge once.
Examples include refueling fleets or trucks providing services to drones, where these fleets patrol
the network so that the other fleet can use their services as needed.

In this paper, the problem of the free movement of such fleets on a graph is examined as a free patrol
problem, which can be used as a sub-problem in the modeling and solving of many routing
problems. To this end, the problem is modeled as a mixed-integer linear programming (MILP)
problem in both discrete and continuous time spaces. Generally, it is expected that the model in
continuous time space will exhibit lower computational complexity, but since modeling in
continuous time requires changes to the graph, leading to an increase in the number of vertices and
edges, its behavior needs to be more thoroughly investigated. On the other hand, another challenge
in analyzing this problem is that the objective of the free patrol sub-problem depends on the main
problem, as without the main problem, the free patrol problem may lose its objective, with a fleet
patrolling the graph within a designated time. Therefore, to decouple and make the free patrol
independent of the main problem, five different objective functions have been introduced for each
model, covering a wider range of comparisons, leading to ten models in total. Subsequently, all ten
models were solved exactly using randomly generated data for ten different graphs. Finally, the
behavior of the models was evaluated and compared from various perspectives. The numerical
results demonstrate the superior performance of the continuous time model over the discrete time
model.
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Continues-Time Discrete-time
sample | objective | #Variables | #Constraints | Time (s) | GAP% | #Variables | #Constraints | Time (s) | GAP%
— Obj 1 663 67 14.24 0% 6540 11448 34.36 0%
(]
g‘ Obj 2 662 67 5243 0% 6540 11448 371.32 0%
& Ob;j3 662 67 44.99 0% 6540 11448 540.50 0%
Obj 4 667 77 1.60 0% 6546 11460 35.18 0%
Obj 5 676 95 111.58 0% 6554 11476 776.68 0%
~ Obj 1 2259 115 46.70 0% 12609 22419 255.52 0%
% Obj 2 2258 115 3600.47 164% 12609 22419 3716.85 -
E Ob;j3 2258 115 3600.83 | 295.48% 12609 22419 3617.76 -
Obj 4 2264 127 0.46 0% 12616 22433 85.60 0%
Obj 5 2278 155 3601.41 | 114.43% 12629 22459 3644.23 | 102.09%
e Obj 1 3969 163 48.98 0% 15520 27648 38.08 0%
% Obj 2 3968 163 3600.62 | 213.73% 15520 27648 3617.23 -
§ Ob;j3 3968 163 3601.61 | 225.46% 15520 27648 3612.01 -
Obj 4 3975 177 0.45 0% 15528 27664 105.02 0%
Obj 5 3992 211 3601.16 71.55% 15544 27696 3617.44 | 134.47%
< Obj 1 4098 184 3.49 0% 17115 30321 109.08 0%
% Obj 2 4097 184 3600.74 | 294.79% 17115 30321 3615.59 -
E Obj3 4097 184 3600.44 | 283.29% 17115 30321 3611.66 -
Obj 4 4105 200 0.53 0% 17124 30339 93.88 0%
Obj 5 4123 236 3600.48 84.88% 17141 30373 3607.88 | 118.29%
“ Obj 1 9924 298 1.56 0% 24880 44165 203.76 0%
%_ Obj 2 9923 298 3600.51 | 334.01% 24880 44165 3673.42 -
vg) Ob;j3 9923 298 3603.88 | 405.40% 24880 44165 3672.53 -
Obj 4 9932 316 1.08 0.00% 24890 44185 3624.25 16.95%
Obj 5 9953 358 3600.65 | 105.86% 24910 44225 3629.65 | 229.74%
© Obj 1 12525 331 28.08 0% 29845 53343 617.26 0%
%_ Obj 2 12524 331 3605.89 | 364.67% 29845 53343 3685.13 -
U%) Ob;j3 12524 331 3600.96 | 521.69% 29845 53343 3673.34 -
Obj 4 12534 351 2.08 0% 29856 53365 3616.85
Obj 5 12560 403 3602.03 | 109.87% 29881 53415 3628.24 | 223.77%
~ Obj 1 15927 403 18.31 0% 30450 54204 482.38
%’L Obj 2 15926 403 3600.96 | 455.88% 30450 54204 3632.67 -
(% Ob;j3 15926 403 3600.46 | 485.68% 30450 54204 3633.04 -
Obj 4 15937 425 1.19 0% 30462 54228 1526.66 0%
Obj 5 15964 479 3600.86 | 117.32% 30488 54280 3643.31 | 184.54%
0 Obj 1 15927 403 18.31 0% 30450 54204 482.38
'q?i Obj 2 27176 535 3600.90 | 458.05% 41610 74463 3647.24 -
(;%) Ob;j3 27176 535 3600.94 | 500.65% 41610 74463 3763.38 -
Obj 4 27188 559 8.24 0% 41623 74489 3754.43 | 192.59%
Obj 5 27220 623 3601.21 | 105.16% 41654 74551 3667.80 -
o Obj 1 34665 643 93.82 0% 41296 73339 654.40 0%
'% Obj 2 34664 643 3601.89 | 561.07% 41296 73339 3649.47 -
§ Obj3 34664 643 3604.45 | 683.70% 41296 73339 3699.68 -
Obj 4 34677 669 2.56 0% 41310 73367 3625.86 2.94%
Obj 5 34708 731 3601.97 | 131.54% 41340 73427 3672.57 | 258.34%
o Obj 1 34776 646 40.71 0% 44395 79231 1291.05 0%
Z) Obj 2 34775 646 3601.67 | 613.24% 44395 79231 3697.17 -
g Ob;j3 34775 646 3601.03 | 471.27% 44395 79231 3664.13 -
n Obj 4 34789 674 8.62 0% 44410 79261 3653.55 | 135.71%
Obj 5 34825 746 3601.08 | 106.61% 44445 79331 3639.09 | 168.39%
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Continues-time Discrete-time
objective | Time(s) | %Optimal | #Variables | #Constraints | Time(s) | %Optimal | #Variables | #Constraints
Obj 1 31.34 100% 13473 325 463.02 100% 25310 45032
Obj 2 3246.61 10% 14597 339 3330.61 10% 26426 47058
Obj 3 3245.96 10% 14597 339 3348.80 10% 26426 47058
Obj 4 2.68 100% 14607 358 2012.13 50% 26437 47079
Obj 5 3252.24 10% 14630 404 3352.62 10% 26459 47123
Sample 1 224.84 100% 666 75 351.61 100% 6544 11456
Sample 2 | 2169.97 40% 2260 125 2263.99 40% 12614 22430
Sample 3 | 2170.56 40% 3974 175 2197.96 40% 15526 27661
Sample 4 | 2161.14 40% 4104 198 2207.62 40% 17122 30335
Sample 5 | 2161.53 40% 9931 314 2960.72 20% 24888 44181
Sample 6 | 2167.81 40% 12533 349 3044.16 20% 29854 53362
Sample 7 | 2164.36 40% 15936 423 2583.61 40% 30460 54224
Sample 8 | 2165.76 40% 24937 531 3155.42 20% 39389 70434
Sample 9 | 2180.94 40% 34676 666 3060.39 20% 41308 73362
Samplel10 | 2170.62 40% 34788 672 3188.99 20% 44408 79257
Average solving time (obtimal results): 23.88 s Average solving time(obtimal results): 453.61 s
Average solving time: 1955.77 s Average solving time: 2501.45 s
No. of obtimal results: 23 No. of obtimal results: 18
% of obtimal results: 46% % of obtimal results: 36%
Objective 1- Solving Time Objective 1- No. of Variables
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