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"OQ=O xQ=W= d2 w d1 xOW xDN=U|q=m p=UQ= QO Q}N-=D w d02 w d01 |x}rw= O=wtCi=} QO

(y2) '�|kqW QF=� C=WQ=iU Tv=} Q=w C}wkD "2
|kqW QF= |Q}oxR=Ov= |=Q@ |Q=t; |=yQ=}at R= u=oOvU} wv R= |Q=}U@ xm =Hv; R=
xO=iDU= |kqW QF= |x@U=Lt |=Q@ 5 |x]@=Q R= R}v xr=kt u}= QO [7�5]'OvOQm xO=iDU=
w VQ=iU Tv=} Q=w w u}ov=}t ?}DQDx@ V ar(q) w �q x]@=Q u}= QO "CU= xOW

"CU=[=kD Tv=} Q=w w u}ov=}t ?}DQDx@ V ar(D) w �D

Bullwhip = V ar(q)=�q
V ar(D)=�D

(5)

KqY= Qw_vtx@ Ov}=Qi |oDiW; Cra u}}aD w Ov}=Qi \U@ QO V}=tR; KQ] |=yVwQ
CU= CQ=@a =yV}=tR; |L=Q] |=ys=o '|rm Qw]x@ "OvQ=O xOta Vkv OQmrta

[20]%R=
&=yMU=B w pt=wa x@ xHwD =@ =yV}=tR; R= |}xawtHt s=Hv= w |L=Q] "1 s=o

MU=B Q=Okt u} QDsm =} u} QDW}@ xm |}=yQDt=Q=B R= |}xv}y@ |xawtHt uDi=} "2 s=o
&Ovm O}rwD =Q

w x} RHD pwOH j} Q] R= Ov}=Qi |=yQDt=Q=B |rt=aD =} pkDUt C=QF= |x�=Q= "3 s=o
"Tv=} Q=w p}rLD

R= |}xawtHt ?=NDv= |xr�Ut 'xiOyOvJ |Q}os}tYD |=y\}Lt QO |iQ] R=
?wr]t |=yMU=B O}rwD x@ QHvt u=tRty Qw]x@ xm OwW|t KQ]t |OwQw |=yQ}eDt
x�=Q= MU=B u}OvJ |R=Uxv}y@ |=Q@ |D}@ wr]t `@=D u}kkLt '=DU=Q u}= QO "OwW

[21]%OvOQm

di(Yi) =

8>>>>>>><>>>>>>>:
0 Yi < li�
Yi�li
ti�li

�s
li � Yi � ti�

Yi�ui
ti�ui

�t
ti � Yi � ui

0 Yi > ui

(1)

di(Yi) C}@ wr]t `@=D x@ 'xiQ] wO w xiQ]l} CQwY wO x@ Yi MU=B `@=wD u; QO xm
w 'CU= xv}tm =} xv}W}@ Yi xm OQ=O OQ@ Q=m |v=tR xiQ]l} p}O@D "OvwW|t p}O@D
xiQ]wO p}O@D QO "OW=@ hOy Q=Okt Q@=Q@ Yi xm CU= |v=tR xiQ]wO p}O@D OQ@ Q=m
x]@=Q u}=QO "CU= Yi MU=B hOy Q=Okt ti w q=@ w u}}=B OwOL ?}DQDx@ ui w li
|UOvy u}ov=}t TBU "Ovm|t u}}aD =Q hOy Q=Okt |DNU |ovwoJ t w s u=wD

"OwW|t KQ]t |Q}os}tYD Q=}at u=wvax@ 2 |x]@=Q j@=]t =yC}@ wr]t
D = k

p
d1(y1)� d2(y2)� :::� dk(yk) (2)

=yu; Kw]U u}}aD w u}t-=D |xQ}HvR |}=}wB |=ypt=a "3"3
x@ '|yOVQ=iU CU=}U '=[=kD |wor= �� u}t-=D |xQ}HvR |rY= pt=a Q=yJ
u}t-=D |xQ}HvR |}=} wB Q@ ,=t}kDUt �� Q=_Dv= u=tR w VQ=iU C=aq]= |Q=Pol =QDW=

%CU= xDiQo Q=Qk |UQQ@ OQwt pt=wa u}= xOW xQ=W= pOt QO "OQ=O Q}F-=D
VwQixOQN \UwD uOWxOy=Wt R= Oa@ =[=kD |wor= %(x1) =[=kD |wor= "1
"OwW|tC}=Oy xQ}HvR u=} QH |q=@ x@ VQ=iU C=aq]= u=} QH CQwYx@|}=yv
|UQQ@ OQwt 4p=tQv `} RwD =@ |r=tDL= w 3|a]k |=[=kD |wor= ẁv wO =Hv}= QO

"CU= xDiQo Q=Qk
C=WQ=iU xvwoJ xm Ovm|t XNWt pt=a u}= %(x2) |yOVQ=iU CU=}U "2
u} QDG}=Q R= =DwO =Hv}= QO "OwW|t p=UQ= u}t-=D |xQ}HvR Kw]U pw] QO
OQwt �s, Q� w �s, S� |=yCU=}U s=vx@ [3]QtDUt |yOVQ=iU |=yCU=}U

"OQ}o|t Q=Qk |UQQ@
'|vO}Wwv `} RwD l}Uqm pOt QO %(x3) =[=kD C=aq]= |Q=Pol =QDW= x@ "3
'C=aq]= |SwrwvmD CiQW}B =@ [4]"OwW|tv xDW=Po l =QDW= x@ |D=aq]= I}y
|xQ}HvR C} Q}Ot QO "CU= xOW QDxv} Rysm w QDu=U; C=aq]= |Q=Pol =QDW= x@
"CiQo xO}O=v u=wD|tv =Q C=aq]= |Q=Pol =QDW= x@VRQ= wC}ty= '|v=yHu}t-=D
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"""|
R=@Q

Ou
}t- =D

|xQ
}HvR

|}=}
wBp

}rLD
wx}

RHD"|kqW QF= Q=Okt ?ULQ@ V}=tR; G}=Dv "3 pwOH
Q=QmD |=y?}mQD

x4 x3 x2 x1 =QH=
II I |Q=t}D

1 52 1 52 (1) � � � � 1
1 54 1 72 a � � � + 2
1 33 1 33 b � � + � 3
1 09 1 04 ab � � + + 4
1 34 1 34 c � + � � 5
1 73 1 5 ac � + � + 6
1 21 1 21 bc � + + � 7
1 09 1 04 abc � + + + 8
1 34 1 34 d + � � � 9
1 63 1 84 ad + � � + 10
1 33 1 33 bd + � + � 11
1 09 1 04 abd + � + + 12
1 34 1 34 cd + + � � 13
1 54 1 57 acd + + � + 14
1 21 1 21 bcd + + + � 15
1 08 1 04 abcd + + + + 16

|Q=t; p}rLD w x} RHD "4
pm |xv} Ry CyH R= u}t-=D |xQ}HvR |}=}wB "1"4

pOt xm OyO|t u=Wv 4 pwOH j@=]t pm |xv} Ry Tv=} Q=w p}rLD w x} RHD G}=Dv
|DQwY QO '�P value: < 0 0001� CU= Q=O=vat |Q=t; Q_v R= pm |xv} Ry
pOt xm OyO|t u=Wv OQ=wt u}= "�P> 0 05� CU}v Q=O|vat VR=Q@ sOa xm
u}}aD ?} Q[ |iQ] R= "OQ=O VR=Q@ V}=tR; |=yxO=O |wQ |i=m QOkx@ KQ]
|=ypt=a \UwD pm |xv} Ry �6 17 =yvD xm OyO|t u=Wv �R2 = 0 9383�
|wor= pt=wa xm OwW|t XNWt P VRQ= |=v@tQ@ "OwW|tv Q}UiD Q_v OQwt
=[=kD |wor= pt=aD '(x4) Q=_Dv= u=tR '(x2) |yOVQ=iU CU=}U '(x1) =[=kD
xv} Ry Q=_Dv= u=tR w |yOVQ=iU CU=}U pt=aD '(x1x2) |yOVQ=iU CU=}U w
(x3) C=aq]= uDW=Po l =QDW= x@ pt=a =t= "OQ=Po|t QF= pm |xv} Ry Q@ (x2x4)
R= =Pr w 'OQ=Ov pm |xv} Ry Q@ |QF= I}y �P=0 6335� uOw@v Q=O|vat Crax@
syU '|} RH u}}aD ?} Q[ uwDU x@ xHwD =@ |iQ] R= "CU= xOW hPL 4 pwOH
pm |xv} Ry |x@U=Lt QO xm CQwYu}= x@ "CU= xOW XNWt pt=a Qy |@Uv
=[=kD |wor= 'Q=_Dv= u=tR '|yOVQ=iU CU=}U |=ypt=a ?}DQDx@ u}t-=D |xQ}HvR

"Ov=C}ty= R�=L
|yOVQ=iU CU=}U w =[=kD |wor= pt=wa pt=aD x@ xHwD =@ hr=2 pmW QO
ZQi =@ 'OW=@ �|a]k� u}}=B K]U QO =[=kD |wor= xm |v=tR OwW|t XNWt
|xv} Ry Vy=m QO |yOVQ=iU CU=}U ẁv ?=NDv= 'Qo}O pt=a wO p=ta= sOa
'OW=@ (s, Q) |yOVQ=iU CU=}U Qo = xm =vat u}= x@ "CU= |v=QL@ Q=}U@ pm
Oy=wN 2910 85 Q@=Q@ pm |xv} Ry 'OW=@ �s, S� Qo = w 5394 74 Q@=Q@ pm |xv} Ry
|yOVQ=iU CU=}U ẁv x@ C@Uv �|r=tDL=� q=@ K]U QO =[=kD |wor= =t= "OW
|a]k =[=kD xm |ak=wt QO CiQo xH}Dv u=wD|t u}=Q@=v@ "OQ=Ov =Q |D}U=UL u}vJ
xQ}HvR |=[a= |t=tD 'u}t-=D |xQ}HvR pm |xv} Ry Vy=m |=Q@ OW=@ |r=tDL= =}

|W}=tR; KQ] "5"3
MU=B |=yK]U p}rLD w VR=Q@ "CU= V}=tR; |=Q@ |LQ] ?=NDv= 'Qo}O syt s=o
|UQQ@ CLD pt=wa xm =Hv; R= "CU= xO=U Q=}U@ V}=tR; KQ] K}LY ?=NDv= =@
u}=Q@=v@ "OwW|t xO=iDU= ��� u}}=B w ��� q=@ K]U wO QO |r} QwDm =i KQ] R= 'Ov=|i}m
|=yQ}eDt O=OaD k =Hv}= QO xm 'u; R= |QUm =} 2k =@ CU= Q@=Q@ =yV}=tR; O=OaD
1 pwOH QO xYqN Qw]x@ =yu; Kw]U w pt=wa "CU= �|HwQN w |OwQw� pkDUt
=QH= Design Expert 6 0 6 Q=Ri=sQv R= xO=iDU= =@ KQ] u}= "CU= xOW x�=Q=
=yV}=tR; |L=Q] R= xO=iDU= =@ �xOWOm CQwYx@� =yQ}eDt w =yMU=B "CU= xOW
j} Q] R= 'pY=L |=yV}=tR; VR=Q@ C}i}m "CU= xDiQo Q=Qk p}rLD w x} RHD OQwt
�95 u=v}t]= K]U =@ p- Q=Okt |=v@tQ@ Q}}eD `@=vt w XNWt R2 u}}aD ?} Q[
�ANOVA�Tv=} Q=w p}rLD w x} RHD R= xO=iDU= =@ =yMU=BC}=yv QO w 'OQ =} ?=NDv=
V}=tR; 16 O}=@ 'CU= pt=a Q=yJ pt=W Q_v OQwt KQ] xm =Hv; R= "OvwW|t p}rLD
2 =@ KQ] '�q=@ K]U� =[=kD |wor= uOw@ |iO=YD QF= |UQQ@ |=Q@ =t= "OwW s=Hv=
w |UQQ@ �xDiy� xQwO 50 R= Oa@ V}=tR; Qy |xH}Dv "OQ}o|t s=Hv= �I,II� Q=QmD
O}W=@ xDW=O xHwD "OwW|t x@U=Lt u}t-=D |xQ}HvR |kqW QF= Q=Okt w pm |xv} Ry
"CU= xDiQo CQwY |vO}Wwv `} RwD |R=@ |x}rw= C=}[Qi =@ xOWs=Hv= |=yV}=tR;

"CU= xOW x�=Q= �|kqW QF=� 3 w �pm |xv} Ry� 2 pw=OH QO =yV}=tR; G}=Dv

"=yu; Kw]U w |}=}wB Q@ QF-wt pt=wa "1 pwOH
��� q=@ K]U ��� u}}=B K]U =ypt=a h}OQ
|r=tDL= |a]k =[=kD |wor= 1
(s, Q) (s, S) |yOVQ=iU CU=}U 2

C=aq]= =@ C=aq]= uwO@ C=aq]= |Q=Pol =QDW= x@ 3
Ovr@ x=Dwm Q=_Dv= u=tR 4

"pm |xv} Ry ?ULQ@ V}=tR; G}=Dv "2 pwOH
Q=QmD |=y?}mQD

x4 x3 x2 x1 =QH=
II I |Q=t}D

2525 2525 (1) � � � � 1
2472 2585 a � � � + 2
4309 4309 b � � + � 3
2419 2400 ab � � + + 4
2600 2600 c � + � � 5
2599 2361 ac � + � + 6
4111 4111 bc � + + � 7
2360 2335 abc � + + + 8
3336 3336 d + � � � 9
2942 3033 ad + � � + 10
6465 6465 bd + � + � 11
3472 5431 abd + � + + 12
3336 3336 cd + + � � 13
3004 2928 acd + + � + 14
7983 7983 bcd + + + � 15
3187 3862 abcd + + + + 16
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"""w
xO=R

uU
LQ

}t='
|Q}

t=O
wYk

t "pm |xv} Ry Tv=} Q=w p}rLD w x} RHD "4 pwOH
Q}}eD `@vt C=a@ Qt ẁtHt |O=R; C=HQO C=a@ Qt u}ov=}t F -Q=Okt Prob>F |�RH u}}aD ?} Q[

x1 0 00005 1 0 00005 108 02 < 0 0001 0 2014
x2 0 00006 1 0 00006 128 32 < 0 0001 0 2761
x4 0 00007 1 0 00007 140 93 < 0 0001 0 2307
x1x2 0 00003 1 0 00003 63 00 < 0 0001 0 1448
x2x4 0 000007 1 0 000007 14 67 0 0007 0 0764
pOt 0 0002 5 0 00004 90 99 < 0 0001

VR=Q@ sOa 0 000005 10 0 0000005 1 2 0 3575
xOv=t}k=@ 0 00001 26 0 0000005

ZLt |=]N 0 000007 16 0 0000004
pm 0 00025 31

"=ypt=a Cqt=aD R= pY=L pm |xv} Ry G}=Dv "5 pwOH
|yOVQ=iU CU=}U pt=a

(s, Q) (s, S)

5394 74 2910 85 |a]k =[=kD |wor=2987 31 2723 4 |r=tDL=
3099 99 2531 49 x=Dwm Q=_Dv= u=tR5138 31 3148 45 Ovr@

|D}U=UL u}vJ �s, S�CU=}U ?=NDv= =t= "OW Oy=wN 3099 99 Q@=Q@ pm |xv} Ry
�s, S� |yOVQ=iU CU=}U xm |ak=wt QO 'CiQo xH}Dv u=wD|t u}=Q@=v@ w OQ=Ov =Q
u=tR Qo = =} "O@=} Vy=m Q=_Dv= u=tR O}=@ pm |xv} Ry Vy=m |=Q@ OW=@ �s, Q� =}
|xv} Ry Vy=m CyH xv} Ro u} QDy@ O@=} V}=Ri= q=m |OwHwt sOa Crax@ Q=_Dv=
CQwYx@ p}rLD w EL@ G}=Dv "CU= �s, S� |yOVQ=iU CU=}U R= xO=iDU= pm

"CU= xOW x�=Q= 5 pwOH QO xYqN

|kqW QF= CyH R= u}t-=D |xQ}HvR |}=}wB "2"4
QF= pOt xm OyO|t u=Wv 6 pwOH j@=]t |kqW QF= *Tv=} Q=w p}rLD w x} RHD G}=Dv
sOa xm |DQwY QO '�P value: < 0 0001� CU= Q=O=vat |Q=t; Q_v R= |kqW
|i=m QOkx@ KQ]pOt xm OyO|t u=Wv OQ=wtu}= "�P> 0 05�CU}v Q=O|vatVR=Q@
u=Wv �R2 = 0 9614� u}}aD?} Q[|iQ] R= "OQ=O VR=Q@V}=tR; |=yxO=O |wQ
|=v@tQ@ "OwW|tv Q}UiD Q_v OQwt pt=wa \UwD |kqW QF= �3 86 =yvD xm OyO|t
|yOVQ=iU CU=}U '(x1) =[=kD |wor= pt=wa xm OwW|t XNWt P VRQ=
|yOVQ=iUCU=}U w =[=kD |wor= pt=aD '(x3) C=aq]= |Q=Pol =QDW= x@ '(x2)
|kqW QF= Q@ (x1x3) C=aq]= |Q=Pol =QDW= x@ w =[=kD |wor= pt=aD '(x1x2)
�P = 0 3703� uOw@v Q=O|vat Crax@ (x4) Q=_Dv= u=tR *pt=a =t= "CU= QF-wt

"CU= xOW hPL 6 pwOH R= =Pr 'CU= Q}F-=D|@ |kqW QF= Q@
XNWt pt=a Qy |@Uv syU '|} RH u}}aD ?} Q[ uwDU x@ xHwD =@ |iQ] R=
|=ypt=a?}DQDx@ 'u}t-=D |xQ}HvR *|kqW QF= |x@U=Lt QO xm CQwY u}=x@ "OwW|t
"Ov=C}ty= R�=L =[=kD |wor= w C=aq]= |Q=Pol =QDW= x@ '|yOVQ=iU CU=}U
u=Wv C=aq]= |Q=Pol =QDW=x@ w =[=kD |wor= pt=a wO pt=aD hr=3 pmW QO
=[=kD C=aq]= O}=@ |kqW QF= Vy=m |=Q@ 'OW=@ |a]k =[=kD xm |v=tR OyO|t

"=ypt=a |rt=aD QF= "2 pmW

C@=F =[=kD Qo = 'OyO|t u=Wv p}rLD u}= "Ovvm xO=iDU= (s, S) CU=}U R= O}=@
Q}eDt =[=kD xm |Dr=L x@ C@Uv O@=} V}=Ri= |}xrB CQwYx@ |DOt R= Oa@ w OW=@

"Ovm|t O}OyD QDW}@ xv} Ry Q_v R= =Q u}t,=D |xQ}HvR �p=tQv `} RwD� OW=@
w |yOVQ=iU CU=}U |=ypt=a pt=aD x@ xHwD =@ ?2 pmW QO |iQ] R=
CU=}U R= u}t-=D |xQ}HvR |=[a= |t=tD xm |v=tR OwW|t XNWt Q=_Dv= u=tR
x@ C@Uv xQ}HvR pm |xv} Ry 'Ovvm xO=iDU= �s, S� |=Hx@ �s, Q� |yOVQ=iU
�Ovr@� q=@ K]U QO Q=_Dv= u=tR Qo = xm =vat u}=x@ "OwW|t |v=QL@ Q=}U@ Q=_Dv= u=tR
'OwW ?=NDv= �x=Dwm � u}}=B K]U QO Qo = w 5138 31 Q@=Q@ pm |xv} Ry 'OwW ?=NDv=
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"""|
R=@Q

Ou
}t- =D

|xQ
}HvR

|}=}
wBp

}rLD
wx}

RHD"|kqW QF= Tv=} Q=w p}rLD w x} RHD "6 pwOH
Q}}eD `@vt C=a@ Qt ẁtHt |O=R; C=HQO C=a@ Qt u}ov=}t F -Q=Okt Prob>F |�RH u}}aD ?} Q[

x1 0 049 1 0 049 22 72 < 0 0001 0 0025
x2 0 90 1 0 90 414 88 < 0 0001 0 6396
x3 0 030 1 0 030 13 69 0 0010 0 0327
x1x2 0 42 1 0 42 191 69 < 0 0001 0 2822
x1x3 0 011 1 0 011 5 15 0 0318 0 0041
pOt 1 41 5 0 28 129 63 < 0 0001

VR=Q@ sOa 0 025 10 0 0025 1 29 0 3142
xOv=t}k=@ 0 057 26 0 0021

ZLt |=]N 0 031 16 0 0019
pm 1 47 31

"=ypt=a Cqt=aD R= pY=L |kqW QF= G}=Dv "7 pwOH
=[=kD |wor= pt=a|r=tDL= |a]k

1 621 1 377 (s, S) |yOVQ=iU CU=}U1 062 1 264 (s, Q)

1 233 1 269 C=aq]= =@ C=aq]= |Q=Pol =QDW= x@1 253 1 372 C=aq]= uwO@

u}=Q@=v@ "OW Oy=wN 1 06 Q@=Q@ |kqW QF= 'OW=@ �s, Q� Qo = w 1 62 Q@=Q@ |kqW
QF= Vy=m |=Q@ OW=@ |r=tDL= =} |a]k =[=kD xm |ak=wt QO CiQo xH}Dv u=wD|t
"Ovvm xO=iDU= �s, Q� |yOVQ=iU CU=}U R= O}=@ xQ}HvR |=[a= |t=tD '|kqW
R= O}=@ pm |xv} Ry Vy=m |=Q@ xQ}HvR |=[a= xm CU= |v=tR hr=Nt s}tYD u}=
Q}eDt =[=kD Qo = OyO|t u=Wv p}rLD u}= "Ovvm |wQ}B (s, S) |yOVQ=iU CU=}U
Q_v R= =Q u}t-=D |xQ}HvR CU= |}xrB =[=kD xm |Dr=L x@ C@Uv 'OW=@ �p=tQv `} RwD�
7 pwOH QO xYqN CQwYx@ p}rLD w EL@ G}=Dv "Ovm|t O}OyD QDW}@ |kqW QF=

"CU= xOW x�=Q=

C}U=UL p}rLD w x} RHD "3"4
u=tRty Vy=m wQo QO u}t-=D |xQ}HvR |}=} wB Vy=m 'OW xDio QDV}B xm u=vJ
pm |xv} Ry Vy=m R= pY=L G}=Dv xm |DQwYQO 'CU= |kqW QF= w pm |xv} Ry
"OvDU}v CyHsy |kqW QF= Vy=m =@ �|yOVQ=iU CU=}U w =[=kD |wor= pt=aD�
Vy=m |=DU=Q QO xm OvwW ?=NDv= |}xvwox@ O}=@ pt=wa 'u}t-=D |xQ}HvR QO u}=Q@=v@
=DU=Q u}= QO "Ov@=} Vy=m u=tRty Qw]x@ |kqW QF= w pm |xv} Ry hOy wO '|}=} wB
Vy=m QO Q=PoQ}F-=D ,=iQY� u}}=B K]U QO Q=_Dv= u=tR pt=a uDiQo Q_v QO C@=F =@
QF= Vy=m QO Q=PoQ}F-=D ,=iQY� q=@ K]U QO C=aq]= |Q=Pol =QDW= x@ w �pm |xv} Ry
'2 |x]@=Q j@=]t xm |}xvwox@ 'CiQo Q_v QO =Q =ypt=a R= |D=@}mQD u=wD|t �|kqW
OwOL w '|kqW QF= w pm |xv} Ry u=tRty Vy=m QO u=Um} C}ty= uDiQo Q_v QO =@
xv}W}@ =yu; C}@ wr]t u=R}t '3 w 2 pw=OH O=Oa= x@ xHwD =@ =yu; |xv}W}@ w xv}tm

"OwW
u}}=B K]U QO =[=kD |wor= xm|v=tR OwW|t xOy=Wt 4 pmW x@ xHwD =@
|yOVQ=iUCU=}U xmCU=|v=tR xQ}HvRC}@ wr]t u=R}t u} QDW}@ 'OW=@ �|a]k�
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3. deterministic
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