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C} Q}Ot ẁ[wt QO OOaDt Cq=kt Q=WDv= seQ|ra [5]"OwW|t QF-wt Q}e lU} Q

[6]"CU= OwHwt |ak=w |=}vO QO u; OQ@ Q=m |xQ=@ QO |mOv= C=aq]= 'lU} Q
'OwW|t x�=Q=|ak=w |=}vO QO xSwQB |=ylU} Q|@=} RQ= |=Q@|rOt Q=DWwvu}= QO
|U=U=|=yCN=UQ} R R=|m} =yx=owQ}v "OwW|t|R=UxO=}B|y=owQ}v |=yxSwQB QO xm
QO |OOaDt |y=owQ}v |=yxSwQB Q[=L p=L QO w CU= QwWm |O=YDk= |xaUwD
OwW|t s=Hv= CUO QO O}rm VwQ x@ ?re= =yxSwQB u}= "CU=QH= p=L QO =t QwWm
OOaDt p}qOx@ "CU= CN=U w C=R}yHD u}t-=D '|L=Q] pw�Ut |twta Q=mv=t}B w
X=N C=R}yHD x@ R=}v 'xHwD p@=k |RQ= w |r=} Q `@=vt x@ R=}v '|vi |oO}J}B Q}_v ��
|=ylU} Q ZQat QO =yxSwQB u}= �� hrDNt |=yR=i u}@ |oDU@ty w pN=OD w
u}=Q@=v@ "OvQ=O xOW u}}aD h=Oy= R= |yHwD p@=k h=QLv= =yv; ?re= w OvOOaDt
l} |O=yvW}B pOt QO "CU=yxSwQB u}= C=t=Rr= R= |m} lU} Q QF-wt C} Q}Ot
=Q =yQ=}at u}@ |oDU@=w xm xOW x�=Q= =ylU} Q |@=} RQ= |=Q@ |@D=QtxrUrU Q=DN=U
OQwt |R=i \}Lt QO |}xm@W p}rLD Ov}=Qi \UwD Q=DN=U u}= "OQ}o|t Q_v QO
|xrLQt QO "OwW|t u}}aD =yQ=}atQ} R w =yQ=}at uRw u; |] w OQ}o|t Q=Qk |@=} RQ=
"OwW|t s=Hv= |R=i \}Lt QO T}UB=D sD} Qwor= \UwD =ylU} Q |Ov@x@DQ 'Oa@

C=}@O= 'swO VN@ QO 'xtOkt R= TB "CU= xOW s}_vD VN@ GvB QO Q=DWwv u}=

u=v}t]= sOa xm |wLvx@ OwW|t =QH= xO}J}B w =} wB |]}Lt QO =yxSwQB ?re=
?re= xm xOW Ea=@ u=v}t]= sOa u}= "CU=yv; |D=P |=y|oS} w <RH lU} Q w
�"""w C}i}m 'xv} Ry 'u=tR� xOW u}}aD V}B R= h=Oy= x@ uO}UQ QO QwWm |=yxSwQB
C} Q}Ot Vv=O |xQDUo |=tvy=Q� h} QaD j@] "Ovvmv ?Um |Q}otWJ C}kiwt
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xDiQo Q=Qk xO=iDU= OQwt |ak=w |=}vO *hrDNt p�=Ut QO VwQ u}= "OQ=O =yXN=W
xwqa [40]"CU= xOW QmP n =Lr= wnv=w |xr=kt QO\@DQt C=k}kLD R= |NQ@ "CU=
xYN=WOvJ |Q}os}tYD p�=Ut |=Q@ hrDNt u}kkLt \UwD T}UB=D VwQ 'u}= Q@

[41w40'30]"CU= xOW xO=iDU= |R=i

|Ov@x@DQ w |}=U=vW |=Q@ |O=yvW}B pOt "3
xSwQB |=ylU} Q

w CU= lU} Q C} Q}Ot Ov}=Qi QO |U=U= |=ys=o R= =ylU} Q |}=U=vW lW|@
|WwQ R= =t j}kLD u}= QO "CU}v s=Hv= p@=k pL=Qt Q}=U 'xrLQt u}= s=Hv= uwO@
|NQ@ "s}=xOQm xO=iDU= |UQQ@ OQwt |=yxSwQB QO =ylU} Q |}=U=vW |=Q@ |@}mQD
=ylU} Q|}=U=vW =@\@DQt C=ar=]t |xOQDUo|UQQ@ pt=W xO=iDU= OQwt |=yQ=R@=
'|r@k |=yxSwQB QO xDNwt; |=yTQO w j@=wU |xar=]t 'QwWm GQ=N w pN=O QO
=@ "CU= |Qmi u=iw] C=UrH |Q=RoQ@ w XYNDt O=Qi= =@ OOaDt |=yx@L=Yt
`@=vtC}OwOLt w 'hQ]l} R= nQR@ |=yxSwQB QO =ylU} Q O=OaD uOw@O=} R x@ xHwD
"OvwW |Ov@C} wrw= =ylU} Q u}= O}=@ Qo}O |wU R= =ylU} Q C} Q}Ot |=Q@ u=tR=U
|Ov@C} wrw= pw=ODt |=yQ=}at u=wvax@ Q}F-=D w ẁkw p=tDL= R= l}Uqm |=ypOt QO
xOWv xO=iDU= =ylU} Q |@=} RQ= QO =yQ=}at Q}=U R= w OwW|t xO=iDU= lU} Q

"OQm xQ=W= |a]k VwQ x@ u; Cy=@W w |R=i AHP |=yOQm} wQ Q}=U =@ xU}=kt
'OwW|t xO=iDU= G}=Dv |@=} RQ= |=Q@ |}xaUwD p}rLD VwQ R= j}kLD u}= QO uwJ
|Q}os}tYD |=Q@ VwQ u}= p=L u}= =@ "s} R=OQB|t VwQ u}= |UQQ@ x@ Q=YDN=x@
|FrFt |R=i O=Oa= R= |HwR |=yxU}=kt |=Q@ VwQ u}= QO "CU= xOW KqY= |ywQo
l} OwN xm 'Sk VRQ= |HwR |=yxU}=kt T} QD=t Q]U Qy |=Q@ w OwW|t xO=iDU=
Qou=}@ k O=tv 1 |x]@=Q QO "OwW|t x@U=Lt 1 |x]@=Q R= 'CU= |FrFt |R=i OOa
QO Ck}kL QO "CU=yQ=}at w =yxv} Ro |xOvyOu=Wv ?}DQDx@ j w i w Q]U xQ=tW
|R=i O=Oa= ẁtHt Q@ s=k Q]U |R=i O=Oa= ẁtHt 'Sk |x@U=Lt |=Q@ 'x]@=Q u}=

"OwW|t s}UkD T} QD=t

Sk =
nX
j=1

Mk j � [
mX
i=1

nX
j=1

Mij ]�1 (1)

"OwW u}}aD sy x@ C@Uv =yv; |oQR@ p=tDL= |xHQO O}=@ =ySk |x@U=Lt R= TB
O}vm ZQi "OwW|t xO=iDU= |R=i O=Oa= uOQm ?DQt |=yVwQ R= Qw_vt u}= |=Q@
x=ov; 'OvW=@ |FrFt |R=i OOa wO M2 = (l2;m2; u2) w M1 = (l1;m1; u1)

"OwW|t u}}aD 2 |x]@=Q R= M1 x@ C@Uv M2 |oQR@ |xHQO
V (M2 �M1) = hgt(M1 \M2) =8>>>><>>>>:

1 if m2 � m1

0 if l1 � u2
l1�u2

(m2�u2)�(m1�l1) otherwise

(2)

Qorta j} Q] R= Qo}O |FrFt |R=i OOa k R= |FrFt |R=i OOa l} |oQR@ u=R}t
"OwW|t x@U=Lt 3 |x]@=Q T=U=Q@ w xv}tm

V (M�M1;M2; :::;MK) = minV (M �Mi); i = 1; 2; 3; :::; k
(3)

d0(Ai) = minV (Si � Sk)for k = 1; 2; :::; n; k 6= i %O}vm ZQi
"OwW|t x@U=Lt 4 |x]@=Q R= =yuRw Q=OQ@ x=ov;

W 0 = (d0(A1); d0(A2); :::; d0(An))T (4)

Qw_vt u}= |=Q@ "OwW|t x@U=Lt �W � p=tQv |=yuRw '|R=Up=tQv =@ C}=yv QO
"OwW s}UkD Q=OQ@ u}= QY=va ẁtHt Q@ W 0 Q=OQ@ QYva Qy CU= |i=m

w u; u}}=B |=yCtUk s=tD R= q=@ |=yx}q pqkDU= AHP |U=U= ZQi
|oDU@=w =yxv} Ro =} =yQ=}at u}@ p�=Ut R= |Q=}U@ QO "CU= K]U Qy QO =yQ=}at
p}rLD Ov}=Qi R= p�=Ut u}= QO "CU}v |R=UpOt p@=k AHP j} Q] R= w OQ=O OwHw
u=wvax@ 1996 p=U QO Q=@u}rw= R}v ANP "OwW|t xO=iDU= 2�ANP� |}xm@W
CQwYx@ =Q xiQ]l} C=]=@DQ=\ki AHP xm|r=L QO [31]"OW KQ]t AHP s}taD
Kw]U u}@ xO}J}B C=]=@DQ= OyO|t xR=H= ANP 'OQ}o|t Q_v QO |@D=QtxrUrU
xm@W =@ =Q ?D=QtxrUrU ANP OQwNR=@ OQm} wQ "OwW Q=QkQ@ =yQ=}at w |Q}os}tYD
C}ty= |xOvvmu}}aD =yQ=}at C}ty= xm u}= Q@ xwqa p=Ft u=wvax@ "Ovm|t u} Ro}=H
C}ty= Q@ CU= umtt R}v =yxv} Ro C}ty= '�|@D=QtxrUrU Ov}=Qi x}@W� CU=yxv} Ro
x@ q=@ *|]N *C=]=@DQ= =@ |@D=QtxrUrU Q=DN=U u}=Q@=v@ [32]"OW=@ Q=PoQ}F-=D =yQ=}at
=@ xU}=kt QO |R=i ANP |=}=Rt "CU}v ?U=vt xO}J}B |=ysDU}U |=Q@ u}}=B
xO=iDU= p}rO x@ "OwW|t QD|rta G}=Dv x@ QHvt w CU=QDW}@ Q=}U@ |a]k Cr=L
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"""Ov
}=Qi

|@}
mQDO

Qm}w
Q\

UwD
xSwQ

Bl
U}Q

|@=}
RQ=

"xSwQB |=ylU} Q |@=} RQ= |=Q@ |O=yvW}B pOt "1 pmW

p}rLD Ov}=Qi j} Q] R= =yQ=}atQ} R w =yQ=}at uRw |x@U=Lt "2"3
|R=i |}xm@W

xSwQB |=ylU} Q |@=} RQ= |=yQ=}at u}}aD "1"2"3
|=yQ=}atQ} R w =yQ=}at 'xSwQB h=Oy= w xSwQB ẁv p}@k R= |rt=wa x@ xHwD =@ s=o u}= QO
Q}F-=D w p=tDL= |=yQ=}at R= C=k}kLD ?re= QO "OwW|t XNWt =ylU} Q |@=} RQ=
|@=} RQ= |=Q@ |}=yvDx@ =yQ=}at u}= |rw CU= xOW xO=iDU= =ylU} Q |@=} RQ= |=Q@
=ylU} Q |@=} RQ= |=Q@ |@D=QtxrUrU Q=DN=U l} u}=Q@=v@ "OvDU}v |i=m =ylU} Q
C}r@=k 'lU} Q Q}F-=D 'lU} Q ẁkw p=tDL= Q=}at Q=yJ xm �2 pmW� xOW O=yvW}B

"=ylU} Q |@=} RQ= |xr�Ut Q=DN=U "2 pmW

lU} Q |=yx@vH s=tD VWwB |=Q@ |}=yvDx@ =yQ=}at u}= 'p=L u}= =@ [42]"CU=
Q}F-=D w ẁkw p=tDL= Q_v R= ,=iQY =ylU} Q |UQQ@ 'wQv=m Q_v j@] "OvDU}v |i=m
w� =yQ=}at u}@ ,qwtat |ak=w |=}vO QO Qo}O hQ] R= [5]"CU}v |@U=vt VwQ =yv;
u; R= xSwQB |=ylU} Q =@ \@DQt C=ar=]t QO xm OQ=O OwHw |oDU@=w �=yQ=}atQ} R
|=yCw=[k |Q}os}tYD p�=Ut R= |Q=}U@ QO u}= Q@ xwqa "CU= xOW Q_v hQY
"CU}v Q}PBu=mt= j}kO |OOa Q=Oktl} CQwYx@ =yC} wrw= u=}@ wCU= sy@t O=Qi=
Qo}O CQ=@ax@ "CU= QD|k]vt |v=@ R |=y|@=} RQ= R= xO=iDU= p�=Ut xvwou}= QO
|}=yQwWm QO [43]"OvwW |@=} RQ= |v=@ R |=yQ}eDt j} Q] R= O}=@ =yxv} Ro w =yQ=}at
u=oQ@N Cw=[k R= xO=iDU= 'CU= |i=m =v lU} Q |@=} RQ= |=Q@ |v}a |=yxO=O xm
Q=}U@ Ov=wD|t |R=i |=yOQm} wQ R= xO=iDU= 'OQ=wt xvwov}= QO "CU= Q}PB=v?=vDH=
u=}@ 'CU= |i}m C}y=t |=Q=O w |vyP |Qt= =yQ=}at |@=} RQ= uwJ [44]"OW=@ O}it
|=Q@ j}kO |HwR |=yxU}=kt |x�=Q= w j}kO |OOa Q}O=kt R= xO=iDU= =@ =yC} wrw=
nQR@ |=yxSwQB QO lU} Q |@=} RQ= [45]"CU= Q=wWO u=oOvQ}o s}tYD w u=oQ@N
=yQ=}at |@=} RQ= wCU= xO}J}B |aw[wt OQ=wt?re= QO �|y=owQ}v |=yxSwQB Ovv=t�
s=Hv= |v=@ R |=yCQ=@a ?ULQ@ w j}kO Q}e CQwYx@ u=oQ@N \UwD =yxv} Ro w

"OR=U|t |QwQ[ =Q |R=i j]vt R= xO=iDU= C=t=y@= u}= OwHw "OQ}o|t
u}= QO "O@=} Vy=m jwi CqmWt u=mt= OL =D xOW |aU |O=yvW}B pOt QO
|UQQ@ OQwt |=yxv} Ro u=wvax@ syt |=ylU} Q '=ylU} Q |}=U=vW R= TB pOt
O=yvW}B |}xm@W Q=DN=U l} 'syt |=ylU} Q |Ov@x@DQ Qw_vtx@ "OvwW|t u}}aD
QO R}v =Q =yQ=}at u}@ |oDU@=w 'hrDNt |=yQ=}at uDiQo Q_v QO Q@ xwqa xm xOW

"OQ}o|t Q_v
=ylU} Q |}=yv |Ov@x@DQ CkO V}=Ri= Ea=@ hrDNt |=yQ=}at uDiQo Q_v QO
|@D=QtxrUrU p}rLD Ov}=Qi '�=yQ=}atQ} R� =yQ=}at u}@ |oDU@=w x@ xHwD =@ "OwW|t
QO |}xm@W p}rLD Ov}=Qi \UwD |O=yvW}B Q=DN=U 'u}=Q@=v@ "CU}v xO=iDU= p@=k
QO "OwW|t u}}aD =yQ=}atQ} R w =yQ=}at uRw w OQ}o|t Q=Qk |@=} RQ= OQwt |R=i\}Lt
"OwW|t x�=Q= |R=i T}UB=D sD} Qwor= \UwD =ylU} Q |}=yv |Ov@x@DQ 'Oa@ |xrLQt
|=v@tQ@ |ywQo |Q}os}tYD R= |@Uv w |rLt |=yuRw u}}aD |=Q@ j}kLD u}= QO
VwQ u}= syt |=y|oS} w R= |m} "CU= xOW xO=iDU= |R=i |Ov@C} wrw= OQm} wQ
u; x@ ,=@r=e Qo}O |=yVwQ QO xm CU= |R=i Cr=L QO |Q=oR=U MQv |x@U=Lt
QO xm �1 pmW� CU= |rY= s=o xU |=Q=O |O=yvW}B pOt "CU= xOWv xDN=OQB

"CN=OQB s}y=wN =yv; K} QWD x@ VN@ u}= |xt=O=

syt |=ylU} Q u}}aD w =ylU} Q |}=U=vW "1"3
QwQt p}@k R=� =ylU} Q |}=U=vW ?U=vt |=yxw}W R= xO=iDU= =@ xrLQt u}= QO
Qw_vtx@ "OwW|t XNWt xSwQB |=ylU} Q '�"""w |irO VwQ 'x@L=Yt 'C=OvDUt
p}mWD hrDNt |=yXYND =@ lU} Q |@=} RQ= s}D l} '=ylU} Q |}=U=vW
'OW=@ O=} R |r}N xOW |}=U=vW |=ylU} Q O=OaD CU= umtt uwJ "OwW|t
�Q}F-=D p=tDL= T} QD=t Ovv=t� |D=tOkt |=yVwQ w u=oQ@N C=Q_v R= xO=iDU= =@
xm |}=ylU} Q =} C}ty=sm |=ylU} Q w OwW|t u}}aD �|rY=� syt |=ylU} Q
|=ylU} Q "OwW|t |UQQ@ xv=o =OH Qw]x@CU=XNWt w xO=U =yv; pQDvm Q=my=Q
VwQ w |}xm@W p}rLD Ov}=Qi Q@ |vD@t |r}rLD sDU}U QO =yxv} Ro u=wvax@ syt

"OQ}o|t Q=Qk |@=} RQ= OQwt |R=i T}UB=D
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"""w
|Q_

vOL
='|

OQoP
u}O

r=s=U
LO}

U C@Ft |FrFt |R=i OOa CQwYx@ s=k |xOvQ}os}tYD |HwR |xU}=kt w CU=
Vv=Q=mty w uJ j}kLD T=U=Q@ "CU= OwHwt ~xijk = (lijk;mijk; uijk)

[43]"OwW|t x@U=Lt 5 |x]@=Q j} Q] R= =yxU}=kt `}tHD '2006 p=U QO

~xij = (lij ;mij ; uij); lij = min
k
flijkg;

mij = 1
K

KX
k=1

mijk; uij = max
k
fuijkg (5)

|=yuRw j} Q] R= =Q �=yQ=}atQ} R =}� =yQ=}at |rN=O |oDU@=w T} QD=t �2 s=o
=yQ=}at Q}=U Q@ �Q=}atQ} R =}� Q=}at Qy Q}F-=D Qw_vt u}= x@ "O}vm XNWt |@Uv
|R=i AHP j} Q] R= |@Uv |=yuRw w 'xU}=kt |HwR CQwYx@ �=yQ=}atQ} R =}�
'�1 s=o � |rLt |=yuRw QO |rN=O |oDU@=w T} QD=t ?Q[ R= "OwW|t u}}aD

"OwW|t u}}aD �Q=}atQ} R� Q=}at Qy |xDU@=w |=yuRw
?Q[ j} Q] R= =yQ=}atQ} R |rm uRw "O}vm u}}aD =Q =yQ=}atQ} R |rm |=yuRw �3 s=o

"OwW|t x@U=Lt x]w@ Qt Q=}at |xDU@=w uRw QO Q=}atQ} R Qy |xDU@=w uRw
"CU= 2 s=o QO |@D=QtxrUrU p}rLD Ov}=Qi =@ |O=yvW}B sD} Qwor= |rY= Cw=iD
CU= |i=m \ki w Ov=pkDUt =yQ=}at |@D=QtxrUrU p}rLD Ov}=Qi QO Qo}O CQ=@ax@
=}� =yQ=}at j}kLD u}= QO xm |r=L QO "OwW x@U=Lt 1 s=o j@=]t |rLt |=yuRw
C=Q}F-=D u}= |@Uv |=yuRw R= xO=iDU= =@ '2 s=o QO "Ov=p@=kDt Q}F-=D |=Q=O �=yQ=}atQ} R

"CU= xOW x@U=Lt
w |rLt |=yuRw u}}aD Qw_vtx@ |R=i |Ov@C} wrw= OQm} wQ R= j}kLD u}= QO
|m} [28]"OW |iQat 2004 p=U QO Q=@ u}rw= xm CU= xOW xO=iDU= |@Uv |=yuRw
QO xm CU= |R=i Cr=L QO |Q=oR=U MQv |x@U=Lt VwQ u}= syt |=y|oS} w R=
pt=m |xawtHt OvtR=}v u}= Q@ xwqa "CU= xOWv xDN=OQB u; x@ Qo}O |=yVwQ QFm =
Q}=U R= R}v pY=L |]N Q}e pOt pL w CU}v |R=i CQwYx@ |HwR |=yxU}=kt
|HwR |=yxU}=kt OwW|t ZQi VwQ u}= QO "CU= QDCL=Q |]NQ}e |=ypOt
uRw |a]k Q=OQ@ "CU= ~aij = (lij ;mij ; uij) |FrFt |R=i O=Oa= CQwYx@ |R=i
C} wrw= |=yMQv xm OwW|t G=QNDU= |}xvwox@ w = (w1; w2; :::; wn) �C} wrw=�
=yuRw Qo}O CQ=@ax@ "OQ}o Q=Qk |}=OD@= |R=i |=yCw=[k |xOwOLt QO ,=@} QkD wiwj

%OW=@ Q=QkQ@ 6 |R=i |x]@=Q xm OwW|t u}}aD |Qw]
lij
�� wi
wj

��uij (6)

R= xm Ovm|t jOY jwi |R=i CqO=at=v QO |}xHQO =@ �w� |a]k |vRw Q=OQ@ Qy
%CU= |Q}oxR=Ov= p@=k �wiwj pwyHt MQv ?ULQ@� 7 |]N C} w[a `@=D j} Q]

�ij(
wi
wj

) =

8<: (wi=wj)�lij
mij�lij ; wi

wj
� mij

uij�(wi=wj)
uij�mij ; wi

wj
� mij

(7)

OvtR=}v ZQi u}rw= "CU= |rY= ZQi wO Q@ |vD@t |R=i |Ov@C} wrw= |xr�Ut pL
|Oa@ n� 1 TmrBt}U |xLiYQ@= |wQ P |yD Q}e |R=i xHwt |x}L=v OwHw

"CU= Qn�1

Qn�1 = f(w1 ; w2; :::; wn); jwi > 0;
nX
i=1

wi = 1g (8)

Q=}at 'u}= Q@ uwRi= "OwW|t pt=W =Q lU} Q C} Q}Ot C}r@=k w lU} Q hWm
u}@ xm xOW s}UkD C}i}m w xv} Ry 'u=tR Q@ Q}F-=D Q=}atQ} R xU x@ lU} Q Q}F-=D
"�CU= p@=kDt |oDU@=w Qou=}@ xiQ]wO |=yQ=OQ@� OQ=O OwHw p@=kDt |oDU@=w =yv;
xDiQo Q=Qk O}m -=D OQwt |O=} R u}kkLt\UwD xSwQBC}i}m w xv} Ry 'u=tR u}@ |oDU@=w
xU u}= p@=kDt |oDU@=w Crax@ xm Ov=xOQm Q=y_= lq w lQ=@ xvwtv u=wvax@ "CU=
xSwQB |Ov@u=tR |Dkw ,qFt "CU}v umtt =yv; R= xv}y@ |@}mQD x@ |@=}CUO 'pt=a
u}= |vRw C}ty= p=L Qy x@ "OQ=O C}i}m Vy=m Q@ |t}kDUt QF= 'OW=@ xv=Q}oCNU
\@DQt |xSwQB QO p=Ft |=Q@ "OQ=O pwYLt ẁv w u=tR=U |SD=QDU= x@ |oDU@ pt=wa
CmQW l} |=Q@ |rw CU= xv} Ry w u=tR R= QDsyt Q=}U@ C}i}m 'wQ=O |xaUwD =@
[47w46]"OQ=O |}xS} w C}ty= |QDWt x@ pwYLt uOv=UQ u=tR '|D@=kQ Q=R=@ QO p=ai
'lU} Q QF= Q}N-=D p}@k R= |Qo}O |=yQ=}at =yxSwQB lU} Q C} Q}Ot C=}@O= QO
'lU} Q C}twta 'lU} Q uOw@ xS} w 'lU} Q |v}@V}B C}r@=k 'lU} Q CQw=Ht
=t= [48]"CU= xOW KQ]t R}v lU} Q p=YD= w lU} Q OWQ 'lU} Q C}a]k sOa
|=yxSwQB h=Oy= 'C=}@O= QwQt T=U=Q@ j}kLD u}= QO xOW xDiQo Q_v QO |=yQ=}at
C}r@=k x@ xHwD =@ CU= |y}O@ "CU= xOW u}}aD u=oQ@N C=Q_v w '|UQQ@ OQwt
VQDUo R=}v CQwY QO =Q Q=DN=U u}= u=wD|t 'xYN=WOvJ |Q}os}tYD |=yVwQ

"OQm xi=[= u; x@ R}v =Q =yQ=}at Q}=U w O=O
|HwR |=yxU}=kt |=Q@ |R=i O=Oa= w |v=@ R |=yCQ=@a u}}aD "2"2"3

=yQ=}atQ} R w =yQ=}at |xQ=@ QO =Q OwN Cw=[k O}=@ lU} Q |@=} RQ= s}D |=[a=
l} T=U=Q@ =Q Cw=[k u}= Ovv=wD|t u=oQ@N "Ovvm u=}@ OwN Vv=O w x@ QHD T=U=Q@
"Ovvm u=}@ |R=i O=Oa= =} |v=@ R C=Q=@a '|OOa Q}O=kt R= |}xvt=O 'j}kO |OOa Q=Okt
=yQ=}at uOw@ |Q}oxR=Ov= p@=k Q}e =} u=v}t]= sOa Cra x@ =yC}akwt R= |Q=}U@ QO
R= u=wD|t u}=Q@=v@ "CU= Q=wWO u=oQ@N \UwD |OOa Q}O=kt |x�=Q= '|:tm CQwYx@
|O=yvW}B pOt QO [21]"OQm xO=iDU= pOt |x�=Q= |=Q@ |R=i OOa =} |v=@ R Q}eDt l}
"CU= xOW xO=iDU= |FrFt |R=i O=Oa= R= =yQ=}atQ} R w =yQ=}at |:tm p}rLD |=Q@
1 pwOH j@] |HwR |=yxU}=kt |=Q@ x]w@ Qt |R=i O=Oa= w |v=@ R |=yCQ=@a

"CU==yQ=}atQ} R w =yQ=}at uRw |x@U=Lt "3"2"3
=yQ=}at uRw |x@U=Lt sD} Qwor= '|R=i \}Lt QO |}xm@W p}rLD Ov}=Qi R= xO=iDU= =@

%R= CU= CQ=@a =yQ=}atQ} R w
|=yT} QD=t R= xO=iDU= =@ =Q �=yQ=}atQ} R w� =yQ=}at |rLt |=yuRw �1 s=o
xvwoI}y OwW|t ZQi xrLQt u}= QO "O}vm XNWt |R=i |HwR |=yxU}=kt
R= |HwR |=yxU}=kt |=Q@ "OQ=Ov OwHw �=yQ=}atQ} R w� =yQ=}at u}@ |oDU@=w
|HwR |=yxU}=kt |=Q@ Q=DWwv u}= QO "OwW|t xO=iDU= 1 pwOH |R=i O=Oa=
"CU= xOW xO=iDU= hrDNt u}YYNDt C=Q_v |=v@tQ@ '|ywQo |Q}os}tYD R=
|}=yv |=yxU}=kt 'OW=@ Cw=iDt Qo}Om} =@ xQ@N O=Qi= C=Q_v CU= umtt uwJ
w[aK pt=W |Q}os}tYD xwQo O}vm ZQi "OW=@ hrDNt C=Q_v Qou=}@ O}=@

"|HwR |=yxU}=kt |=Q@ |R=i O=Oa= w |v=@ R |=yCQ=@a "1 pwOH
|R=iOOa Twmat |FrFt |R=iOOa |v=@ R CQ=@a

�1,1,1� �1,1,1� Q@=Q@
�1 3,1 2,1� �1,2,3� h}a[ C}ty=

�1 4,1 3,1 2� �2,3,4� O=} R C}ty=
�1 5,1 4,1 3� �3,4,5� O=} R |r}N C}ty=
�1 6,1 5,1 4� �4,5,6� jr]t C}ty=
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mQDO

Qm}w
Q\

UwD
xSwQ

Bl
U}Q

|@=}
RQ="=ylU} Q VRQ= u}}aD |=Q@ |R=i O=Oa= w |v=@ R |=yCQ=@a "2 pwOH

|FrFt |R=i OOa |v=@ R CQ=@a
�0,0, 25� sm |r}N
�0, 25, 5� sm

� 25, 5, 75� \UwDt
� 5, 75,1� O=} R
� 75,1,1� O=} R |r}N

O=Oa= w |v=@ R |=yCQ=@a R= �=ylU} Q� =yxv} Ro |@=} RQ= Qw_vtx@ 'j}kLD u}= QO
5 |x]@=Q R= R}v u=oQ@N C=Q_v `}tHD |=Q@ "CU= xOW xO=iDU= 2 pwOH |R=i

"OwW|t xO=iDU=
xO=O V}=tv ~R = (~rij)m�n =@ xOW p=tQv |R=i |Q}os}tYD T} QD=t
xrY=i QO |R=i O=Oa= CQwYx@ (~xij) =y|@=} RQ= |t=tD j}kLD u}= QO "OwW|t
T} QD=t Qo}O CQ=@ax@ "CU}v |R=Up=tQv C=}rta x@ |R=}v u}=Q@=v@ 'CU= [0; 1]

|R=i T}UB=D sD} Qwor= 'jwi ?r=]t T=U=Q@ [49]"CU= ~R T} QD=t pO=at ~X

%OwW|t x�=Q= u}vJ
|x]@=Q R= =Q ~V = (~vij)m�n u} Rw p=tQv |R=i |Q}os}tYD T} QD=t �1 s=o

"O}vm x@U=Lt 15
~vij = ~wj :~rij i = 1; 2; :::;m; j = 1; 2; :::; n: (15)

|k}kL OOa l} ~wj j}kLD u}= QO "CU= Q=}at u}t=j uRw ~wj x]@=Q u}= QO
"Pn

j=1 wj = 1 w xOW u}}aD |R=i|}xm@W p}rLD Ov}=Qi C=@U=Lt R= xmCU=
"O}vm u}}aD 17 w 16 \@=wQ T=U=Q@ =Q |R=i |ivt w C@Ft p;xO}= pL x=Q �2 s=o
A+ = f~v+

1 ; ~v
+
2 ; :::; ~v

+
n g =

f(maxi ~vij jj 2 
b ); (mini ~vij jj 2 
c)g (16)

A� = f~v�1 ; ~v�2 ; :::; ~v�n g =

f(mini ~vij jj 2 
b ); (maxi ~vij jj 2 
c)g (17)

�QDW}@C}ty=|vatx@ QDq=@ MQv� OwU =}C@Ft |=yQ=}at Qou=}@ '
b \@=wQ u}= QO
"CU= �QDW}@ C}ty= |vatx@ QDu}}=B MQv� xv} Ry =} |ivt |=yQ=}at Qou=}@ 
c w
CU}v |FrFt |R=i OOa l} jwi min w max C=}rta pY=L |rm Cr=L QO
T=U=Q@ "OQm u=}@ |FrFt |R=i O=Oa= =@ |@} QkD CQwYx@ =Q =yv; u=wD|t |rw
|R=i O=Oa= ~vij QY=va xm CU= K[=w 'u} Rw p=tQv |R=i |Q}os}tYD T} QD=t
"OQ=O Q=Qk [0; 1] |xDU@ |xrY=i QO =yv; C=Q}}eD |xvt=O xm xOw@ C@Ft |FrFt

%OQm h} QaD u}vJ =Q |R=i |ivt w C@Ft p;xO}= pL x=Q u=wD|t u}=Q@=v@
~v+
j = (1; 1; 1) j 2 
b; ~v+

j = (0; 0; 0) j 2 
c (18)

~v�j = (0; 0; 0) j 2 
b; ~v�j = (1; 1; 1) j 2 
c (19)

w 20 \@=wQ R= =Q |R=i |ivt w C@Ft p;xO}= pL x=Q R= xv} Ro Qy |xrY=i �3 s=o
"O}vm x@U=Lt 21

d+
i =

Xn

j=1 d( ~vij ; ~v+
j ) i = 1; 2; :::;m (20)

d�i =
Xn

j=1 d( ~vij ; ~v�j ) i = 1; 2; :::;m (21)

%O};|t CUO x@ 9 |x]@=Q R= P |R=i xHwt x}L=v C} w[a `@=D
�P (w) = minijf�ij(w) ; i = 1; 2; :::; n� 1;

j = 2; 3; :::; n; j > ig (9)

'fL = [�1; 1]g L |R=i |=yxawtHt u=wvax@ 7 C} w[a `@=wD h} QaD =@
|R=i |=yCw=[k Qo = "OQm O=R; =Q TmrBt}U |wQ P uOw@ |yD=v ZQi u=wD|t
w 2 Qn�1 p=tQvC} wrw= |=yQ=OQ@ s=tD |=Q@ �P (w) x=ov; 'OvW=@ Q=oR=U=v |r}N
l} xm Ovm|t XNWt ?=NDv= |xOa=k l} ZQi u}twO "OQ}o|t |ivt Q}O=kt
u}}aD =Q 9 |k}irD C} w[a `@=D QO C} w[a xHQO u} QDq=@ |=Q=O C} wrw= Q=OQ@
xW}ty u}=Q@=v@ 'CU= ?OLt |xawtHt l} �P (w) xm OwW|t C@=F "Ovm|t
C} w[a |xHQO u} QDW}@ |=Q=O xm OQ=O OwHw w� 2 Qn�1 C} wrw= Q=OQ@ l}

"CU= (��)

�� = �P (w�) = max
w2Qn�1 min

ij
f�ij(w) g (10)

xv}W}@� xv}tm |Ov@C} wrw= |xr�Ut 'C} w[a `@=wD X=N pmW uDiQo Q_v QO =@
"OwW|t |]N Q}e |R=Uxv}y@ xr�Ut l} x@ p}O@D jwi

max �

subject to :

(mij � lij)�wj � wi + lijwj � 0;
(uij �mij )�wj + wi � uijwj � 0;
i = 1; 2; :::; n� 1; j = 2; 3; :::; n; j > i;
nX
k=1

wk = 1; wk > 0; k = 1; 2; :::; n; (11)

|=yCw=[k xawtHt |@Uv |Q=oR=U Qou=}@ jwi pOt ?=wH QO �� uOw@ C@Ft
"CU=yCw=[k |wk |Q=oR=U=v |xOvyOu=Wv �� |ivt Q=Okt w |R=i

|R=i T}UB=D VwQ j} Q] R= =ylU} Q |}=yv |Ov@x@DQ "3"3
sD} Qwor= \UwD =ylU} Q |}=yv |Ov@x@DQ '=yQ=}atQ} R w =yQ=}at uRw u}}aD R= TB
pwY= R= |NQ@ '|R=i T}UB=D sD} Qwor= |x�=Q= R= p@k "OwW|t s=Hv= |R=i T}UB=D
"OwW|t QwQt |r=tH= Qw]x@ |FrFt |R=i O=Oa= xQ=@ QO j}kLD u}= QO R=}v OQwt |rm
|FrFt |R=i OOa wO ~b = (b1; b2; b3) w ~a = (a1; a2; a3) O}vm ZQi
CqO=at j@] ?Q[ |@} QkD C=}rta w `tH C=}rta '=yv; u}@ xrY=i x=ov; 'OvW=@

"OwW|t h} QaD 14 =D 12

d(~a;~b) =
r1

3 [(a1 � b1)2 + (a2 � b2)2 + (a3 � b3)2] (12)

~a+ ~b = (a1 + b1; a2 + b2; a3 + b3) (13)

~a� ~b = (a1 � b1; a2 � b2; a3 � b3) (14)

|Q}os}tYD Q=}at n w xv} Rom |=Q=O xYN=WOvJ |Q}os}tYD |xr�Ut O}vm ZQi
=yxv} Ro|@=} RQ= "OwW|@=} RQ= =yQ=}at R=l} Qy x@C@Uv O}=@ =yxv} Ro R=l} Qy "OW=@
V}=tv ~X = (~xij)m�n =@ xm OvyO|t |R=i |Q}os}tYD T} QD=t l} p}mWD
"OW=@ =yQ=}at uRw Qou=}@ ~W = ( ~w1; ~w2; :::; ~vn) Q=OQ@ O}vm ZQi "OwW|t xO=O
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|Q_

vOL
='|

OQoP
u}O

r=s=U
LO}

U

=yQ=}atQ} R w =yQ=}at uRw |x@U=Lt "2"4
|=[a= R= l} Qy "s}OQm xO=iDU= |Ov@x@DQ s}D p}mWD |=Q@ XYNDt xU R= =t
=yQ=}atQ} R w =yQ=}at |=Q@ 1 pwOH j@] =Q OwN |HwR |=yxU}=kt '|Ov@x@DQ s}D
|=yxU}=kt R= xO=iDU= =@ "OW `}tHD 5 |x]@=Q T=U=Q@ C=aq]= TBU "OvOQm x�=Q=
T} QD=t 3 pwOH "OW pL wov}r Q=Ri=sQv j} Q] R= 11 |R=Uxv}y@ pOt 'xOW`}tHD
u=Wv |rLt |=yuRw x=Qtyx@ =Q =yQ=}at x@ \w@ Qt |a}tHD |HwR |=yxU}=kt
CU= QiY Q@=Q@ =yxU}=kt u}= |=Q@ � Q=Okt wov}r Q=Ri=sQv C=@U=Lt j@] "OyO|t
,=D@Uv Cw=iD ẁ[wt u}= p}qO R= |m} "CU=yxU}=kt h}a[ |Q=oR=U Qou=}@ xm
|=yxU}=kt T} QD=t R}v 4 pwOH QO "CU= hrDNt O=Qi= QO |HwR |=yxU}=kt O=} R
"CU= xOW x�=Q= |rLt |=yuRw x=Qtyx@ =Q =yQ=}atQ} R x@ \w@ Qt |a}tHD |HwR
xm CU= 0 993 Q@=Q@ =yxU}=kt u}= |=Q@ � Q=Okt wov}r Q=Ri=sQv |HwQN T=U=Q@

"CU=yxU}=kt |wk |Q=oR=U Qou=}@
|=yuRw w 'xU}=kt |HwR CQwYx@ =yQ=}atQ} R Q}=U Q@ Q=}atQ} R Qy Q}F-=D TBU
|=Q@ R}v � Q=Okt "�7 =D 5 pw=OH� OW u}}aD 11 |R=Uxv}y@ pOt j} Q] R= |@Uv
QO CU= |y}O@ "CU=yxU}=kt pt=m |Q=oR=U Qou=}@ xm CU= 1 Q@=Q@ pwOH xU Qy
� Q=Okt xQ=wty 'OW=@ u=Um} xQ@N O=Qi= |=yCw=[k xJv=vJ 2� 2 |=yT} QD=t

"Ow@ Oy=wN 1 Q@=Q@
|rLt |=yuRw QO|@Uv |=yuRw R= pY=L|rN=O|oDU@=wT} QD=t ?Q[ R=

%OW Oy=wN XNWt Q=}atQ} R Qy |xDU@=w |=yuRw '=yQ=}atQ} R2664 1  667  5
 667 1  5
 333  333 1

3775�
2664  307

 371
 322

3775 =

2664  715
 737
 548

3775
'0 358 Q@=Q@?}DQDx@ =yQ=}atQ} R |xDU@=w p=tQv |=yuRw 'jwi |=yuRw |R=Up=tQv =@
Q_v QO OyO|t u=Wv q=@ C=aq]= xm u=vJ "O};|t CUO x@ 0 274 w 0 368

"=yQ=}at |rLt |=yuRw w |a}tHD |HwR |=yxU}=kt T} QD=t "3 pwOH
|rLt |=yuRw C4 C3 C2 C1

0 301 �1,1,1� �1,8 3,4� �1,5 3,3� �1,1,1� C1
0 301 �1; 1; 1� �1; 8 3; 4� �1; 1; 1� �1 3,2 3,1� C2
0 098 �1 4,4 9,1� �1; 1; 1� �1 4,7 18,1� �1 4,7 18,1� C3
0 300 �1; 1; 1� �1; 7 3; 4� �1; 1; 1� �1; 1; 1� C4

"=yQ=}atQ} R |rLt |=yuRw w |a}tHD |HwR |=yxU}=kt T} QD=t "4 pwOH
|rLt |=yuRw SC3 SC2 SC1

0 307 �1 4; 17 18; 3� �1 3; 5 6; 1� �1; 1; 1� SC1
0 371 �1 3; 7 6; 3� �1; 1; 1� �1; 4 3; 3� SC2
0 322 �1; 1; 1� �1 3; 7 6; 3� �1 3; 11 6; 4� SC3

"pw=Q=}atQ} R Q_vR= =yQ=}atQ} R |rN=O |oDU@=w T} QD=t "5 pwOH
|@Uv |=yuRw SC3 SC2 SC1

0 667 �1; 2; 3� �1; 1; 1� SC2
0 333 �1; 1; 1� �1 3; 1 2; 1� SC3

x@U=Lt 22 |x]@=Q R= =Q |R=i p;xO}= pL x=Q x@ xv} Ro Qy |@Uv |m}ORv �4 s=o
1 x@ RCi Q=Okt 'OW=@ QDl}ORv C@Ft p;xO}= pL x=Q x@ xv} Ro QOk Qy "O}vm
p;xO}= xv} Ro |=Q@ w 1 Q@=Q@ C@Ft p;xO}= xv} Ro |=Q@ |@Uv |m}ORv� CU= QDl}ORv

"�CU= QiY Q@=Q@ |ivt
RCi =

d�i
d+
i + d�i

i = 1; :::;m: (22)

"O}vm |Ov@x@DQ =Q �=ylU} Q� =yxv} Ro 'RCi Q}O=kt |xU}=kt =@ �5 s=o

|OQwt |xar=]t "4
pm}U |y=owQ}v xSwQB l} QO =ylU} Q |Ov@x@DQ w |}=U=vW G}=Dv 'VN@ u}= QO
u=wvax@ u=Q}= jQ@ |xaUwD CmQW "OwW|t x�=Q= |O=yvW}B pOt |=v@tQ@ |@}mQD
x@ =Q xSwQB |=QH= =vBt CmQW "CU= |twta Q=mv=t}B u=wvax@ =vBt xwQo w =tQiQ=m
u}t-=D C}rw�Ut |rw CU= xOQm Q=Po =w �2 |xaUwD CmQW� xa@=D |=yCmQW R= |m}
|xaUwD CmQW "CU=vBt CmQW |xOyaQ@ xSwQB uqm C} Q}Ot w C=R}yHD R= |NQ@
xSwQB |=QH= |xwLv "Ovm|t xO=iDU= xSwQB |=QH= |=Q@ |OOaDt u=Q=mv=t}B R= R}v 2

"CU= CN=U� C=R}yHD u}t-=D� |L=Q] CQwYx@

syt |=ylU} Q u}}aD "1"4
|Qw;`tH w |}xv=N@=Dm C=ar=]t =@ =OD@= 'xSwQB |=ylU} Q |}=U=vW Qw_vtx@
CUmW |=Q@ |@U=vt Q=DN=U '|UQQ@ OQwt |=yxSwQB R= R=}v OQwt C=aq]=
|=yxSwQB |=Q@ |O=yvW}B lU} Q CUmW Q=DN=U 3 pmW QO "OW x}yD =ylU} Q
hrDNt |=yVwQ R= xO=iDU= =@ TBU "CU= xOW xO=O V}=tv |UQQ@ OQwt
GQ=N w pN=O QO =ylU} Q |}=U=vW =@ \@DQt C=ar=]t |xOQDUo |UQQ@�
|=yx@L=Yt '|r@k |=yxSwQB QO xDNwt; |=yTQO w j@=wU |xar=]t 'QwWm
lU} Q 100 R= V}@ '�|Qmi u=iw] C=UrH |Q=RoQ@ w XYNDt O=Qi= =@ OOaDt
xO=iDU= =@ 'xOW |}=U=vW |=ylU} Q s=tD u}@ R= Oa@ |xrLQt QO "OW |}=U=vW
OwHwt |=yxv} Ro u=wvax@ syt lU} Q 10 'u=oQ@N C=Q_v w |D=tOkt |=yVwQ R=
|Q=PoOm A10 =D A1 =@ =ylU} Q u}= "OW ?=NDv= |O=yvW}B pOt QO |@=} RQ= |=Q@

"Ov=xOW

"lU} Q CUmW Q=DN=U "3 pmW
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}=Qi
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mQDO

Qm}w
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UwD
xSwQ

Bl
U}Q

|@=}
RQ=R}v |RQ= `@=vt ?U=vt C} Q}Ot &OwW|t O}rwD |OwOLt |=yQwWm QO xm OvDUy

Crax@ u}=Q@ xwqa "CU= �u=tR xS} wx@� xSwQB h=Oy= jkLD QO |U=U= pt=wa R= |m}
s=Hv= pL=Qt R= |NQ@ QO |i=m |x@ QHD sOa w x=owQ}v CN=U Ov}=Qi uOw@ xO}J}B
u}= xm OQ=O |yHwD p@=k h=QLv= |ak=w Q}O=kt =@ xOW |v}@V}B |Q=m s=HL= 'xSwQB
Qw_vtx@ 5 "OwW|t """w u=Q=mv=t}B |=aO= V}=Ri= 'QQmt C=Q}N-=D x@ QHvt R}v ẁ[wt
|irDNt C=}[Qi w =yVwQ =@ C=@U=Lt 'G}=Dv |HvUQ=@Da= w C}U=UL |UQQ@
=yQ=}at uRw |x@U=Lt |=Q@ j}kLD u}= QO 'OW QmP QDV}B xm u=vJ "CiQo s=Hv=
G}=Dv C}U=UL |UQQ@ |=Q@ "OW xO=iDU= |R=i |Ov@C} wrw= VwQ R= =yQ=}atQ} R w
R}v |}xaUwD p}rLD VwQ j} Q] R= =yuRw '=yQ=}atQ} R w =yQ=}at uRw Q}}eD x@ C@Uv
VwQ� =yv; |oDU@=w uDiQo Q_v QO uwO@/=@ =yQ=}atQ} R uRw u}= Q@ xwqa "OW x@U=Lt
?ULQ@ s}kDUt CQwYx@ =yxv} Ro |@=} RQ= 'x}rw= C=@U=Lt QO "OW u}}aD �AHP

QF= QO =y?=wH C}U=UL |UQQ@ Qw_vtx@ "OW s=Hv= 2 pwOH |v=@ R |=yCQ=@a
s=Hv= |HwR |=yxU}=kt CQwYx@ =yxv} Ro |@=} RQ= '�=yMQv� =ylU} Q |@=} RQ= Q}}eD
"OW |L=Q] |}=yv |Ov@x@DQ |=Q@ VwQ VW 'hrDNt |=yx}[Qi ?}mQD =@ "CiQo
11 pwOH QO "CU= xOW QmP 10 pwOH QO pY=L |=yuRw w =yVwQ u}= C=}[Qi
xQ=tW VwQ G}=Dv "CU= xOW x�=Q= hrDNt |=yVwQ =@ =ylU} Q |Ov@x@DQ G}=Dv R}v
uRw xm O};|tQ@ u}vJ 10 pwOH R= "CU= 9 pwOH QO xOW QmP G}=Dv u=ty 6
VW w GvB |=yVwQ =@ �|}xaUwD p}rLD VwQ |=v@tQ@� pw= VwQ Q=yJ QO =yQ=}at
|xwLv QO OwHwt Cw=iD Qt= u}= Cra &CU= Cw=iDt �|R=i |Ov@C} wrw= |=v@tQ@�
u}@ |oDU@=w uDiQo Q_v QO x@ C@Uv =yQ=}atQ} R uRw u}= Q@ xwqa "CU= C=@U=Lt
u}vJty w 4 w 2 |=yVwQ =@ 3 w 1 |=yVwQ G}=Dv |xU}=kt� CU= T=UL =yv;
G}=Dv j@] "�CU= ẁ[wt u}= O} -wt 10 pwOH QN; uwDU QO 6 VwQ =@ 5 VwQ
|U=U= C=Q}}eD hrDNt |=yVwQ QO =ylU} Q |Ov@x@DQ '11 pwOH QO xOW xO=O
VwQ x@ 1 VwQ |=yx@DQ |m}ORv "CU= xOW =Hx@=H x@DQ 2 u=R}t x@ QFm =OL w OQ=Ov
'hrDNt |=yVwQ =@ =yxv} Ro |@=} RQ= seQ|ra '�4 VwQ x@ 2 VwQ u}vJty w� 3
uOw@ u=Um} "CU=yxv} Ro OQwtQO xOW |Qw;`tH C=aq]= Q=@Da= Qou=}@ |awvx@
|O=} R OwOL =D R}v �=yQ=}atQ} R uRw Q}}eD seQ|ra� 6 VwQ =@ 5 VwQ QO =yx@DQ
w OvDUy pw= Q=}at x@ \w@ Qt \ki =yQ=}atQ} R xty xm CU= ẁ[wt u}= Q]=N x@
Qw]x@ R}v G}=Dv Q}=U "CU= sy x@ l}ORv R}v =yQ=}atQ} R |rLt uRw Qo}O hQ] R=

"CU= Q}UiD w G=QNDU= p@=k x@=Wt
|=Q@ xwkr=@ |=yMU=B '=ylU} Q|@=} RQ= G}=Dv |=v@tQ@ 'j}kLD |Oa@ |xrLQt QO
7 lU} Q =@ \@DQt |=yMU=B R= |NQ@ xvwtv u=wvax@ "OW |Qw;`tH =yv; R= l} Qy
&=tQiQ=m w u=Q=mv=t}B |=Q@|y}HwD w|WRwt; |=yxQwO |Q=RoQ@ w|L=Q] %R= Ov=CQ=@a
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|UQQ@ "OwW |UQQ@ |D; C=k}kLD QO Ov=wD|t R}v CqmWt u}= Vy=m |=Q@ ?U=vt
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1. analytic hierarchy process
2. analytic network process
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h than 100 risks were identi�ed and categorized according
to their sources. Next, we determine 10 important risks
as alternatives for the fuzzy-ANP and fuzzy-TOPSIS
procedures. We conclude that inadequate sta� skill is
the most important risk in such projects. Among other
risks, di�culties in project �nancing are very important.
In order to verify the obtained results and justify the
proposed method, we calculated weights of the criteria
(and sub-criteria) and ranked the risks using 6 di�er-
ent methods. We use the extent fuzzy-AHP and fuzzy
prioritization approach for calculating the weights of cri-
teria (and sub-criteria). According to obtained results,
signi�cant di�erences are observed in the weights of sub-
criteria when dependencies are considered. In addition,
there are no signi�cant di�erences between rankings of
risks for di�erent methods. The results show that the
proposed method is a suitable approach when perfor-
mance ratings and weights are vague and imprecise.

Key Words: Project risk identi�cation, project risk as-
sessment, fuzzy analytical network process (ANP), fuzzy-
TOPSIS, power plant projects.
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Abstract
Usually, projects are implemented in dynamic and com-
plex environments due to their inherent uncertainties
and risks. The purpose of risk management is to improve
project performance via systematic risk assessment and
response. Companies have limited resources for manag-
ing all project risks; therefore, they need to prioritize the
important ones. In particular, resources should be allo-
cated to managing risks with higher priorities. In clas-
sical approaches, probability and impact are two com-
monly used criteria in project risk assessment; however,
these criteria do not su�ciently address all its aspects.
Moreover, there may be interrelations and dependencies
among the various criteria.
In order to overcome these drawbacks, we proposed a
practical framework for evaluating risk in projects. The
proposed framework has three main steps. First, we
identify project risks and determine those of importance
to be evaluated by multiple attribute decision-making
(MADM) techniques. Then, we use a fuzzy analytic net-
work process (fuzzy-ANP) for calculating criteria weights.
The model is capable of considering dependencies among
the di�erent criteria. Also, the model calculates consis-
tency indices for the fuzzy pair-wise comparison matri-
ces. Finally, the outputs of fuzzy-ANP calculations are
used in a fuzzy-based technique for \order preference by
similarity to ideal solution" (fuzzy-TOPSIS) for ranking
risks based on their importance.
A case study of an Iranian power plant project is pre-
sented to demonstrate the applicability and performance
of the proposed model. By di�erent mechanisms, more




