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wO C=Q}taD w |Q=Oxov C=t=Ok= |xv=DU; |R=Uxv}y@
\}=QW Q@ |vD@t |xt=vQ@ l} QO xv=Q}oW}B

=}wB |R} Qxt=vQ@ OQm}wQ R= xO=iDU==@ '�CPM�
�Q=}O=DU=� |kv=yW u=Qt�
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u=Q}= CavY w sra x=oWv=O '`}=vY |UOvyt |xOmWv=O

|Q}os}tYD '�CBM� \}=QW Q@ |vD@t C=Q}taD w |Q=Oxov |xt=vQ@ l} QO s=o u} QN;
s=o u} QD|v=QL@ w u} QDsyt s=o u}= "CU= C=Q}taD w |Q=Oxov hrDNt |=yCU=}U |=Q@
Vy=m Q}_v �� hrDNt h=Oy= x@ xHwD =@ xOWO=} |Q}os}tYD "CU= xt=vQ@ u=} QHt |=Q@

Q=DWwv u}= QO "OQ}PB|t CQwY �� xO=iDU= C}r@=k V}=Ri= w C=Q}taD w |Q=Oxov |=yxv} Ry
C=Q}taD w |Q=Oxov |=QH= |xv=DU; u}}aD Qw_vtx@ =} wB |R} Qxt=vQ@ pOt l} O=H}=

|Q=_Dv= |=yxv} Ry '|R=UpOt |=v@t "CU= Q_v OQwt 'CBM |xt=vQ@ QO xv=Q}oW}B
p=tDL= w hrDNt C=t}tYD |=R=x@ xv} Ry hrDNt Q}O=kt ?Q[pY=L�CBM |xt=vQ@
x]w@ Qt pOt ' � ?} Q[ R= xO=iDU= =@ Q=DWwv u}= QO "CU= xOw@ �C=t}tYD R= l} Qy
xOW xDiQo Q_v QO QD|ak=w |rmWx@ CqO=at QO x=oDUO |xHQO pRvD w xOW Q=Ox_i=L

"CU= xOW x@U=Lt R}v x=oDUO |O=YDk= Z} waD |=Q@ xv}y@ |x]kv 'C=@U=Lt QO "CU=
"CU= xOW Q_v hQY pwB *|v=tR *VRQ= R= '|R=UxO=U Qw_vtx@
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'xv=DU; '�CBM� \}=QW Q@ |vD@t C=Q}taD w |Q=Oxov %|O}rm u=oS=w
"Z} waD 'u=v}t]= C}r@=k '=} wB |R} Qxt=vQ@ '|Q}os}tYD

xtOkt
u}= R= |}xYqN 'jwi |=ys=o x@ xHwD =@ "CU= xDiQo CQwY xRwL u}= QO |a}Uw
7?}a |}=U=vW %CU= |UQQ@ p@=k Q_vt wO R= s=o u}= [1]"CU= xOW x�=Q= C=k}kLD
s} R=OQB|t |@=QN pra |}=U=vW x@ '?}a |}=U=vW s=ovy "8?}a X}NWD w
R= p@k =Q |r=tDL= ?w}a OwHwt |=yxw}W R= xO=iDU= =@ ?}a X}NWD |=Q@ w
uOQmsy=Qi 'CBM |xt=vQ@ QO ?}a X}NWD R= hOy "s}vm|t |v}@V}B ẁkw
|R=Uxv}y@ xH}DvQO w 'C=Q}taD w |Q=Oxov |=yC}r=ai |=Q@ 9s}tYD *u=@}DWB sDU}U
|[=} Q |=ypOt [1]"CU= C=Q}taD w |Q=Oxov |=yCU=}U x@ \w@ Qt C=t}tYD

[15�4]"Ov=xDiQo Q=Qk xHwD OQwt Q=}U@ xRwL u}= QO
hrDNt |=yC}a[w w =yCr=L '=yx=oDUO |xO}J}B w ẁvDt C}y=t T=U=Q@
|=yC}r=ai ẁv '�C=Q}taD w |Q=Oxov C=t=Ok= w =yCU=}U |=QH= R= Oa@ w p@k� =yu;
x@ \w@ Qt |=y`} RwD w |v=tR |=yQDt=Q=B 'l} Qy |=QH= \}=QW w C=Q}taD w |Q=Oxov
Q=Qk |UQQ@ OQwt xRwL u}= QO |awvDt C=[wQit 'CBM |xt=vQ@ Q=DN=U w l} Qy

R= xO=iDU= =@ xm CU= |}xt=vQ@ '1�CBM� \}=QW Q@ |vD@t C=Q}taD w |Q=Oxov
|t=tD 'xir-wt l} 2�CM� C}a[w V}=B u}L QO xOW |Qw;`tH C=aq]= |x}rm
R=|m} u=wvax@ [1]"CBM Ovm|t|v=@}DWB =Q x]w@ Qt C=Q}taD w |Q=Oxov C=t}tYD
|Q=OxovCiovy|=yxv} RyVy=m QO|aU 'C=Q}taD w |Q=Oxov |=yOQm} wQu} QD=Q=m
|Qw;`tH %|U=U= s=o xU R= OQm} wQ u}= [2w1]"OQ=O 3�PM� xv=Q}oW}B C=Q}taD w
p}mWD 6C=Q}taD w |Q=Oxov x@ \w@ Qt C=t}tYD O=H}= w 5=yxO=O VR=OQB '4=yxO=O
hrDNt |=yCU=}U |=Q@ |Q}os}tYD 'CBM |xt=vQ@ QO s=o u} QN; [3]"CU= xOW
QwmPt |xt=vQ@ u=} QHt |=Q@ s=o u} QD|v=QL@ w u} QDsyt xm 'CU= C=Q}taD w |Q=Oxov

[1]"CU=
C=k}kLD uwvm =D w CU= V}=Ri= p=L QO CaQUx@ CBM |xRwL QO C=k}kLD
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v}y@|=yxR=@ pw] xJv=vJ =t= CU}v |ak=w u=OvJ ZQi u}= &O=O Oy=wN |wQ xQwO

?=NDv= Q@ |v=OvJ Q}F-=D Q}N= ZQi 's} Q}o@ Q_v QO x=Dwm =Q =y|UQR=@ u}@ |v=tR
x=oDUO |U=U= C=Q}taD u=tR u}vJty "CW=O Oy=wNv C=Q}taD w |Q=Oxov CU=}U
�V}=UQi� 17p=wR Q=Okt "CU= xOW ZQi R}J=v C=Q}taD w |Q=Oxov C=t=Ok= w
|a}@] V}=UQi R= |W=v QDt=Q=B u}= "s}yO|t V}=tv yn =@ =Q n |xQwO QO x=oDUO
w OyO|t |wQ xQwO Qy pw] QO x=oDUO OQmrta *Vy=m [4]"CU= =yx=oDUO QO
`@=D u}= |OOa |=yp=Ft QO "CU= f(y) XNWt |r=oJ `@=D =@ pkDUt |Q}eDt

"CU= xOW xDiQo Q_v QO uwU;wB
u}= =@ 'OvQ=Okt w swyit l} Qou=}@ y w yn QDt=Q=B wO Qy xm OwW|t Qw;O=}
xt=O= QO =t= "CU= xOW xO=iDU= s}y=it QDu=U; p=kDv= |=Q@ \ki yn R= xm Cw=iD

"Ov=xDiQo Q=Qk xO=iDU= OQwt Qo}Om} |=H x@ O=tv wO u}= 'QwN=Qi x@ =v@
xOW ZQi cC@=F |xv} Ry 'xv=Q}oW}B C=Q}taD w |Q=Oxov C=t=Ok= |=QH= |=Q@
u=vJ "OW s}y=wN ptLDt =Q co C@=F |xv} Ry x=oDUO CUmW CQwY QO w CU=
u; |xU}=kt w x=oDUO \}=QW x@ xHwD =@ 'xQwO Qy |=yDv= QO OW K} QWD R}v QDV}B xm
|Q=Oxov C=t=Ok= "1 %CW=O Oy=wN OwHw s}tYD |xv} Ro wO 'ZwQit |xv=DU; =@
xm |Dr=L QO "OQ}ov CQwY |t=Ok= xvwoI}y "2 &OwW s=Hv= xv=Q}oW}B C=Q}taD w
s=Ok= x=oDUO |U=U= C=Q}taD x@ C@Uv O}=@ Q=J=vx@ 'OwW CUmW Q=JO x=oDUO
xOvQ}os}tYD |Q}os}tYD |x]}L QO s=Ok= u}= xm CU= |y}O@ "�1 pmW� OQm
l} Qy 'x=oDUO |a}@] V}=UQi Q@ xwqa xm CU= xOW ZQi Q=DWwv u}= QO "CU}v
x=oDUO OQmrta Q@ R}v |U=U= C=Q}taD w xv=Q}oW}B C=Q}taD w |Q=Oxov C=t=Ok= R=
|xH}Dv QO =Pr &Ov=|W}=UQi pt=a l} R}v jwi pt=wa R= l} Qy w OvQ=Po|t Q}F-=D
u=R}tx@ x=oDUO \}=QW '|U=U= C=Q}taD w xv=Q}oW}B C=Q}taD w |Q=Oxov *s=Ok= wO Qy
Ow@ Oy=wN �xo(n�1)� p@k |xrLQt QO OwN |x}rw= \}=QW R= QDW}@ OYQO �i
xv=Q}oW}B C=Q}taD w |Q=Oxov C=t=Ok= |=QH= R= TB xm Cw=iD u}= =@ "�3 w 2 pmW�
QO 'CU= x=oDUO |a}@] V}=UQi R= |W=v xm p@k |xQwO QO x=oDUO p=wR Q=Okt

%u}=Q@=v@ "Ov=t Oy=wN |k=@ u; |x_i=L
R= TB w n+ 1 |xQwO QO x=oDUO \}=QW 'OwW CUmW Q=JO x=oDUO Qo = "1

%R= CU= CQ=@a |U=U= C=Q}taD |=QH=
xn+1 = (1 + �1)� xon (1)

uO}v=OQoR=@ |=Q@ 'OW=@ xOW CUmW Q=JO n |xQwO QO x=oDUO xm |Dr=L QO
ZQi "OQm s}y=wN |U=U= C=Q}taD |=QH= x@ s=Ok= O}rwD |xNQJ x@ x=oDUO
|=QH= R= |W=v V}=UQi p}rOx@ '|U=U= Q}taD R= TB |DL xm CU= u; Q@

"CUmW ẁkw "1 pmW

w C=}[Qi u}= |xawtHt R= hrDNt |=y|Ov@xDUO T=U=Q@ u}vJty "CU= xDiQo
"Ov=xOt; OwHw x@ |awvDt Cq=kt 'hrDNt |=yQ=R@= R= xO=iDU= =@

10|xv=DU; '=} wB |R} Qxt=vQ@ pOt l} R= xO=iDU= =@ '=yQ=DWwv u}= R= |m} QO
Vy=m Qw_vtx@ 'u; \}=QW |=v@tQ@ x=oDUO l} C=Q}taD w |Q=Oxov C=t=Ok= |=QH=
Vy=m |xH}DvQO xm CUmW Q=_Dv= |xv} Ry w C=Q}taD w |Q=Oxov |xv} Ry ẁtHt
xOW x@U=Lt Q} R C=[wQit uDiQo Q_v QO =@ 'CU= x=oDUO CUmW p=tDL=

[4]%CU=
|=QH= sOa =} 'C=Q}taD w |Q=Oxov C=t=Ok= |=QH= |=Q@ |Q}os}tYD xr�Ut hOy
CUmW wO u}@ u=tR COt w 'uwU;wB `} RwD R= CUmW Qy ẁkw p=tDL= "CU= u;
&CU= xOW ZQi C@=F =y|UQR=@ u}@ u=tR u}vJty "Ovm|t |wQ}B |}=tv `} RwD R=
pOt u}= QO "CiQo Q_v QO xDiy OvJ =} RwQ OvJ 'RwQ l} u=wD|t =Q u=tR u}= COt
w xv=Q}oW}B C=Q}taD w |Q=Oxov C=t=Ok= |=QH= xrLQt Qy R= TB xm CU= xOW ZQi
l} R= xO=iDU==@ u}vJty [4]"OOQo|tR=@ V=x}rw= Cr=L x@ x=oDUO '|U=U= Q}taD =}
R= |QU |xir-wt wO C=Q}taD w |Q=Oxov C=t=Ok= |=QH= |xv=DU; '=} wB |R} Qxt=vQ@ pOt
C=Q}taD w |Q=Oxov |xv} Ry ẁtHt Vy=m |=Q@ '=yu; \}=QW |=v@tQ@ =Q x=oDUO l}
QwmPt |=yxir-wt CUmW p=tDL= Vy=m |xH}Dv QO xm CUmW |Q=_Dv= |xv} Ry w
C=[wQit Q@ xwqa u=oOvU} wv 'Q}N= pOt QO [5]"Ov=xO=O Q=Qk |UQQ@ OQwt 'CU=
?=QN Ov=wD|t Q=@ l} \ki xir-wt Qy '|UQR=@ |xrY=i QO xm Ov=xOQm ZQi jwi
?=QN x=oDUO pm xH}DvQO w Qo}O |xir-wt 'xir-wt l} |@=QN CQwY QO w OwW
s}y=wN h}YwD xn Q=Okt =@ =Q x=oDUO \}=QW Q=Okt Q=DWwv u}= QO [5]"OW Oy=wN
xOW ZQi Q=DWwv u}= QO "OW Oy=wN |Q}oxR=Ov= xQwO Qy |=OD@= QO Q=Okt u}= "OQm
C=Q}taD w |Q=Oxov C=t=Ok= |=QH= "1 %OQ=O OwHw s}tYD |xv} Ro wO xm CU=
C@=F |v=tR |xR=@ pw] QO x=oDUO xm |DQwY QO "u; |=QH= sOa "2 &xv=Q}oW}B
\}=QW xm |DQwY QO w CiQo Oy=wN CQwY |U=U= Q}taD 'OwW CUmW Q=JO t

xv=Q}oW}B C=Q}taD w |Q=Oxov C=t=Ok= 'OW=@ QDW}@ ZwQit |xv=DU; R= x=oDUO
OW=@ QDu}}=B QwmPt |xv=DU; R= \}=QW u}= Q=Okt Qo = u}vJty "OQ}PB|t CQwY

"CiQo Oy=wNv CQwY |t=Ok= xvwoI}y
w |Q=Oxov hrDNt C=t=Ok= =@ \=@DQ= QO |O=YDk= |Q}os}tYD 'Q=DWwv u}= QO
'|R=UpOt |=v@t "CU= xOW |R=UpOt =} wB |R} Qxt=vQ@ pOt l} ?r=k QO C=Q}taD
|=R=x@ xv} Ry hrDNt Q}O=kt ?Q[pY=L�CBM |xt=vQ@ |Q=_Dv= |=yxv} Ry
VN@ QO =Pr "CU= xOw@ �C=t}tYD R= l} Qy p=tDL= w hrDNt C=t}tYD
s} R=OQB|t Q=DWwv u}= QO Q_v OQwt CBM pOt C=[wQit K} QWD x@ |Oa@
s}y=wN xr�Ut |R=UpOt x@ =} wB |R} Qxt=vQ@ OQm} wQ R= xO=iDU= =@ TBU w
|Q}oxH}Dv C}=yv QO w 'pL [4]OwHwt |OOa |=yxO=O =@ =Q xr�Ut "CN=OQB

"s}vm|t

CBM pOt C=[wQit h}YwD
\}=QW Q=Okt "OQ}o|t CQwY xQwO Qy |=OD@= QO =y|UQR=@ 'CBM pOt QO
,=twta Q}eDt u}= "OQm s}y=wN h}YwD xn QDt=Q=B =@ =Q x=oDUO |xOW|Q}oxR=Ov=
R}r=v; '12CwY R}r=v; '11C=W=aDQ= R}r=v; Q}_v � hrDNt |=yxw}W R= xO=iDU= =@
CaQU� [1]"OwW x@U=Lt � 16Q=Wi R}r=v; w 15C@ w]Q R}r=v; '14=tO R}r=v; '13uewQ
\}=QW Q=Okt =@ QDt=Q=B u}= "CU= �(xn) QDt=Q=B =@ uwU;wB Ov}=Qi `@=D �CUmW
|=yDv= QO =yCUmW xm CU= xOW ZQi |oO=U |=Q@ "CU= ?U=vDt x=oDUO
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=m %=@ CU= Q@=Q@ OQ}PBv CQwY R}v |t=Ok= I}y w
xn+1 = xn + yn (4)

R}v |DUmW w xOw@ xv=DU; R= QDsm n |xQwO QO x=oDUO \}=QW xm |Dr=L QO
x}rw= ?wr]t \}=QW x@ u; uO}v=OQoR=@ |=Q@ |t=Ok= xvwoI}y 'CU= xO=Ov MQ
\}=QW u}=Q@=v@ "CU= pw@k p@=k x=oDUO \}=QW w CiQ}PB Oy=wNv CQwY R}v
u; \}=QW R= QDW}@ �x=oDUO |a}@] V}=UQi R= |W=v� yn u=R}t x@ x=oDUO

"Ow@ Oy=wN p@k |xQwO QO
p@=k x=oDUO |U=U= Q}taD j} Q] R= x=oDUO |a}@] V}=UQi OwW|t Qw;O=}
QO w CU}v u=Q@H p@=k |D=Q}taD C=t=Ok= R= |W=v |=yV}=UQi =t= "CU= u=Q@H
Cr=L u}= QO "OW s}y=wN x@=Wt ,qt=m |y=oDUO =@ x=oDUO Z} waD x@ Qw@Ht C}=yv

"O}UQ Oy=wN �xoo� x}rw= \}=QW x@ x=oDUO

=}wB |R} Qxt=vQ@ R= xO=iDU= =@ |R=UpOt
'xv=Q}oW}B C=Q}taD w |Q=Oxov C=t=Ok= |=QH= |=Q@ |}xv=DU; uDi=} Q=DWwv u}= hOy
u}= C=[wQit Q@=v@ "CU= CBM |xt=vQ@ QO =yxv} Ry u}ov=}t |R=Uxv}tm Qw_vtx@
C=t=Ok= |xv} Ry %R= Ov=CQ=@a jwi CBM |xt=vQ@ QO OwHwt |=yxv} Ry 'Q=DWwv

"u; Z} waD |xv} Ry 'x=oDUO CUmW |xv} Ry 'xv=Q}oW}B C=Q}taD w |Q=Oxov
w QiY Q}eDt R= xO=iDU= =@ =Q x=oDUO C=Q}taD w |Q=Oxov C=t=Ok= |xv} Ry
u QDt=Q=B h} QaD =@ w 'CU= pOt s}tYD Q}eDt u=ty xm �5 |x]@=Q� Q} R 18l}
"OQm s}y=wN x�=Q= xv=Q}oW}B C=Q}taD w |Q=Oxov C=t=Ok= |=QH= |xv=DU; u=wvax@

Z(xn; u)=

8<:0 xn�u "OwWv =QH= xv=Q}oW}B C=Q}taD w |Q=Oxov C=t=Ok=
1 xn>u "OwW =QH= xv=Q}oW}B C=Q}taD w |Q=Oxov C=t=Ok=

(5)

j=iD= |DUmW ,=twRr xm u}= p}rOx@ 'x=oDUO CUmW |xv} Ry =@ \=@DQ= QO
xv} Ry u}= "OQm s}y=wN xO=iDU= x=oDUO CUmW |Q=_Dv= |xv} Ry R= 'O=Di= Oy=wNv

%Ow@ Oy=wNe��(xn+yn)t x=oDUO 19u=v}t]= C}r@=k =@ ?U=vDt
co[1� e��(xn+yn)t] (6)

Q=@ Qy |xv} Ry QO x=oDUO *CUmW *p=tDL= ?Q[pY=L R= CU= CQ=@a 6 |x]@=Q
\ki |v=tR xR=@ Qy QO x=oDUO Qy |=Q@ xm CU= u; Q@ ZQi =Hu}= QO "u; CUmW
C}a[w x@ |U=U= Q}taD R= TB x=oDUO xm =Hv; R= "OyO|t MQ CUmW Q=@ l}

"CU}v C}ak=w R= QwO u=OvJ ZQi u}= 'O}UQ Oy=wN |@ wr]t
|UQR=@ wO u}@ |xrY=i QO �yn� x=oDUO p=wR ,qta xJQo = CU= QmP x@ sRq
xQwO Qy |=yDv= QO p=wR u}= xm CU= u}=Q@ ZQi |R=UpOt u}= QO 'OyO|t MQ
Oy=wNv xv}y@ CU=}U ?=NDv= Q@ |Q=O=vat Q}F-=D |R=UxO=U u}= "OQ}o|t CQwY
|UQR=@ |v=tR |=yxR=@ xm CU= u; |xOvyOu=Wv uOw@ Q=O=vat CQwY QO w CW=O

[4]"CU= xOW xDiQo Q_v QO |vqw]
'x=oDUO p=wR |r=oJ `@=D w 6 |x]@=Q R= xO=iDU= =@ CUmW |Q=_Dv= |xv} Ry

%OwW|t h} QaD 7 |x]@=Q j@=]t 'f(y)

C(xn) =
1Z

0
co[1� e��(xn+y)t]f(y)dy (7)

"PM |xv=DU; OL R= Rw=HD "2 pmW

"PM |xv=DU; OL R= Rw=HD sOa "3 pmW

Oy=wNv R}v p@k |xrLQt QO OwN |x}rw= \}=QW u} QDsm x@ x=oDUO 'C=Q}taD
s}y=wN �VRQr QO V}=Ri= ,qFt� \}=QW QO V}=Ri= OYQO �1 u=R}t x@ w O}UQ

"CW=O
'OwWv EO=L |DUmW I}y xm |DQwY QO n+ 1 |xQwO QO x=oDUO \}=QW "2

%R= CU= CQ=@a xv=Q}oW}B C=Q}taD w |Q=Oxov C=t=Ok= |=QH= R=TB w

xn+1 = (1 + �2)� xon + y (2)

|=Q@ u}=Q@=v@ w CU= xv=DU; R= V}@ n |xQwO QO x=oDUO \}=QW xm |Dr=L QO
xv=Q}oW}B C=Q}taD w |Q=Oxov x@ s=Ok= 'x}rw= ?wr]t \}=QW x@ u; uO}v=OQoR=@
|Q=Oxov C=t=Ok= |=QH= R= TB |DL xm CU= u; Q@ ZQi "OQm s}y=wN
w |Q=Oxov C=t=Ok= |=QH= R= |W=v V}=UQi p}rOx@ 'xv=Q}oW}B C=Q}taD w
p@k |xrLQt QO OwN |x}rw= \}=QW u} QDsm x@ x=oDUO 'xv=Q}oW}B C=Q}taD
QO V}=Ri= ,qFt� \}=QW QO V}=Ri= OYQO �2 u=R}t x@ w O}UQ Oy=wNv R}v
u}= |=QH= R= TB xm CU= u; Q@ ZQi CtUk u}= QO "CW=O s}y=wN �VRQr
QO w xDiQv u}@ R= �y� x=oDUO |a}@] V}=UQi R= |W=v p=wR Q=Okt 'C=t=Ok=
�1 Q}O=kt "Ovm|t Q}}eD xn QDt=Q=B Q=Okt =yvD w Ov=t Oy=wN |k=@ u; |x_i=L
C=@U=Lt QO |oO=U |=Q@ Q=DWwv u}= QO =t= 'OvDU}v Q@=Q@ Qo}Om} =@ ,=twRr �2 w

%CU= ẁ[wt u}= Qou=}@ 3 |x]@=Q "s}=xDiQo Q_v QO Q@=Q@ =Q Q=Okt wO u}=

�1 = �2 = � (3)

OwWv EO=L |DUmW I}y xm |DQwY QO 'n+ 1 |xQwO QO x=oDUO \}=QW "3
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"""C
=Q}ta

Dw
|Q=

Oxo
vC

=t=O
k=|

xv=DU
;|

R=Ux
v}y@|=Q@� CUmW p=tDL= QO =Q jwi Q}O=kt CU= |i=m 'xv} Ry u}ov=}t |x@U=Lt |=Q@

%s}vm ?Q[ �swU w swO |xv} Ro |=Q@� CUmW sOa p=tDL= w �pw= |xv} Ro
S:t :

T =

8<:0 (1 + �)xon � � � 0
1 (1 + �)xon � � > 0

(16)

Z(xn; u) =

8<:0 xn � u
1 xn > u

(17)

|OOa Q}O=kt R= xO=iDU= =@ pOt K} QWD
|OOa p=Ft l} pL x@ 'pOt |=yQDt=Q=B R= l} Qy Q=Okt u}}aD R= TB VN@ u}= QO
x@U=Lt XNWt |xv=DU; 3 <=R=x@ w xQwO 4 |=Q@ |OOa p=Ft "CN=OQB s}y=wN

"Ov=xOW u}}aD 1 pwOH QO =yxO=O u}= "CU= xOW
pY=L |H}=Dv xQwO 4 |=Q@ jwi |OOa |=yxO=O R= xO=iDU= =@ pOt pL R= TB

"CU= xOW x�=Q= 2 pwOH QO xm OW
xOW x�=Q= |OOa |=yxO=O R= xO=iDU= =@ jwi pOt |=Q@ xv}y@ |xv=DU; u}=Q@=v@
x=oDUO \}=QW Q=Okt Qo = xm CU=vat u=O@ u}= "OW u}}aD 1 2 Q@=Q@ 1 pwOH QO
QO xm s}vm|t =QH= =Q xv=Q}oW}B C=Q}taD w |Q=Oxov CU=}U 'OW=@ QDW}@ 1 2 R=

"pOt |=yQDt=Q=B |=Q@ |OOa Q}O=kt "1 pwOH
|OOa Q=Okt QDt=Q=B/Q}eDt h}OQ

� Possion(0 15) y 1
0 1 �1 = �2 = � 2
0 03 � 3
1 4 � 4
40 co 5
2 c 6
1 t 7
1 xoo 8
60 M 9
1 u1 10

1 2 u2 11
1 4 u3 12

"pOt pL |}=yv G}=Dv "2 pwOH
|Q=_Dv= |xv} Ry xv=DU; Q=Okt h}OQ

24 8 u1 = 1 1
23 2 u2 = 1 2 2
28 u3 = 1 4 3

"CU= ?U=vDt 8 |x]@=Q QO x̂n QDt=Q=B =@ xQwO u=}=B QO x=oDUO \}=QW
x̂n = (xn � [xn � (1 + �)� xon]� Z(xn; u))� (1� T )

+xoo � T (8)

%OW=@ Q=QkQ@ Q} R C}OwOLt ,=t=Rr= O}=@ pOt u}= QO
(1 + �)xon � � (9)

OW=@ |YNWt Q=Okt R= QDW}@ x=oDUO \}=QW Qo = xm Ovm|t u}t[D 9 |x]@=Q
"OwW Z} waD x=oDUO

Z} waD sOa =} Z} waD V}=tv |=Q@ 1 w 0 Q}eDt l} xm T Q=Okt 8 |x]@=Q QO
"OwW|t XNWt 10 |x]@=Q R= xO=iDU= =@ 'CU= x=oDUO

T = f((1 + �)xon � �) =

8<:0 (1 + �)xon � � � 0
1 (1 + �)xon � � > 0

(10)

|Q=Oxov CU=}U =@ x]@=Q QO |Q}os}tYD |=Q@ |}xv=DU; uDi=} Q=DWwv u}= hOy
Sn(xn) `@=D CyHu}O@ "CU= =} wB |R} Qxt=vQ@ pOt R= xO=iDU= =@ xv}y@ C=Q}taD w
'xOv}; |=yxv} Ry |xv}y@ Q=Okt |xwqax@ n |xQwO |xv} Ry u} QDsm u=wvax@ =Q
xDU@=w y Q=Okt w s}tYD Q}eDt x@ `@=D u}= "s}vm|t h} QaD 'Sn+1(xn+1)

"CU=
cZ(xn; u) + C(x̂n) (11)

Q@=v@ Sn+1(xn+1) Q=Okt "CU= n |xQwO |xv} Ry |xOvyOu=Wv 11 |x]@=Q
%Ow@ Oy=wN |irDNt Cq=L |=Q=O xO=O MQ n |xQwO QO xm |Dq=L

%OW=@ xO=O MQ CUmW n |xQwO QO Qo = "1
Sn+1(xn+1) = Sn+1((1 + �)xon) (12)

|LqY= C=Q}taD w |Q=Oxov x@C@Uv w OW=@ xO=Ov MQCUmW n|xQwO QO Qo = "2
%�OW=@ xv=DU; R= QDW}@ xQwO u=}=B QO \}=QW� OW=@ xOW s=Ok=

Sn+1(xn+1) = Sn+1((1 + �)xon + yn) = Sn+1(x̂n + yn)

(13)

R}v |LqY= C=Q}taD w |Q=Oxov w OW=@ xO=Ov MQ CUmW n |xQwO QO Qo = "3
%�OW=@ xv=DU; R= QDsm xQwO u=}=B QO \}=QW� OW=@ xOWv s=Hv=

Sn+1(xn+1) = Sn+1(xn+1 = xn + yn) = Sn+1(x̂n + yn)

(14)

u=wvax@M QDt=Q=B R= x=oDUO Z} waD x@ \w@ Qt C=@U=Lt uOQmOQ=w Qw_vtx@
u}= QO "s}vm|t xO=iDU= s}tYD Q}eDt u=wvax@T 1 w 0 Q}eDt R= w Z} waD |xv} Ry
"CU= xQwO l} pw] R= QDsm x=oDUO Z} waD u=tR xm CU= u; Q@ ZQi Q=DWwv

%CW=O s}y=wN u}=Q@=v@
Sn(xn) = min

Z(xn;u)

�
cZ(xn; u) + C(x̂n) + T �M

+
Z 1

0
Sn+1(x̂n + y)e��(x̂n+y)tf(y)dy + Sn+1(x̂n)�

1�
Z 1

0
e��(x̂n+y)tf(y)dy

��
(15)
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=m V}=Ri= ?@Ux@ Qo}O |wU R= w O}=tv|t |t=Rr= =yu=tR=U |=Q@ |vwvm |D@=kQ |=[i
C=[} waD '|UQR=@ |=yxv} RyuwJty|OQ=wtpt=W ��C=Q}taD w |Q=Oxov |=yxv} Ry
Oy=wN QHvt u=tR=U |=yxv} Ry V}=Ri= x@ �� |mO} C=a]k VQ=@v= w |QwQ[Q}e
`i=vt ^iL =@ '\}=QW T=U=Q@ |Q}os}tYD OQm} wQ u=wvax@ CBM |xt=vQ@ "OW
|Q=OxovCiovy |=yxv} RyVy=m ut[Dt xv=Q}oW}B C=Q}taD w |Q=Oxov R= pY=L
CBM |xt=vQ@ |R=UxO=U R= TB 'Q=DWwv u}= QO =Pr "CU=yu=tR=U QO C=Q}taD w
=@ 'xv=Q}oW}B C=Q}taD w |Q=Oxov CU=}U |=QH= |=Q@ ?U=vt |x]kv uDi=} |B QO

"s}=xOw@ =} wB |R} Qxt=vQ@ j]vt R= xO=iDU=

|xv=DU; xU u}@ R= OwN |xv}tm QO CBM |xt=vQ@ |Q=_Dv= |xv} Ry CQwY u}=
"OQ=O Q=Qk 2 pwOH

|Q}oxH}Dv
C}r@=k R= |Q=OQwNQ@ ^=Lrx@ wU l} R= 'xv=Q}oW}B C=Q}taD w |Q=Oxov |R=UxO=}B
QO 'u; u=v}t]= ?} Q[ V}=Ri= w x=oDUO CUmW R= |W=v |=yxv} Ry Vy=m

CWwv=B
1. condition based maintenance (CBM)
2. condition monitoring (CM)
3. preventive maintenance (PM)
4. data acquisition
5. data processing
6. maintenance decision-making
7. diagnosis
8. prognosis
9. decision support system (DSS)
10. threshold
11. vibration analysis
12. acoustic analysis
13. oil analysis
14. temperature analysis
15. moisture, humidity analysis
16. pressure analysis
17. deterioration
18. binary variable
19. reliability
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