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"Ovm|t |wQ}B p=tQv |wor= R= w |r=tDL= p} wLD u=tR COt QO =[=kD ��

"CU= OwOLt Q=@v= C}iQ_ ��
"CU= OwOLt CUO QO |xHOw@ ��

"CU= xOW u}}aD C} Q}Ot |wU R= CtON K]U u} QDsm C}OwOLt ��
"OwW|t CN=OQB VQ=iU Ci=} QO u=tR QO O} QN |xv} Ry ��

pOt |=yO=tv "2"3
&=yq=m O=OaD %n

&�s}tYD Q}eDt� pwYLt Qy |=Q@ VQ=iU Q=Okt %Qi
&�s}tYD Q}eDt� pwYLt Qy |=Q@ OOHt VQ=iU |x]kv %ri

&CU= Ci=TB CQwYx@ xm i pwYLt |=[=kD R= |QUm %�i
&pwYLt OL=w Qy |=Q@ VwQi Ct}k %Si
&pwYLt OL=w Qy |=Q@ O} QN Ct}k %Ci

&pwYLt OL=w Qy |=Q@ |yOVQ=iU |xv} Ry %Ai
&p=U pw] QO pwYLt OL=w Qy |Q=Oxov |xv} Ry %hi

&Ci=TB CQwYx@ pwYLt OL=w Qy |=Q@ u=tR R= pkDUt Ow@tm C@=F |xv} Ry %�i
&pwYLt Qy xOWv xO=O MU=B |=[=kD |x]U=wx@ xDiQ CUO R= Q=@Da= |xv} Ry %�0i
xDiQ CUO R= OwU w xDiQ CUO R= Q=@Da= pt=W xDiQ CUO R= VwQi |xv} Ry %��i

(�00i = �0i � Si � Ci) %pwYLt Qy |=Q@
&pwYLt Qy |xv=}r=U |=[=kD %Di

&pwYLt Qy |=Q@ p} wLD u=tR COt QO =[=kD \UwDt %�Li
&pwYLt Qy |=Q@ p=U Qy QO Ow@tm \UwDt %�b(ri)

&pwYLt |=Q@ p=U Qy QO |OwHwt \UwDt %�I
&pwYLt Qy \UwD xOW xO=iDU= Q=@v= |=[i %wi

&Q=@v= C}iQ_ %W
|=Q@ CtON K]U u}ov=}t� C} Q}Ot \UwD xOW u}}aD CtON K]U u} QDsm %�
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OtCtON K]U u} QDsm C}OwOLt "3"4"3
K]U u}ov=}t &CU= C} Q}Ot \UwD xOWu}}aD CtON K]U u} QDsm � QDt=Q=B

"OW=@ QDsm pk=OL u}= R= O}=@v =ypwYLt |t=tD |=Q@ CtON
nP
i=1

F (ri)

n
� � (14)

|}=yv pOt "5"3
%OwW|t pY=L u}vJ |}=yv pOt '=yC}OwOLt w hOy `@=D uDWwv =H l} =@

min TC00 =
nX
i=1

(Di
Qi
Ai + hi

�
r � �Li + Qi

2
�

+ (1� �i)hib (ri) + (�i�i +
�1� �i)�0i� DiQi b (ri))

St :
nX
i=1

wi
�
Qi + ri � �Li + (1� �i) b (ri)

� �W
nX
i=1

Ci
�
Qi + ri � �Li + (1� �i) b (ri)

� � C
nP
i=1

F (ri)

n
� � ri; Qi � 0 (15)

pOt pL |=yVwQ "4
Sv=Qo q |R=UO=R; VwQ "1"4

l} =@ OvwW hPL xm u}= |=Hx@ CNU |=yC}OwOLt Sv=Qo q |R=UO=R; VwQ QO
xm CU= u}= sm =L |rY= j]vt Qo}O CQ=@ax@ "OvwW|t pkDvt hOy `@=D x@ xt} QH
QO [24]"OwW pL |DL=Qx@ xOv=t|k=@ |xr�Ut =D OvwW|t O=R; CNU |=yC}OwOLt
=Hv; R= j}kLD u}= QO |O=yvW}B |xr�Ut |=Q@ 'Sv=Qo q |R=UO=R; sD} Qwor= =@ \=@DQ=
OvwW|t ?wULt pOt CNU |=yC}OwOLt R= C}iQ_ w xHOw@ |=yC}OwOLt xm
Q} R CQwYx@ xr�Ut Sv=Qo q `@=D C}=yv QO w OvwW|t wQ@ wQ �2 w �1 |=yxt} QH =@

%Ow@ Oy=wN

L(�) =
nX
i=1

0@ Di
Qi
Ai + hi

�
ri � �i + Qi2

�
+ (1� �i)hib(ri)

+
�
�i�i + (1� �i)�00)DiQi b(ri)

� 1A
+�1

 
nX
i=1

wi (Qi + ri � �i + (1� �i) b(ri)�W
!

+�2

 
nX
i=1

ci (Qi + ri � �i + (1� �i) b(ri)� C
!

(16)

?OLt |a@=D xr�Ut hOy `@=D Q=Okt xm CU= xOW C=@F= xm s}v=O|t |iQ] R=
R}v ?OLt `@=D wO ẁtHt xH}DvQO 'Ov=?OLt sy =yC}OwOLt u}vJty [25]"CU=
"CU= OwHwt OQi x@ QYLvt |xv}tm |x]kv l} ,=tDL u}=Q@=v@ "CU= ?OLt OwN
Sv=Qo q `@=D R= |Q}ojDWt *pY=L �� r w Q |=Q@ xOt; CUO x@ Q=Okt xm |DQwY QO
\@=wQ QO R}v w Pn

i=1 F (ri)
n � �0 xr�Ut C}OwOLt QO �� Q}eDt wO u}= x@ C@Uv

?=wH 'OW=@ jO=Y �2 w �1 xt} QH ?}=Q[ x@ C@Uv Sv=Qo q `@=D jDWt R= pY=L

%R= CU= CQ=@a (1� �i) CU= xDiQ
TC00 = �iTC + (1� �i)TC0 0 � �i � 1 i = 1; :::; n

(7)

TC00=
nX
i=1

�i
�
Di
Qi
Ai +hi

�
ri � �Li+ Qi

2
�

+�i
Di
Qi
b (ri)

�
+

nX
i=1

(1� �i)
�
Di
Qi
Ai + hi

�
ri � �Li + b (ri) + Qi

2
�

+�00i
Di
Qi
b (ri)

�
(8)

TC00=
nX
i=1

 
Di
Qi
Ai+hi

�
ri��Li+Qi

2
�

+(1��i)hi
nX
i=1

b(ri)

!
+

nX
i=1

�
�i�i + (1� �i)�00i � DiQi b (ri) (9)

pOt |=yC}OwOLt |Ov@pwtQi "4"3
Q=@v= |=[i C}wOLt "1"4"3

QO |=[i pm R= V}@ O}=@v R=}v OQwt |=[i pm xm OQ=O|t u=}@ C}OwOLt u}=
xOWCi=} QO |=yq=m |t=tD |=Q@ sRq |=[i pt=W R=}v OQwt |=[i "OW=@ CUO
|=[i |=yvt VQ=iU x]kv |q=m |=Q@ R=}v OQwt |=[i xwqax@ 'VQ=iU T=U=Q@
pm Qo = xm CU= |QwQ[ xDmv u}= x@ xHwD "OvwW xO=O MU=B CU= umtt xm |}q=m
|Q=Oxov VQ=iU |x]kv |q=m R= |DtUk 'OW=@ CUO QO |q=m R= V}@ =[=kD
�Ow@tm \UwDt� u=ty u}= w OwW|tv xO=O MU=B xar=]t OQwt |xQwO QO w xOW

"OwW|t xi=[= VQ=iU |x]kv QO OwHwt |q=m x@ Cr=L u}= QO xm CU=
nX
i=1

wi
�
Qi + �i (r � �Li)+(1� �i) �ri � �Li + b (ri)

�� �W
(10)

nX
i=1

wi
�
Qi + ri � �Li + (1� �i) b (ri)

� �W (11)

CUO QO xHOw@ C}OwOLt "2"4"3
QO |xHOw@ pm R= V}@ O}=@v R=}v OQwt |xHOw@ pm xm OQ=O|t u=}@ C}OwOLt u}=
|q=m pm |=Q@ R=}v OQwt |xHOw@ %R= CU= CQ=@a R=}v OQwt |xHOw@ "OW=@ CUO
VQ=iU x]kv |q=m |=Q@ R=}v OQwt |xHOw@ xwqax@ VQ=iU T=U=Q@ xOWCi=} QO
Q=Okt� OvwW p} wLD CU= Q=Qk xOv}; QO xm |}=yq=m |=Q@ R=}v OQwt |xHOw@ xwqax@
"OvwW xO=O MU=B CU= umtt xm |}q=m |=Q@ R=}v OQwt |xHOw@ |=yvt �Ci=TB
w xOW |Q=O} QN O}=@ q=m R= |DtUk 'OW=@ CUO QO |q=m R= V}@ =[=kD pm Qo =
\UwDt O} QN |xv} Ry Q@=Q@ R=}v OQwt |xv} Ry xm OwW xO=O MU=B OyaD OQwt xQwO QO
|}xv} Ry Qo}O 'OW=@ xDiQ CUO R= VwQi =} s}W=@ xDW=Ov Ow@tm Qo = =t= "CU= Ow@tm

"OQ=Ov OwHw =[=kD w VQ=iU |x]kv Cw=iD O} QN |=Q@
nX
i=1

Ci
�
Qi + �i (r � �Li) + (1� �i) �ri � �Li + b (ri)

�� � C
(12)

nX
i=1

Ci
�
Qi + ri � �Li + (1� �i) b (ri)

� � C (13)
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"""w
xO=R

|r=w
s=Qy

W'
xO=R

|Oy
tp

}a=t
U= "|rwYLt 10 |OOa p=Ft |=yxO=O "1 pwOH

� C W wi � � D Pi2 Pi1 H A S ci pwYLt

0 75 575000 19000

14 2 48 695 8 13 15 51 276 9 213 1
11 2 52 664 13 8 18 27 226 2 174 2
7 2 57 750 7 10 18 57 239 2 184 3
8 2 50 779 12 14 15 22 269 1 207 4
9 2 58 600 14 11 16 52 367 9 283 5
13 4 49 824 6 7 17 31 339 3 261 6
4 4 53 730 14 9 15 22 312 240 7
3 5 52 807 7 13 18 21 413 4 318 8
8 4 58 670 12 13 19 35 444 6 342 9
6 5 54 586 10 6 14 60 412 1 317 10

sD} Qwor= R= 'OOHt VQ=iU |x]kv w |O=YDk= VQ=iU |xv}y@ Q=Okt |x@U=Lt |=Q@
Ov=CQ=@a sD} Qwor= u}= |=ys=o "CU= xOW xO=iDU= u}D} w� |rOy xOW xDN=vW

[26]%R=
|x@U=Lt x@ Q=Okt u}= uDW=O =@TBU w 'x@U=Lt 23 |x]@=Q R= =QQ Q=Okt "1 s=o

"�24 x]@=Q� s} R=OQB|t r
"Q1 = Q w r1 = r %s} Q}o|t Q_v QO "2 s=o

"s}vm|t x@U=Lt 23 |x]@=Q R= =Q Q Q=Okt 'O}OH r Q=Okt uDW=O =@ "3 s=o
"s} Qw;|t CUO x@ 24 |x]@=Q R= =Q r Q=Okt 'O}OH Q Q=Okt uDW=O =@ "4 s=o

xOW =Qosy sD} Qwor= x=ov; 'jQ�Q1j � "Q w jr1 � rj � "r xJv=vJ "5 s=o
?}DQDx@ "Q w"r "s}vm|t Q=QmD =Q sHvB =D swO |=ys=o CQwYu}= Q}e QO &CU=
|O=YDk= VQ=iU Q=Okt w OOHt VQ=iU |x]kv Q=Okt |=Q@ R=Ht |=]N u=R}t
�hkwD Q=}at� u=wva CLD =Q =yQ=QmD O=OaD s=o u}= QO u=wD|t u}vJty "CU=

"OQm h} QaD
xOW x�=Q= pwYLt 10 =@ xvwtv |xr�Ut l} x@ \w@ Qt C=aq]= 1 pwOH QO
xOW xOQw; 2 pwOH QO Sv=Qo q VwQ \UwD xr�Ut u}= pL R= pY=L G}=Dv "CU=
u}= QO "CU= xOW xO=O V}=tv 1 pmW QO Sv=Qo q QO r w Q |}=Qoty Q=Owtv "CU=

"CU= xOW ZQi u=Um} CqwYLt |t=tD Ci=TB MQv p=Ft

"Sv=Qo q R= xO=iDU= =@ |rwYLt 10 |xr�Ut pOt pL G}=Dv "2 pwOH
pm |xv} Ry r(i) Q(i) pwYLt

10365 93

51 63 69 49 1
55 67 45 58 2
60 38 69 69 3
54 06 48 5 4
61 75 63 17 5
56 83 56 31 6
61 17 47 73 7
62 56 45 19 8
66 01 51 15 9
63 93 72 78 10

OwW|tv pY=L xv}y@ ?=wH CQwYu}= Q}e QO� "CU= xOt;CUO x@ xr�Ut |xv}y@
%s} Q=O u}=Q@=v@ �"CiQ |Q=mD@= |=yVwQ d=QU x@ O}=@ w

@L
@Qi

= �Di
Q2
i
Ai + hi

2 �
Dib(ri) (�i�i + (1� �i)�00i ))

Q2
i

+�1wi + �2ci = 0 (17)

@L
@ri

= hi � (1� �i)hiF (ri)� DiF (ri) (�i�i + (1� �i)�00i ))
Qi

+�1wi + �1wi(1� �i)F (ri) + �2ci

��2ci(1� �i)F (ri) = 0 (18)

%xm =Hv; R=

b(ri)=
Z 1
ri

(xi�ri)f(xi)dxi=
Z 1
ri
xif(xi)dxi�

Z 1
ri
rif(xi)dxi

=
Z 1
ri

xif(xi)dxi � riF (ri) (19)

%CW=O s}y=wN xH}DvQO
@b(ri)
@ri

= �F (ri) (20)

@L
@�1

=
nX
i=1

�
wi (Qi + ri � �i + (1� �i) b(ri)��W = 0

(21)

@L
@�2

=
nX
i=1

�
ci (Qi + ri � �i + (1� �i) b(ri)�� C = 0 (22)

%O};|t CUO x@ �F (ri) w Qi Q}O=kt 18 w 17 \@=wQ R=

Qi =

s
DiAi + (�i�i + (1� �i)�00i )Dib(ri)

�1wi + �2ci + hi2
for i = 1; 2; :::; n (23)

F (ri) = hi + �1wi + �2ci
(1� �i)(hi + �1wi + �2ci) + Di(�i�i+(1��i)�00i )

Qi

(24)
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Ot

"X R=Ht C=Q}}eD |xvt=O "2 pmW

Qw_vt u}tyx@ "s}DUy X Q}eDt |xvt=O |=Q@ |}xOwOLt h} QaD OvtR=}v ?=wH
QO xm u=vJ "s}vm h} QaD �1 w 1 u}@ |iO=YD |OOa Xnew O}rwD |=Q@ O}=@
|QDW}@ p=tDL= =@ xm s} Q}o@ V}B QO |OvwQ O}=@ OwW|t xOy=Wt 2 pmW
X h=Q]= QO |oOvm =QB p=tDL= `k=w QO w OwW O}rwD X x@ l}ORv |=y?=wH
p=tDL= =@ xm s} Q}o@ V}B QO |}xvwox@ =Q |o}=Uty |=[i s}v=wD@ =D OW=@ QDW}@
p=tDL= xm OW=@ |wLvx@ `k=w QO &OwW O}rwD X x@ l}ORv |=y?=wH |QDW}@
wHwCUH QDy@ =Q |o}=Uty |=[i s}v=wD@ =D OW=@ QDW}@ X h=Q]= QO |oOvm =QB

"s}vm
%CU= xOW O=yvW}B 27 |x]@=Q O}OH |o}=Uty ?=wH |x@U=Lt |=Q@

Xnew = X + �(Xmax �X); � > 0
Xnew = X; � = 0
Xnew = X + �(X �Xmin); � < 0 (27)

28 |x]@=Q T=U=Q@ w Ow@ Oy=wN 1 w �1 xOwOLt QO |iO=YD |OOa � Q=Okt
"OQm u}}aD =Q u; u=wD|t

z � N(0; 1)

� = tgh(�z) (28)

xm |Dkw `@=D C=Q}}eD =Q} R 'CU= xOW xDiQo Q_v QO 0 01 Q@=Q@ � |=Q@ ?U=vt Q=Okt
OwW QDW}@ 0 01 R= xJQy w 'CN=wvm} `@=D CtU x@ OwW QDsm 0 01 R= � Q=Okt
u}= QO xr�Ut C}y=t x@ xHwD =@ "Ovm|t =O}B |QDW}@ p}=tD |r=oJ `@=D u}ov=}t x@
CU= OOHt VQ=iU |x]kv w |O=YDk= VQ=iU Q=Okt s}tYD Q}eDt uwJ 'xr=kt

%s}vm p}OaD u}vJ =Q 28 |x]@=Q |o}=Uty Q=DN=U u}}aD |=Q@ CU= |i=m
Qnew = Q+ � � (Qmax �Q); � � 0
Qnew = Q+ � � (Q� 0); � < 0 (29)

%R= Ow@ Oy=wN CQ=@a O}OH OOHt VQ=iU |x]kv 'CQwY u}= QO
rnew = r + ��(rmax � r); � � 0
rnew= r+� � (r � 0); � < 0 (30)

?=wH |@=} RQ= "3"2"4
xr�Ut |U=U= |=yC}OwOLt |t=tD xm OW=@ |}xvwox@ O}=@ ?=wH V}=tv |xwLv
w xHOw@ C}OwOLt 'Q=@v= |=[i C}OwOLt xU =@ j}kLD u}= QO "Ovm <=[Q= =Q

"Sv=Qo q QO r w Q |}=Qoty Q=Owtv "1 pmW

4�SA� O} Q@D |R=Ux}@W sD} Qwor= "2"4
'Ov=pmWt w xO}J}B |}=ypOt |[=} Q Q_v R= |rwYLtOvJ |OwHwt |=ypOt
=yu; |oO}J}B OwW xi=[= R}v C}OwOLt OvJ =} l} =ypOt u}= x@ xm |v=tR xS} wx@
u}= QO =Pr "CU= pmWt Q=}U@ j}kO |=yVwQ =@ =yu; pL:qwtat w OwW|t QDW}@
|=Q@ 'O} Q@D |R=Ux}@W sD} Qwor= s=vx@ '|Q=mD@==Qi |=ysD} Qwor= R= |m} R= j}kLD
xDU@=w x}rw= |x]kv x@ |r}N sD} Qwor= u}= xm =Hv;R= "CU= xOW xDiQo xQy@ pOt pL
xO=U =QH= w |U} wvxt=vQ@ ^=Lr R= 'OQ=O =Q |a[wt |=yxv}y@ R= Q=Qi C}r@=k 'CU}v
u}at |}xrtHOvJ ẁv R= |}q=@ OL |=Q=O u; |D=@U=Lt u=tR xm xOW C@=F w 'CU=

[27]"CU= xr�Ut O=a@= ?ULQ@
?=wH V}=tv |xwLv "1"2"4

C}r@=k R= xm �� =Q=m w QF-wt |=yQorta R= xO=iDU= xm OW=@ |}xvwox@ O}=@ ?=wH Q=DN=U
umtt �� OvQ=OQwNQ@ Q_v OQwt |xr�Ut |=Q@ |vOW u=mtq=|DL |=y?=wH O}rwD
Q ?=wH V}=tv |=Q@ '|UQQ@ OQwt |xr�Ut C}y=t x@ xHwD =@ j}kLD u}= QO "OW=@
"CU= xOW xO=iDU= |Q=OQ@ Q=DN=U R= �pwYLt Qy |=Q@ |O=YDk= VQ=iU Q=Okt�
K &CU= (Q1; Q2; :::; Qk)1�K Q=OQ@ CQwYx@ ?=wH V}=tv Q=DN=U u}=Q@=v@

"CU= xr�Ut QO xOW xDiQo Q_v QO CqwYLt O=OaD xOv}=tv
|=Q@ OOHt VQ=iU |x]kv 'xr�Ut s}tYD |=yQ}eDt R= Qo}O |m} |iQ] R=
r � Q xm =Hv; R= "CU= Q Q=Okt x@ xDU@=w u; Q=Okt xm CU= (r) pwYLt Qy
|Q}eDt O}=@ Qw_vt u}tyx@ "s}vm ^=Lr x}rw= ?=wH O}rwD QO =Q O}k u}= O}=@ 'CU=

"s}t=v|t " =Q Q=OQ@ u}= &OW=@ Q R= |QUm |xOv}=tv xm OQm O}rwD 1 w QiY u}@
" = rand(1;K) (25)

pY=L Q Q=OQ@ QO QwmPt Q=OQ@ |=yx}=QO Q}_v x@ Q}_v ?Q[pY=L R= r Q=OQ@
"CU= xOW OQ=w xr�Ut nv}Om QO 26 |x]@=Q CQwYx@ xm OwW|t

r = "�Q (26)

VQ=iU Q=Okt Ovv=ty OOHt VQ=iU |x]kv Q=Okt |x}rw= ?=wH Q=DN=UCU=|vDio
"Ovm|t |wQ}B 1�K |Q=OQ@ Q=DN=U l} R= |O=YDk=

|o}=Uty |wHwCUH "2"2"4
xQy@ |iO=YD |wHwCUH VwQ R= 'p@k CtUk QO xOW|L=Q] Q=DN=U x@ xHwD =@
|iO=YD |wHwCUH |=Q@ |WwQ |x�=Q= OvtR=}v 2 pmW x@ xHwD =@ "s} Q}o|t
u}= |o}=Uty uDi=} |=Q@ "s}DUy �X ,qFt� xOWO}rwD |x}rw= ?=wH T=U=Q@
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"""w
xO=R

|r=w
s=Qy

W'
xO=R

|Oy
tp

}a=t
U=

pOt |=yQDt=Q=B u}}aD |xwLv "3"4
Q=Ri=sQv QO Randbetween QwDUO R= �pOt |=y|OwQw� pOt |=yQDt=Q=B u}}aD |=Q@
=yQDt=Q=B u}= |=Q@ xv}W}@l} w xv}tml} xm CQwYu}O@ 'CU= xOW xO=iDU= Excel

u}= u}@ |iO=YD CQwYx@ |O=Oa= jwi QwDUO R= xO=iDU= =@ w xOW xDiQo Q_v QO
OQ=wt R= |m} "CU= xOW xO=iDU= pOt |=y|OwQw u=wvax@ w O}rwD xv}W}@ w xv}tm
pwYLt OL=w Qy |=Q@ p=U QO Ow@tm \UwDt Q=Okt |x@U=Lt =t pOt QO |U=U=

%OwW|t u}}aD 37 |x]@=Q R= xO=iDU= =@ xm CU=
b(r) =

Z 1
r

(x0 � r)f(x0)dx0 (37)

%OwW |t pY=L Q} R x]@=Q R=f(x0) xm
f(x0) = 1

�
p2� e

(x0��)2
2�2

�1 < x0 < +1 (38)

MATLAB QO int `@=D R= xO=iDU= =@ xm p=QoDv= |x@U=Lt uOw@ Q@u=tR x@ xHwD =@
Q=QmD u}OvJ QO xt=vQ@ |=QH= x@ R=}v xm |Q=mD@==Qi |=yVwQ QO 'OQ}o|t CQwY
p=QoDv= |x@U=Lt |=Q@ QDxO=U |WwQ OvtR=}v 'CU= xr�Ut ?=wH |}=Qoty Qw_vtx@
|x@U=Lt |=Q@ |}xkvRwP *G}=Q Q=}U@ VwQ R= j}kLD u}= QO "s}DUy MATLAB QO
=D QiY x@ l}ORv |Q=Okt R= |vLvt Q} R K]U uwJ "OwW|t xO=iDU= p=QoDv= u}=
OvtR=}v u}= w s}vm s}UkD |]NQ}e CQwYx@ =Q =[i u}= O}=@ CU= Q}eDt C}=yv|@
w xmax |xrY=i QO |vLvt Q} R K]U Qw_vt u}tyx@ "CU= |tD} Q=or s}UkD
|m}ORv Q=}U@ OOa =@ Q@=Q@ xmin j}kLD u}= QO "OwW|t s}UkD CtUkN x@ xmin

xOW xDiQo Q_v QO 5000 Ovv=t |oQR@ OOa =@ Q@=Q@ xmax w e�15 |va} QiY x@
OL xm =Hv; R= "CU= xOW s}UkD CtUk 500 x@ xrY=i u}= Qo}O |wU R= &CU=
39 `@=D QO xH}DvQO QiY sD} Q=or uOw@ =vat|@ p}rOx@ 'CU= r =@ Q@=Q@ p=QoDv= u}}=B
%R= CU= CQ=@a |tD} Q=or s}UkD `@=D u}= "CU= xOW xO=iDU= r w xmin xv}W}@ R=

x = logspace

 
log10(max(r;Xmin))

log10(Xmax); N

!
(39)

%s} Q=O CL=Ut pm x@U=Lt |=Q@ p=L
y = (x� r)normpdf (f(x)) (40)

MATLAB QO di��x� QwDUO R= 'OvDU}v uQ=kDt |ki= QwLt Q@ =yxrY=i xm =Hv; R=
"s} Q}o|t xQy@ xOWO=H}= |=yxkvRwP ZQa |x@U=Lt |=Q@

dx = di�(x)

S = 1
2 (y0 � y1)(x1 � x0)

+1
2 (y1 � y2)(x2 � x1) + :::

S = 1
2
�
(y0 + y1)di�(x1)

+1
2 (y1 + y2)di�(x2) + :::

�
= 1

2
nX
i=1

(yi1 + yi)di�(xi) (41)

R= QwmPt |=yC}OwOLt |=[Q= |=Q@ Qw_vt u}tyx@ "s}yH=wtCtON K]U u} QDsm
"s}vm|t p=ta= (TC00) xr�Ut hOy `@=D QO =Q u; w s}vm|t xO=iDU= xt} QH Q}O=kt
Q_v QO u}vJ QwmPt |=yC}OwOLt |=Q@ xHwt Q=Okt R= h=QLv= |x@U=Lt |xk} Q]

%CU= xOW xDiQo

violation1 =

nP
i=1

(w1(Imax + (1� �i)b(ri))
W

� 1 (31)

violation2 =

nP
i=1

(c1(Imax + (1� �i)b(ri))
C

� 1 (32)

violation3 = 1�
nP
i=1

F (ri)

�
(33)

%Ow@ Oy=wN 34 |x]@=Q CQwYx@ xOWO}rwD ?=wH Qy |@=} RQ= Q=}at xH}DvQO
Z = TC00(1 + �1V iolation1 + �2Violation2+�3V iolation3)

(34)

�3 'swOC}OwOLtC}ty= |xHQO �2 'pw=C}OwOLtC}ty= |xHQO �1 'u; QO xm
xOvQ}os}tYD\UwD �3 w �2 '�1 Q}O=kt xm OW=@|t swUC}OwOLtC}ty= |xHQO
xDiQo Q_v QO 1 w 2 '2 Q@=Q@ ?}DQD x@ Q}O=kt u}= j}kLD u}= QO "OwW|t |yOQ=Okt

"Ov=xOW
x}rw= ?=wH O}rwD "4"2"4

Q xDUw}B Q}O=kt xm =vatu}O@ "OwW|t O}rwD |iO=YD CQwYx@ ,qt=m x}rw= ?=wH
"OQ}o|t Q=Qk |O=YDk= VQ=iU Q=Okt u} QDW}@ w QiY u}@ |iO=YD CQwYx@
u}= xm s}vm h} QaD (Qmax) |O=YDk= VQ=iU xv}W}@ Q=Okt l} O}=@ Qw_vtu}O@

"Ovm|t |wQ}B 35 |x]@=Q R= Q xOW O}rwD |iO=YD Q}O=kt
Q = unifrnd(0; Qmax; [1;K])

Qmax = max(D)
w

(35)

"CU= �D� xOW O}rwD |=[=kD xv}W}@ R= |D@Uv w Q=Okt
x}rw= |=tO u}}aD "5"2"4

s=Hv= |=Q@ |vwo =vwo |=yxw}W w CU= |@ QHD w |Q=mD@= |Ov}=Qi x}rw= |=tO u}}aD
=@ Q@=Q@ xm |oQR@ OOa pO=at x}rw= |=tO j}kLD u}= QO "CU= xOW KQ]t Ov}=Qi u}=

"CU= xOW xDiQo Q_v QO CU= hOy `@=D |x}rw= Q=Okt
=tO |R=Us=ovyx@ |xOa=k "6"2"4

|xOa=k R= 5V}=tQU |Ov@u=tR ,=Lq]Y= =} =tO |R=Us=ovyx@ |=Q@ j}kLD u}= QO
CU=tO Vy=m MQv u}@t � QDt=Q=B "CU= xOW xO=iDU= �36 |x]@=Q� SA l}Uqm

"OwW|t u}}aD [0 85'0 99] xR=@ QO xm
Tk = �Tk (36)

hkwD Q=}at "7"2"4
xOW xDiQo Q_v QO hkwD Q=}at u=wvax@ =yQ=QmD pm uO}UQ u=}=B x@ j}kLD u}= QO

"CU=
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"SA sD} Qwor= |}=Qoty Q=Owtv "3 pmW

OQwt �nmove =y|o}=Uty R= |}xawtHt� =Q |QDW}@ |=y|o}=Uty u; `@D x@ w
xaH=Qt =@ "Ovm|t QDxO=U =Q pL |=[i |wHwCUH Qt= u}= "OyO|t Q=Qk |UQQ@
Minitab14 Q=Ri=sQv =} '6|Jwo =D VwQ QO Ot=aDt |=yx}=Q; OQ=Ov=DU= pwOH x@
|=yx}=Q; "OwW|t ?=NDv= KQ] u} QD?U=vt u=wvax@  L9(32) Ot=aDt |=yx}=Q; '
8 RPD w 7 S/N |x@U=Lt VwQ "CU= xOt; 5 pwOH QO KQ] u}= Ot=aDt

%R= CU= CQ=@a

dx = di�(x)S=NRatio = �10 log10(
1
k

kX
i=1

Y 2
i ) (42)

"Ovm|t xQ=W= ?wr]t Q}e Q}O=kt x@ N CtUk w ?wr]t Q}O=kt x@ S CtUk
"CU= Ov}=Qi MU=B Yi w V}=tR; Qy |=QH= O=OaD K u}vJty

RPD = Algsol � Bestsol

Bestsol
(43)

Qy *hOy `@=D |=Q@ 'sD} Qwor= \UwD xm CU= |Q=Okt Algsol '43 |x]@=Q QO
u}@ QO hOy `@=D Q=Okt u} QDy@ Bestsol w 'CU= xOt; CUO x@ xvwtv |xr�Ut
|=Q@ S/N C@Uv |=Q@ xOWx@U=Lt Q}O=kt "CU= xOW pL xm CU= |}xvwtv p�=Ut

"CU= xOW xOQw; 6 pwOH QO SA sD} Qwor=

"|Jwo =D VwQ QO SA sD} Qwor= xOWxO=iDU= |=yQDt=Q=B |iQat "4 pwOH
Kw]U Q}O=kt Kw]U O=OaD QDt=Q=B
� = 0 9

3 �� = 0 95
� = 0 98

(npop,nmove)= (1; 1)

3 (npop, nmove)(npop,nmove)= (1; 10)

(npop,nmove)= (10; 10)

"SA sD} Qwor= =@ |rwYLt 10 pOt pL G}=Dv "3 pwOH
pm |xv} Ry r(i) Q(i) pwYLt

10929 91

51 32 91 28 1
54 82 72 22 2
60 51 71 57 3
53 67 81 55 4
61 33 82 06 5
56 5 72 48 6
60 05 75 86 7
60 82 71 54 8
64 96 80 26 9
62 58 84 16 10

|=Q@ xOWpL p=Ft u=ty pL x@ O} Q@D |R=Ux}@W sD} Qwor= R= xO=iDU= =@ p=L
3 pmW QO u; |}=Qoty Q=Owtv w '3 pwOH QO pL G}=Dv "s} R=OQB|t Sv=Qo q VwQ

"CU= xOW xOQw;

|O=yvW}B sD} Qwor= |=yQDt=Q=B s}_vD "5
s}_vD x@ O}=@ xm OQ=O OwHw QDt=Q=B wO j}kLD u}= QO |O=yvW}B sD} Qwor= QO
npop,� u}vJty w �=tO Vy=m MQv =} ?} Q[ hQat� � QDt=Q=B %CN=OQB =yu;
R= s=Om Qy |=Q@ xOW xDiQo Q_v QO Kw]U Q=Okt w O=OaD 4 pwOH QO"�nmove

xO}= l}DvS sD} Qwor= R= j}kLD u}= QO xm CU= |vDio "CU= xOW xOQw; =yQDt=Q=B
xOQm ẁQW �npop� x}rw= |=y?=wH R= |}xawtHt =@ =Q SA sD} Qwor= w xOW xDiQo
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}a=t
U= sD} Qwor= |=Q@ xr�Ut hrDNt |=yQDt=Q=B |=Q@ RPD |=yC@Uv Q}O=kt "7 pwOH

"SA

RPD Q}O=kt (npop, nmove) � V}=tR; xQ=tW
0 0078 �1; 1� 0 9 1
0 00022 �1; 10� 0 9 2
0 00005 �10; 10� 0 9 3
0 0115 �1; 1� 0 95 4
0 00018 �1; 10� 0 95 5
0 00006 �10; 10� 0 95 6
0 0044 �1; 1� 0 98 7
0 00009 �1; 10� 0 98 8
0 000079 �10; 10� 0 98 9

"RPD C@Uv QO � QDt=Q=B hrDNt Kw]U Q}O=kt "5 pmW

|=Q@ RPD C@Uv hrDNt Q}O=kt 7 pwOH QO "s} Q}o|t xQy@ RPD XN=W R=
"CU= xOt; =yQDt=Q=B hrDNt |=yCr=L

� QDt=Q=B \UwDt Q=Owtv 'C@Uv u}= |=Q@ xOWx@U=Lt Q}O=kt x@ xHwD =@ p=L
'OW=@ QDsm RPD Q}O=kt \UwDt QOkQy "CU= xOt; 5 pmW QO hrDNt Kw]U QO
QO 0 98 Q@=Q@ � QDt=Q=B K]U u}=Q@=v@ "OwW|t ?Um sD} Qwor= R= |QDy@ |=y?=wH

"OwW|t xDiQo Q_v

x}@W sD} Qwor= =@ Sv=Qo q sD} Qwor= G}=Dv |xU}=kt "6
O} Q@D |R=U

u=wD|t xm xOW pL w |L=Q] hrDNt |=yxR=Ov= QO xr�Ut CWy CtUk u}= QO
pw= |xDUO QO "OQm |Ov@s}UkD nQR@ w \UwDt 'lJwm |xDUO xU x@ =Q =yu;
QO w '|rwYLt 12 w 10 '8 p�=Ut swO |xDUO QO '|rwYLt 5 w 3 p�=Ut
8 pwOH QO "Ov=xDiQo Q=Qk xar=]t OQwt |rwYLt 50 w 40 '30 p�=Ut swU |xDUO
"OQm xOy=Wt =Q VwQ wO u}= |xv} Ry hqDN= w pL u=tR 'pm |xv} Ry u=wD|t
QDW}@ Sv=Qo q VwQx@ =yu; pL u=tR xm xOW jq]= |r�=Ut x@ nQR@ |xr�Ut ,=U=U=
Sv=Qo q VwQ =@ \UwDt w lJwm p�=Ut pL u=tR xm |r=L QO &xOW Ca=U 1 R=
|=Q@ Sv=Qo q VwQ 'OwQ|t Q=_Dv= w OwW|t x_Lqt xm u=vJ "CU= Ca=U 1 R= QDsm
'OQw;|t CUO x@ ?U=vt |=yu=tR QO xv}y@ |=y?=wH \UwDt w lJwm p�=Ut
R= "s}DUy |vqw] u=tR OvtR=}v xv}y@ ?=wH x@ uO}UQ |=Q@ nQR@ p�=Ut |=Q@ |rw
QO ?U=vt ?=wH nQR@ w \UwDt 'lJwm p�=Ut |=Q@ SA sD} Qwor= Qo}O hQ]

"L9(32) Ot=aDt |=yx}=Q; "5 pwOH
2 QDt=Q=B 1 QDt=Q=B V}=tR; xQ=tW

1 1 1
2 1 2
3 1 3
1 2 4
2 2 5
3 2 6
1 3 7
2 3 8
3 3 9

sD} Qwor= |=Q@ xr�Ut hrDNt |=yQDt=Q=B |=Q@ S/N |=yC@Uv Q}O=kt "6 pwOH
"SA

S/N Q}O=kt (npop, nmove) � V}=tR; xQ=tW
�80 8365 �1; 1� 0 9 1
�80 4072 �1; 10� 0 9 2
�80 4017 �10; 10� 0 9 3
�80 782 �1; 1� 0 95 4
�80 4067 �1; 10� 0 95 5
�80 4012 �10; 10� 0 95 6
�80 8202 �1; 1� 0 98 7
�80 4068 �1; 10� 0 98 8
�80 4015 �10; 10� 0 98 9

"SA sD} Qwor= |=Q@ S/N C@Uv QO =yQDt=Q=B hrDNt Kw]U Q}O=kt "4 pmW

QO =yQDt=Q=B \UwDt Q=Owtv 'C@Uv u}= |=Q@ xOW x@U=Lt Q}O=kt x@ xHwD =@ p=L
|=y?=wH 'OW=@ QDsm S/N C@Uv QOkQy "CU= xOt; 4 pmW QO hrDNt Kw]U
npop,� QDt=Q=B |xv}y@ Q}O=kt 4 pmW x@ xHwD =@ "OwW|t ?Um sD} Qwor= R= |QDy@
� QDt=Q=B |=Q@ S/N Q}O=kt |m}ORv x@ xHwD =@ =t= "Ow@ Oy=wN �1'1� Q@=Q@ �nmove
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|Q}oxH}Dv "7
|=yC}OwOLt =@ |rwYLtOvJ |xDUw}B O}OR=@ |OwHwt pOt l} j}kLD u}= QO
=@ '|�RH Ci=TB Ow@tm Cr=L QO CtON K]U u} QDsm w xHOw@ 'Q=@v= |=[i
xm |}xvwox@ 'OW x�=Q= VQ=iU OOHt |x]kv w VQ=iU Q=Okt uOQw; CUO x@ hOy
?}mQD w Sv=Qo q |R=UO=R; VwQ R= xO=iDU= =@ pOt u}= "OwW xv}tm xv=}r=U pm |xv} Ry
R= "OW pL xr�Ut lJwm O=a@= |=Q@ u}D} w� |rOy QwyWt |Q=mD@= sD} Qwor= =@ u;
=} l} =ypOt u}= x@ xm |v=tR xS} wx@ '|rwYLtOvJ |OwHwt |=ypOt uwJ |iQ]
'Ov=pmWt w xO}J}B |}=ypOt |[=} Q Q_v R= 'OwW|t xi=[= R}v C}OwOLt OvJ
R= "CU= pmWt w Q@ u=tR Q=}U@ nQR@ O=a@= =@ p�=Ut |=Q@ ,=YwYN =yu; pL
x�=Q= O} Q@D |R=Ux}@W |Q=mD@==Qi VwQ nQR@ O=a@= QO xOWx�=Q= pOt pL |=Q@ wQu}=
"OW xDiQo xQy@ |Jwo =D VwQ R= |O=yvW}B sD} Qwor= |=yQDt=Q=B OQw;Q@ |=Q@ "OW
xrY=L G}=Dv w xU}=kt xOWx�=Q= VwQ wO 'p=Ft |O=OaD R= |Q}oxQy@ =@ C}=yv QO
xDiQo Q=m x@ xOt; CUO x@ pm |xv} Ry w pL u=tR Q_v R= xr�Ut hrDNt O=a@= QO
|Q=mD@==Qi VwQ xm CU= Ck}kL u}= Qou=}@ VwQ wO u}= |xv} Ry hqDN= "OW
xr�Ut pL |=Q@ |@U=vt VwQ Ov=wD|t �O} Q@D |R=Ux}@W sD} Qwor= |va}� xOWx�=Q=
xm OwW|t O=yvW}B |R=UpOt Q_vt R= |D; C=k}kLD |=Q@ "OW=@ xr�Ut nQR@ O=a@= QO
xi=[= xOWx�=Q= pOt x@ VQ=iU C=aiO O=OaD C}OwOLt Q}_v Qo}O |=yC}OwOLt
u=wD|t R}v pL Q_v x]kv R= "s} Q}o@ Q_v QO |r=tDL= =Q p} wLD u=tR COt =} OwW
pL C}i}m w OQm xO=iDU= Qo}O |Q=mD@==Qi |=yVwQ R= nQR@ T=}kt =@ p�=Ut |=Q@

"OQm xU}=kt �� SA w Sv=Qo q �� xOWx�=Q= |=yVwQ R= pY=L |=y?=wH =@ =Q

"O} Q@D |R=Ux}@W sD} Qwor= =@ Sv=Qo q sD} Qwor= |xU}=kt "8 pwOH
O=OaD �SA� |O} Q@D |R=Ux}@W |Sv=Qo q hqDN=

pwYLt |xv} Ry pL u=tR |xv} Ry pL u=tR xv} Ry
pm �x}v=F� pm �x}v=F� ���

3 3384 1 13 35 3314 6 72 25 2 05
5 6146 56 14 4 6083 9 143 76 1 01
8 9451 07 19 3 9286 32 272 92 1 74
10 10929 9 22 55 10365 93 387 35 5 15
12 14527 4 26 6 13761 8 531 8 5 27
30 38062 2 51 74 34936 3 > 3600 8 21
40 49527 3 63 55 44864 4 > 3600 9 41
50 62200 5 78 41 56408 2 > 3600 9 3

wQ u}= R= "OvDU}v uOw@xv}y@ ut[Dt =y?=wH u}= xJQo = 'OyO|t x�=Q= ?U=vt u=tR
"OQ=O |QDQ@ SA VwQ Q@ Sv=Qo q VwQ \UwDt w lJwm p�=Ut |=Q@

O} Q@D |R=Ux}@W VwQ OQ@ Q=m nQR@ |=yxR=Ov= QO p�=Ut pL |=Q@ xm |r=L QO
|=y?=wH R= QDy@|ak=wp�=Ut |=Q@ xv}y@ x@l}ORv w?U=vt ?=wH xm =QJCU= QDy@
OwW|t xOy=Wt 8 pwOH QN; uwDU QO u}vJty "CU= |ak=wQ}e p�=Ut |=Q@ xv}y@
xv} Ry hqDN= 'CU= Sv=Qo q VwQ R= QDx=Dwm Q=}U@ SA sD} Qwor= pL u=tR OvJQy xm
CUO x@ |=y?=wH Cio u=wD|t =Pr "CU= OYQO 10 R= QDsm VwQ wO u}= QO

"Ov=?U=vt w pw@k p@=k |}=y?=wH O} Q@D |R=Ux}@W sD} Qwor= R= xOt;

=yCWwv=B
1. Hadley-Whitin
2. Lagrangian relaxation
3. Economic Order Quantity
4. Simulated Anealing
5. Colingschedule
6. Taguchi
7. Single-to-Noise
8. Relative Percentage Deviation
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