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Abstract

In this study, a two-stage mathematical model is proposed for scheduling football league competitions with
the primary goal of organizing matches in a fair and orderly manner. In the first stage, the sequence of
matches, the assignment of home and away teams, and the allocation of referees are determined by
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considering various constraints to ensure justice in the competition. These constraints include alternating
home and away match for each team, preventing a weak team from playing against two strong teams in
consecutive weeks, and others aimed at promoting fairness. Subsequently, in the second stage, the exact
scheduling of each match, specifying the day and time, is determined based on the outcomes of the first
stage. The main innovation of this research is the stepwise decision-making process, which not only
separates the determination of match sequence and exact timing but also incorporates practical constraints
such as referee experience level, balancing the number of games officiated by each referee, and ensuring a
minimum three-day interval between games for any team. Using the proposed model, it is possible to
develop an optimal schedule for up to 6 teams and 8 refereces over a 10-week period, and to conduct
comprehensive analysis of the results. The results of the sensitivity analysis on the number of strong and
weak referees indicate that when the number of both groups is equal, the smallest deviation from fairness-
oriented criteria is observed. As the disparity between the sizes of these two groups increases (assuming
the total number of referees remains constant), the deviation also increases.

Keywords: Sports scheduling; Referee assignment; Integer programming; Football league scheduling;
Sequencing; Fairness.

Introduction mathematical . models. and  optimization
techniques. . Integrated ' frameworks, which
schedule not only matches but also related
activities, are increasingly favored in recent
research [7].

Studies on minimizing team travel [5],
balancing home and away games [8], and
equitable referee assignments [9] have produced
improvements in both fairness and cost, with
methods like iterative local search reducing travel
by up to 24.5% [5] and optimized referee
allocations cutting soft constraint violations by
half [6]. The introduction of integer programming
has enabled, for the first time, league calendars
meeting all stakeholders’ demands in settings
such as Belgium [10].

The principal innovation of this study is a two-
stage approach that concurrently considers match
order, referee assignment, and exact timing,
while directly addressing constraints related to
referee experience, workload, and minimum rest
periods. The paper proceeds with a literature
review, problem statement, results, and
suggestions for future research.

Providing optimal scheduling for real-world
problems is of great importance [1-3]. One such
problem is the scheduling of sports competitions.
Sporting events play a vital role in society,
fostering  healthy  competition, economic
development, tourism, and urban growth. In
recent decades, sports have evolved into a multi-
billion-dollar industry, generating significant
economic, social, and cultural benefits, especially
for host cities of major events such as the FIFA.
World Cup and the Olympics. This increasing
global attention has driven a need for improved
scheduling and operational processes,
particularly in football; the most-watched sport
worldwide. ~ With " increasingly = complex
tournament calendars and-the challenge of fair
referee allocations, issues of fairness, bias, and
scheduling efficiency ‘have become central
concerns in sports management [4].

Football competitions are typically organized
as leagues, where each team faces all others both
home and away, or as knockout tournaments.
Each format presents distinct scheduling
challenges. Leagues, for example, demand Methodology
careful match organization to ensure fairness and
balance given dense calendars, limited stadium
availability, the requirement for player rest, and
international fixture alignment. Equally, referee
allocation must be managed to prevent disputes

This research addresses the complex challenge
of scheduling matches in a double round-robin
football league, where each of N teams faces
every other both home and away. The main
and maintain competition integrity [5]. sch.eduling goals are f.airn-ess, especially in rest

Computationally, sports scheduling is known periods, - referee dlstrlbutlon, an.d. home/ away
to be NP-hard [6]. Even small cases can be balancg, apd prgctlcal -feqs-lblhty given
difficult to solve exactly and require advanced constraints like stadium availability. As perfect



alternation between home and away games is
rarely possible due to real-world limitations,
these requirements are modeled as soft
constraints, each incurring penalties in the
objective function when violated.

The objective function is designed to penalize

breaches in key faimess and operational
constraints: too many consecutive home or away
games for teams, imbalanced referee workloads,
assigning inexperienced referees to major
matches, and insufficient recovery time for
players or referees. Core model constraints
ensure: (1) teams avoid long sequences of
home/away games; (2) referees are rotated fairly
and according to experience; (3) sufficient rest is
preserved; and (4) no match overlaps occur for
teams or shared venues.
The model operates in two phases. The first
determines the match sequence, home/away
assignments, and referee allocation to achievethe
best balance under fairness and practical limits.
The second phase schedules each match and
referee onto specific days and times, respecting
real-world calendar and venue constraints.
Additional rules, including alternating referees,
distributing experience levels, and handling
shared stadia, are designed to maximize equity
and minimize practical conflicts.

Results

Applying the propoesed model .to real-world-
inspired football league cases yielded strong
results, especially for small and medium leagues.
For instance,.with four or six referees and up to
six teams, the model quickly produced optimal
and fair schedules, evén when accounting for
team strength and referee experience. As the
number of ‘teams and referees increased,
computation time and problem complexity also
rose, but the model still returned quality feasible
solutions. However, for the largest tested case,
eight teams and eight referees over fourteen
weeks, the model could not find a feasible
solution within 28 hours, highlighting
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computational challenges at larger scales. For
leagues with up to six teams, the model proved to
be flexible, efficient, and user-friendly, requiring
only basic input data. Its two-stage approach,
integrating both match and referee scheduling,
offers a transparent and practical solution,
making it ideal for federations and managers
seeking balanced, easily generated league
schedules without intensive manual planning. For
larger leagues, adopting stronger computational
tools or  metaheuristic  algorithms s
recommended to address increased complexity
and scalability.

Conclusion

The propesed mathematical model offers an
integrated,  two-stage . solution = for the
simultaneous scheduling of matches and referees
across multiple calendar levels. By incorporating
soft constraints, penalties, and real-world
limitations, it yields detailed, feasible, and
balanced. competition schedules. A major
strength lies in its comprehensive coverage of all
fairness and operational aspects, rare in earlier
works often limited to just match or referee
scheduling in isolation. For simplicity, the model
currently assumes features like mirrored
calendars in the second half and a single match
per hour, and does not model uncertain
team/referee availability. Future work could
improve flexibility by supporting simultaneous
matches in different venues, removing mirrored
scheduling, introducing rolling week-by-week
planning, and relying on real-time data or
additional criteria like referee nationality. For
leagues with more than six teams, exact
optimization may be combined with
metaheuristics (e.g., genetic algorithms) to
overcome computational barriers. In summary,
the model offers a practical, fair, and transparent
scheduling tool well-suited for small and mid-
size leagues and provides a solid foundation for
future enhancements in larger or more complex
league settings.
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matches
Article Sub-category Constraints
Number N Year Solution method  Modeling
0. Referee Time Sequencing . .
. . Referee Time Fair Venue
assignment scheduling of matches
1 [4] 2008 v Hungarian method IP v’ v’
) [5] 2010 v v Iterated local P v v v
search
3 [11] 2012 v v CPLEX P v v
4 [6] 2013 / A pattern-based P v
approach
5 [8] 2013 v Gurobi P v v v
6 [91 2014 v v Genetic algorithm IP v v
7 [12] 2015 v v CPLEX BIP v v
8 [13] 2017 v v Genetic algorithm ~ MILP v’ v
9 [14] 2017 v Branch and bound ~ MILP v v
10 [15] 2018 v CPLEX "*NLBIP v’ v’
11 [16] 2019 v v CPLEX 1P v v
12 17 2020 v v Evolufionasg P v oV v
algorithm
13 [18] 2021 v v Rolling horizon IP v
14 [19] 2022 v Dynamic NLBIP v v
programming
15 [10] 2022 v CPLEX P v v
16 [20] 2022 v Branch and cut '"MIQP v’ v’ v’
17 [71 2023 v Fix and optimize IP v v
18 [21] 2023 v Dynamic NLBIP v v v
programming
19 [22] 2023 v Branch and cut MIQP v v
20 Current 025 v v v Python (pulp MILP v v v v
Research library)
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(Overview of the output of the first stage of football league plannng) JLigs lilis 55,400 Jgl al> 1o (29,5 5 IS slois ¥ Jgo

Week 1 Week2 Week3 Week4 Week5 Week 6 ... Week 14

A-B-1 A-D-5 A-C-1 AES
C-D2 B-C-6 B-D-5 D-F6
E-F3 E-G-1 EH4 CH4

G-H-4 F-H-2 F-G-2 G-B-1

A-G2 A-F-6 H-A-5
E-B-1 E-D-1 B-F-6
F-C-6 H-B-3 C-E-1
H-D-5 C-G-2 D-G-2

(Overview of the output of the second stage of football league Jlsgs clislus (55,400 pgo Al po (5,5 5l IS slos ¥ Jgox

planning)

m Saturday Sunday Monday Tuesday Wednesday Thursday Friday

17:00 A-B-1 G-H-4

21:00  E-F-3

C-D-5 A-D-5

E-G-1
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(The sets of the proposed mathematical model) solgiis oL, Jow sloacgorma 8o ¥ Jgax

Set Description

Description

Set of referees

ScR Set of experienced referees

Set of days of the week (Saturday to
Friday)

S

[=TOP Weak

Set of teams

Set of strong teams

Set of weak teams



Set of holidays (Thursday and

H Friday) C Set of cities with at least two teams
T Set of match times Samec Set of teams in city ¢
/) SS:;S(())iweeks in the first half of the w Set of weeks in the season
Set of impossible game days in the
. following week for each pre-weekend day:
aw ?&t]:ig: d:/ee,}fﬁﬁfs g:me]:(riiz}:.} S(dw) For Wednesday: {Saturday}
¥, ¥ y For Thursday: {Saturday, Sunday}
For Friday: {Saturday, Sunday, Monday}
(The parameters of the proposed mathematical model) solgiin oL, Jao sloyolly (3,20 O Jgax
Parameter Description Parameter Description
m 82:;’? 012 tzeaﬁ;isrtlssttetlgsnslp'essift}ﬁng that gameplay Number of matches officiated by
b ro fereepr ii; wé;ek w J each referee during the season
Penalty fpr a team plgylng two Number of matches a referee
Pen resigame consecutive matches in less than n T . .
days should not officiate consecutively
P Penalty for scheduling a match Penalty for two consecutive home
€M holiday between two strong teams on a day Penpar
outside of set H or away matches for a team
Penron Penalty for scheduling two matches Pencan Penalty for consecutive matches
strongteams between strong teams on the same day arryover against strong teams
P Penalty for scheduling more matches Penalty for assigning one sta@ium
€M excessgame Pen sume to two teams from the same city

Pei’l shortfal lgame

PencGamerwice

Pen aciroBack

than allowed at a specific time slot

Penalty for scheduling fewer matches
than allowed at a specific time slot

Penalty for assigning a referee to both
legs of a home-and-away match

Penalty for assigning a referee to
consecutive matches for a single team

P enweight—excess/

Pen weight—shortfall

P en refereerest

Pen strong

P enweight—over/

Pen weight—under

in one week

Penalty for assigning a referee to
more/less than the specified
number of matches

Penalty for no rest given to a
referee after T consecutive
matches

Penalty for assigning a non-elite
referee to a strong vs. strong
match

Penalty for assigning elite
referees to more/less than half of
a particular team’s matches

(Decision variables of the proposed mathematical model) soloiig Joo (6 oS puonas Sl juiiin (B2 £ Jgox

Decision variable

Description

Decision variable

Description

Xi,j,r,w,d,t

dhOlidayl"j’r,w,t

1, if team i is the home team
against team j with referee r in
week w on day d and at time ¢t; 0
otherwise.

1, if strong teams i and j play

with referee r at time t in week w  V; ;

on a non-holiday; 0 otherwise.

11

Xi,j.w

1, if team i has a home match against
team j in week w; 0 otherwise.

1, if team i has consecutive home
matches in weeks w and w + 1; 0
otherwise.



dstrongteams ; ,,

shortfall; /excess;

drestgameij Jwd

Excess /

Shortfall,

Over; /
Under;

dGameTwicei, jrw

1, if two strong—strong matches
are held on day d in week w; 0
otherwise.

The surplus/shortage of matches
played by team i at 17:00 from
the allowed limit. (The allowed
limit is half of the matches.)

1, if either team i or team j plays
two consecutive matches in week
w or w+1 on day d, with the
matches being less than 3 days
apart; 0 otherwise.

The surplus or shortage of
matches for referee r compared to
the ideal gameplay amount
throughout the season.

The number of matches
above/below the allowed limit for
team i that are officiated by an
elite referee. (The allowed limit is
more than half of the matches.)

1, if referee r is assigned to both
legs of home-and-away matches
between teams i and j in week w;
0 otherwise.

mi,jrw

dHAt

dCarryOver

i,j1,j2,w

dSamew,c

drest,w

dNostrong; i,

dBackToBack i, w

1, if team i has a home match against
team j with referee r in week w; 0
otherwise.

An integer variable that indicates the
number of consecutive home matches
for team i.

1, if in weeks w and w + 1,
consecutive matches occur between
team i, j;, and j,; O otherwise.

1, if a shared stadium is assigned to
two teams from city ¢ in week w; 0
otherwise.

1, if referee.r does not rest after T
consecutive matches in week w; 0
otherwise.

1, if a non-elite referee is assigned to
a match between two strong teams i
and j in week w; 0 otherwise.

1, if referee r is assigned to
consecutive matches for team i in
weeks w and w + 1; 0 otherwise.

&ibw Jow 0¥

1ol al> 5o (55l

RT3 TETT 30 35 30
MinZ = Penpqr Zie[ dHAt [P Carryover ic] Ld el Leed j1€TOP deed j2TOP dCar TYOVEr; i1 jow
+P€I’lweightaxcess-erR E.XfC@SSr+penbackmback * Zie] ZreR ZWEW dBacktobackl" r,w

+P€7’lgame * ZWEW ZCEC dsamec’ W+Pen‘gtr0ng * Ziel ZJ’EI z welW NOtSﬂ”O”lgl" j, w (1)

. * .
ie1 OVeri * Pen weightunder Ziel underl

* *
+Penrefercerest ZWEW ZreR dres r W * Pen weightover

+Pel’l Gametwice Ziel Zje[ ZweW ZreR dGamethcela I rw+ PenweigthhortJ‘all-zreR Shortfallr

s.t.

Z%Wl Gerjow T x i) =1
Zje[,j¢i (xi,j,w + xj,l',W) =1

Xi,jw X jiwH

LicSAMEC 2 jeSAME ¢ %i,j.w T Zi€SAME ¢ Z_]'ESAMEC,#J' Xi,j,w = dSame,c

xi,jl,w+xi,j2,w+1

+x

jlii,w

+x —dCarryOver

J2,i,w+1 i jl, j2,w
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Vi,jel,i<j @)

Viel,YweWl 3)

Vi,jel,i# j,YweW “4)

<1 YeeC,Vwe W )

<1 VieWeak,Vjl,j2 € TOP, jl % j2,%we W, wp || (6)



Zjel, j#i (X j wxi, jovel STH Vi vielweWw,wp |1 )
2wew Vi~ dHAt; =0 Viel ()
>
ZreRmijwr:xijw Vi,jel,i#j,YwelW ©)
Y jel Xiel iz jmi,jwr <1 Vre R YweW (10)
zre r1s Vi jwy—dNostrong; ., <0 Vi, j € TOP,Ywe W (1n
mijovs T | . —dGameTwicei,jw,y <1 Vi,jel,j#i,YweWl,VreR (12)
ZJEI, iy (mi e F s T M et T 1) — dBacktoBacki <1 Viel,YweW,VreR (13)
— < — — —
Zie[ Zjel,#j ZIGW,w£t£w+T—1 mi jir ARestwr= r-1 vwe |W| (T -1, ¥R (14)
ZreS Z]EI i#j ZWEW mi,j,w,r - (}’l - 1) < 0V6}"i - Underi viel (15)
Ziel z.fe[ oy ZweW Mi.j . — 8ameplay < Excess, — Shortfall, vreR (16)
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MinZ = Penhf’lida}"ZreR ZWEW ZieTOP ZjeTOP ZteT dh()hdayi,_i,r,w,t
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(Specifications of the problems used) soliiw! 8,30 JBlue Slasein VY Jgox

#Strong

#Elite

Number of

Problem # Teams  #Referees T . #Cities
teams referees assignments
1 4 2 2 1 4 6 4
2 4 4 2 1 4 3 4
3 4 4 3 2 4 3 3
4 4 6 3 2 3 2 2
5 6 3 2 1 5 10 6
6 6 4 2 2 4 7 4
7 6 4 3 2 4 8 3
8 6 6 2 3 3 5 3
9 6 6 2 3 3 5 2
10 8 6 2 3 5 9 6
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(First-stage modeling results for the fourth problem) s ,l> aliucs 5l Jol al> 1o (5l Jon gulis A Jgax
Week 1 Week 2 Week 3 Week 4 Week 5 Week 6
Team?2 - Team4 Team]1 - Team2 Teaml - Team4 Teaml - Team3 Team?2 - Teaml Team2 - Team3
Referee5 Refereel Referee2 Referee3 Referees Refereel
Team3 - Teaml Team4 - Team3 Team3 - Team2 Team4 - Team?2 Team3 - Team4 Team4 - Teaml
Referee2 Referee6 Refereed Refereel Referee2 Referee6

(Second-stage modeling results for the fourth problem) ¢ loz alis pgo al> 1o (53lw e s A Jgox

Host Team Away Team Referee Week Day Time
Team3 Team1 Referee2 1 Thursday 17:00
Team?2 Team4 RefereeS 1 Tuesday 21:00
Teaml Team?2 Refereel 2 Friday 21:00
Team4 Team3 Referee6 2 Monday 21:00
Team3 Team?2 Referee4 3 Thursday 17:00
Teaml1 Team4 Referee2 3 Thursday 21:00
Team4 Team?2 Refereel 4 Friday 17:00
Teaml1 Team3 Referee3 4 Thursday 21:00
Team3 Team4 Referee2 5 Friday 17:00
Team?2 Team1 RefereeS 5 Thursday 17:00
Team?2 Team3 Refereel 6 Friday 21:00
Team4 Team1 Referee6 6 Thursday 17:00
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(Computational results of solved problems) ouis J> Jlue sloslowe gulis .V ¢ Jga

First Stage

Second Stage

Problem Objective  Solution  Objective.  Solution
number . . . .
function time function time

1 225" 3.91 0 0.52
2 115% 5.89 0 0.63
3 125" 2.93 0 0.59
4 1417 52 0 0.81
5 205" 704 0 1.25
6 72" 515 0 1.14
7 163" 1534 0 0.85
8 64" 259 0 0.64
9 154" 372 0 0.46
10 - - - -

Average 140 378 0 0.77
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NP-hard

Iterated Local Search (ILS)
Operation Research (OR)

Integer Programming (IP)
Pattern-based approach

Mixed Integer Programming (MIP)
Genetic Algorithm (GA)
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9. Constraint Programming (CP)

10. Double Round Robin Table (DRRT)

11. Binary Integer Programming (BIP)

12. Turkish Football Federation (TFF)

13. Heuristic

14. Metaheuristic

15. Nonlinear Binary Integer Programming (NLBIP)

16. Mixed Integer Quadratic Programming (MIQP)
17. Mirrored scheduling



18. Python

10.

11.

12.

13.
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