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H1 |xmDxmD ẁv R= |m}t=v}O|]N |xmDxmD *|xOvvmpQDvm |L=Q] 'VywSB u}= *̀ w[wt
p�=Ut R= |}xawtHt CQwYx@ |rY= |xr�Ut "CU= |wDUt |xmDxmD |=ysDU}U |=Q@
u}= u=wD|t xm OwW|t xO=O u=Wv w OwW|t xDiQo Q_v QO H1 |=yxOvvmpQDvm |L=Q]

|]N *T} QD=t *|Q@=Q@=v |=yO}k =@ ?OLt |R=Uxv}y@ *p�=Ut *?r=k QO =Q p�=Ut R= xawtHt
|xDU@ |xkrL "Ov=pL *p@=k Ot;Q=m |wLvx@ OwHwt |=yQ=Ri=sQv j} Q] R= xm OQm u=}@

=v@t |OwQw *?}kaD x@ QO=k |wDUt |xmDxmD *sDU}U w |O=yvW}B |xOvvmpQDvm R= pmWDt
xwqax@ "CU= |rQDvm p=vo}U |SQv= QO C}OwOLt uDiQo Q_v QO =@ x=Qty |HwQN QO

|rQDvm p=vo}U |oDUw}B |xOvvmu}t-=D xm OQm p=ta= |]}=QW xOvvmpQDvm |L=Q] QO u=wD|t
xO=iDU= |a@ Qt |xmDxmD hwvwB=}r `@=wD R= xDU@ |xkrL *|Q=O}=B *|UQQ@ Qw_vtx@ "OW=@
"OQ}o|t Q=Qk |UQQ@ OQwt |R=Ux}@W *j} Q] R= |O=yvW}B |xOvvmpQDvm |};Q=m "OwW|t
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'|]N |xmDxmD |xOvvmpQDvm '|wDUt |xmDxmD *sDU}U %|O}rm u=oS=w
"|]N *|U} QD=t *|Q@=Q@=v 'H1 |xOvvmpQDvm

xtOkt
=@ xOvvmpQDvm x@ \ki =y|UQQ@ u}= R= |NQ@ QO xm CW=O xHwD O}=@ "CU= xOW
xHwD *OQwt =Q |m}t=v}O |xOvvmpQDvm *̀ w[wt s=OmI}y w 'xOW xDN=OQBCr=Ll@O}i
=y|UQQ@ u}= QO xO=iDU= *OQwt *VwQ xm CU= u}= Qo}O |xDmv [4w3'1]"Ov=xO=Ov Q=Qk
|=ysD} Qwor= OwHw p}rOx@ xm CU= u}atxt}v |R} Qxt=vQ@ x@ |rY= *|xr�Ut *p}O@D
u=v}t]= p@=k w ?U=vt |WwQ Q_v x@ 'u}atxt}v |R=Uxv}y@ p�=Ut pL |=Q@ Ot;Q=m
|]N *|U} QD=t *|=y|Q@=Q@=v R= |}=yOQ@ Q=m =y|UQQ@ u}= R= Qo}O |NQ@ QO "CU=
p�=Ut pL QO G}=Q |=ysD} Qwor= R=|LQW R}v w [6w5]'=ysDU}U w pQDvm *|x} Q_v QO
[7]"CU= xOW x�=Q= |]N *|U} QD=t |=y|Q@=Q@=v |=yO}k CLD ?OLt *|R=Uxv}y@
|}xOvvmpQDvm u=wD|t |wDUt |xmDxmD |=ysDU}U |=Q@ xm xO=O u=WvC=k}kLD
|xv}tR QO VqD u}rw= 'Q=m u}= [8]"OQm |L=Q] xOvvms}_vD w Qou}tND *Q=DN=U =@
j}kLD QO "CU= |wDUt |xmDxmD |=ysDU}U |=Q@ |m}t=v}O |xOvvmpQDvm |L=Q]
|xmDxmD |xOvvmpQDvm w |a@ Qt |xmDxmD *hwvwB=}r *̀ @=D|=Q@ wHwCUH xOWO=}
"OwW|t u=wva 4 �BMI� |]NwO |U} QD=t |Q@=Q@=v |xr�Ut CQwYx@ |wDUt
xr�Ut u}= pL 'CU}v ?OLt O}k l} |]NwO *|U} QD=t |Q@=Q@=v O}k uwJ xD@r=
V-K R= xO=iDU= 'pmWt u}= *̀ iQ |=Q@ |O=yvW}B VwQ "OW=@ Q=wWO CU= umtt
*|}=Qoty |=Q@|v}t[D 'OwHwt C=aq]= T=U=Q@ wCU= 5|Q=QmD VwQl} xmCU=

[8]"OQ=Ov |QU=QU
|xmDxmD |=ysDU}U |=Q@ |m}t=v}O |xOvvmpQDvm *|L=Q] OUQ|t Q_v x@

*|=ysDU}U R= |Q=}U@ *Q=DiQ 2|wDUt |xmDxmD w 1|]N |xmDxmD *|=ywor=
R= |Y=N |xvwo =ywor= u}= [2w1]"Ovvm|t h}YwD uUL= *wLvx@ =Q |]NQ}e
*sDU}U |=yCr=L R= l} Qy =@ Q_=vDt l}t=v}O =yu; QO xm Ov=|O} Q@}y |=ysDU}U
,qta |wDUt |xmDxmD w|]N |xmDxmD|=ysDU}U "CU= |wDUt =}|]N 'O} Q@}y
"OvwW|t xOy=Wt u; Q}_v w T} RQDU}y 'xrQ '`=@W= Ovv=t |}=RH= OwHw |x]U=wx@
|=Q@ ?U=vt |xOvvmpQDvm |L=Q] w |wDUt |xmDxmD |=ysDU}U p}rLD u}=Q@=v@

"CU= pQDvm *|x} Q_v QO |tyt *EL@t '=yu;
xvwou}= |L=Q] w p}rLD |xv}tR QO |H}=Dv 'p@k |xyO QO R}v w xyO u}= QO
=@ u=wD|t xm CU= u; Qou=Wv K}=Dv u}= R= |NQ@ "CU= xOt; CUOx@ =ysDU}U
|xmDxmD |=ysDU}U *|};Q=m w |Q=O}=B '|a@ Qt |xmDxmD hwvwB=}r `@=wD R= xO=iDU=
xOQw;Q@ CQwY QO w [3w1]'OQm u=}@ u}ats}v *|R} Qxt=vQ@ *p�=Ut *?r=k QO =Q |wDUt
"O};|t CUO x@ xv}y@ *|};Q=m w |}=tv *|Q=O}=B '|i=m \}=QW R= |}xawtHt *uOW
=@ |wDUt |xmDxmD |=ysDU}U |=Q@ H1 |};Q=m w |Q=O}=B |xr�Ut u}vJty
*?wJQ=J QO xrY=L G}=Dv w '|UQQ@ |a@ Qt |xmDxmD w hwvwB=}r `@=wD R= xO=iDU=
*|L=Q] *|xr�Ut 'xwqax@ [4]"Ov=xOW u=}@ 3 �LMI� |]N *|U} QD=t *|=y|Q@=Q@=v
'|a@ Qt *hwvwB=}r `@=D R= xO=iDU= =@ |]N |xmDxmD Cr=L *l@O}i =@ xOvvmpQDvm
u=}@ |]N *|U} QD=t |=y|Q@=Q@=v |=yO}k CLD ?OLt *|R=Uxv}y@ *|xr�Ut *pmWx@
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=Q][8w4]%OvW=@ u}vJ y(t) 2 Rq =y|HwQN

Hi
_x(t) = Aix(t) + bi +Biu(t)

y(t) = Cix(t) +Diu(t)
x(t)2Xi i2I=f1; :::;mg

(1)

*pwrU =} x}L=vm x@ Cr=L |=[i |=Q@ R=Qi= =} |Ov@s}UkD |awv fXigmi=1=Hv}= QO
=yx}L=v u}= |=yT}Ov= *|xawtHt "Ov=pN=ODt=v wOx@ wO xm CU= ?OLt |yHwOvJ
=@ V=|RQt \=kv w Xi `=tDH= "I = f1; ::;mg w OwW|t xO=O V}=tv I =@
|xmDxmD xv� |wDUt l}t=v}O u}t)=i *QoV}=tv Hi "OwW|t xO=O V}=tv Xi O=tv
xOW p}mWD Rn |=[i QO =[is}v pi O=OaD l =QDW= R= Xi Qy "CU= �|wDUt

%CU=

Xi =
n
x 2 Rn j hTijx < gij ; j = 1; :::; pi

o
(2)

%CWwv R}v |Q=OQ@ |Q@=Q@=v l} CQwYx@ =Q 2 |x]@=Q u=wD|t xD@r= w
Xi =

n
x 2 Rn j HT

i x < gi
o

(3)

OwW|t ZQi 'xwqax@ "gi = [gi1 ::: gipi ]T wHi = [hi1 ::: hipi ] u; QO xm
%CU= TQDUO QO Xj w Xi |x}L=v wO u}@ RQt |=Q@ |QDt=Q=B h}YwD l} xm

Xi \Xj �
n
fij + Fijz j z 2 Rn�1o i = 1; :::;m j 2 �i

(4)

'CU= Xi *pwrU =@ Qw=Ht |=ypwrU |=yT}Ov= |xawtHt �i u; QO xm
'CU= s=tDx@DQ T} QD=t l} 'Fij 2 Rn�(n�1)

"CU= |k}kL Q=OQ@ l} fij 2 Rn w
|=ysDU}U |=Q@ |wDUt |xmDxmD ?} QkD uOQw; CUOx@ |=Q@ |rwY=VwQ l}

[2w1]"CU= xOW x�=Q= |]NQ}e

|wDUt |xmDxmD |=ysDU}U *|Q=O}=B
h} Q=aD R= |m} *j@] smCUO O}=@ xDU@ |xkrL '|};Q=m X=wN xvwoQy R= p@k
*swRr Q@ O}m -=D 'Q=DWwv u}= QO |Q=O}=B *̀ w[wt *KQ] h=Oy= R= |m} "OW=@ Q=O}=B 'OwHwt
QO "CU= |L=Q]s=o R= pkDUt |t=o u=wvax@ |}=yv |xDU@ |xkrL |Q=O}=B *|UQQ@
|L=Q] H1 |xOvvmpQDvm l} |]N plant l} |=Q@ xm |t=ovy '|]NpQDvm
Qo}O '|L=Q] s=tD= R= TB w CU= Q=O}=B OwNx@OwN |}=yv |xDU@ |xkrL 'OwW|t
QmP xtOkt QO ,q@k xm Qw]u=ty =t= "CW=O Oy=wNv OwHw |Q=O}=B |UQQ@ x@ |R=}v
p@k R= 'u}=Q@=v@ "OvDU}v H1 w |]N ?}DQDx@ xOvvmpQDvm w plant =Hv}= QO 'OW
"OwW |UQQ@ ,qkDUt CU= sRq w OQ=Ov OwHw xDU@ |xkrL |Q=O}=B |=Q@ |v}t[D
|Q=O}=B |x} Q_v T=U=Q@ 'OwW|t x�=Q= Q=DWwv u}= QO �|Q=O}=B� u=wva CLD xJv;
Qy |=Q@ VN@ u}= ?r=]t [8w4'3]"CU= xOW CW=OQ@ u}kkLt G}=Dv Qo}O w hwvwB=}r
1 CqO=at xD@r= "Ov=jO=Y 1 |xrO=at Q}_v |DqO=at =@ |wDUt |xmDxmD *sDU}U
|]N |xmDxmD |xOvvmpQDvm |L=Q] R= TB =t= 'Ovvm|t wor= =Q R=@xkrL *sDU}U
w xDWwv |wDUt |xmDxmD CQwYx@ R}v =Q pm |xDU@ |xkrL CqO=at u=wD|t
xm CU= |}=yQ=m R= |m} u}= "OQm p=ta*= R}v xDU@ |xkrL x@ =Q VN@ u}= ?r=]t

'Q[=L Q=DWwv |Qw;wv "CU= xDiQo Q=QkxHwD OQwt QDsm xm CU=|aw[wt |wDUt
x@ |wDUt |xmDxmD |=ysDU}U |=Q@ |m}t=v}O |xOvvmpQDvm |L=Q] |xr�Ut p}O@D
pw= *s=o %OQ=O OwHw =DU=Q u}= QO |O}rm *s=o wO "CU= u}atxt}v |R=Uxv}y@ |xr�Ut
\UwD |wDUt |xmDxmD sDU}U u;j} Q] R= xm CU= |@U=vt |R=UO=tv R= xO=iDU=
|=yQ}eDt Q}}eD *p=ta= swO *s=o "OwW|t xO=O V}=tv |]N |xmDxmD sDU}U l}
LMI |=yO}k x@ =Q BMI |=yO}k xm CU= xOvvmpQDvm |=yT} QD=t QO ?U=vt
|=yl}t=v}O R=|}xawtHt 'pw=s=o R= pY=L|]N |xmDxmD *sDU}U "Ovm|t p}O@D
|=Q@ "OwW|t |L=Q] H1 |xOvvmpQDvm l} '=yu; R= l} Qy |=Q@ xm CU= |]N
|=y|HwQN *|iQat w xDU@ |xkrL *|rQDvm Q=DN=U C}@FD =@ CUNv 'Qw_vt u}=
*|=yxw}W R= xO=iDU= =@ TBU w OwW|t xO=O p}mWD xDi=}V}=Ri=sDU}U '|};Q=m
CLD ?OLt |R=Uxv}y@ |xr�Ut l} [9]'H1 |=yxOvvmpQDvm *|L=Q] QO LMI

CaQU =@ =Q u; 'OwHwt |=yQ=Ri=sQv\UwD u=wD|t xm O};|tCUO x@ LMI |=yO}k
"OQm pL CkO w

|=yxOvvmpQDvm R=|}xO=wv=N� =} �H1|}xmD�|xOvvmpQDvm '|}=yv|xOvvmpQDvm
"CUv=O H1 |xOvvmpQDvm l} u=wD|tv =Q |}=yv |xOvvmpQDvm =Pr "CU= �H1
CU= |wDUt |xmDxmD ZQi x@ =v@ �plant� ,=Lq]Y= =} xOvwWpQDvmsDU}U
xOvwWpQDvm *sDU}U Qo = |DL xm CU= uWwQ "CU}v |]N |tDU}U u}=Q@=v@ w
u}= "s} Qw; ?=UL x@ |]N |tDU}U =Q u; s}DUv=wD|tv Rwvy 'Ow@ |]N |xmDxmD
|xH}Dv 'xOvvmpQDvm *uOw@v H1 w xOvwWpQDvm sDU}U *uOw@v|]N |va} |oS} w wO
's=a Qw]x@ %OvyO|t x�=Q= xDU@ |xkrL |Q=O}=B sOa =} |Q=O}=B |xQ=@ QO |tyt
|xOvvmpQDvm *|L=Q] QO xm p}rO u}= x@ ,=iQY w OwN *|OwNx@ xDU@ |xkrL |Q=O}=B
|xkrL |Q=O}=B 'u}=Q@=v@ "CU}v xOW u}t[D 'xOW xO=iDU= H1 *VwQ R= |}=yv

"OQ=O xv=o =OH |UQQ@ x@ R=}v xDU@
'plant |xOW|]N |=yxmD |=Q@H1 |=yxOvvmpQDvm ?=NDv= p}qO R= |m}
hrDNt\}=QW p@=kt QO |Q=O}=B w |};Q=m Q_v R=H1 |=yxOvvmpQDvm "CU= |Q=O}=B
|=yxOvvmpQDvm xm OwQ|t Q=_Dv= =Pr &Ov=sw=kt =yQDt=Q=B Q}O=kt|r=tDL= C=Q}}eD w |Q=m
H1 |=yxOvvmpQDvm |=y|oS} w R= |[a@ =} s=tD R= |Q}oxQy@ =@ R}v H1 |xmDxmD
sRrDUt C=@F= xvwoQy w CU= |OwyW,qt=m |Q}oxH}Dv u}= CU= |y}O@ "OvW=@ sw=kt
xOWv |Q}o|B u}= R= V}@ |Q=O}=B ẁ[wt Q=DWwv u}= QO "CU= |R=Ux}@W =} p}rLD

"CU=
*p=vo}U *|oDUw}B 'CU= xOW xQ=W= u;x@ Q=DWwv u}= QO xm |Qo}O ẁ[wt
*|L=Q] QO =yu; *p=ta= |xH}DvQO xm OwW|t x�=Q= |]}=QW =Hv}= QO "CU= |rQDvm
|=ysDU}U 'xtOkt R= TB Q=DWwv u}= QO "OW=@ xDUw}B |rQDvm *p=vo}U 'xOvvmpQDvm
*|Q=O}=B |UQQ@ |=Q@ xm |@r=]t u; R= TB w "OwW|t h}YwD |wDUt |xmDxmD
u}= |rY= CtUk QO "OwW|t x�=Q= CiQo Ovy=wN Q=Qk xO=iDU= OQwt xDU@ |xkrL
|=Q@ '|m}t=v}O **|]N |xmDxmD |xOvvmpQDvm *|L=Q] *VwQ uwt=Q}B EL@ x@ Q=DWwv
*sDU}U l} R= |r=Ft C}=yv QO w "CN=OQB s}y=wN |wDUt |xmDxmD |=ysDU}U
|xmDxmD |xOvvmpQDvm l} w 'OwW|t x�=Q= u; *|wDUt |xmDxmD *?} QkD '|]NQ}e

"OwW|t |UQQ@ xDU@ |xkrL *|Q=O}=B w xOvvmpQDvm *|};Q=m *|UQQ@ w |]N

|wDUt |xmDxmD |=ysDU}U
CqO=at xm|tDU}U R=CU=CQ=@a|wDUt|xmDxmD *sDU}U xOW x�=Q=h} Q=aD *j@]
Q=OQ@ w 'u(t) 2 Rp =y|OwQw Q=OQ@ 'x(t) 2 Rn Cr=L |=yQ}eDt *Q=OQ@ Q@ sm =L

swO w x=HvB |xQ=tW �h} QW 12
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wtR
wQy@ Qw_vtx@ H1 *Q=R@= R= xO=iDU= w xDU@ *|xkrL *CqO=at *p}mWD |=Q@ |Oa@ pL=Qt

CQwY u}= "OvwW|t |U} wvR=@ O}OH |DQwYx@ 'OvW=@ ?U=vt xOvvmpQDvm |L=Q]
Oy=wN xO}t=v xDi=}V}=Ri= plant =} sDU}U w CU= |wDUt |xmDxmD u=m =tm 'O}OH
xmr@ O};|tv CUO x@ 1 CqO=at R= ,=t}kDUt |]N |xmDxmD *sDU}U u}=Q@=v@ "OW

"O};|t CUO x@ Ov=xOW xOQw; ,q}P u; CqO=at xm xDi=}V}=Ri= *sDU}U R=
s}y=it R= xO=iDU= *|}=yv hOy =@ =OD@= 'xDi=}V}=Ri= plant x@ uO}UQ |=Q@
|=y|OwQw� w(t) |=yp=vo}U |iQat x@ [10]H1 Q=R@=\UwD 7xkrL *|yOpmW
w '�|};Q=m |=y|HwQN� z(t) '�C=W=WDe= w =v@t *p=vo}U p}@kR= plant *|vwQ}@
"OvwW|t |iQat �Ov=xOvvmpQDvm |=y|OwQw xm plant *|vwQO |=y|HwQN� e(t)

%OvwW|t xDWwv u}vJ xDi=}V}=Ri= plant *CqO=at TBU

Gi :
_x(t) = Aix(t) + bi +Bwi w(t) +Bui u(t)

z(t) = Czi x(t) +Dzw
i w(t) +Dzu

i u(t)

e(t) = Cei x(t) +Dew
i w(t)

x(t) 2 Xi i = 1; :::;m (11)

=yp=vo}U u}= "OvDUy ne w nz 'nw O=a@= R=?}DQDx@ w |Q=OQ)@ e w z 'w |=yp=vo}U
CqO=at QO u u=ty 11 CqO=at QO u *p=vo}U "OvDW=Ov Qw[L 1 CqO=at QO
Oa)@ R= w �plant *|vwQO *|OwQw w xOvvmpQDvm *|HwQN� |rQDvm |OwQw xm CU= 1
'Oa)@ Q_v R= |DL '1 CqO=at QO x =@ CU=umtt 11 CqO=at QO x =t= "CU= p
CU= umtt 11 CqO=at QO =yXi 'xH}DvQO "CU= u}vJ sy ,=twta w OW=@ Cw=iDt
R= x(t) xm OwW|t ZQi 11 CqO=at QO "OvW=@ Cw=iDt 1 CqO=at QO =yXi =@
Ovv=wD|t 11 CqO=at QO R}v bi |=y*Q=OQ@ w Ai |=yT} QD=t xwqax@ "OW=@ n *Oa)@
OOaD R= ?=vDH= Qw_vtx@ 'p=L u}= =@ "OvW=@ Cw=iDt 1 CqO=at QO =ybi w =yAi =@
11 CqO=at QO Xi w bi w Ai w x V}=tv |=Q@ |r@k hwQL u=ty R= 'C=tqa
CqO=at 'xOvvmpQDvm |L=Q] |=Q@ ẁQW |x]kv 'xYqN Qw]x@ "CU= xOW xO=iDU=
"CU= �|wDUt |xmDxmD xv� |wDUt l}t=v}O u}t)=i *QoV}=tv Gi w OvDUy 11
w Ai |=yT} QD=t p=L "x(t) 2 Xi x=oQy CU= s)=i xHw =} O)t QO plant s}} wo
w 'Dew

i =D Bui w Bwi w Ai |=yT} QD=t ?ULQ@ ?}DQDx@ Dew
i =D Bui w Bwi

%OvwW|t h} QaD 12 |R=UO=tv j@] w(t) Q=OQ@ ?ULQ@ w(t) Q=OQ@

w(t) =

"
w(t)

1
#

w
2664Ai Bwi Bui
Czi Dzw

i Dzu
i

Cei Dew
i

3775
=

26664
Ai

h
Bwi bi

i
Bui

Czi
h
Dzw
i 0

i
Dzu
i

Cei
h
Dew
i 0

i
37775 (12)

'12 |xrO=at R= xO=iDU= =@ "QN; |r= Bwi =
h
Bwi bi

i
w Ai = Ai |va}

%OQm |U} wvR=@ u}vJ =Q 11 CqO=at u=wD|t

Gi :
_x(t) = Aix(t) +Bwi w(t) +Bui u(t)

z(t) = Czi x(t) +Dzw
i w(t) +Dzu

i u(t)

e(t) = Cei x(t) +Dew
i w(t)

x(t) 2 Xi i = 1; :::;m (13)

m *j@] V (x) 6|a@ Qt |xmDxmD hwv=B=}r `@=D "CU= xOW s=Hv= sHvB VN@ QO
%OwW|t h} QaD Q} R |x]@=[

V (x) = xTPix+ 2qTi x+ ri x 2 Xi i = 1; :::; m (5)

w Pi |=yT} QD=t "ri 2 R w 'qi 2 Rn 'Pi = PTi 2 Rn�n u; QO xm
w C@Ft V (x) xm OvDUy |}xvwox@ xmr@ OvDU}v x=wN@rO ri O=Oa= w qi |=yQ=OQ@

%xm CU= u}= V (x) uOw@ C@Ft |=Q@ |i=m \QW "OW=@ xDUw}B"
Pi qi
qTi ri

#
> 0 i = 1; :::;m (6)

w Xi u}@ RQt |=Q@ |QDt=Q=Bh}YwD R= V (x) uOw@xDUw}B |=Q@ |i=m w sRq \QW
%O};|t CUO x@ Xj

FTij (Pi � Pj)Fij = 0
FTij (Pi � Pj)fij + FTij (qi � qj) = 0 i = 1; :::;m j 2 �i
fTij (Pi � Pj)fij + 2fTij (qi � qj) + (ri � rj) = 0 (7)

|va} 'u(t) � 0 CLD xm CU= u}= OwW|t xDiQo Q_v QO |Q=O}=B |=Q@ xm |i} QaD
R= |}x]kv CtU x@ Cr=L 'x(0) Qy |=R=x@ 'OW=@ QiY =@ Q@=Q@ ,=OLDt |OwQw |Dkw

%Ovm p}t Q |xawtHt
Q =

n�P�1
1 q1; :::;�P�1

m qm
o

(8)

%Qo = \ki w Qo = CU= Q=O}=B 1 *sDU}U h} QaD *j@] 'Qo}O CQ=@ax@
u(t) � 0 ) lim

t!1x(t) 2 Q 8x(0) 2 Rn (9)

Q |xawtHt x@ jraDt 'CU= |rLt |xv}tm |=Q=O =yu; QO V (x) `@=D xm |]=kv
s}y=wN 1 *sDU}U Cr=L |=yQ}Ut O=ODt= QO V (x) *jDWt |x@U=Lt =@ "OvDUy

%CW=O
dV (x(t))

dt
=

"
x

1
#T "

ATi Pi + PiAi Pibi +ATi qi
bTi Pi + qTi Ai 2bTi qi

#"
x

1
#

x(t) 2 Xi i = 1; :::;m
u}= 1 sDU}U |Q=O}=B |=Q@ |i=m \QW xm OwW|t xH}Dv hwvwB=}r |x} Q_v x@ xHwD =@
|=y|Q@=Q@=v Q@ xwqa xm |}xvwox@ OvwWCi=} fPi; qi; rigmi=1 |=y|}=DxU xmCU=

%OvwW =[Q= R}v 10 |=y|Q@=Q@=v '7 |=y|Q@=Q@ w 6"
ATi Pi + PiAi Pibi +ATi qi
bTi Pi + qTi Ai 2bTi qi

#
< 0 i = 1; :::;m (10)

xOvvmpQDvm |L=Q]
'xOvvmpQDvm |L=Q] |=Q@ |O=yvW}B VwQ QO pw= s=o 's}OW Qw;O=} QDV}B xm u=vJ
R= xm CU= |]N |xmDxmD sDU}U l} CQwYx@|wDUt |xmDxmD *sDU}U V}=tv
x@uO}UQ w |R=UO=tv *p=ta= R= p@k =t= "OwW|t s=Hv= ?U=vt |R=UO=tv j} Q]
QO xm |}xvwox@ |wDUt |xmDxmD plant CqO=at 'Owawt *|]N |xmDxmD *sDU}U

swO w x=HvB |xQ=tW �h} QW 13



"""|
=ysD

U}U
|=Q@

H
1

|xm
DxmD

|xO
vvmp

QDvm
|L

=Q]|=Q@ H1 *|};Q=m "kwk |=Q@ Qw]u}ty w kzk =
�1R

0
z(t)T z(t) dt

�1=2
w

"kTi k < 
i x=oQy Ow@ Oy=wN �
i > 0� 
i R= QDnQR@ Ti |xDU@xkrLsDU}U
w 18 *|U} QD=t *|Q@=Q@=v wO x=oQy xm CU= xOW xO=O u=Wv [9]u}W}B |=y|UQQ@ QO

%OvW=@ Q=QkQ@ 192664PiACLi +
�
PiACLi

�T PiBCLi
�
CCLi

�T�
PiBCLi

�T �
2
i I

�
DCL
i
�T

CCLi DCL
i �I

3775 < 0 (18)

Pi > 0 (19)

|Q@=Q@=v O}k l} '18 *|U} QD=t *|Q@=Q@=v "Pi = PTi 2 R(n+k)�(n+k) xm |}=H
*Ow}k CLD 
i |R=Uxv}tm R= 'H1 *|};Q=mu} QDy@ "CU= BMI =} |]NwO *|U} QD=t
|wLvx@ O}=@ xOvvmpQDvm |=yT} QD=t w Pi *T} QD=t |va} "O};|t CUO x@ 19 w 18
|=yO}k =@ |R=Uxv}y@|xr�Ut "OwW xv}tm 19 w 18 CLD 
i xm OvwW x@U=Lt
C=aq]= j@] w OwW|t ?wULt Q=wWO xm CU= ?OLt Q}e |xr�Ut l} BMI

CQwY QO |DL '=Q |}xr�Ut u}vJ Ov=wD@ xm CU}v CUO QO |Ot;Q=m VwQ 'OwHwt
u=wD@ u; R= xO=iDU= =@ xm OwW|t |iQat |WwQ =Hv}= QO "Ovm pL '?=wH OwHw
|]N *|U} QD=t *|Q@=Q@=v O}k x@ 'CU= |]NwO *|U} QD=t *|Q@=Q@=v l} xm =Q 18 O}k

"OQm p}O@D

|]N *|U} QD=t |Q@=Q@=v x@ p}O@D �hr=
|=yT} QD=t |=Q@ |@U=vt Q}eDt Q}}eD [9w4]OwHwt C=aq]= x@ |y=ov =@VN@ u}= QO
x@ 18 *|]NwO *|U} QD=t |Q@=Q@=v OwW|t Ea=@ xm OW Oy=wN |iQat xOvvmpQDvm
OW |iQat 19 w 18 QO xm =Q Pi *T} QD=t "OwW p}O@D |]N *|U} QD=t |Q@=Q@=v

%CWwv 20 |xrO=atCQwYx@ u=wD|t xQ=wty

Pi =

"
Si Ni
NT
i Ui

#
i = 1; :::;m (20)

ZQi "Ni 2 Rn�k w 'Ui = UTi 2 Rk�k 'Si = STi 2 Rn�n u; QO xm
%Ovm jOY 21 |x]@=Q QO Pi xm OwW|t

Pi�1
i = �2

i (21)

u; QO xm

�2
i =

"
I Si
0 NT

i

#
w �1

i =

"
Ri I

MT
i 0

#
(22)

*CLD =t= "�1
i ; �2

i 2 R(n+k)�2n w 'Mi 2 Rn�k 'Ri = RTi 2 Rn�n w
%CU= RQ=sy 24 w 23 |xrO=at wO =@ 21 |x]@=Q '22 O}k

SiRi +Ni MT
i = I (23)

NT
i Ri + UiMT

i = 0 (24)

"s)=i *xHw QO xDi=}V}=Ri= sDU}U |=Q@ xDU@ |xkrL "1 pmW

*sDU}U 'C@=F *|OwQw l} u=wvax@ |wDUt pt=a uDiQo Q_v QO =@ '?}DQD u}=x@ w
13 |xrO=at QO |]N |xmDxmD sDU}U \UwD 11 |xrO=at QO |wDUt |xmDxmD
|xmDxmD xv� |]N l}t=v}O u}t)=i QoV}=tv Gi u; QO xm OwW|t xO=O V}=tv
l}t=v}O "CU=Gi Qy |=Q@H1 |xOvvmpQDvml} |L=Q] |Oa@ s=o "CU= �|]N
xOvvmpQDvm "OW Oy=wN xO=OV}=tvKi =@ OwW|t |L=Q]Gi |=Q@ xm |}xOvvmpQDvm
QO Ki 'OW=@ s)=i xHw QO plant x=oQy xm Ovm|t pta CQwY u}= x@ |}=yv
Oy=wN 1 pmW j@=]t xDU@ |xkrL Q=DN=U w CiQo Oy=wN Q=Qk xDU@ |xkrL

"Ow@
=yu; QO xm CU= 14 CqO=at x=oDUO CQwYx@ Ki Q@ sm =L CqO=at

%CU= xOvvmpQDvm Cr=LQ=OQ@ �(t) 2 Rk

Ki :
_�(t) = AKi �(t) +BKi e(t)

u(t) = CKi �(t) +DK
i e(t)

x(t) 2 Xi i = 1; :::;m
(14)

CQwYx@ xDU@xkrL sDU}U Cr=L Q=OQ@ |iQat =@ w '14 w 13 CqO=at x@ xHwD =@
s)=i xHw QO plant xm |Dkw |=Q@ xDU@ |xkrL l}t=v}O 'xCL(t) =

"
x(t)

�(t)

#
%O};|t CUO x@ OW=@ xDW=O Q=Qk

Ti :
_xCL(t) = ACLi xCL(t) +BCLi �w(t)

z(t) = CCLi xCL(t) +DCL
i �w(t)

x(t) 2 Xi i = 1; :::;m
(15)

|=yT} QD=t?ULQ@DCL
i wCCLi wBCLi wACLi |=yT} QD=t '15CqO=at QO

%OvwW|t x@U=Lt u}vJ |r@k

ACLi =

"
Ai +Bui D

K
i Cei Bui C

K
i

BKi Cei AKi

#
BCLi =

"
Bwi +Bui D

K
i Dew

i

BKi Dew
i

#
CCLi =

h
Czi +Dzu

i DK
i Cei Dzu

i CKi
i

DCL
i = Dzw

i +Dzw
i DK

i Dew
i (16)

kTik xm OwW|t |L=Q] |wLvx@ CU= Q_=vDt Ti w Gi =@ xm Ki|xOvvmpQDvm
%xm |}=H OwW xv}tm

kTik = sup
� k z k
k �w k j xCL(0) = 0; k �w k 6= 0

�
(17)
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O@wt
OtL

tw
|�q

wtR
wQy@ u; QO xm

�11
i =

264AiRi +Bui CKi +
�
AiRi +Bui CKi

�T�
Ai +

�
AKi
�T

+Bui DK
i Cei

�T
Ai +

�
AKi
�T

+Bui DK
i Cei

SiAi +BKi Cei +
�
SiAi +BKi Cei

�T35

�12
i =

24Bwi +Bui DK
i Dew

i

�
Czi Ri +Dzu

i CKi
�T

SiBwi +BKi Dew
i

�
Czi +Dzu

i DK
i Cei

�T35
�22
i =

24 ��i I
�
Dzw
i +Dzw

i DK
i Dew

i

�T
Dzw
i +Dzw

i DK
i Dew

i �I

35
(29)

"O};|t CUO x@ 28 |=yO}k x@ C@Uv �i |R=Uxv}tm =@ H1 OQmrta u} QDy@
C@Uv �i |R=Uxv}tm "OvDUy BMI ẁv R= 18 |=yO}k w LMI ẁv R= 28 |=yO}k
Ot;Q=m |=yQ=Ri=sQv\UwD xm CU= u}atxt}v |R=Uxv}y@ |xr�Ut l} 28 |=yO}k x@

"CU= pL p@=k

|rQDvm p=vo}U |oDUw}B �?
|xOvvmpQDvm 'OQPo|t Xj |x}L=v x@ Xi |x}L=v R= plant Cr=L xm |t=ovy
u} Ro}=H Kj |]N |xOvvmpQDvm \UwD =Q Ki |]N |xOvvmpQDvm '|]N |}xmD
|=yp=vo}U QO |oDUw}B=v x@ QHvt CU= umtt I}} wU =} Z} waD *pta u}= "Ovm|t
,qwtat |oDUw}B=v u}= w OwW@CU= |rQDvm p=vo}U =yu; u} QDsyt R= xm xDU@ |xkrL
CUO x@ 30 |x]@=Q R= |rQDvm p=vo}U '14 w 11 CqO=at j@] "CU= ?wr]t=v

%O};|t
u(t) = CKi �(t) +DK

i C
e
i x(t) +DK

i D
ew
i w(t)

x(t) 2 Xi i = 1; :::;m (30)

%s}W=@ xDW=O CU= |i=m |rQDvm p=vo}U |oDUw}B u}t[D |=Q@
DK1 = ::: = DK

m = 0 (31)

CK1 = ::: = CKm = CK (32)

|=yO}k 'OwW|t s=Hv= xDi=} Q}}eD |xOvvmpQDvm |=Q@ ,=t}kDUt |L=Q] xm u}= x@ Q_v
"OvwW p}O@D xDi=} Q}}eD |xOvvmpQDvm |=yT} QD=t ?ULQ@ |}=yO}k x@ O}=@ 32 w 31
w 31 |=yO}k 'xDi=} Q}}eD |xOvvmpQDvm |=yT} QD=t |=Q@ 25 \@=wQ R= xO=iDU= =@

%CWwv u}vJ u=wD|t =Q 32
DK1 = ::: = DK

m = 0 (33)

CK1 = ::: = CKm = CK (34)

M1 = ::: = Mm = M (35)

'OvwW|t p=ta= xOvvmpQDvm |=yT} QD=t x@ '|rQDvm p=vo}U |oDUw}B |=yO}k
?Hwt plant |=Q@ =Q |D}OwOLt ,=t}kDUt =yO}k u}= =Pr w plant |=yT} QD=t x@ xv

%s}vm|t |iQat xOvvmpQDvm |=yT} QD=t OQwtQO =Q Q} R |=yQ}eDt Q}}eD p=L

AKi =NiAKi M
T
i +NiBKi C

e
iRi + SiBui C

K
i M

T
i

+ Si
�
Ai +Bui D

K
i C

e
i

�
Ri

BKi = NiBKi + SiBui D
K
i CKi = CKi M

T
i +DK

i C
e
iRi

DK
i = DK

i (25)

w 'xDi=} Q}}eD |xOvvmpQDvm |=yT} QD=t DK
i w CKi w BKi w AKi |=yT} QD=t

Qo = "Ov=|rY= |xOvvmpQDvm |=yT} QD=t DK
i w CKi w BKi w AKi |=yT} QD=t

|=yT} QD=t u=wD|t x=ov; OvW=@ s=tD *|Q]U *|x@DQ |=Q=O Ni w Mi |=yT} QD=t
x@ R=}v "OQm x@U=Lt xDi=} Q}}eD |xOvvmpQDvm |=yT} QD=t R= =Q |rY= |xOvvmpQDvm

%OwW|t x}HwD 26 \@=wQ j@] 25 |=yQ}eDt Q}}eD w 21 |x]@=Q |Q@=Q@�
�1
i

�T
PiACLi �1

i =
�
�2
i

�T
ACLi �1

i

=

"
AiRi +Bui CKi Ai +Bui DK

i Cei
AKi SiAi +BKi Cei

#
�
�1
i

�T
PiBCLi =

�
�2
i

�T
BCLi =

"
Bwi +Bui DK

i Dew
i

SiBwi +BKi Dew
i

#
CCLi �1

i =
h
Czi Ri +Dzu

i CKi Czi +Dzu
i DK

i Cei
i

�
�1
i

�T
Pi �1

i =
�
�2
i

�T
�1
i =

"
Ri I

I Si

#
(26)

OW=@s=tD *|Q]U |x@DQ |=Q=O Mi T} QD=t Qo = xm O=O u=Wv u=wD|t |oO=Ux@
"Ow@ Ovy=wN s=tD *|vwDU |x@DQ |=Q=O diag

�
�1
i ; I; I

	 w �1
i |=yT} QD=t x=ov;

u=wD|t 'OW=@ s=tD |Q]U |x@DQ |=Q=O Mi T} QD=t xm u}= ZQi =@ xt=O= QO
s=Hv= 8|DWyvty Cq}O@D |=Q@ xJv; x@ x}@W |k} Q]x@ =Q �1

i w diag
�
�1
i ; I; I

	
=Q 27 |U} QD=t |xrO=at wO w OQm p=ta= 19 w 18 CqO=at=v x@ ?}DQDx@ OwW|t

%CiQo xH}Dv�
�1
i

�
TPi �1

i > 0 w2664
�
�1
i
�T PiACLi �1

i +
�
PiACLi �1

i
�T �1

i
�
�1
i
�T PiBCLi�

PiBCLi
�T �1

i �
2
i I

CCLi �1
i DCL

i�
CCLi �1

i
�T�

DCL
i
�T

�I

3775 < 0 (27)

|=y|Q@=Q@=v xm OwW|t xH}Dv 27 QO 26 \@=wQ R= xO=iDU= =@ w �i = 
2
i *ZQi =@

%OvRQ=sy Q} R *|U} QD=t |=y|Q@=Q@=v =@ 27 |U} QD=t
"
Ri I

I Si

#
> 0 w

"
�11
i �12

i�
�12
i
�T �22

i

#
< 0 (28)
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"""|
=ysD

U}U
|=Q@

H
1

|xm
DxmD

|xO
vvmp

QDvm
|L

=Q]

|R=Ux}@W
l} 'Ctw=kt l} R= pmWDt |Q=Ot xm |m} QDmr= sDU}U l} R= 'VN@ u}= QO
|r=Ft u=wvax@ 'CU= S=Drw *̀ @vt l} w 'Q}eDt Ctw=kt l} 'Qo =kr= l} 'uR=N
[8w4]"OwW|t xO=iDU= |O=yvW}B |xOvvmpQDvm |};Q=m w =QH= C}r@=k V}=tv |=Q@
Q}O=kt 'pmW u}= QO "CU= xOW xO=O V}=tv 2 pmW QO EL@ OQwt Q=Ot
?}DQDx@ u=tR w p}Uv=DB hqDN= w u=} QHCOW w Qo =kr= w uR=N w Ctw=kt
|=yQ}eDt "OvDUy x}v=Fwv=v w Crw 'QBt;|r}t '|Qvywv=v 'O=Q=iwm}B 'sy=wr}m ?ULQ@
*|xYNWt "�x2� uR=N *S=Drw w �x1� Qo =kr= u=} QH COW R= Ov=CQ=@a Cr=L
'p=Ft u}= QO "CU= xOW xO=O V}=tv 3 pmW QO Q}eDtCtw=kt *|]NQ}e
'X2 = fxj0 2 < x2 < 0 6g 'X1 = fxjx2 < 0 2g 'm = 3 'n = 2
w 'f12 =

h
0 0 2

iT 'F12 = F23 =
h
1 0

iT 'X3 = fxjx2 > 0 6g
%OvDUy u}vJ plant Cr=L |=[i CqO=at "f23 =

h
0 0 6

iT
y(t) =

h
0 1

i
x(t)w

_x(t) =

"�30 �20
0 05 0

#
x(t) +

" 24
�50g(x2)

#
+

"20
0
#
u(t) (40)

%R= CU= CQ=@a plant |wDUt |xmDxmD h}YwD

Hi :
_x(t) = Aix(t) + bi +Biu(t)

y(t) = Cix(t) +Diu(t)
x(t) 2 Xi i = 1; 2; 3

(41)

"Q}eDt Ctw=kt Q=Ot "2 pmW

"Q}eDtCtw=kt |=Q@ u=} QH S=Drw |]NQ}e |xYNWt "3 pmW

xm u}= pw= %OyO MQ CU= umtt Cr=L wO |R=Uxv}y@ |xr�Ut QO =t= "OvwW|tv
uWwQ "OW=@ ?=wH |=Q=O u=m =tm 35 =D 33 Ow}k p=ta= R= TB |R=Uxv}y@ |xr�Ut
^=Lr |[a@ R= OwWv p=ta= |O}k xm |Dr=L x@C@Uv ?=wH 'Cr=L u}= QO xmCU=
|R=Uxv}y@ |xr�Ut OvwW Ea=@ |oDUw}B Ow}k xm u}= swO "Ow@ Oy=wN xv}y@ Q} R
|oDUw}B |=yO}k xm CU= u}= OQm} wQ u} QDxO=U Cr=L u}= QO "OW=@ xDW=Ov ?=wH
OQm} wQ xD@r= "OwW xO=iDU= |L=Q] |=Q@ |Qo}O VwQ R= =} OvwWv p=ta*= |L=Q] QO
|=yO}k uDU=Q}B 'CUy R}v |QDW}@ |D=@U=Lt w |r}rLD VqD sRrDUt xm QDy@
xOWx�=Q= |=yO}k OUQ|t Q_v x@ =Q} RCU=|i=m w sRq|]}=QW x@ uO}UQ w|oDUw}B

"OvW=@ xv=Q=mx_i=Lt u}=Q@=v@ w |i=m |]}=QW ,=iQY

n |x@DQt R= xOvvmpQDvm �G
x�=Q= |rtaC=mv |OwOat w |L=Q] pL=Qt R= |}xYqN xOWxDio *?r=]t *p}tmD QO
CLD �i C@Ft C}tm |R=Uxv}tm x@ QHvt 'xOvvmpQDvm |L=Q] xm s}O}O "OwW|t
u}= s=Hv= R= TB "CU= u}atxt}v |R=Uxv}y@ |xr�Ut l} xm 'OwW|t 28 |=yO}k
QO "Ot; Oy=wN CUO x@ DK

i w 'CKi 'BKi 'AKi 'Ri 'Si |=yT} QD=t 'xrLQt
'23 Ow}k xm OvwW|t u}}aD |}xvwox@ Ui w 'Ni 'Mi |=yT} QD=t 'Oa@ |xrLQt
|Q]U |x@DQ |=Q=O OvDUy n� k xm Ni w 'Mi xwqax@ w OvwW =[Q= 35 w 24
O}=@ k � n |xrO=at=v xm OwW|t xH}Dv s=tD |Q]U |x@DQ \QW R= "OvW=@ s=tD
xOvvmpQDvm |x@DQt k� OW=@ QDu}}=B n R= O}=@v xOvvmpQDvm |x@DQt |va} 'OW=@ Q=QkQ@
w k = n |va} CU= n |x@DQt R= xOvvmpQDvm xm CU= u}= Q@ ZQi 'xt=O= QO �"CU=
%s}U} wv|t u}vJ =Q 24 w 23 \@=wQ "OvDUy n�n w |a@ Qt Ni w Mi xH}Dv QO

NiMT
i = I � SiRi (36)

Ui = �NT
i Ri

�
MT
i

��1
(37)

"Si � R�1
i > 0 w Ri > 0 xm OwW|t xH}Dv 28 *|]N|U} QD=t |Q@=Q@=v R=

CiQo xH}Dv u=wD|t w CU= xS} w=v 36 |xrO=at QO I � SiRi T} QD=t u}=Q@=v@
jOY 36 |xrO=at QO xm |Qw]x@ OvQ=O OwHw Ni w Mi |xS} w=v |=yT} QD=t xm
Ovvm =[Q= =Q 36 w 35 CqO=at xm Ni w Mi |xS} w=v |=yT} QD=t O=OaD "Ovvm

%p=Ft u=wvax@ "CU= C}=yv|@

Ni = (I � SiRi)
�
MT

��1 w Mi = M (38)

R= TB "OW=@ n � n |k}kL |xS} w=v T} QD=t Qy Ov=wD|t M *T} QD=t u; QO xm
20 |x]@=Q j@] Pi w 'x@U=Lt 37 |x]@=Q R= Ui 'Ov=xS} w=v xm Ni w Mi u}}aD
x@U=Lt 25 \@=wQ R= u=wD|t =Q xOvvmpQDvm |rY= |=yT} QD=t "OwW|t p}mWD

%OQm

DK
i = DK

i BKi = N�1
i

�
BKi � SiBui DK

i

�
CKi =

�
CKi �DK

i Ceui Ri
��

MT
i

��1

AKi = N�1
i

h
AKi �NiBKi CeiRi � SiBui CKi MT

i

�Si
�
Ai +Bui D

K
i Cei

�
Ri
i �

M T
i

��1
(39)
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O@wt
OtL

tw
|�q

wtR
wQy@ %Ov};|t CUO x@ u}vJ 39 \@=wQ R= |rY= |xOvvmpQDvm |=yT} QD=t =t= 'CU}v

AK1 = 103

2664 24 0 0
14111 �42 �8
�12230 36 7

3775
AK2 = 103

2664 47 0 0
27260 �71 �4
�20941 54 3

3775
AK3 = 103

2664 26 0 0
15322 �44 �8
�12902 37 7

3775

BK1 = 103

2664 �163
�93775
81276

3775 BK2 = 104

2664 �33
�19426
14923

3775
BK3 = 104

2664 �18
�10332
8700

3775 CKi =
h
4 5901 �0 011 �0 0003

i
DK
i = 0 i = 1; 2; 3

G}=Dv "CU= xOWs=Hv= |R=Ux}@W wO|O=yvW}B |xOvvmpQDvm w xDU@ |xkrL|=Q@
R= u=wD|t |};Q=m |UQQ@ Q@ xwqa w [8]Ov=xOW xO=OV}=tv 5 pmW QO pw= |R=Ux}@W
w(t) � 0 64V =v@t |OwQw '|R=Ux}@W u}= QO "OQm xO=iDU= R}v xU}=kt |=Q@ u;
9R}N *u=tR "Ovm|t p}t x3

eq x@ x(0) =
h
0 5mA 0 1V

iT R=Cr=L wCU=
y(0) + 0 1 [y(1)� y(0)] R= uO}UQ |=Q@ sRq u=tR COt u=wvax@ u=wD|t =Q
Q_=vDt R}N *u=tR 'h} QaD u}= j@] "OQm h} QaD y(0) + 0 9 [y(1)� y(0)] x@
=@ Q_=vDt *R}N u=tR w 'x}v=Fwv=v 2 ,=@} QkD xr=kt u}= QO |O=yvW}B |xOvvmpQDvm =@
=Q 10CUWv *u=tR u}vJty "CU= x}v=Fwv=v 7 ,=@} QkD [8]xDU@xkrL |xOvvmpQDvm
|xOwOLt QO uOv=t w uO}UQ w y(0) R= uDiQ |=Q@ sRq u=tR COt u=wvax@ u=wD|t
|xOvvmpQDvm =@ Q_=vDt CUWv u=tR 'h} QaD u}= =@ "OQm h} QaD (1�0 02)y(1)

|xOvvmpQDvm =@ Q_=vDt CUWv u=tR w 'x}v=Fwv=v 12 OwOL QO xr=kt u}= QO |O=yvW}B
|xOvvmpQDvm R= |W=v 11|oORq=@ xwqax@ "CU= x}v=Fwv=v 8 =@ Q@=Q@ ,=@} QkD [8]xDU@xkrL
[8]xDU@xkrL |xOvvmpQDvm xm|r=L QO CU= OYQO 18 ,=@} QkD =@ Q@=Q@ |O=yvW}B
|=v@tQ@ [8]xDU@xkrL |xOvvmpQDvm |L=Q] 'Qo}O |wU R= "OwW|tv |oORq=@ x@ QHvt
R= LMI |R=Uxv}y@ x@ C@Uv C=@U=Lt ^=Lr R= xm CU= BMI |R=Uxv}y@
OQwt u}= QO xOt; CUO x@ G}=Dv Ck}kL QO "CU= Q=OQwNQ@ |QDW}@ |oO}J}B
u=} QH COW xvwoJ xm OyO|t u=Wv R}v 5 pmW "OvDUy Q=QmD Q=@ 76 pwYLt
QO Q=DiQ u}= "OvwW|t C=Q}}eD Q=JO u=tR R= |D=_Lr QO |rQDvm |OwQw w Qo =kr=
|L=wv w Cr=L Q}Ut 5pmW QO "OwW|t xOy=Wt R}v [8]xDU@xkrL |xOvvmpQDvm
Cr=L "Ov=xOW xO=O V}=tv R}v =yu; u}@ |=yRQt w X3 w X2 w X1 |xv=oxU
C=_Lr QO |rQDvm p=vo}U |oDUw}B "Ovm|t Q}U =Q |L=wv |xty Kw[wx@ plant

u}= *G}=Dv |xU}=kt "CU= XNWt C=_Lr u; QO C=Q}}eD seQ|ra =yRQt R= Qw@a
R}N *u=tR ^=Lr R= |O=yvW}B |xOvvmpQDvm xm OyO|t u=Wv [8]OwHwt G}=Dv =@ Q=DWwv
xm |r=L QO 'CU= QDQ@ [8]xDU@xkrL |xOvvmpQDvm R= C=@U=LtCrwyU w CaQU w

"s)=i xHw QO Q}eDt Ctw=kt *Q=Ot *pQDvm |=Q@ xDi=} V}=Ri= sDU}U "4 pmW

u; QO xm

A1 =

"�30 �20
0 05 �250

#
; A2 =

"�30 �20
0 05 100

#
;

A3 =

"�30 �20
0 05 �200

#
;

b1 =

"24
0
#
; b2 =

" 24
�70

#
; b3 =

" 24
110

#
;

B1 = B2 = B3 =

"20
0
#
;

C1 = C2 = C3 =
h
0 1

i
; D1 = D2 = D3 = 0:

%R= Ov=CQ=@a R=@xkrL sDU}U pO=aD \=kv
x1
eq =

h
0 71 0 14

iT
x2
eq =

h
0 5 0 45

iT
x3
eq =

h
0 37 0 64

iT
|va} =v@t |OwQw 'xDU@ |xkrL xm CU=|}xvwox@ xOvvmpQDvm |L=Q] 'hOy
V}=tv 4 pmW QO xDi=}V}=Ri= sDU}U "Ovm ?}kaD 40 sDU}U |HwQN QO =Q w(t)

?}kaD |=]N ?}DQDx@Wu(s) wWs(s) *p}O@D *̀ @=wD pmW u}= QO "CU= xOW xO=O
*|yOpmW T=U=Q@Wu(s) wWs(s) ?=NDv= "Ovvm|t|yOuRw =Q|rQDvm |OwQw w
|aU =@ ,=D}=yv w OQ}o|t CQwY xDU@ |xkrL |};Q=m |=y|HwQN |iQat w [10]xkrL
p}NO Wu(s) w Ws(s) Vv} Ro QO R}v |Qo}O syt pt=a "CU= x=Qty =]N w
Ea=@ xm CU= xDU@ |xkrL w xOvvmpQDvm |x@DQt uDiQq=@ R= ?=vDH= u; w CU=
p=Ft u}= QO |}=yv ?=NDv= "OvwW ?=NDv= xO=U u=mtq=|DL |yOuRw `@=wD OwW|t
"Ws(s) = 0 1(s+ 20)=(s+ 0 001) w Wu(s) � 0 1 %R= CU= CQ=@a
CQwYx@ u=wD|t =Q Ws(s) =t= CU= l}t=v}O Ok=i Wu(s) xm OwW|t x_Lqt

"n = 3 u}=Q@=v@ "CiQo Q_v QO 1 |x@DQt R= |m}t=v}O *sDU}U l}
x@ xOvvmpQDvm |L=Q] 'OW xDio QDV}B xm u=vJ 'xDi=}V}=Ri= plant uDW=O =@
p@=k matlab Ovv=t |Q=Ri=sQv \UwD xm OwW|t p} wLD|R=Uxv}y@ |xr�Ut l}
|xOvvmpQDvm |=yT} QD=t |va} Du

i =D AKi |=yT} QD=t u; ?=wH w CU= pL
|=yT} QD=t uOQw; CUO x@ |=Q@ "OvDUy Si w Ri |=yT} QD=t R}v w xDi=} Q}}eD
p=Ft u}= QO xm s} Q}o|t Q_v QO C@=F *T} QD=t l} =Q M =OD@= |rY= |xOvvmpQDvm
|x]@=Q R= =QNi TBU "CU= 3�3 *|v=ty *T} QD=t I w xOW Q=}DN=M = 103I
6�6 *T} QD=t l} OQwt u}= QO xm =Q Pi w xOQm x@U=Lt 37 |x]@=Q R= =Q Ui w 38
umtt =Hv}= QO|OOa G}=Dv |xty QmP "s} Qw;|t CUO x@ 20 |x]@=Q j@] CU=
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"""|
=ysD

U}U
|=Q@

H
1

|xm
DxmD

|xO
vvmp

QDvm
|L

=Q]|QD?wr]t Q=DiQ [8]xDU@xkrL |xOvvmpQDvm '|oORq=@ u=R}t w CUWv u=tR Q_v R=
"OQ=O

|UQQ@ =v@t *|OwQw *?}kaD QO =Q |O=yvW}B |xOvvmpQDvm |};Q=m 'swO |R=Ux}@W
|}xrB |=v@t |OwQw C=Q}}eD |xvt=O "Ov=xOW xO=O V}=tv 6 pmW QO G}=Dv "Ovm|t
Q}U =Q Cr=L |=[i |x}L=v xU Qy plant Cr=L xm CU= xOW ?=NDv= |Qw]
p=@vO |@ wN Q=}U@ ?} QkD =@ Cq=L |xty QO =v@t |OwQw xm OwW|t xOy=Wt "Ovm
'15 CqO=at QO w(t) � 0 uO=O Q=Qk =@ 'xDU@xkrL |Q=O}=B |UQQ@ |=Q@ "OwW|t

%OW Ovy=wN p}O@D 42 CqO=atx@ CqO=at u;

Ti
_xCL(t) = ACLi xCL(t) + bCLi
z(t) = CCLi xCL(t)

x(t) 2 Xi i = 1; 2; 3

(42)

OvwW Ci=} fPi; qi; rig3i=1 |=y|}=DxU x=oQy "bCLi =
h
bi 0

iT u; QO xm
jwi x=oDUO 'OvwW =[Q= 10 CqO=at=v w '7 CqO=at '6 |=yxrO=at=v xm |}xvwox@
Q=Ri=sQv R= xO=iDU= w fij w Fij w bCLi w ACLi |x@U=Lt R= TB "CU= Q=O}=B 42
?}DQD u}= x@ w OvOW Ci=} Qw@ Rt |=y|}=DxU '?OLt |xr�Ut u}= pL |=Q@ ?r]t
|xmDxmD hwvwB=}r `@=D 'fPi; qi; rig3i=1 *uDW=O =@ "OW RQLt xDU@ |xkrL |Q=O}=B
R}v Q = fQ1; Q2; Q3g |xawtHt =Hv; R= w OW u}}aD 5 *\@=w[ *j@] |a@ Qt

"|}xrB *|=v@t *|OwQw *?}kaD QO Q}eDt *Ctw=kt *Q=Ot *|};Q=m "6 pmW

"hwv=B=}r `@=D |=Q@ R=QD |=ysN w Q=Owtv "7 pmW
|x}rw=Cr=L R= 0 64V x@ |HwQN pQDvm QO Q}eDt Ctw=kt Q=Ot |};Q=m "5 pmW

"x(0)=[0 5mA 0 1V]T
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O@wt
OtL

tw
|�q

wtR
wQy@ %Q=_Dv= j@=]t xm OwW|t xOy=Wt "CU= xOW xO=O V}=tv xv=oxU

lim
t!1

"
x1(t)
x2(t)

#
=

"0
0
#

|}=y|vLvt � Qw@ Rt hwvwB=}r `@=D *̀ ]kt *R=QD |=y|vLvt u}vJty pmW u}= QO
xO}O c hrDNt Q}O=kt |=R=x@ � V (x1; x2; 0; 0; 0; 0) = c |xrO=at =@

"OvwW|t

|Q}oxH}Dv
u=wD|t xm |]N |xmDxmD |m}t=v}O |xOvvmpQDvm |L=Q] |=Q@ |WwQ xr=kt u}= QO
x�=Q= |wDUt |xmDxmD |=ysDU}U |=Q@ 'O}t=v H1 |xmDxmD |xOvvmpQDvm =Q u;
u=}@ u}atxt}v *|R=Uxv}y@?r=k QO u=wD|t =Q |L=Q] |xr�Ut xm OW xO=O u=Wv "OW
uOw@|}=QH= "OW |UQQ@ R}v |rQDvm *p=vo}U |oDUw}B w xDU@xkrL |Q=O}=B "OQm pL w
|xU}=kt w xO=U *|m} QDmr= *sDU}U l} |=Q@ |R=Ux}@W =@ |O=yvW}B |L=Q] VwQ
sDU}U u=ty |=Q@ xm |Qo}O |xOvvmpQDvm |};Q=m =@ xOW|L=Q] |xOvvmpQDvm |};Q=m

"OW xO=O u=Wv [8]Ow@ xOW |L=Q]

%CU= xOW xOQw; 43 CqO=at QO xm Ot; CUO x@ 8 h} QaD j@]

Q3 =

8>>>>>>>>>><>>>>>>>>>>:

�2 1
0

23 9
18 7

10746
�17440

9>>>>>>>>>>=>>>>>>>>>>;
Q2 =

8>>>>>>>>>><>>>>>>>>>>:

1 3
0

24 1
�9 4
�5494
4408

9>>>>>>>>>>=>>>>>>>>>>;
Q1 =

8>>>>>>>>>><>>>>>>>>>>:

0
0

24 9
�45 5
�26240
19995

9>>>>>>>>>>=>>>>>>>>>>;
(43)

R= |}x]kv =yvD =Pr &OvQ}o|tv Q=Qk swU w swO |L=wv pN=O QO Q3 w Q2 \=kv
u; x@ w(t) � 0 CLD xDU@xkrL *sDU}U Cr=L |=yQ}Ut xm Q |xawtHt
wO xm CU= xQ}eDtVW EL@ OQwt hwv=B=}r `@=D "CU= Q1 |x]kv Ovm|t p}t
hr= 7 pmW QO =Pr "uR=N S=Drw w Qo =kr= u=} QHCOW R= Ov=CQ=@a u;pw= Q}eDt
xOW xO=O V}=tv Q}eDt wO u}= R= |a@=D u=wvax@ V (x1; x2; 0; 0; 0; 0) Q=Owtv
"CU= |Oa)@VW |=[i QO |vLvt l} 'xDU@xkrL *sDU}U Cr=L Q}Ut "CU=
|x}rw= |x]kv R= ẁQW =@ x1x2 |xLiY Q@ |vLvt u}=Q} wYD ? 7 pmW QO
*|L=wv u}@|=yRQt =@ x=Qty x(0) =

h
30mA 0 7V 0 0 0 0

i

CWwv=B
1. piecewise linear
2. piecewise a�ne
3. linear matrix inequality (LMI)
4. bilinear matrix inequality (BMI)
5. iterative method
6. piecewise quadratic lyapunov function
7. loop shaping
8. congruence transformations
9. rise-time
10. settling-time
11. overshot
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