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C}i}m OQmrta
�O=DU=� �QP; pO=a

�OWQ= |U=vWQ� � O=Q|Da} QW s} Qt
TQOt C}@ QD x=oWv=O 'C} Q}Ot |xOmWv=O

V}=Ri= CqwYLt ẁvD w O=}OR= w |m} SwrwvmD `} QU C=Q}}eD p}rOx@ |v=yH C@=kQ 'xRwQt=
R=}v l} u=wvax@ OQmrta QtDUt Ow@y@ Vkv Q@ O}m -=D Ea=@ Qt= u}= "CU= xOQm =O}B |a} QU
xYNWt VQDUo "CU= xOW =}vO QU=QU QO =yu=tR=U R= |Q=}U@ QO |OQ@y=Q w |D@=kQ

sDU}U l} O=H}= w pwYLt |L=Q] w C}i}m Ow@y@ |=Q@ OvtCQOk |Q=R@= u=wvax@ C}i}m
VQDUo R= |@}mQD ?wJQ=J l} 'VywSB u}= QO "OwW|t ?wULt Q=Ot|QDWt C}i}m

|=yR=}v R= l} Qy OQw;Q@ K]U uO=O u=Wv |=Q@ |v=tQ; |R} Qxt=vQ@ w C}i}m |=yxYNWt
R= C}i}m |xv=N uOQm Q=Hvyx@ |=Q@ ?wJQ=J u}= QO "CU= xOW x�=Q= pwYLt |vi

uDiQo Q_v QO x@ QO=k 'xOWx�=Q= x} wQ xm u}= x@ xHwD =@ "CU= xOW xO=iDU= utQU=w |x]@=Q
Vy=m '|QDWt C}=[Q K]U V}=Ri= uwJty |i=Oy= 'CU= xr�Ut |xQw_vtOvJ C}y=t

u=t}U CmQW QO C}=yv QO ?wJQ=J u}= "CU= xOW ^=Lr Q=m |DNU Vy=m w xv} Ry
"CU= xOW xDiQo Q=m x@ u=DUQq

azara@modares.ac.ir
maryam sh832003@yahoo.com

'|FrFt |R=i O=Oa= 'C}i}m |xv=N 'C}i}m |=yxYNWt VQDUo %|O}rm u=oS=w
"|v=tQ; |R} Qxt=vQ@

xtOkt
'C=a]k |xYNWt TBU w '|UOvyt |=yxYNWt =} pwYLt |vi |=yR=}v x@

[2]"�4C}i}m |xv=N� s=vx@ |U} QD=t ltmx@ O}rwD |R} QKQ] w Ov}=Qi |R} QKQ]
OW=@ |}xvwox@ O}=@ CqwYLt |L=Q] xm CU= Qw=@ u}= Q@ |vD@t C}i}m |xv=N
xQw_vtOvJ s}D l} \UwD C}i}m |xv=N "OR=UTmavt =Q u=} QDWt Cq}=tD xm
|v=Btm xm |}=yxwQo w CN=U u=UOvyt '|L=Q] u=UOvyt '?=} Q=R=@ pt=W ��

[3]"OwW|t O=H}= �� OQ}o|t Q_v QO xOvvm =QH=
x@ |k}kO=v C=aq]= u�t]t=v\}Lt R= u=oOvQ}os}tYD 'QFD VwQ j]vt QO
|=yxO=O 'u}= Q@ uwRi= "CU= |i}m w |vyP |QDWt |=yxDU=wN =Q} R 'OvQw;|tCUO
XwYNx@ &Ov=sy@t =} j}kO=v 'OwOLt ?re= pwYLt |L=Q] |=Q@ TQDUO QO

[1]"OwW|t EL@ O}OH pwYLt l} O}rwD |xQ=@ QO xm |v=tR
w |vyP R}v DRs OwN u}@ u}vJty w 'DRs w CRs u}@ \@=wQ 'u}=Q@=v@
|a]k |=yQ}eDt w |v=@ R |=yT=}kt u=wvax@ ,=@r=e \@=wQ u}= R= w CU= sy@t
-5-1 =} 9-3-1 T=}kt sDU}U =@ \@=wQ COW p=Ft u=wvax@ "OwW|t xO=iDU=
'1 O=Oa= Qou=}@ |wk w \UwDt 'h}a[ |=yxS=w xm |}xvwox@ "OwW|t u=}@ 9
x�=Q= =Q |R=i VwQ u}kkLt =yVwQ u}= Ow@y@ Qw_vtx@ "CU= 9 '5 '1 =} 9 '3

[4]"OvOQm
p}tmD C}i}m |xv=N |v=@ R |=yxS=w =@ =D CU= u; Q@ |aU Q=DWwv u}= QO
O=Oa= R= u}=Q@=v@ 'OvwW|t u}}aD |v=@ R |=yxS=w CQwYx@ C=]=@DQ= u}= uwJ w OwW
uwO@� s}y=it T=U=Q@ C=]=@DQ= "OwW|t xO=iDU= |R=U|:tm Qw_vtx@ |FrFt |R=i

|O}rwD w|D=tON |=yCmQW C=yHwD u} QDnQR@ R=|m} u=wvax@|v=yHC@=kQ ,=Q}N=
|QDq=@ Kw]U |wHwCUH QO =yCmQW '=DU=Q u}ty QO "CU= xOW xDN=vW u=yH
CaQU ^iL |=Q@ QtDUt Ow@y@ R}v w u=WC=tON w CqwYLt |=Q@ C}i}m R=
1�QFD� C}i}m |=yxYNWt VQDUo "OvDUy u=yH QU=QU QO Q}}eD w CiQW}B
=yCmQW w Ovm|t O}m -=D |QDWt C}=[Q Q@ =OD@= u=ty R= xm CU= |}=yxw}W R= |m}

"OR=U|t Ovtv=wD C}i}m CqmWt pL |=Q@ =Q
|}=yv pwYLt x@ |QDWt |=OY |xtHQD |=Q@ xDi=}u=tR=U|WwQ QFD xw}W
u}= QO "OQ=O OQ@ Q=m q=@ Kw]U QO |QDWt C}=[Q uOQw; CUO x@ Qw_vtx@ xm CU=
uOQw;CUO x@ Qw_vtx@|}=yv pwYLt x@C@Uv |QDWtCq}=tD R= |Q}oxvwtv =@VwQ
=} Q=R=@ C=k}kLD ltmx@ pwYLt l} |xQ=@ QO |w C=L}HQD w |QDWt C}=[Q
'2�CRs� |QDWt |=yxDU=wN R= |}xawtHt u=wvax@ =yu; |yOu=tR=U w 'x@L=Yt
uOQmxv}W}@ Qw_vtx@ "OwW|t p=ta= CqwYLt VQDUo w |QDWt |=yR=}v C} Q}Ot
'OvQF-wtCRs Q@ xm �DRs� 3|UOvyt w|L=Q]|=yxDU=wNR=|ywQo|QDWtC}=[Q
\@=wQ R}v w 'DRs w CRs u}@\@=wQ p}rLD =@ "OvwW|t xO=O Ow@y@ w R}r=v; '|}=U=vW
|=[a= �� Q=m|DNU =}|vi|=yC}OwOLt w =yxv} Ry x@ xHwDut[��DRs OwNu}@
swyit u}=Q@=v@ [1]"OvDUy DRs |=QH= Kw]U u}}aD x@ |} woMU=B pw�Ut QFD s}D
'|QDWt |=OY =} |QDWt |=yxDU=wN |xtHQD� %R= CU= CQ=@a QFD |U=U=

pw�Ut xOvU} wv �
"1390 6 5 VQ}PB '1390 5 25 x}LqY= '1389 7 10 Ci=} QO %M} Q=D



"""\
U@Q

Ou
}wv|

OQm
}wQ

'|R
=i|

v=tQ;
|R}

Qxt=
vQ@

st :

GX � g
X � 0 (1)

|=yC}OwOLt xawtHtGX � g 'ihOy u=R}t bi 'i|R=i hOy fi(x) u; QO xm
|=Q@ C} w[a `@=D h} QaD "CU= s}tYD |=yQ}eDt |Oa@ n Q=OQ@ w X 'sDU}U

%R= CU= CQ=@a fi(x) � bi |R=i h=Oy=

�i =

8>>>><>>>>:
1 if fi(x) � bi
fi(x)�li
bi�li if li � fi(x) � bi

0 if fi(x) � li
(2)

u; ptLD xR=@ bi � li w 'fi(x) |R=i hOy |=Q@ ptLD u}}=B OL li u; QO xm
%x=ov; 'OW=@ fi(x) � bi CQwYx@ |R=i hOy Qo = "CU=

�i =

8>>>><>>>>:
1 if fi(x) � bi
ui�fi(x)
ui�bi if bi � fi(x) � ui

0 if fi(x) � ui
(3)

"CU= ptLD xR=@ ui � bi w ptLD |q=@ OL ui u; QO xm
"CU= xOW xO=iDU= �xv}tm � l =QDW= Qorta 'C} w[a `@=wD uOQm =wvm} |=Q@

%R= CU=CQ=@a hOy `@=D u}=Q@=v@
max min

i
(�i) (4)

%R= Ow@ Oy=wN CQ=@a |a]k pOt x=ov; '� = min
i

(�i) Qo =

max�

st :

� � (fi(x)� li)=(bi � li)
GX � g
X � 0 (5)

?}mQD and =@ =Q |R=i |=yxQ=Ro |Dkw xm Ovm|t =aO= Q=DWwv u=ty QO utQt} R
O=yvW}B =Q ?Q[ Qorta u}=Q@=v@ w [8]'OQm xO=iDU= xv}tm Qorta R= u=wD|tv s}vm|t

"Ovm|t

max �
h

fi(x)� li
bi � li

st :

GX � g
X � 0 (6)

[11]%CU= xOQm KQ]t u}vJ =Q u; w xOQm p}O@D `tH x@ =Q Qorta u}= |Q=w}D
max(�) =

X
i

�i

"OvwW|t |Ov@xk@] �|wk \=@DQ=� w �\UwDt \=@DQ=� '�h}a[ \=@DQ=� '�\=@DQ=
w �0 2,0 3,0 4� '�0,0 1,0 2� '�0,0,0�|FrFt |R=i O=Oa= x@|i}m C=Q=@a u}=
|xHQO wCr=L u} QDQ}PBu=mt= 'RDv=QB Qy |v=}t OOa "OvwW|t xtHQD �0 8,0 9,1�
QDsm C}a]k sOa =@ |R=i O=Oa= � VQ@ ltmx@ TBU "OQ=O 1 =@ |w=Ut C} w[a
CLD |R=i |R} Qxt=vQ@ pOtl} 'DRs |xv}y@ Kw]U u}}aD Qw_vtx@ "OwW|t u}}aD
C}=[Qu} QDW}@ w 'Q=m|DNUw xv} Ryu} QDsmh=Oy= =@ OQw;Q@K]Uu} QDsmC}OwOLt
"OwW|t x�=Q= Q=my=Q u}= uOWuWwQ |=Q@ |L} QWD |r=Ft C}=yv QO w 'x�=Q= |QDWt

|R=i |v=tQ; |R} Qxt=vQ@
pOt 'xv}y@ |wor= u}}aD |=Q@ |[=} Q |R} Qxt=vQ@ |=ypOt u} QDOQ@ Q=mQB R= |m}
`@=D |R=Uxv}tm =} |R=Uxv}W}@ |]N |R} Qxt=vQ@ hOy "CU= |]N |R} Qxt=vQ@
u=tRsy Qw]x@ s}tYD |=yQ}eDt w =yC}OwOLt R= |O=OaD uDiQo Q_v QO =@ hOy
Ca}@] wCU= xQw_vtlD |R=Uxv}y@ |xw}Wl}|]N |R} Qxt=vQ@ xm =Hv; R= "CU=
|DvU |=yVwQ |D}a[w u}vJ QO 'CU= xQw_vtOvJ |R} Qxt=vQ@ p�=Ut R= |Q=}U@
"Ow@ Oy=wNv u=Q=PoCU=}U w u=oOvQ}os}tYD |=yxDU=wN |wo?=wH |R} Qxt=vQ@
QO |v} wv VwQ 'Q}N= |=yxyO QO u}kkLt |=yVqD w |tra |=yCiQW}B =@
Q_v OQwt h=Oy= O=[D \}=QW QO =yu; |Q}oQ=mx@ =@ xm xOt; OwHw x@ |R} Qxt=vQ@
x@ |@=}CUO |=Q@ =Q =y?=wH u} QDy@ u=wD|t 'O}rwD `@=vt uOw@ OwOLt w u=Q}Ot
p}rLD |=Q@ xDUHQ@ |=yQ=R@= R=|m}|v=tQ; |R} Qxt=vQ@ xv}tR u}= QO "OQm =O}B =yhOy
u=tRsy |@=}CUO Q=R@= u}= |=y|oS} w R= &CU= C} Q}Ot QO xQw_vtOvJ |=ys}tYD
|R} Qxt=vQ@ ha[ u} QD|rY= =t= "CU= |Ov@C} wrw= |=v@tQ@ hOy u}OvJ x@ u;
|Q}os}tYD \}Lt QO CkOx@ O}=@ xr�Ut |=yQDt=Q=B |xty xm CU= u}= |v=tQ;

[5]"OvW=@ |a]k CQwYx@ O}=@ =yC}OwOLt w h=Oy= |t=tD w OvW=@ xOW u}}aD
OwN QO =Q |DkO|@ R= |awv OwW|t Ci=} QO \}Lt R= xm |D=aq]= R= |Q=}U@
's}tYD |=yQ}eDt ?}=Q[ p}@k R= pOt |=yQDt=Q=B '|R=i |R} Qxt=vQ@ ?r=k QO "OQ=O
u; u=R}t xm =Q |v=tQ; "CUv=O j}kOQ}e u=wD|t =Q u=Rw= w =yC} wrw= 'u=tQ; u=R}t

[6]"OwW|t |krD �|R=i u=tQ;� l} OW=@ xOW u=}@ j}kOQ}e
w CU= |R=i =yu=tQ; u; QO xm OwW|t |UQQ@ |}=yVwQ Q=DWwv u}= QO
"CU= |R=i R}v C} w[a `@=wD QO xOW xDiQo Q=mx@ ?}=Q[ w |]N C} w[a `@=wD
pmWt u=oOvQ}os}tYD |=Q@ 'u=tQ; =} hOy Qy |OOa VRQ= OQwtQO |Q}os}tYD
|xHQO |Q}oQ=mx@ |R=i |v=tQ; |R} Qxt=vQ@ QO u}kkLt 'CrwyU O=H}= |=Q@ "CU=
VwQ R= '\@DQt |=yVwQ |[a@ w VwQ u}= [7]"Ovvm|t O=yvW}B =Q C} w[a
|Qo}O pL |=yVwQ "OvQ}o|t s=yr= [8]utQt} R\UwD xOW|iQat |R=i |R} Qxt=vQ@
'utQt} R VwQ K} QWD x@ 'xt=O= QO [11�9]"CU= xOW x�=Q= R}v u}kkLt Qo}O \UwD

"s} R=OQB|t 'xDiQo Q=Qk xO=iDU= OQwt VywSB u}= QO xm

utQt} R VwQ
%OwW|t h} QaD u}vJ |R=i |v=tQ; pOt VwQ u}= QO

find x

to satisfy fi(x) � bi i = 1; 2; :::;m

44



O=Q|
Da}Q

Ws
}Qt

wQP
;pO

=a u}}=B w q=@ OwOL CQwYx@ '� 2 [0; 1] w � K]U QO ~<0ij |R=i |xawtHt R=
%OQm h} QaD h(Rij)L� ; (Rij)U� i

(Rij)L� = inf
x2[0;1]

fxj� ~Rij(x) � �g;
(Rij)U� = SUP

x2[0;1]
fxj� ~Rij(x) � �g (10)

"CU= ~<ij x@ jraDt |=yx C} w[a |xHQO � ~Rij(x) xm |Qw]x@
~<ij ; ~
ij |=Q@ |R=i |xOWQ=Hvyx@ \@=wQ C} w[a `@=D '� |=yVQ@ T=U=Q@
u}kkLt =yOa@ "O};|t CUO x@ � OwOL R= l} Qy |=Q@ u}}=B w q=@ OwOL |xr}Uwx@
[14]'Ov=xO=O x�=Q= |R=i |xOWQ=Hvyx@\@=wQ QO QDW}@CkO |=Q@ |}xDi=}p}OaD pwtQi
11 |x]@=Q j@=]t � |=yVQ@ R= l} Qy C} w[a `@=D u}}=B w q=@ OwOL u; QO xm

%OwW|t xrwtQi

m
�
R0ij
�L
� =

jP
k=1

(<ik)L�(
kj)L�

jP
m=1
m6=j

jP
k=1

(<ik)U� (
kj)U� +
jP
k=1

(<ik)L�(
kj)L�

m
�
R0ij
�U
� =

jP
k=1

(<ik)U� (
kj)U�

jP
m=1
m6=j

jP
k=1

(<ik)L�(
kj)L� +
jP
k=1

(<ik)U� (
kj)U�
(11)

'|R=i |xOW Q=Hvyx@ \@=wQ '� VQ@ u}}=B w q=@ OwOL R= pY=L G}=Dv R= |m}
O};|t CUO � VQ@ sQi x@ xm CU= DR u}t=j |=Q@ ~wj |R=i |vi C}ty= MQv
QFD Ov}=Qi QO DRs R= l} Qy |xv}y@ |=QH= K]U uDi=} QO xm '�12 |x]@=Q�

[4]"OQ=O OQ@ Q=m
( ~wj)� =

h
( ~wj)L�; ( ~wj)U�

i
=

"
IX
i=1

ki:m(R0ij)L�;
IX
i=1

ki:m(R0ij)U�

#
(12)

|[=} Q pOt
'OQ}o|t Q=Qk O}m -=D OQwt QFD QO hQ=aDt CQwYx@ xm |QDWt C}=[Q Q@ xwqa
=@ |}=DU=Qsy Qw_vtx@ "O=O Q=Qk |UQQ@ OQwt =Q Q=m |DNU u=R}t w xv} Ry u=wD|t
|=yxS=w ?r=k QO =Q Q=m |DNU ?} Q[ w xv} Ry O}=@ |L=Q] R=i QO |R=i Ca}@]
R= |@}mQD ?=NDv= QO |R=i |v=tQ; |R} Qxt=vQ@ pOt 'j}kLD u}= QO "OQm u=}@ |R=i
"OwW|t xrwtQi h=Oy= |xty C}=[Q xHQO xv}W}@ ẁtHt |x@U=Lt |=Q@ 'DRs

OQwt �Q=m |DNU xv}tm� w �xv} Ry xv}tm� '�|QDWt C}=[Q xv}W}@� hOy xU
|=yR=}v |=QH= K]U xj ; j = 1; 2; :::; J pOt u}= QO "CU= xDiQo Q=Qk xHwD
CQwYx@ DRs u}t=j |=Q@ xOWu}}aD h=Oy= |va} xj = �100 Qo = "CU= |vi
|wQ Q@ DR u}t=j |=QH= R= |i}YwD ?}DQDx@ ~Tj ; ~Cj ; ~wj "CU= xOW =QH= pt=m
Q=m |DNU ?} Q[ w DR u}t=j |=Q@ R=}v OQwt |R=i |xv} Ry '|QDWt C}=[Q
|=yR=}v |=QH= K]U xm OvQ=O p}=tD =yCmQW u}vJty "CU= DR u}t=j |=Q@ |R=i
|}xvwox@ OvyO|t Q=Qk =v@t u=wvax@ =Q lj K]U u}=Q@=v@ "OW=@ =@kQ R= QDy@ u=W|L=Q]

st :

�i = fi(x)� li
bi � li

GX � g
X � 0 (7)

|R=i QFD |L=Q]
|UOvyt w |vi C=YNWt w �CRs� |QDWt |=yxDU=wN w C=t=Rr= u=}t \@=wQ
s=vx@ |U} QD=t CQwYx@ �QFD� C}i}m |=yxYNWt VQDUo |xw}W QO �DRs�
|=yxDU=wN Oa@ wO |=Q=OT} QD=t u}= '1 pmW j@=]t "OwW|t x�=Q= �C}i}m |xv=N�
|FrFt T} QD=t l} "CU= �DRs� |UOvyt w |vi |=y|oS} w w �CRs� |QDWt
"OQ=O Q=Qk =yu; u=}t \@=wQ T=U=Q@ '�DRs� |UOvyt w |vi |=y|oS} w |q=@ QO
"OwW|t xO=O V}=tv C}i}m |xv=N |v=}t CtUk QO DRs w CRs u=}t \@=wQ
|oDU@=w |xHQO rjn w 'CU= DR u}t=j w CR u}t=i u=}t \=@DQ= u=R}tRij
u}@ \=@DQ= u}}aD Qw_vtx@ [12]"Ovm|t XNWt =yDR Q}=U =@ =Q DR u}t=j u}@
[13]%Ov=xOQm x�=Q= =Q 8 p=tQv |x]@=Q u}kkLt '=yDR OwN u=}t R}v w 'DRs w CRs

R0ij =

nP
k=1

Rikrkj
nP
j=1

nP
k=1

Rikrkj
(8)

|UOvyt w |vi |oS} w w i |QDWt s=Rr= u=}t p=tQv \=@DQ= u=R}t R0ij xm |Qw]x@
"CU= i Qy |=Q@ P

j
R0ij = 1 w 'j = 1; 2; :::; n 'i = 1; 2; :::;m &CU= j

u}= |ak=w VRQ= uOQm Tmavt |=Q@ "Ov=|a]k \@=wQ u}= OwW|t xOy=Wt xm u=vJ
[14]%CU= xOW x�=Q= 9 |x]@=Q j@=]t utQU=w |x]@=Q |R=i pwtQi '\@=wQ

~<0ij =

nP
i=1

~<ik~
kj
nP
j=1

mP
k=1

~<ik~
kj
(9)

O=Oa= =} |v=@ R |=yxS=w CQwYx@ xm Ov=|a]kQ}e |=yQ}eDt ~
ij ; ~<ij xm |Qw]x@
� VQ@ CQwYx@ u=wD|t =Q |R=i |xawtHt l} "OvwW|t u=}@ [0,1] QO |R=i

"C}i}m |xv=N "1 pmW

45



"""\
U@Q

Ou
}wv|

OQm
}wQ

'|R
=i|

v=tQ;
|R}

Qxt=
vQ@%OwW|t xrwtQi u}vJ pOt 'xOWxDio |=yC} wrw= w |R=i hOy xU T=U=Q@

~z = max
3X

h=1
~�h(x)

st :

~�1(x) =

nP
j=1

~wjxj �Gmin1

Gmax1 �Gmin1

~�2(x) =
Gmax2 � nP

j=1
~Cjxj

Gmax2 �Gmin2

~�3(x) =
Gmax3 � nP

j=1
~Tjxj

Gmax3 �Gmin3
~�1(x) � ~�3(x)

~�2(x) � ~�3(x)

~�i(x) � 1
~�i(x) � 0; i = 1; 2; 3
xj � lj ; j = 1; :::; n
0 � xj ; lj � 1 (16)

u=vJty xm OwW|t xOy=Wt 'xOW u=}@ |Q=w}D |xw}Wx@C} w[a `@=D xm u}= seQ|ra
|R=i CQwYx@ xm |QDWt C}=[Q w Q=m |DNU 'xv} Ry ?}=Q[ R= C} w[a `@=wD QO
Cr=L R= xOWO=H}= pOt xm u}= =@ u}=Q@=v@ "CU= xOW xO=iDU= 'Ow@ xOW KQ]t
"CU= |R=i pOt l} sy R=@ 'xOW p}O@D |]N |R} Qxt=vQ@ l} x@ w GQ=N |v=tQ;
u}=Q@=v@ [1]"Ov=xOQm p}O@D |a]k pOt x@ =Q |R=i pOt u}= u} wv |}xw}W =@ u=QoVywSB
TBU w '|R=i |]N pOt x@ |R=i |v=tQ; pOt =OD@= xrLQt wO QO VywSB u}= QO

"OwW|t pL w 'p}O@D |a]k |]N pOt wO x@
|=Q@ u}=Q@=v@ "OwW|t pmWt xr�Ut pL 'Ov=|R=i 16 pwtQi ?}=Q[ xm =Hv; R=
|xHQO h} QaD "OQm pL |a]k CQwYx@ �VQ@ |Q}oQ=mx@ =@ =Q u; O}=@ xr�Ut pL

%R= CU= CQ=@a hOy `@=D C} w[a

�~z(z)=supmin
w;c;t

(
� ~wj(wj); � ~Cj(cj); � ~Tj(tj); 8 jjz=

3X
h=1

�h(x)

)
(17)

"OwW|t u}}aD z u}}=B w q=@ OwOL 'OW s=Hv= Rij |xrO=at |xQ=@ QO xJv; x@=Wt
(z)l� = min z

st :

(wj)l� � wj � (wj)u�; 8 j;
(Cj)l� � cj � (Cj)u�; 8 j;
(Tj)l� � tj � (Tj)u�; 8 j;
(z)u� = max z

st :

(wj)l� � wj � (wj)u�; 8 j;

%OwW|t xrwtQi 13 |x]@=Q CQwYx@ pOt TBU "xj >= lj xm
max

nX
j=1

~wjxj min
nX
j=1

~cjxj min
nX
j=1

~Tjxj

st :

xj � lj j = 1; 2; :::; n
0 � xj ; lj � 1 (13)

|NQ@ R}v w CU= Q=wWO Q=}U@ 'Q=m |DNU w xv} Ry 'C}=[Q hOy K]U u}}aD
|OwOL hOy Qy |=Q@ O}=@ =OD@= 'Qw_vt u}O@ "Ov=ZQ=aD QO sy =@ h=Oy= u}= R=
xHQO xv}W}@ uOQw; CUO x@ |=Q@ '=y?=wH R= |}xawtHt TBU "OwW XNWt
hOy K]U u}}=B w q=@ OwOL Gmax

s ; Gmin
s "OwW u}}aD h=Oy= |xty C}=[Q

QO '=yQ}eDt Q=OQ@ u=wvax@ x uO=OQ=Qk =@ 'OwW|t xDiQo Q_v QO |QDWt C}=[Q
GS(x) � Gmin

S w '�pt=m C}=[Q� Qou=}@ GS(x) � Gmax
S xm |DQwY

|DNU w xv} Ry |=Q@ Gp uDiQo Q_v QO =@ u}vJty "OW=@ �pt=m |D}=[Q=v� Qou=}@
w CU= xDiQo CQwY pt=m C}=[Q |va} GP (x) � Gmin

P xm |DQwY QO Q=m
=Q C}=[Q xHQO "CU= xOW O=H}= pt=m |D}=[Q=v |va} GP (x) � Gmax

P Qo =
[1]%OQm |]N u}vJ u=wD|t8>>>><>>>>:

0 if Gs(x) � Gmin
s

Gs(x)�Gmin
s

Gmax
s �Gmin

s
if Gmin

s � Gs(x) � Gmaxs

1 if Gmax
s � Gs(x)8>>>><>>>>:

1 if Gp(x) � Gmin
p

Gmax
p �Gp(x)
Gmax
p �Gmin

p
if Gmin

p � Gp(x) � Gmaxp

0 if Gmax
p � Gp(x)

(14)

%s}vm|t pta u}vJ R}v u}}=B w q=@ OwOL u}}aD Qw_vtx@
hOy �u}}=B =}� |q=@ OL u=wvax@ � = 0 K]U QO |R=i?}=Q[ R=l} Qy "1 s=o
CQwYu}O@ "OwW|t xO=O Q=Qk �xv} Ry� |QDWt C}=[Q pFt �xv}tm =}� xv}W}@

"O};|t CUO x@ ?}=Q[ R= l} Qy |a]k VRQ= �u} QDsm =}� u} QDW}@
QO =@ xv=o =OH CQwYx@ h=Oy= R= l} Qy |=Q@ � = 0 K]U QO xr�Ut "2 s=o
?=wH xawtHt xrLQt u}= QO "OwW|t pL |tDU}U |=yC}OwOLt uDiQo Q_v
C}=[Q u=tQ; |q=@ OL ?}DQDu}O@ "O};|t CUO x@ hOy Qy VRQ= w xv}y@

"O};|t CUO x@ Q=m |DNU w xv} Ry u=tQ; u}}=B OL w |QDWt
"OwW|t xO=O Q=Qk h=Oy= Qo}O QO hOy Qy R= xOt; CUO x@ |=y?=wH "3 s=o
u} QDsm R= xO=iDU= =@ �xv}tm =}� xv}W}@ h=Oy= �|q=@ =}� u}}=B OL xrLQt u}= QO
C}=[Q u=tQ; u}}=B OL u}=Q@=v@ "OwW|t XNWt hOy VRQ= �u} QDW}@ =}�

"O};|t CUO x@ Q=m |DNU w xv} Ry u=tQ; |q=@ OL w |QDWt
C} wrw= R= xv} Ry Vy=m w |QDWt C}=[Q V}=Ri= |L=Q] s}D Q_v R= u}vJty
C}=[Q V}=Ri= x@ pw= C} wrw= u}=Q@=v@ "CU= Q=OQwNQ@ Q=m |DNU x@ C@Uv |QDW}@
%TB "OwW|t xO=O X=YDN= Q=m |DNU x@ swO C} wrw= w 'xv} Ry Vy=m w |QDWt
�1(x) � �3(x)

�2(x) � �3(x) (15)
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;pO

=a 0 � xj ; lj � 1 (20)

(z)l� = max
(wj)l��wj�(wj)u�; 8 j;
(Cj)l��cj�(Cj)u�; 8 j;
(Tj)l��tj�(Tj)u�; 8 j;

max
3X

h=1
�h(x)

st :

�1(x) =

nP
j=1

wjxj �Gmin1

Gmax1 �Gmin1

�2(x) =
Gmax2 � nP

j=1
Cjxj

Gmax2 �Gmin2

�3(x) =
Gmax3 � nP

j=1
Tjxj

Gmax3 �Gmin3
�1(x) � �3(x)

�2(x) � �3(x)

�i(x) � 1
�i(x) � 0; i = 1; 2; 3
xj � lj ; j = 1; :::; n
0 � xj ; lj � 1 (21)

"OvW=@ OwN |q=@ OL QO C}ty= |=yMQv ?}=Q[ xm OyO|t MQ |v=tR z |xv}W}@
xHQO =D 'OQm h} QaD OwN u}}=B OL QO =Q C w T w q=@ OL QO =Q w O}=@ u}=Q@=v@

%OW=@ OwN OL u} QDW}@ QO `@=wD C} w[a

(z)u� = max
3X

h=1
�h(x)

st :

�1(x) =

nP
j=1

(wj)u�xj �Gmin1

Gmax1 �Gmin1

�2(x) =
Gmax2 � nP

j=1
(Cj)l�xj

Gmax2 �Gmin2

�3(x) =
Gmax3 � nP

j=1
(Tj)l�xj

Gmax3 �Gmin3
�1(x) � �3(x)

�2(x) � �3(x)

�i(x) � 1
�i(x) � 0; i = 1; 2; 3
xj � lj ; j = 1; :::; n
0 � xj ; lj � 1

(Cj)l� � cj � (Cj)u�; 8 j;
(Tj)l� � tj � (Tj)u�; 8 j; (18)

%OwW|t p}O@D 19 |xrO=at x@ 18 xrO=at |rm sQi

(z)l� = min
(wj)l��wj�(wj)u�; 8 j;
(Cj)l��cj�(Cj)u�; 8 j;
(Tj)l��tj�(Tj)u�; 8 j;

max
3X

h=1
�h(x)

st :

�1(x) =

nP
j=1

wjxj �Gmin1

Gmax1 �Gmin1

�2(x) =
Gmax2 � nP

j=1
Cjxj

Gmax2 �Gmin2

�3(x) =
Gmax3 � nP

j=1
Tjxj

Gmax3 �Gmin3
�1(x) � �3(x)

�2(x) � �3(x)

�i(x) � 1
�i(x) � 0; i = 1; 2; 3
xj � lj ; j = 1; :::; n
0 � xj ; lj � 1 (19)

"OvW=@ OwN u}}=B OL QO C}ty= |=yMQv ?}=Q[ xm OyO|t MQ |v=tR z |xv}tm
=D OQm h} QaD OwN |q=@ OL QO =Q C w T w OwN u}}=B OL QO =Q w O}=@ u}=Q@=v@

%OW=@ OwN OL u} QDsm QO `@=wD C} w[a xHQO

(z)l� = max
3X

h=1
�h(x)

st :

�1(x) =

nP
j=1

(wj)l�xj �Gmin1

Gmax1 �Gmin1

�2(x) =
Gmax2 � nP

j=1
(Cj)u�xj

Gmax2 �Gmin2

�3(x) =
Gmax3 � nP

j=1
(Tj)u�xj

Gmax3 �Gmin3
�1(x) � �3(x)

�2(x) � �3(x)

�i(x) � 1
�i(x) � 0; i = 1; 2; 3
xj � lj ; j = 1; :::; n
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"""\
U@Q

Ou
}wv|

OQm
}wQ

'|R
=i|

v=tQ;
|R}

Qxt=
vQ@

"u=t}U CmQW C}i}m |xv=N "2 pmW

"CU= xOW xO=O u=Wv 1 Q=Owtv QO R21 w R12 |=Q@ 26 x]@=Q R= pY=L G}rDv
%R= Ow@ Oy=wN CQ=@a ?U=vDt C} w[a `@=D R= � |=yVQ@h

(Rij)l�; (Rij)
u
�

i
= [0 0 + 0 1�; 0 2� 0 1�] (27)

\@=wQ xvwtv |=Q@ "OQm h} QaD � |=yVQ@ ?ULQ@ =Q C}i}m |xv=N u=wD|t u}=Q@=v@
"�3 pwOH� OwW|t xO=O u=Wv C}i}m |xv=N xvO@ QO � = 0 5 |=Q@ xOW Q=Hvyx@
j@=]t DR7 w DR5 w DR1 uRw OW xDio 5 pwtQi QO xJv; x@ xHwD =@

"O};|t CUO x@ 2 Q=Owtv
=Q u=t}U |xv=NQ=m |[=} Q pOt u=wD|t xOW xDio pOt x@ xHwD =@ u}=Q@=v@

"~<12; ~<21 `@=D wO K} QWD "1 Q=Owtv
"� = 0 5 |=Q@ xOW Q=Hvyx@ \@=wQ "3 pwOH

0 28 0 07 0 00 0 28 0 00 0 00 0 28 0 00
0 33 0 12 0 00 0 33 0 00 0 00 0 33 0 00
0 15 0 12 0 04 0 01 0 16 0 16 0 04 0 15
0 20 0 20 0 07 0 03 0 22 0 22 0 07 0 20
0 06 0 22 0 22 0 06 0 6 0 6 0 06 0 6
0 11 0 30 0 30 0 11 0 11 0 11 0 11 0 11

|OQwt |xar=]t
"OwW|t K} QWD u=DUQq u=t}U CmQW QO |R=UxO=}B =@ xOW x�=Q= pOt VN@ u}= QO
=@ 'QFD R= xO=iDU= =@ pwYLt |R} Qxt=vQ@ Ov}=Qi 'OW u=wva QDV}B xm u=vJ
"OwW|t ẁQW =yu; p@=kDt |vi |=yR=}v u; R= TB '|QDWt |=yxDU=wN |}=U=vW
|xv=N u=wD|t u}=Q@=v@ "CU= xOW xO=O DRs w CRs C=YNWt 2 w 1 pw=OH QO

"OQm s}UQD 2 pmW CQwY x@ =Q u=t}U CmQW C}i}m
|R=i \@=wQ 'C}i}m |xv=N QO xOW xO=O u=Wv |i}m \@=wQ uDiQo Q_v QO =@
uOQw; CUO x@ |=Q@ "OwW|t x@U=Lt xOWxDio |[=} Q CqO=at ltmx@ ~R0ij p=tQv
=yu; C} w[a `@=wD T=U=Q@ ~
0kj w ~R0ik |=Q@ � |=yVQ@ |q=@ w u}}=B OwOL ~R0ij
|R=U|]N j} Q] R= CrwyUx@ |FrFt |R=i OOa l} C} w[a `@=D "OwW u}}aD
OOa C} w[a `@=D OwW |@=} RQ= |wk CQwYx@ ~R0ij Qo = ,qFt "O};|t CUO x@ `@=wD

%OQm u=}@ u}vJ u=wD|t =Q S = (0 8; 0 9; 1) |R=i

�s(Rij) =

8<: (Rij�0 8)
(0 9�0 8) 0 8 � Rij � 0 9
(1 0�Rij)
(1 0�0 9) 0 9 � Rij � 1 0

(22)

%R= Ow@ Oy=wN CQ=@a ?U=vDt C} w[a `@=D R= � |=yVQ@h
(Rij)l�; (Rij)

u
�

i
= [0 8 + 0 1�; 1� 0 1�] (23)

S = (0 2; 0 3; 0 4)|R=iOOaC} w[a`@=D'OwW|@=} RQ=\UwDtCQwYx@ ~R0ij Qo =w
%OQm u=}@ u}vJ u=wD|t =Q

�s(Rij) =

8<: (Rij�0 2)
(0 3�0 2) 0 2 � Rij � 0 3
(0 4�Rij)
(0 4�0 3) 0 3 � Rij � 0 4

(24)

%Ow@ Oy=wN Q} R CQwYx@ ?U=vDt C} w[a `@=D R= � |=yVQ@h
(Rij)l�; (Rij)

u
�

i
= [0 2 + 0 1�; 0 4� 0 1�] (25)

S = (0; 0 1; 0 2)|R=iOOaC} w[a`@=D OwW|@=} RQ=h}a[CQwYx@ ~Rij Qo =w
%OQm u=}@ u}vJ Ov=wD|t =Q

�s(Rij) =

8<: (Rij�0 0)
(0 1�0 0) 0 0 � Rij � 0 1
(0 2�Rij)
(0 2�0 1) 0 1 � Rij�0 2

(26)

"|QDWt |=yxDU=wN "1 pwOH
u=t}U CtqU u=t}U Ctw=kt u=t}U VQ}o

CR4 CR3 CR2

"|UOvyt w |vi |=yR=}v "2 pwOH
DR1 SQ=W OYQO DR6 C3A
DR2 uy; DR7 s} R}vt OYQO
DR3 Io OYQO DR8 O=R; ly;
DR4 C}r; R=i DR9 uOW OQU CaQU
DR5 C}r@ R=i
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O=Q|
Da}Q

Ws
}Qt

wQP
;pO

=a

�i(x) � 0; i = 1; 2; 3
xj � lj ; j = 1; :::; n
xj ; lj � 1
xj ; lj � 0 (29)

(z)u� = max
3X

h=1
�h(x)

st :

�1(x) =

nP
j=1

(wj)u�xj � 0 2474
1 42� 0 2474

�2(x) =
5� nP

j=1
(Cj)l�xj

5� 1 672

�3(x) =
5� nP

j=1
(Tj)l�xj

5� 1 752

�1(x) � �3(x)

�2(x) � �3(x)

�i(x) � 1
�i(x) � 0; i = 1; 2; 3
xj � lj ; j = 1; :::; n
xj ; lj � 1
xj ; lj � 0 (30)

pOt 21 pL =@ "s}vm|t pL =Q pOt Win QSB OvtCQOk Q=Ri=sQv R= |Q}oxQy@ =@
K]U u=wD|t 0; 0 1; :::; 1|va} '� VQ@ xOR=} R= xO=iDU= =@ |]N |R} Qxt=vQ@
'(Zi�; Zu�) u=W ẁtHt w (�i) =yu; C} w[a |xHQO |va} �� hOy Qy OQw;Q@
pL G}=Dv R= |}xQDUo 4 pwOH QO "OQw; CUO x@ =Q �� �xi� DRs |=QH= K]U w
xOW xO=O u=WvhrDNt K]U xOR=} QO x5 |=QH= Kw]U w |R=i hOy Qy |=Q@ 'pOt

"pOt pL |R=i G}=Dv "4 pwOH
�2 �1; �3 X5

�
U L U L U L

0 88 0 44 0 75 0 30 c 0 57 0 0
0 86 0 46 0 73 0 33 0 76 0 56 0 1
0 83 0 48 0 70 0 34 0 78 0 61 0 2
0 81 0 50 0 67 0 37 0 74 0 62 0 3
0 78 0 51 0 65 0 38 0 79 0 67 0 4
0 75 0 52 0 62 0 40 0 82 0 70 0 5
0 73 0 56 0 60 0 43 0 76 0 71 0 6
0 71 0 58 0 58 0 44 0 78 0 72 0 7
0 69 0 60 0 56 0 47 0 77 0 73 0 8
0 66 0 62 0 53 0 49 0 75 0 73 0 9
0 65 0 65 0 52 0 52 0 74 0 74 1 0

"|vi |=yR=}v uRw K} QWD "2 Q=Owtv

%O=O u=Wv u}vJ
max

X
j

(wj)u�=0xj =0 23x1 + 0 16x2 + 0 23x3 + 0 18x4

+ 0 14x5 + 0 06x6 + 0 3x7 + 0 12x8

min
X
j

(Cj)l�=0 = 0 8x3 + 0 8x4 + 0 8x5 + 0 8x6 + 0 2x8

min
X
j

(Tj)l�=0 = 0 8x3 + 0 8x4 + 0 8x5 + 0 8x7 + 0 2x8

st :

x3 � 0 8
x5 � 0 33
x6 � 0 4
x7 � 0 5
xi � 1 i = 1; :::; 8 (28)

?}DQDx@ Q=m |DNU w xv} Ry 'C}=[Q hOy xU R= l} Qy OwOL xm OwW|t xOy=Wt
w q=@ OwOL uOWu}at =@ "CU= �1 752,5� '�1 672,5� '�0 2474, 1 42�

%R= Ow@ Oy=wN CQ=@a 14 w 12 \@=wQ x@ xHwD =@ |rY= pOt 'hOy Qy u}}=B

(z)l� = max
3X

h=1
�h(x)

st :

�1(x) =

nP
j=1

(wj)l�xj � 0 2474
1 42� 0 2474

�2(x) =
5� nP

j=1
(Cj)u�xj

5� 1 672

�3(x) =
5� nP

j=1
(Tj)u�xj

5� 1 752
�1(x) � �3(x)

�2(x) � �3(x)

�i(x) � 1
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"""\
U@Q

Ou
}wv|

OQm
}wQ

'|R
=i|

v=tQ;
|R}

Qxt=
vQ@?Q[pY=L ẁtHt R= hOy `@=D =Q} R "OQ=O OQ@ Q=m |v=tQ; pOt hOy `@=D uDWwv

pOt u}=Q@=v@ "OwW|t O=H}= ?}=Q[ u}ty QO �|vi |=yR=}v |=QH= K]U� Xj Qy
"CU= |R=i |v=tQ; pOt l} xOWx�=Q=

|L=Q] |=yR=}v |=QH= K]U u} QDsm pOt u}= Q@ sm =L |tDU}U C}OwOLt
K]U OvQ=O p}=tD =yCmQW xm u}= x@ xHwD =@ "xj >= lj xm |}xvwox@ CU= �lj�
|=QH= K]U x@ xHwD =@ pk=OL u}= 'OW=@ =@kQ R= QDy@ u=W|L=Q] |=yR=}v |=QH=

"OwW|t O=H}= =@kQ R=}v
|QDW}@ C} wrw= R= xv} Ry Vy=m w |QDWt C}=[Q V}=Ri= |L=Q] s}D Q_v R=
xOWxDio |tDU}U |=yC}OwOLt Q@ xwqa u}=Q@=v@ "Q=m |DNU =D 'CU= Q=OQwNQ@
|tDU}U |=yC}OwOLt x@ O}OH C}OwOLt wO 'C} w[a |xHQO u=}@ R= TB

%OwW|t xi=[=

�1(x) � �3(x) �2(x) � �3(x) (31)

'CU=yu=tQ; Q}O=kt u=ty xm 'hOy Qy |=Q@ u}}=B w q=@ OwOL =OD@= pOt u}= pL |=Q@
"OwW|t xDWwv C} w[a `@=D l} |R=i hOy Qy |=Q@ TBU w OwW|t XNWt
xHQO ẁtHt u} QDW}@ hOy `@=D =@ |R=i |]N pOt l} x@ |R=i |v=tQ; pOt
CU= |R=i ?}=Q[ |=Q=O C} w[a `@=D xm =Hv; R= =t= "CU= xDi=} Q}}eD =yC} w[a

"CU= |R=i |]N pOt l} u=vJty pOt
x@ 'xr=kt QO xOW xO=OK}[wD |xw}W =@ =Q u; |R=i |]N pOt pL Qw_vtx@
OQw;Q@ K]U pOt |HwQN C}=yv QO "s}vm|t pL w p}O@D |a]k |]N pOt wO

"CU= |vi |=yR=}v R= l} Qy
CU= |O}OH |xDmv OwN |x@ wvx@ R}v |v=tQ; pOt =@ |R=i j]vt uDN}t; QO
QO OwHwt s=y@= Vy=m QO |R=i j]vt R= xO=iDU= "OW xHwD u; x@ j}kLD u}= QO xm
'C}i}m |xv=N QO R=}v OQwt C=U}=kt s=Hv= |=Q@ xOW xDiQo Q=m x@ *|v=@ R |=yxS=w
|U=U= C}@ wr]t wO j}kLD u}= QO u; R= xO=iDU= "CU= xOQm =i}= |}=RUx@ Vkv

%CU= xOQm O=H}=

C@Uv �� |R=i O=Oa= R= xO=iDU= OvQ=O |R=i |D}y=t |v=Uv= |=yCw=[k uwJ "1
"OQ=O |QDW}@ C}LHQ= �� |a]k O=Oa= x@

pOt |R=UxO=}B QO xm xO=O =Q u=mt= u}= QFD s}D x@ |R=i O=Oa= |Q}oQ=mx@ "2
"OvW=@ xDW=O |QDW}@ |Q}PBh=]av= w xOw@ Q=OQwNQ@ |QDW}@ pta |O=R; R= OwN
DRs R= |NQ@ OQw;Q@ K]U xOW Ea=@ pOt u}= QO |R=i j]vt R= xO=iDU=
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