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\UwD |t=Rr= CtON K]U l} O}=@ 'pOt QO xr�Ut u}= uDiQo Q_v QO |=Q@ "Ovm|t
"OwW C}=aQ xOW|R} Qxt=vQ@ p} wLD u=tR COt uOQmxOQw;Q@ |=Q@ xOvvmu}t-=D Qy
"OQ=O |oDU@ u; |Q=m *Q=@ w sDU}U pm C}iQ_ x@ ,qwtat \UwDt *|v=tR *OQmrta
u=wD|t u=oOvvmu}t-=D |=Q@ |Q}oxR=Ov= p@=k CtON K]U *C}OwOLt O=H}= |=Q@
p=tDL= CQwQ[ 'u}=Q@=v@ "OQm xO=iDU= |}=tv `} RwD =@ M/M/1 hY sDU}U R=
P Q=Okt Q@=Q@ smCUO O}=@ xOW|R} Qxt=vQ@ p} wLD u=tRCOt QO =[=kD uOQmxOQw;Q@

%CiQo Q_v QO u}vJ u=wD|t =Q Q_v OQwt C}OwOLt TB "OW=@ ��95 ,qFt�
1� e�(�i��i)li � P (5)

(�i � �i)li � � log(1� P ) (6)

|xty |=Q@ P u; QO xm OwW|t OwOLt |OQwt x@ \ki EL@ 'pOt u}= QO
OQ=Ov=DU= l} xm CU= xO=iDU= p@=k |t=ovy ZQi u}= "CU= u=Um} u=oOvvmu}t-=D
|v=tR QO q=m |x�=Q= R= =Q u=oOvvmu}t-=D 'C}OwOLt u}= "OW=@ xDW=O OwHw |DavY
pOt u}= QO xD@r= "Ovm|t `vt 'xOW xDiQo Q_v QO Q=R=@ syU QO xm xJv; R= QD|vqw]
'CiQo Q_v QO hrDNt u=oOvvmu}t-=D |=Q@ R}v |Dw=iDt |=yCtON K]U u=wD|t
OQm} wQ l} "Ov=UQ|tv |Y=N |}xU}=kt h=Oy= x@ =Q =t =Hv}= QO ẁ[wt u}= =t=
woMU=B xOWsqa= *u=tR COt QO Ov=wDv i |xOvvmu}t-=D xJv=vJ xm CU= u}= Qo}O
u}= QO xOWx�=Q= uw}UqwtQi "OwW xDiQo Q_v QO w= |=Q@ Zi Q}_v |}xt} QH 'OW=@
u=Wv Oa@ VN@ QO 'Qt= u}= C=@F= |=Q@ "Ovm Q}}eD sy OQm} wQ u}= =@ Ov=wD|t pOt
|ov}y@ `@=D QO OwN RQt QO ,=k}kO O}=@ O=tDa= C}r@=k C}OwOLt xm OwW|t xO=O
QDt=Q=B x@ u=wD|t =Q Zi(1 � �) Q@=Q@ Q=_Dv= OQwt |xt} QH u}=Q@=v@ "OwW C}=aQ
u; QO xm =Q |D}akwt |R=UpOt u}=� "OQm xi=[= pOt QO ci OL=w Qy O}rwD |xv} Ry
u}= Q@ ZQi w OQ}o|tv Q_v QO 'OW=@ |O=yvW}B |xt} QH Q=Okt x@ xDU@=w =[=kD
u}= �"OQ=O |oDU@ xOW|R} Qxt=vQ@ p} wLD u=tR COt w Ct}k x@ =[=kD xm CU=
QO Q}N-=D |=Q@ xOvvmO}rwD x@ |Okv CN=OQB CQwYx@ u=wD|t =Q (Zi) xt} QH |xv} Ry
u}tND pta QO xm OQm ?wULt |rikQU x@ CQ=UN |xv} Ry |xwqax@ q=m OQmQ}O

Ov}=Qi QO R}v |}=yv u=} QDWt "OvQ=O |y=o ; R}v xOW|R} Qxt=vQ@ p} wLD u=tR COt w
,=awtHt u=v; pkDUt |=y|Q}os}tYD xm Ovvm|t =i}=Vkv CQwY u}= x@ |Q}os}tYD
xOvvmO}rwD u=}t pt=aD "Ovm|t XNWt xOvvmO}rwD Ct}k x@ xHwD =@ =Q =[=kD K]U
pw@k p@=k |QDWt |=Q@ |O=yvW}B Ct}k xm Ow@ Oy=wN R}t;C}kiwt |v=tR |QDWt w
xOvvmO}rwD CU= sRq 'OW=@ Q}PBh=]av= O}=@ p} wLD u=tR COt =} Ct}k xJQo = "OW=@
u}= Q@ RmQtD xar=]t u}= QO xm OvW=@ xDW=O |OQ=Ov=DU= |=y@CQwY u=oOvvmu}t-=D w

"CU= Cr=L
O} QN R= OvQ=O Q=_Dv= xm |WRQ= QO xJ w Q=_Dv= |=yxv} Ry QO xJ u=} QDWt
QO u=oOvQ}os}tYD CU}v sRq Q=DWwv u}= QO "Ov=Cw=iDt 'OvQw; CUO x@ pwYLt
xDW=O|Dw=iDt Q=DiQhrDNt u=} QDWt =@ �OQ=Ov=DU=� p} wLD u=tR COt wCt}k u}}aD
OQwt u=} QDWt R= XNWt |xDUO l} =yvD u}t-=D |xQ}HvR u}= QO xm =QJ 'OvW=@
u=} QDWt x@ |t=ovy xwkr=@ u=} QDWt '|k]vt Q=DiQ ZQi =@ "OvQ}o|t Q=Qk |UQQ@
=} QDnQR@ 'pwYLt R= u=W|Di=} QO Q=_Dv= OQwt VRQ= xm OvwW|t p}O@D |ak=w
u=Wv =Q xOvvmO}rwD Ct}k pm "OvR=OQB|t pwYLt |=Q@ xm OW=@ |}xv} Ry |w=Ut
OQwt VRQ= xm Ovm|t |Q=O} QN =Q pwYLt |DQwYQO \ki |QDWt TB 'OyO|t
VRQ= u} QDsm Q@=Q@ xv} Ry u}= Qo}O CQ=@ax@ =} &OW=@ pm |w=Ut =} QDnQR@ w= Q=_Dv=
|va} 'CU= |ak=w |=[=kD MQv |xOvyOu=Wv � "CU= |ak=w u=} QDWt Q=_Dv= OQwt
Q=_Dv= OQwt |a=tDH= VRQ= pm V (�) w u=tR OL=w QO xDi=} jkLD |=yO} QN O=OaD
VRQ= '|rO=aD Cr=L QO "CU= u=tR OL=w QO |QDWt � |=[=kD jkLD QF= Q@
|}x}W=L |QDWt Q=_Dv= OQwt VRQ= Q@=Q@ dV=d� Q=_Dv= OQwt |}x}W=L |a=tDH=
s}y=wN TB "OwW|t ptLDt |QDWt xm OQ}oQ=Qk |}xv} Ry pm |w=Ut O}=@ xm CU=

%CW=O
dV (�)
d�

= pm (1)

VRQ= `@=D TB 'Ovm|t |wQ}B CN=wvm} `@=D R= |QDWt Qy VRQ= xm O}vm ZQi
%Ow@ Oy=wN l}D=QO=wm |a@=D

V (�) = �1�� �2�2; �1; �2 > 0 (2)

|QDWt VRQ= u} QDsm =@ u; uO=O Q=Qk Q@=Q@ w x]@=Q u}= R= |Q}ojDWt =@ CQwY u}= QO
[8w7]%CW=O s}y=wN

� = �0 � �pm (3)

"CU= Ct}k C}U=UL QwDm =i � = 1
2�2 > 0 w xwkr=@ Q=R=@ �0 u; QO xm

xDi=}X}YND *Q=R=@ syU Q@ p} wLD u=tR COt wCt}k R}v u=oOvvmu}t-=D K]U QO
9�MCI�|@ Q[|D@=kQpt=aD pOt R= xr�Ut u}= QO "Ow@ Oy=wN Q=PoQ}F-=DCmQW Qy x@

%CU= xOW xO=iDU= xOvvmu}t-=D Qy Q=R=@ |=[=kD uO=Ou=Wv |=Q@
�i = �(

Lip��i l��iPN
j=1 Ljp

��
j l��j

) (4)

|=yQwDm =i |xOvyO u=Wv �; � > 0 ZQi =@ Lip��i l��i CQ=@a =Hv}= QO
C}@ wr]t C@Uv R= xO=iDU= =@ Q=R=@ syU w Ov=p} wLD u=tR COt w Ct}k C}U=UL
[10w9]O};|t CUOx@ u=oOvvmu}t-=D |x}rm C}@ wr]t ẁtHt Q@ s}UkD �i� xOvvmu}t-=D
u=tR COt w Ct}k x@ C@Uv xOvvmO}rwD xm OyO|t u=Wv �i� xOvvmu}t-=D C}@ wr]t
�"""w C}i}m 'xOvvmu}t-=D Q=@Da= Q}_v� |D@=kQ |=yQwDm =i Qo}O w |O=yvW}B p} wLD
CU=yQwDm =i Qo}O |@}mQD QF= Qou=Wv Li > 0 QDt=Q=B u}vJty &OQ=O |U=UL= xJ
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}}aDxOvvmO}rwD |=Q@ Ct}k u}}aD Q=my=Q u} QDy@ 'li w pi Q}O=kt uDiQo Q_v QO =@ %1 sr

%O};|t CUO x@ u}vJ p�m

p�m = 1
2 (pmax

m +
XN

i=1 xipi + cr) (15)

xOvvmO}rwD |xv}W}@ OwU MQv "Ovm|t jOY 1 |x]@=Q QO wCU=|vwQO ?=wHl} xm
%R= Ow@ Oy=wN CQ=@a R}v � R= |a@=D u=wvax@

��m = �2

�
(16)

"CU= xOt; CUw}B QO sr u}= C=@F=

s=i |xOvvmu}t-=D |R=Uxv}y@ "2"2
Ct}k *uOw@C@=F ZQi =@ 's=i |xOvvmu}t-=D |=Q@ =Q |R=Uxv}y@ |xr�Ut =OD@= =Hv}= QO
Ct}k uOw@ XNWt R}v w 'u=oOvvmu}t-=D Qo}O |xOW|R} Qxt=vQ@ p} wLD u=tR w

"OQ}o|t Q=Qk p}rLD w x} RHD OQwt xOvvmO}rwD
QO (li) xOW|R} Qxt=vQ@ p} wLD u=tR R= |a@=D u=wvax@ pi |x@U=Lt |xw}W

[2]%R= CU= CQ=@a CtON K]U C}OwOLt RQt
! pi(li) = ( li�+ k � �ili

l�i i(�ili � k)
)

1
� (17)

%u; QO xm8<:1) k
�i
< li < k

�i�� Qo = �i > �

2) k
�i
< li Qo = �i � �

(18)

|Oa@l} |}xr�Ut x@ Ov=wD|t |R=Uxv}y@ |xr�Ut xm CiQo xH}Dv u=wD|t u}=Q@=v@
=@ u=wD|t u}=Q@=v@ [2]"CU= |rwRv li x@ C@Uv pi(li) "OwW p}O@D li |=v@tQ@
|xv}y@ Q=Okt 'li x@ C@Uv xr�Ut pL w |R=Uxv}y@ |xr�Ut QO pi(li) |v} Ro}=H
x@U=Lt =Q xv}y@ ?=wH �i(pi; li) `@=D QO u; |v} Ro}=H =@ w OQw; CUO x@ =Q li
=Q i |xOvvmO}rwD OwU `@=D '|R=Uxv}y@ |xr�Ut QO pi = pi(li) |v} Ro}=H =@ "OQm

%CWwv li R= |a@=D CQwYx@ u=wD|t
�i(li) = �i(pi; li) = (pi(li)� ci)(�i � k

li
) (19)

%CW=O s}y=wN u; R= |Q}ojDWt =@ xm
�0i(li) = p0i(li)(�i � k

li
) + (pi(li)� ci) kl2i

= �pi(li)
�
k�li + �(li�+ k � �ili)(�ili � k)

�l2i (li�+ k � �ili)
�

+pi(li)k
l2i

� cik
l2i

= pi(li)Hi(Li)
�l2i

(20)

%CU= xOW h} QaD u}vJ Hi(Li) `@=D u; QO w

Hi(Li) = �k�li
(li�+ k � �ili) � �(�ili � k) + k�� cik�

pi(li)
(21)

(p�i ; l�i ) xOW|R} Qxt=vQ@ p} wLD u=tR COt w Ct}k |=Q@ OQi x@ QYLvt ?=wH l}
[2]"Ovm|t xv}W}@ =Q '�i(pi; li) |va} 'i |xOvvmu}t-=D OwU `@=D xm OQ=O OwHw
=@ =Q i |xOvvmu}t-=D |=Q@ xv}y@ p} wLD u=tR COt w Ct}k xm OwW|t xOy=Wt

xDiQo Q_v QO CtON K]U C}OwOLt Q=DWwv u}= QO u}=Q@=v@ "CU= Q=wWO Q=}U@ u;
"OwW|t

xOW|R} Qxt=vQ@ p} wLD u=tR COt w Ct}k u} QDy@ ?=NDv= i xOvvmu}t-=D hOy
\UwD xOWu}}aD *p} wLD u=tR COt w Ct}k x@ xHwD =@ u; OwU xm |}xvwox@ CU=
Q_v R= "OwW xv}W}@ xOvvmO}rwD \UwD xOWu}}aD Ct}k u}vJty w u=oOvvmu}t-=D Qo}O
%OQm xrwtQi u}vJ u=wD|t CU= xH=wt u; =@ i |xOvvmu}t-=D xm =Q |}xr�Ut '|[=} Q
max�i(pi; li) = (pi � ci)�i (7)

s:t:(�i � �i)li � k; pi � �p; li � 0 (8)

%u; QO xm
k = � log(1� P ) (9)

%i Qy |=Q@ 'Qo}O |wU R=

i =
P
j 6=i Ljp

��
j l��j

Li
> 0 (10)

xDWwv u}vJ i |xOvvmu}t-=D |=Q@ |R=Uxv}y@ |xr�Ut 'Q=R=@ syU `@=D R= xO=iDU= =@
%OwW|t

max�i(pi; li) =
(pi � ci)�p��i l��i
p��i l��i + i

(11)

s:t:(�i � �p��i l��i
p��i l��i + i

)li � k; pi � �p; li � 0 (12)

xHwt ?=wH |=Q@ "CU= i |xOvvmu}t-=D OwU `@=D |xOvyOu=Wv �i(0; 0) u; QO xm
|=[=kD R= u=oOvvmu}t-=D pm C}iQ_ ?}mQD O}=@ '|va} OW=@ PN

i=1 �i > � O}=@
pwYLt OL=w Qy O}rwD |xv} Ry |xOvyOu=Wv R}v ci x]@=Q u}= QO "OW=@ QDW}@ Q=R=@

"CU= i xOvvmu}t-=D \UwD
QO "OwW|t pt=W =Q cm S=Dvwt =} O}rwD |=yxv} Ry 'xOvvmO}rwD |}xv} Ry Q=DN=U
u=} QDWt |=[=kD x@ |} woMU=B |=Q@ xOvvmO}rwD C}iQ_ xm CU= u; Q@ ZQi =Hv}=
u}=Q@=v@ "CU= wQW}B u=wvax@ xOvvmO}rwD |D@=kQ CQOk x@ QHvt Qt= u}ty wCU= |i=m

%R= Ow@ Oy=wN CQ=@a xOvvmO}rwD |R=Uxv}y@ |xr�Ut

maxpm �m(pm; pi; li) = (pm �
NX
i=1

xipi � cm)�(pm) (13)

"CU= OwOLt xOvvmO}rwD Ct}k 'xOW xO=O li w pi Q}O=kt w � w � '�0 Qy |=Q@
%|va} '�OW=@ C@Ft O}=@ =[=kD Q=Okt�XN

i=1 xipi + cr < pm < pmax
m (14)

"CU= i |xOvvmu}t-=D x@ xOWxO=O X}YND |=[=kD C@Uv Qou=}@ xi x]@=Q u}= QO
"CU= xOvvmO}rwD \UwD u}}aD p@=k Ct}k u} QDW}@ pmax

m = �0
� =Hv}= QO

xOvvmO}rwD MU=B u} QDy@ "1"2
xm xOW|R} Qxt=vQ@ p} wLD u=tR w Ct}k uDiQo Q_v QO =@ xOvvmO}rwD MU=B u} QDy@

"O};|t CUO x@ 1 sr R= xO=iDU= =@ 'OwW|t sqa= u=oOvvmu}t-=D \UwD

30



|Ov
wW

uU
Lw

|O
=@;p

[i=
s}Qt x@ "CU= i |xOvvmu}t-=D |=Q@ xOW|R} Qxt=vQ@ p} wLD u=tR COt w Ct}k (p�i ; l�i )

MU=B u} QDy@ (p�i ; l�i ) 'i Qy |=Q@ Qo = 'OwW|t xDio �Vv pO=aD |x]kv� Q=OQ@ u}=
\UwD xOWu}}aD (p�j ; l�j ) |R} Qxt=vQ@ p} wLD u=tR COt w Ct}k x@ i |xOvvmu}t-=D
|xr�Ut |=Q@ xv}y@ MU=B (p�i ; l�i ) Qo}O CQ=@ax@ "OW=@ �j� u=oOvvmu}t-=D Qo}O
|=Q@ xOW|R} Qxt=vQ@ p} wLD u=tR COt w Ct}k Qo = 'CU= i xOvvmu}t-=D |R=Uxv}y@
u=}@ Vv pO=aD |x]kv "OW=@ C@=F (p�j ; l�j ) |x]kv QO 'j 6= i 'j xOvvmu}t-=D
pY=L |Daivt |}=yvDx@ pO=aD |x]kv u}= R= h=QLv= =@ |}xOvvmO}rwD I}y xm OQ=O|t
pO=aD |x]kv u}= |x@U=Lt |=Q@ |Q=QmD sD} Qwor= l} R= 'xr�Ut u}= QO "Ovm|tv

"OwW|t xO=iDU=
Vv pO=aD |x]kv u}}aD |=Q@ |Q=QmD sD} Qwor= "1"3"2

"O}yO Q=Qk pi = ci w li = k
�i

Q=Okt i |xOvvmu}t-=D Qy |=Q@ %� ẁQW� 1 s=o
xv}y@ li uOQm =O}B |=Q@ 21 w 17 \@=wQ R= "O}vm ẁQW i = 1 R= %�Q=QmD� 2 s=o
p@k s=o QO u=oOvvmO}rwD Qo}O pj w lj Q}O=kt R= xO=iDU= =@ pi = pi(li) w
|=Q@ =Q pi w li Q}O=kt w O}yO s=Hv= i = 1 =D N |=Q@ =Q Q=m u}= w O}vm xO=iDU=

"O}vm RwQx@ i = 1; :::; N
Q=Okt x@ C@Uv li hqDN= xm O}yO xt=O= =Hv; =D =Q 2 s=o %�|}=Qosy Q=}at� 3 s=o

"OW=@ " |xOWu}}aD Q=Okt *|w=Ut =} QDlJwm OwN |r@k
uOQw; CUO x@ |=Q@ |Q=QmD sD} Qwor= l} R= xO=iDU= =@ R}v u}kkLt QDV}B
OQi x@ QYLvt |rO=aD |x]kv x@ sD} Qwor= u}= xm Ov=xOQm C@=F Vv pO=aD |x]kv
CQwY u}O@ "CU= u; Q=QmD s=o QO sD} Qwor= wO u}= Cw=iD [2]"Ow@ Oy=wN =Qoty Vv
T=U=Q@ u=oOvvmO}rwD Ct}k w p} wLD u=tR COt s=o u}= QO 'u}W}B sD} Qwor= QO xm
uOQw; CUO x@ |=Q@ |va} &O};|t CUO x@ |r=wDt CQwYx@ w xOW RwQx@ C=aq]=

%Q}O=kt R= p(2)
2 w l(2)

2

[(p(2)
1 ; l(2)

1 ); (p(1)
3 ; l(1)

3 ); (p(1)
4 ; l(1)

4 ); :::; (p(1)
N ; l(1)

N )]

CQwYx@ |Q}os}tYD |oS} w xm CU= u; QO VwQ u}= p=mW= "OwW|t xO=iDU=
?=wHCtU x@|tmCaQU =@ sD} Qwor= xm OwW|tEa=@ w OQ}o|t xO}O=v =Q u=tRsy
QO |O=yvW}B sD} Qwor= QO xm |r=L QO "Ovmv x�=Q= =Q j}kO ?=wH w OwW =Qoty xv}y@
'=yCmQW |xty xOW|R} Qxt=vQ@ p} wLD u=tR COt w Ct}k 's=o Qy QO 'Q=DWwv u}=
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2 w l(2)
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3 ; l(1)
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4 ; l(1)
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|Q}os}tYD |w=UtC=aq]= =@ =yCmQW|xty 'OwW|tEa=@ xmCU= xOW xO=iDU=
"OwW|t uwtvyQ j}kO ?=wH x@ QDsm |=ys=o O=OaD =@ w Ovvm
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"OwW|t =Qosy xv}y@ |rO=aD ?=wH x@ xQ=wty q=@ |Q=QmD sD} Qwor=

|xr�Ut |=Q@Vv OQi x@ QYLvt |rO=aD ?=wH x@ q=@ |Q=QmD sD} Qwor= %1 |x}[k
"CU=Qosy xOvvmu}t-=D N =@
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|xOvvmu}t-=D 'OW=@ 1 Q=Okt |w=Ut =} QDsm � Ct}k x@ C}U=UL QwDm =i xm |v=tR
'� � 1 xm |t=ovy xH}DvQO "Ovm u}}aD =Q ��p |va}� xv}W}@ Ct}k xW}ty O}=@ i
QO |Dt}k C@=kQ I}y w OQm Ovy=wN u}}aD =Q Ct}k |xv}W}@ u=oOvvmu}t-=D |xty
CQ=@ax@ "Ow@ Oy=wN xOvvmO}rwD |xOyax@ C}rw�Ut u}= w &CW=O Oy=wNv OwHw Q=R=@
xOW|R} Qxt=vQ@ p} wLD u=tR 'OW=@ sm Ct}k C}U=UL QwDm =i xm |t=ovy 'Qo}O
Oy=wN QDW}@ Q=R=@ syU uOQw; CUO x@ |=Q@ |v=QL@ |SD=QDU= u=oOvvmu}t-=D |=Q@
� > 1 u; QO xm OwW|t xDiQo Q_v QO |OQ=wt \ki xr�Ut u}= QO 'u}=Q@=v@ "Ow@

"OW=@
=@ xr�Ut p}rLD w x} RHD QO xm Ovm|t x�=Q= |O}rm |xH}Dv l} Oa@ |x}[k
xm |t=ovy OyO|t u=Wv xH}Dv u}= "Ow@ Oy=wN O}it Oa@ VN@ QO xOvvmu}t-=D N
w Ct}k =@ O}=@ xOvvmu}t-=D 'O@=}|t V}=Ri= (i) u=oOvvmu}t-=D Qo}O C}@ wr]t Ov};Q@

"OR=OQB@ C@=kQ x@ |QDsm p} wLD u=tR
p} wLD u=tR COt w CU= |rwRv i x@ C@Uv (p�i ) xv}y@ Ct}k %1 h} QaD
OQ=O|t u=}@ xDmv u}= [2]"CU= |rwRv ,=O}m = i x@ C@Uv (l�i ) xv}y@ xOW|R} Qxt=vQ@
p} wLD u=tR x@ Ov=wD|t R}v Q=R=@ QO |v=tR C@=kQ V}=Ri= '=yCt}k Vy=m Q@ xwqa xm

"Ot=Hv}@ QDx=Dwm |xOW|R} Qxt=vQ@
COt w (p�i ) xv}y@ Ct}k Q@ pOt hrDNt |=yQDt=Q=B Q}F-=D |ovwoJ 'xt=O= QO

"OwW|t K} QWD xOvvmu}t-=D \UwD (l�i ) |xv}y@ |xOW|R} Qxt=vQ@ p} wLD u=tR
[2]%R= CU= CQ=@a xOW|R} Qxt=vQ@ p} wLD u=tR COt w xv}y@ Ct}k |=y|oS} w

"OwW|t xOwRi= l�i w p�i Q=Okt Q@ 'Li V}=Ri= =@ �hr=
"O@=}|t Vy=m l�i w OwW|t xOwRi= p�i Q=Okt Q@ 'ci V}=Ri= =@ �?

"OwW|t xDU=m l�i Q=Okt R= '�i Q=Okt V}=Ri= =@ �G
(Li) xOvvmu}t-=D C}@ wr]t |=yQwDm =i Qo}O xm |t=ovy 'hr= |oS} w T=U=Q@
Ct}k Ov=wD|t xOvvmu}t-=D 'Ov@=} Ow@y@ �� QDq=@ C}i}m =} QDy@ |Q=HD lQ=t Q}_v ��
xm |t=ovy Qo}O CQ=@ax@ "OyO O=yvW}B |QD|vqw] p} wLD u=tR COt w QDq=@
x@ p}=tD 'QDu}}=B pwYLt C}i}m =} QDsm Q=@Da= =@ CmQW 'OvW=@ C@=F =yQDt=Q=B |xty
'? |oS} w T=U=Q@ "OQ=O C@=kQ |=Q@ QDx=Dwm p} wLD u=tR COt w QDsm Ct}k u}}aD
V}=Ri= =Q OwN Ct}k O}=@ xOvvmu}t-=D O@=}|t V}=Ri= OL=w O}rwD |xv} Ry xm |t=ovy
p} wLD u=tR COt uOQm QDx=Dwm x@ OvtR=}v 'xDi=}V}=Ri= Ct}k u=Q@H |=Q@ =t= 'OyO
Vy=m 'xOvvmu}t-=D C}iQ_ V}=Ri= CQwY QO xm OQ=O|t u=}@ G |oS} w "Ow@ s}y=wN
xOWxi=[= C}iQ_ u}= uOQmQB |=Q@ Q=R=@ syU V}=Ri= x@ QHvt p} wLD u=tR COt

"OW Oy=wN

xOvvmu}t-=D N OwHw Cr=L QO xr�Ut "3"2
xOvvmu}t-=D N =@ xOW|R} Qxt=vQ@ p} wLD u=tR COt w Ct}k u}}aD |xr�Ut uwvm =
pO=aD |x]kv =}; xm CU= u}= OwW|t KQ]t xm |U=U= p=-wU "OwW|t |UQQ@
|x]kv u}= 'OQ=O OwHw Qo = w #xv =} OQ=O OwHw xr�Ut u}= |=Q@ |D@=kQ Cr=L QO
|Q}os}tYD Q=OQ@ l} #OQm Oy=wN Q}}eD hrDNt |=yQDt=Q=B Q}}eD =@ xvwoJ pO=aD
u; QO xm O} Q}o@ Q_v QO =Q (p�1 ; l�1 ); (p�2 ; l�2 ); :::; (p�N ; l�N )CQwYx@ |}=DN
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}}aDO@=} V}=Ri= ?}kQ u=oOvvmu}t-=D O=OaD Qo = xm OyO|t u=Wv l� w p� \@=wQ �G

O=OaD u; QO xm O};|t V}B |]}=QW 'OW=@ C@=F (N�i) Q=R=@ C}iQ_ pm =t=
lJwm |xOvvmu}t-=D |O=} R O=OaD =} �q=@ C}iQ_ =@� nQR@ |xOvvmu}t-=D |tm
Ovm |v}@V}B Ov=wD|t pOt u}= "OW=@ xDW=O OwHw Q=R=@ QO �u}}=B C}iQ_ =@�
x@ QHvt|rO=aD ?=wH 's}W=@ xDW=OlJwm |xOvvmu}t-=D |O=} R O=OaD xm|t=ovy
QD|vqw] p} wLD u=tR COt "Ow@ Oy=wN QD|vqw] p} wLD u=tR =t= 'QDu}}=B Ct}k
u}= x@ QDu}}=B Ct}k xm |r=L QO 'CU= |t=Rr= CtON K]U s}kDUt |xH}Dv
OwU xOvvmO}rwD 'xH}Dv QO w xOW QDW}@ Q=R=@ QO C@=kQ xm OOvw}B|t ẁkw x@ p}rO

"OQ@ Oy=wN
|Q=QmD sD} Qwor= R= u=wD|t OvDU}v u=Um} u=oOvvmu}t-=D u; QO xm |OQ=wt |=Q@
|=yVN@ QO "OQm xO=iDU= |OOa CQwYx@ pOt |rO=aD ?=wH |x@U=Lt |=Q@
u=wD|t C@=F � Q=Okt ZQi =@ =OD@= '=Hv}= QO "Ov=xOW sy=Qi |OOa G}=Dv u}= |Oa@
C@=F � xm s}v=O|t xr�Ut C=}[Qi x@ xHwD =@ |rw 'OQm x@U=Lt =Q xv}y@ ?=wH
Q=Okt � |=Q@ Qo = "OQ=O |oDU@ Ct}k =@ x]@=Q QO xOvvmO}rwD |Q}os}tYD x@ w CU}v
|}xrO=at x@ 's}yO Q=Qk xOvvmu}t-=D |R=Uxv}y@ |xr�Ut QO =Q ��� |va}� V=xv}y@
CUO x@ |ovwoJ Oa@ VN@ QO "Ow@ Oy=wN pmWt Q=}U@ u; pL xm s}UQ|t

"OwW|t xO=O u=Wv |}=yv |xv}y@ ?=wH uOQw;

nQ@rmDU= pO=aD |x]kv "4"2
wQUB u=wvax@ u=oOvvmu}t-=D w wQW}B u=wvax@ xOvvmO}rwD u=}t pt=aD s}v=wD@ xm u; |=Q@
u}= |=Q@ "s}vm|t pta |DWoR=@ CQwYx@ 's} Q}o@ Q_v QO nQ@rmDU= |R=@ QO =Q
|ki= C@=kQ \}=QW x@ u=oOvvmu}t-=D MU=B u=ty xm =Q Vv pO=aD |x]kv =OD@= 'Q=m
TBU "s} Qw;|t CUO x@ |L} QWD |Q=QmD sD} Qwor= R= xO=iDU= =@ 'CU= |Owta w
=@ u=oOvvmu}t-=D p} wLD u=tR COt w Ct}k uDiQo Q_v QO =@ pm |xv}y@ Q=Okt

"Ot; Oy=wN CUO x@ 1 sr R= xO=iDU=
u}= xm OwW|t xO=O u=Wv 'xOvvmO}rwD |R=Uxv}y@ `@=D uOw@ Qakt x@ xHwD =@
"CU= xOW x�=Q= CUw}B QO ?r]t u}= C=@F= "CU= OQi x@ QYLvt pO=aD |x]kv
CU= |Q=QmD sD} Qwor=l} Q=DWwvu}= QO xOWx�=Q=pL sD} Qwor= xm OwW|t Qw;O=}
|oO}J}B u}=Q@=v@ w &Ovm|t xO=iDU= x@U=Lt |=Q@ xO=U |x]@=Q wO R= Q=QmD Qy QO xm
xr�Ut |xR=Ov= "CU= xr�Ut |xR=Ov= R= |]N |}xrtHOvJ CQwYx@ u; |D=@U=Lt
u=oOvvmu}t-=D O=OaD |ak=w |=}vO p�=Ut QO "OQ=O |oDU@ u=oOvvmu}t-=D O=OaD x@ R}v
O=OaD R}v Q=DWwv u}= QO "CU= lJwm w OwOLt 10x@v=HOvJ |D@=kQ \}Lt l} QO
w OwOLt O=OaD |=Q@ w xOW xDiQo Q_v QO 3 w 2 |OOa C=ar=]t QO u=oOvvmO}rwD

"O};|t CUO x@ ?=wH w xOW pL CaQUx@ sD} Qwor= R}v u=oOvvmu}t-=D lJwm

|OOa C=ar=]t "3
Ct}k pO=aD |x]kv Q=DiQ uO=O u=Wv |=Q@ |OOa C=W}=tR; |QU l} VN@ u}= QO
\}=QW QO Cw=iDt u=oOvvmu}t-=D xm |t=ovy 'xOW|R} Qxt=vQ@ p} wLD u=tR COt w
=Q G}=Dv u}= u=wD|tv xJQo = "OwW|t x�=Q= 'Ovvm|t C@=kQ Qo}Om} =@ hrDNt Q=R=@
=Q O};|t CUO x@ |OOa C=W}=tR; u}= R= xm |H}=Dv 'OQm u=}@ |r}rLD CQwYx@
syt |oS} w wO pOt u}= "CiQo Q=m x@ R}v QD|rm OQ=wt |OOa p}rLD QO u=wD|t
u}= QO "�|}=Q=m � OL=w O}rwD |xv} Ry w �xR=Ov=� C}iQ_ %OQ}o|t Q_v QO =Q xOvvmu}t-=D

'OvW=@ u=Um} |xOvvmu}t-=DN O}vm ZQi p=L "OW Oy=wN |UQQ@ R}v |rO=aD ?=wH
%x=ov;

"CU= u=Um} u=oOvvmu}t-=D |xty |=Q@ Vv |rO=aD ?=wH �hr=
�i� xOvvmu}t-=D |=Q@ �� OwU w p� Ct}k w l� |rO=aD p} wLD u=tR COt �?

[2]%O};|t CUO x@ Q} R CQwYx@
l� = Nk

N�i � � (22)

p� =

8><>:minf ci�
�� N

N�1� ��
N�i��

; �pg Qo = �� N
N�1 � ��

N�i�� > 0
�p Qo = �� N

N�1 � ��
N�i�� �

(23)

�� = (p� � ci)
N

(24)

[2]"CU= xOW x�=Q= �� w l� 'p� Q@ pOt hrDNt |=yQDt=Q=B Q}F-=D 1 pwOH QO
%R= CU= CQ=@a OQwt u}= QO xOt; CUO x@ G}=Dv |xYqN

u=tRCOt wCt}k|va} ��|rO=aD ?=wH Q=DiQ Q@ pOthrDNt|=yQDt=Q=B Q}F-=D �hr=
umtt xOvvmu}t-=D C}iQ_ 'xvwtv |=Q@ "CU= |OwyW |OL =D �� |rO=aD p} wLD
CQwYQO u}vJty "OwW QDx=Dwm p} wLD u=tR COt w QDsm Ct}k x@ QHvt CU=
Q@ |QDO}OW C@=kQ u=oOvvmu}t-=D '�� |va}� Ct}k C}U=UL QwDm =i V}=Ri=
'Qo}O |wU R= "OwW|t =yCt}k Vy=m Ea=@ u}= xm CW=O Ovy=wN Ct}k QU
|QDW}@ p}=tD u=oOvvmu}t-=D 'O@=}|tV}=Ri= � u=tRC}U=UL QwDm =i xm|t=ovy
QHvt u}= xm Ow@ Oy=wN QDsm Ct}k QU Q@ C@=kQ w OvQ=O u=tR QU Q@ C@=kQ x@
|xty |=Q@ Q=R=@ syU xm =Hv; R= 'OQwt wO Qy QO "OwW|t =yCt}k V}=Ri= x@
Oy=wN |k=@ Q}}eD uwO@ |rO=aD p} wLD u=tR COt 'CU= u=Um} u=oOvvmu}t-=D

"Ov=t
|Dr=L =@ OQ=O OwHw xOvvmu}t-=D l} xm |Dr=L QO �� xOvvmu}t-=D OwU Q=DiQ �?
'QDq=@ C}iQ_ 'p=Ft |=Q@ "CU= Cw=iDt OvQ=O OwHw x@=Wt |xOvvmu}t-=D OvJ xm
"OwW|t =yCt}kV}=Ri= x@ QHvt 's} Q}o|t Q_v QO =Q xOvvmu}t-=Dl} xm |OQwtQO
OwU Vy=m x@ C}iQ_ V}=Ri= 'x@=Wt |xOvvmu}t-=D N Qw[L =@ xm |r=L QO
w |D@=kQ Ct}k Q@ |QDW}@ Q=Wi x@ QHvt C}iQ_ V}=Ri= xm =QJ 'Ot=Hv=|t
'OQ=O OwHw xOvvmu}t-=D l} xm |Dr=L QO "OW Oy=wN xOvvmu}t-=D OwU Vy=m
u=tR COt w Ct}k u}}aD QO |QDW}@ |Q}PBh=]av= u=wD|t C}iQ_ V}=Ri= =@
wO Qy QO "Ow@ Oy=wN xOvvmu}t-=D |rm OwU V}=Ri= x@ QHvt u}= xm CW=O p} wLD
u=tR COt CU= u=Um} u=oOvvmu}t-=D |xty |=Q@ Q=R=@ syU xm =Hv; R= 'OQwt

"Ov=t Oy=wN |k=@ Q}}eD uwO@ |rO=aD p} wLD

"OvW=@ u=Um} u=oOvvmu}t-=D xm |]}=QW QO C}U=UL p}rLD "1 pwOH
�� p� l� " QDt=Q=B
# # # N

# # # �i

" " - ci

# # - �

" " - �

- - " p =} K
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|Ov
wW

uU
Lw

|O
=@;p

[i=
s}Qt |=yQDt=Q=B 'c1 = c2 = 9 Q@=Q@ u=v; R= l} Qy OL=w |xv} Ry '�1 + �2 = 800

"CU= � = (0 2; 0 5) |=Q@ Q=Okt wO w � = 3 w �0 = 200 |w=Ut Q=R=@
COt 'Ct}k C@Uv 'CU= �1 � �2 u; QO xm |irDNt OQ=wt |UQQ@ =@ =Hv}= QO
'|rO=aD ?=wH Q}}eD |ovwoJ w xOW x@U=Lt u=oOvvmu}t-=D OwU pm w p} wLD u=tR
=yC@Uv u}= |xU}=kt =@ 'OwW|t QDW}@ u=tR x@ xOvvmO}rwD C}U=UL xm |t=ovy
u}= Q@ ZQi "CiQo Oy=wN Q=Qk |UQQ@ OQwt � = 0 5 w � = 0 2 Cr=L wO QO
"�1 pmW� L1 = L2 = 1 w CU= 0 2 Q@=Q@ xOvvmO}rwD |=Q@ cm |xv} Ry xm CU=

%R= CU= CQ=@a xrY=L G}=Dv |xOta CtUk u}= QO
C}iQ_ =@ xOvvmu}t-=D 'OvQ@=Q@ xOvvmu}t-=D wO |=Q@ =yQwDm =i |xty xm |t=ovy �hr=
QHvt u}= xm OyO|t O=yvW}B =Q |QDq=@ Ct}k w QDx=Dwm p} wLD u=tR COt 'QDq=@
"OW Oy=wN QDsm C}iQ_ =@ |xOvvmO}rwD x@ C@Uv QDW}@ Q=R=@ syU ?Um x@

"O@=}|t V}=Ri= C}iQ_ C@Uv V}=Ri= =@ u; OwU w =yCt}k C@Uv 'xwqax@
u=tR x@ C}U=UL QwDm =i V}=Ri= =@ 'QDW}@ C}iQ_ =@ xOvvmu}t-=D |D@=kQ u=wD �?
R= (�) xm |t=ovy R}v xOvvmu}t-=D u}= Q=R=@ syU w OwU "O@=}|t V}=Ri= (�)

|x�=Q= |}=v=wD xm OyO|t u=Wv u}= "O@=}|t V}=Ri= Ovm|t Q}}eD 0 5 x@ 0 2
OwU 'u=tR x@ C@Uv Q=R=@ C}U=UL V}=Ri= =@ QDx=Dwm u=tR COt QO pwYLt

"Ovm|t QDq=@ C}iQ_ =@ xOvvmu}t-=D O}=a =Q |QDW}@

p} wLD u=tR COt w Ct}k pO=aD |x]kv Q@ =y|oS} w u}= R= l} Qy C=QF= 'CtUk
"OQ}o|t Q=Qk |UQQ@ OQwt

'xOWxDio OQ=wt QO RH O}=@ �u=tR � Ct}k C@=kQ u=}t pt=aD� Q@ RmQtD |=Q@
|D@=kQ QwDm =i u}= Q}F-=D s}v=wD@ =D s}vm ZQi u=Um} |OOa C=W}=tR; QO =Q Li Q=Okt
QO p} wLD u=tR COt w Ct}k Q@ QwDm =i u}= QF= "s}vm hPL xOvvmu}t-=D Q=R=@ syU Q@ =Q
CtON K]U =yp=Ft |xty QO u}vJty "OQ}o|t Q=Qk |UQQ@ OQwt xv=o =OH |WN@
Q=R=@ C}U=UL |=yQwDm =i QO Q}}eD Q}F-=D "CU= xOW xO=O Q=Qk P = �95 Q@=Q@
'p} wLD u=tR COt 'Ct}k pO=aD |x]kv Q@ 'p} wLD u=tR COt w Ct}k x@ C@Uv
Q=Qk |UQQ@ OQwt R}v Q=R=@ |=[=kD xH}DvQO w xOvvmO}rwD \UwD xOWu}}aD Ct}k
|xty Q@ �=@kQ O=OaD� Q=R=@ QO OwHwt u=oOvvmu}t-=D O=OaD Q}F-=D 'xwqax@ "CiQo Oy=wN
Q@ w= |=y|Q}os}tYD Q}F-=D w QDQ@ |xOvvmu}t-=D Q=DiQ u=}=B QO w xOW |UQQ@ =yQ}eDt

"CiQo Oy=wN Q=Qk p}rLD w x} RHD OQwt =yQDt=Q=B Qo}O

u=oOvvmu}t-=D C}iQ_ Q}F-=D "1"3
xOWu}}aD p} wLD u=tR COt wCt}k Q@ u=oOvvmu}t-=DC}iQ_ Q}F-=D =OD@=VN@ u}= QO
Oy=wN |UQQ@ Q=R=@ |=[=kD xH}Dv QO w xOvvmO}rwD Ct}k Q@ u}vJty w u=v; \UwD
=yu; C}iQ_ ẁtHt xm O} Q}o@ Q_v QO =Q ?}kQ |xOvvmu}t-=D wO 'Qw_vtu}O@ "OW

"u=oOvvmu}t-=D C}iQ_ Q}F-=D "1 pmW
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}}aD|xv} Ry =@ xOvvmu}t-=D 'OvQ@=Q@ xOvvmu}t-=D wO |=Q@ =yQwDm =i |xty xm |t=ovy �hr=

O=yvW}B =Q |QD|vqw] p} wLD u=tR COt |rw QDsm Ct}k 'QDsm OL=w O}rwD
=@ QDu}}=B O}rwD |=yxv} Ry =@ xOvvmu}t-=D |=Q@ Q=R=@ syU w OwU 'xwqax@ "OyO|t

"O@=}|t V}=Ri= c2=c1 C@Uv V}=Ri=
COt x@ C@Uv QDW}@ C}U=UL =@ Q=R=@ QO 'xOvvmu}t-=D l} |}xv} Ry C} Rt �?
xm |t=ovy �� pw= |xOvvmu}t-=D `i=vt 'p=Ft |=Q@ "OwW|t QDnvQsm p} wLD u=tR
C} Rt Crax@ �� O@=}|t V}=Ri= 3 x@ 0 5 OL R= � u=tR x@ C}U=UL QwDm =i
sm Q=}U@ |Q=PoQ}F-=D u}= xD@r= "OwW|t QDsm swO |xOvvmu}t-=D x@ C@Uv |v=tR
Cw=iD xm s}DUy |Dr=L QO u; |UQQ@ x@ sRrt Q}F-=D u}= |xOy=Wt |=Q@ w CU=
'QDsm hqDN= =@ nQR@ |=y� QO w �Q@=Q@ 6� CU= O=} R Q=}U@ 0 5 x@ C@Uv �

"CU}v xOy=Wt p@=k Cw=iD u}=
'u=oOvvmu}t-=D R=|m}|D@=kQ u=wDV}=Ri= =@ 'OWu=}@ R}vu}W}BVN@ QO xm u=vJ �G
QHvt Qt= u}= "O@=}|t V}=Ri= (Ps) u=oOvvmu}t-=D \UwD xOWu}}aD Ct}k Ov};Q@
|}=yv OwU Vy=m C}=yv QO w Q=R=@ |=[=kD Vy=m 'xOvvmO}rwD Ct}k V}=Ri= x@
Cw=iD xm OyO|t u=Wv CtUk wO u}= R= pY=L G}=Dv "OW Oy=wN xOvvmO}rwD
QO xm =QJ 'OwW|t xOvvmO}rwD OwU Vy=m x@ QHvt u=oOvvmu}t-=D u=}t QDW}@
Oy=wN |QDW}@ |vRxv=J CQOk w |D@=kQ u=wD u=oOvvmu}t-=D R= |m} CQwY u}=
Oy=wN Qw;OwU xOvvmO}rwD |=Q@ u=oOvvmu}t-=D QDW}@ xJQy Cy=@W u}=Q@=v@ "CW=O

u=oOvvmu}t-=D\UwD xOWu}}aDCt}k Ov};Q@ '2|xOvvmu}t-=D|D@=kQ u=wDV}=Ri= =@ �G
Qw_vtx@ VqD |=Q@ xOvvmO}rwD xH}DvQO "O@=}|t V}=Ri= Xs = x1p1 + x2p2
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