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pw= K]U pOt |L=Q] "2"2
QO |rOt "OwW|t KQ]t l} SD=QDU= C=t}tYD P=ND= |R=UpOt R= K]U u}= QO
CqwYLt |DNQOxN=W w =y|OwHwt x@ \w@ Qt EL=@t xm xOW |L=Q] K]U u}=
|D=Hv=NQ=m u}}aD R= CU= CQ=@a R}v u; |rY= |=y|HwQN w OyO|t VWwB =Q
x@ |yOVQ=iU |xwLv w '=yv; x@ `} RwD Rm =Qt X}YND |xwLv 'OvwW O=H}= O}=@ xm

%R= Ov=CQ=@a R}v xr�Ut u}= |U=U= C=}[Qi "u=oOvvmu}t-=D
&Ovm|t |wQ}B u}at Tv=} Q=w w u}ov=}t =@ p=tQv `} RwD R= `} RwD Rm =Qt |=[=kD �
xv=NQ=m l} j} Q] R= Ov=wD|t \ki =Q xa]k Qy |=Q@ OwN |=[=kD `} RwD RmQt Qy �

&Ovm xOQw;Q@
&OwW xOQw;Q@ O}=@ `} RwD Rm =Qt |=[=kD |xty �

=[=kD \=kv u=ty `} RwD Rm =Qt `k=w QO� OwW|tv xDiQo Q_v QO `} RwD Rm =Qt C}iQ_ �
&�OvDUy

&OwW|tv |Q=Oxov |}=yv pwYLt xv=NQ=m QO �
&CU= OwOLt =yxv=NQ=m Q=@v= C}iQ_ �
&CU= OwOLt =yxv=NQ=m O}rwD C}iQ_ �

&CU= xa]k |O=OaD R= pmWDt pwYLt Qy �
&Ovm|t x}yD xOvvmu}t-=D l} j} Q] R= =yvD =Q OwN pwYLt xv=NQ=m Qy �

&OQ=Ov xOvvmu}t-=D x@ |oDU@ |yOVQ=iU |xv} Ry �
&OQ=Ov xOvvm u}t-=D x@ |oDU@ xa]k Qy lQ=OD u=tR �
"OQ=O =Q C=a]k |t=tD u}t-=D C}r@=k xOvvmu}t-=D Qy �
%s}v=O@ xm s}DUy u; p=@vO x@ xr�Ut u}= pL pqN QO

&Ov@=} Q=QkDU= O}=@ |}=yxv=NQ=m xJ �
&OQN@ xv=NQ=m s=Om R= =Q OwN pwYLt Qy Q=@v= Qy �

&OQN@ xOvvmu}t-=D s=Om R= =Q OwN C=a]k xv=NQ=m Qy �
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Sv=Qo
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wQl
}|

x�=Q=w CU=yQ=@v= x@ CqwYLt ptL |xv} Ry pt=W ,=iQY =yxv} Ry u}= &s} Q}o@ Q_v QO
%OwW|t xO=O u=Wv u}vJ

TCijl � dil � yijl (6)

|x]@=Q j@=]t EL@ OQwt `} RwD� O}rwD sDU}U pm |xv} Ry q=@ C=L}[wD x@ xHwD =@
%CU= 7X

j

Fj :xj + TH
X
i

X
j

X
l

TCijl:yijl:�il

+TH
X
h

X
j

X
k

TChjk:zhjk:Dhj

+
X
h

X
j

"
TH:(OChj �Dhj=Qhj +HChj �Qhj=2
+HChj � kpLThjpVhj

#
(7)

w s}yO|t Q=Qk QiY Q@=Q@ =Q u; jDWt 'Qhj x@ C@Uv jwi `@=D |R=Uxv}y@ |=Q@
EOQ |yOVQ=iU |O=YDk= pOt Q@ pwtQi u}= "s} Qw;|t CUO x@ =Q Q} R pwtQi

"OQ=O j@=]D R}v

Q�hj =

s
2OChj �Dhj

HChj

%R= CU= CQ=@a pw= K]U pOt hOy `@=D 'xOW x�=Q= C=L}[wD x@ xHwD =@ C}=yv QO
min :z =

X
j

Fj :xj +
X
i

X
j

X
l

TH:TCijl:yijl:�il

+
X
h

X
j

X
k

TH:TChjk:zhjk:Dhj

+
X
h

X
j

TH:
p2:HChj :OChj :pDhj

+
X
h

X
j

TH:HChj :k:
p
LThj :

p
Vhj

s:t:

1 :
X
j

yijl = 1

2 :
X
k

zhjk = xj

3 :
X
k

X
h

Dhj :zhjk:sh � cap2
j :xj

4 :
X
l

X
i

yijl:�il � cap1
j :xj

5 :
X
i

X
l

yijl:�il:bhl = Dhj

6 :
X
i

X
l

yijl:vi:b2hl = Vhj

7 : xj ; yijl:zhjk 2 f0; 1g and Dhj ; Vhj � 0 (8)

pwYLt Qy u}t-=D |=Q@ `} RwD Rm =Qt uOw@ |a@vtlD Qou=}@ 1 C}OwOLt pOt u}= QO
Qy |=Q@ `} RwD RmQt Qy |=[=kD ,=tDL xm CU= ẁ[wt u}= |xOvyOu=Wv R}v w CU=
|=Q@ xv=NQ=m uOw@ |a@vtlD |xOvyOu=Wv 2 C}OwOLt &OwW xOQw;Q@ O}=@ pwYLt
,q@k O}=@ ,=tDL OwW|t O} QN u; R= xm |}xv=NQ=m Qy xm u}= w CU= xa]k Qy u}t-=D

|x]kv� rhj Q} R |OwHwt K]U |Dkw 'OwW|t xOy=Wt 2 pmW QO xm u=vJ
R= Oa@ xm OwW|t xO=O Qhj |xR=Ov=x@ |WQ=iU 'OQ}o|t Q=Qk �4OOHt VQ=iU
QO |}xt} QH xOWv=[Q= |=y=[=kD |=Q@ CU=}U u}= &OUQ|t |v=tR OL=w LThj
|xv=NQ=m |=Q@ h |xa]k 5lQ=OD *u=tR LThj xm OwW|t Qw;O=} "OQ}o|tv Q_v
=D j |xv=NQ=m R= h |xa]k VQ=iU u}@ |v=tR |xrY=i x@ w 'CU= j |xwkr=@

"OwW|t jq]= u; Ci=} QO
u=tR QO j |xv=NQ=m QO s=h |xa]k R= |iO=YD |=[=kD Q=OktD(LThj) Qo =
xDN=vW sDU}U |=Q@ CtON K]U u=wvax@ xm OW=@ |r=tDL= (1� �) w LThj

%OQm u=}@ u}vJ u=wD|t =Q CtON K]U C}OwOLt x=ov; 'OwW|t
P (D(LThj) � rhj) = 1� � (1)

"CU= j |xv=NQ=m QO h |xa]k OOHt VQ=iU |x]kv rhj u; QO xm
=Q rhj 'Ovm|t C}a@D p=tQv `} RwD R= |r=tDL= |=[=kD xm OwW ZQi Qo =

%OQm u=}@ u}vJ u=wD|t
rjh = Dhj � LThj +K1��SDhj

p
LThj (2)

1 � � p=tDL= =D OQ=Ov=DU= p=tQv `} RwD |vLvt Q} R CL=Ut K1�� u; QO xm
QDt=Q=B u}= 'TB u}= R= p}rO u}tyx@ &CU= C@=F |Q=Okt xm@W pm |=Q@ w CU=
|=Q@ s=j xv=NQ=m |=[=kD Q=}at h=QLv= SDhj u}vJty "s}yO|t u=Wv K =@ =Q
=Q s=h |xa]k |=Q@ s=j |xv=NQ=m |=[=kD Tv=} Q=w u}= R= Oa@ w CU= s=h |xa]k

"O=O s}y=wN u=Wv Vhj =@
pw= K]U pOt |x�=Q= "2"2"2

'OW=@ j |xv=NQ=m QO u=tR OL=w QO h |xa]k Qy |Q=Oxov |xv} Ry HChj Qo =
%=@ CU= Q@=Q@ j |xv=NQ=m QO s=h |xa]k Qy |=Q@ |Q=Oxov MQv \UwDt x=ov;

HChj �Qhj=2 +HChj �KpLThjpVhj (3)

w CU= Qhj VQ=iU Q=Okt |Q=Oxov \UwDt |xv} Ry Qou=}@ u; *pw= CQ=@a xm
|xv=NQ=m QO 6|vt}= |xQ}NP |Q=Oxov p}rOx@ xv} Ry \UwDt R}v u; swO CQ=@a

"CU= s=h |xa]k R= s=j
h |xa]k R= j xv=NQ=m |xwkr=@ C}=U QO |yOVQ=iU |xv} Ry OChj Qo =
k |xOvvmu}t-=D \UwD h |xa]k R= OL=w l} pkvwptL |xv} Ry TChjk w OW=@
C}=U QO |r=wDt VQ=iU wO u}@ u=tR Thj w OW=@ s=j |xv=NQ=m |xwkr=@ C}=U x@
Ow} QB u}= |] QO C=}rta |xv} Ry 'OW=@ h |xa]k |=Q@ s=j |xv=NQ=m |xwkr=@

%R= Ow@ Oy=wN CQ=@a
(TChjk �Qhj +OChj)+

(HChj �Qhj=2 +HChj � kpLThjpVhj) � Thj (4)

|xv} Ry 's}vm s}UkD �CU=Qhj=Dhj |w=Ut xm � Thj Q@ =Q 4 |x]@=Q Qo = TBU
%R= CU= CQ=@a h |xa]k |=Q@ j |xv=NQ=m QO xO=Di= j=iD=

(TChjk +OChj=Qhj) �Dhj +HChj �Qhj=2
+HChj � kpLThjpVhj (5)

|rm |xv} Ry s}y=wN@ Qo = w CU= h |xa]k |=Q@ sDU}U |xv} Ry Qou=}@ x]@=Q u}=
R}v =Q `} RwD Rm =Qt w =yxv=NQ=m u}@ xO=O MQ |=yxv} Ry O}=@ s} Q}o@ Q_v QO =Q sDU}U
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wQ %R= Ov=CQ=@a R}v xOW xO=iDU= |=yQ}eDt

"l pwYLt R= i `} RwD RmQt QO t xQwO u=}=B |OwHwt %Iilt
t Ow} QB QO Q=m |O=a C=a=U QO j xv=NQ=m QO O}=@ xm l pwYLt R= |Q=Okt %xijlt

"OwW O}rwD i `} RwD RmQt x@ p=UQ= |=Q@
Ow} QB QO |Q=mxi=[= C=a=U QO j xv=NQ=m QO O}=@ xm l pwYLt R= |Q=Okt %x0ijlt

"OwW O}rwD i `} RwD RmQt x@ p=UQ= |=Q@ t
swO K]U pOt |x�=Q= "1"3"2

K]U |xr�Ut |=Q@ Q} R pOt 'OW x�=Q= p@k VN@ QO xm |D=L}[wD x@ xHwD =@
w hOy `@=D xm CU= O}rwD |R} Qxt=vQ@ pOt l} pOt u}= "CU= xOW |L=Q] swO
xm u}= x@ xHwD =@ "CU= K}LY OOa |=yQ}eDt pt=W w |]N u; |=yC}OwOLt
Ov=wD|t xr�Ut O=a@= xD@r=� CU}v |O=} R |=y|oO}J}B |=Q=O pL Q_v R= pOt u}=
pL |=yVwQ R= u=wD|t u; pL |=Q@ �Ovm xi=[= xr�Ut u}= pL |=y|oO}J}B Q@
Q=Ri=sQv R= pOt u}= pL |=Q@ Q=DWwv u}= QO "OQm xO=iDU= TmrBt}U Ovv=t |k}kO

"CU= xOW xO=iDU= 8 wov}r
min :z =

X
i

X
j

X
l

X
t

[xijlt � cjlt + x0ijlt � c0jlt]

+
X
i

X
l

X
t

Iilt �HCil

s:t:

1 : Iilt�1 + xijlt � Iilt = Dilt

2 :
X
l

X
i

xijl �Nl � Tjt

3 :
X
l

X
i

x0ijl �Nl � T 0jt
4 :
X
l

Iilt � sl � cap3
i

5 :
X
t

[xijlt + x0ijlt] � yijl �M

xijlt & x0ijlt & Iilt � 0 (9)

|va} "OwW|t xO=iDU= pw= K]U pOt R= xOW G=QNDU= |=yyijl R= pOt u}= QO
|OwQw |=yQDt=Q=B u=wvax@ pw= K]U |xr�Ut QO xOW s=Hv= |=yX}YND `k=w QO

"OvwW|t xO=iDU= pOt u}=
C=a=U QO O}rwD |=yxv} Ry |R=Uxv}tm pt=W pOt u}= hOy `@=D %hOy `@=D ��
Rm =Qt Q=@v= QO CqwYLt |Q=Oxov |xv} Ry w |Q=m xi=[= C=a=U w Q=m |O=a

"CU= `} RwD
"OvDUy p}P KQWx@ xm CU= C}OwOLt xDUO 5 pt=W pOt u}= %=yC}OwOLt ��
u=}=B QO |OwHwt xm CU= ẁ[wt u}= Qou=}@ C}OwOLt u}= %1 C}OwOLt �
u=ty C=O}rwD R= xO=iDU= =@ xQwO Qy |=[=kD w OW=@ Tvq=@ O}=@ xQwO Qy

"OwW u}t-=D |r@k |=yxQwO R= xOv=t |k=@ |=y|OwHwt =} w xQwO
QO Q=m |O=a C=a=U C}iQ_ C}OwOLt Qou=}@ xrO=at=v u}= %2 C}OwOLt �

"CU= xQwO Qy
QO |Q=m xi=[= C=a=U C}iQ_ C}OwOLt Qou=}@ xrO=at=v u}= %3 C}OwOLt �

"CU= xQwO Qy

CQwQ[ 'VQ=@v= |=[i uOw@ OwOLt x@ xHwD =@ 3 C}OwOLt &OW=@ xOW T}U-=D
C}iQ_ uOw@OwOLt Qou=Wv 4 C}OwOLt &OyO|t u=Wv =Q C}OwOLt u}= C}=aQ
5C}OwOLt &OwWC}=aQ O}=@ xv=NQ=m Qy O}rwDC}iQ_ xm OQ=O|t u=}@ wCU= O}rwD
QO CqwYLt |=[=kD w =yxv=NQ=m QO C=a]k |=[=kD u}@ |oDU@=w |xOvyOu=Wv
|=[=kD Tv=} Q=w XwYNQO |oDU@=w u}= Qou=}@ 6 C}OwOLt &CU= `} RwD Rm =Qt
|xOvyOu=Wv 7 C}OwOLt ,=D}=yv w &CU= CqwYLt |=[=kD Tv=} Q=w w C=a]k

"CU= pOt QO xDiQ Q=m x@ |=yQ}eDt ẁv
R= xO=iDU= w 'pOt u}= |oO}J}B XwYNQO xOWKQ]t C=aw[wt x@ xHwD =@
pOt u}= pL xr�Ut nQR@ O=a@= R}v w '1 w QiY w K}LY OOa \rDNt |=yQ}eDt
|@ QHD pL |=yVwQ R= Q=DWwv u}= QO &CU}v Q}PBu=mt= j}kO pL |=yVwQ x@

"CU= xOW xO=iDU= pL |=Q@

swO K]U pOt |LQ] "3"2
|@=}u=mt C=t}tYD |t=tD xm s}DUy wQx@ wQ |}xr�Ut =@ |R=UpOt R= xrLQt u}= QO
XNWt u=oOvvmu}t-=D w =yxv=NQ=m '=yQ=@v= pLt w xOW P=ND= ,q@k u; QO X}YND w
pwYLt `} RwD RmQt s=Om x@ O}=@ xv=NQ=m s=Om xm CU= XNWt u}vJty "CU=
%s}v=O@ s}y=wN|t p=L "OWwQi@ xa]k O}=@ xv=NQ=m s=Om x@ xOvvmu}t-=D s=Om w OWwQi@

&s}vm O}rwD Q=m |O=a C=a=U QO pwYLt Q=Okt xJ |v=tR |xQwO Qy QO �
&s}vm O}rwD |Q=mxi=[= C=a=U QO pwYLt Q=Okt xJ |v=tR |xQwO Qy QO �

"OW=@ QOkJ pwYLt Qy |=R=x@ xQwO Qy |=yDv= QO `} RwD Rm =Qt Q=@v= |OwHwt �
%CU= Q} R KQWx@ |R=UpOt R= K]U u}= |U=U= C=}[Qi

&OwW u}t-=D O}=@ ,=tDL xQwO Qy |=[=kD �
&CU= xDiyv S=Dvwt u=tR QO Setup u=tR �

|xr�Ut QO C=twRrt u}= w s}DU}v xH=wt xa]k C}OwOLt =@ =y=[=kD u}t-=D |=Q@ �
&CU= xOW xOQw;Q@ pw= K]U

&CU= OwOLt xQwO Qy QO |Q=m xi=[= w |O=a C=a=U |=Q@ Q=m C=a=U C}iQ_ �
"CU= OwOLt `} RwD Rm =Qt Q=@v= C}iQ_ �

%R= Ov=CQ=@a pOt u}= QO xOW xO=iDU= s�qa
QDt=Q=B u}= XwYNQO� t Ow} QB QO l pwYLt |=Q@ i `} RwD RmQt |=[=kD %Dilt
pOt QO xOW xDiQo Q_v QO |=[=kD =@ ?U=vDt xm OwW C}=aQ O}=@ ,=tDL |OwQw

"�OW=@ 1 K]U
"i `} RwD RmQt Q=@v= QO l pwYLt |Q=Oxov |xv} Ry %HCil

"|O=a C=a=U QO t Ow} QB QO j xv=NQ=m CUO QO u=tR %Tjt
"|Q=mxi=[= C=a=U QO t Ow} QB QO j xv=NQ=m CUO QO u=tR %T 0jt

"l pwYLt OL=w l} S=Dvwt R=}v OQwt u=tR %Nl
"l pwYLt OL=w l} |=Q@ R=}v OQwt |=[i %sl

|O=a C=a=U QO t Ow} QB QO j xv=NQ=m QO l pwYLt OL=w l} O}rwD |xv} Ry %Cjlt
"Q=m

C=a=U QO t Ow} QB QO j xv=NQ=m QO l pwYLt OL=w l} O}rwD |xv} Ry %C0jlt
"|Q=mxi=[=

"i `} RwD RmQt Q=@v= C}iQ_ %cap3
i

"nQR@ |r}N OOa l} %M
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x�=Q=&OvwW|t |w=Ut yijl wXj C@=F Q}O=kt |=R=x@ |ov}y@ Cr=L QO =yC}OwOLt u}=
"OvUQ|t |w=UD x@ |ov}y@ Cr=L QO 11 w 10 O}OH |=yC}OwOLt u}vJty
|=yC}OwOLt =t= 'OyO|tv Q}}eD =Q xr�Ut|ov}y@ w|vOW|=[i =yv; QO Q}}eDu}=Q@=v@

"OvO}it |R=UO=R; KQ] QO O}OH
?}DQDx@ =Q =yv; '=yC}OwOLt xawtHt R= 6 w 5 '2 '1 |=yC}OwOLt hPL =@
pOt "s} Qw;|t hOy `@=D x@ w xOQm ?Q[ �hj w hj '�hj '�il Sv=Qo q ?}=Q[ QO

%OW Oy=wN u}vJ C=Q}}eD u}= R= TB |[=} Q
�(�;�; �; �) = Min:

X
j

Fj :xj

+
X
i

X
j

X
l

(TH:TCijl:�il � �il) yijl

+
X
i

X
j

X
h

X
l

(�il:hj + vil:�hj)bhl:yijl

+
X
h

X
j

X
k

(TH:TChjk:Dhj � �hj):zhjk

+
X
h

X
j

TH:

2666664
HChj :k

p
LThj

p
Vhj � Vhj�hj

+�hjxhj
+
p2HChjOChjpDhj
�Dhjhj

3777775
subject to:X

j

Dhj �X
i

X
l

bhl � �ilX
j

Vhj �X
i

X
l

b2hl � vilX
i

X
l

yijl � �il � Cap1
j � xjX

k

X
h

Dhj � zhjk � sh � Cap2
j � xj

xj ; yijl:zhjk 2 f0; 1g and Dhj ; Vhj � 0 (13)

pw= K]U |=yxr�UtQ} R |L=Q] "2"1"3
x@ �(�k; �k; k; �k) |=yQ=OQ@ |=Q@ xOW xO=O Q}O=kt |=Q@ pw= K]U |xr�Ut
'�k '�k CQwYx@ k Q=QmD QO � ' '� '� u; QO xm OwW|t x} RHD xr�UtQ} R Q=yJ

"OvwW|t xO=O u=Wv �k 'k
xr�UtQ} R u}= QO "=yxv=NQ=m |=Q@ C=a]k |=[=kD u}ov=}t u}}aD %1 |xr�UtQ} R
hOy `@=D xm |}xvwox@ 'CU=yxv=NQ=m |=Q@ C=a]k |=[=kD u}ov=}t uDi=} hOy
|=[=kD R= QDW}@ xa]k l} |=Q@ =yxv=NQ=m |=[=kD pm w OwW xv}tm 14 |]NQ}e

"OW=@v xa]k u; |=Q@ `} RwD Rm =Qt
Min:z =

X
h

X
j

TH:
hp2HChj �OChjpDhj �Dhj � hji

s:tX
j

Dhj �X
i

X
l

bhl � �il

Dhj � 0 (14)

xr�UtQ} R u}= QO "=yxv=NQ=m |=Q@ C=a]k |=[=kD Tv=} Q=w u}}aD %2 |xr�UtQ} R
hOy `@=D xm |}xvwox@ 'CU=yxv=NQ=m |=Q@ C=a]k |=[=kD Tv=} Q=w uDi=} hOy

C}OwOLt u}= `} RwD Rm =Qt Q=@v= C}iQ_ uOw@ OwOLt x@ xHwD =@ %4 C}OwOLt �
|Q=Oxov V}=Hvo =yQ=@v= u}= xm OwW s=Hv= |wLvx@ O}rwD xm Ovm|t u}t[D

"OvW=@ xDW=O =Q CqwYLt
=Q swO K]U w pw= K]U |xr�Ut u}@ \=@DQ= C}OwOLt u}= %5 C}OwOLt �
K]U u}= x@ =Q pw= K]U QO xOW s=Hv= |=yX}YND w OyO|t p}mWD
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CU= C@Ft Q=Okt |=Q=O \rDNt K}LY p�=Ut |=Q@ xQ=wty xm CU= x} wv=F w x}rw=

"OwW|t h} QaD u}vJ w

duality gap =
(Zsup

k � Zk)
Zk

(21)

"OwW s=Ok= Q} R |=ys=o j@=]t O}=@ pw= K]U |xr�Ut pL |=Q@
"=yxr�UtQ} R u}}aD %pw= s=o

"xOW x�=Q= |x}[k x@ xHwD =@ swO w pw= |=yxr�UtQ} R pL %swO s=o
"l}DvS sD} Qwor= R= xO=iDU= =@ swU |xr�UtQ} R pL %swU s=o

"l}DvS sD} Qwor= R= xO=iDU= =@ sQ=yJ |xr�UtQ} R pL %sQ=yJ s=o
"u}}=B u=Qm |x@U=Lt %sHvB s=o

"=yQ=@v= w =yxv=NQ=m u}@ xOW s=Hv= |=yX}YND |R=UxHwt %sWW s=o
"C=a]k |=[=kD w |@=}u=mt |=yQ}eDt |Qw;RwQx@ %sDiy s=o

"=yxv=NQ=m w u=oOvvmu}t-=D u}@ xOW s=Hv= |=yX}YND |R=UxHwt %sDWy s=o
"q=@ u=Qm |x@U=Lt %syv s=o

"|ov=owO |xrY=i |x@U=Lt %syO s=o
"Sv=Qo q ?}=Q_ |Qw;RwQx@ %syOR=} s=o

u}= Q}e QO w O} wQ@ swO s=o x@ Ow@ Q=QkQ@ hkwD \wQW R= |m} Qo = %syOR=wO s=o
"O} wQ@ Oa@ s=o x@ CQwY

u=Wv R}v =Q |ov=owO |xrY=i w O}vm sqa= ?=wH u=wvax@ =Q q=@ u=Qm %syOR}U s=o
"O}yO

|xOWO=R; |xr�Ut pL R= pY=L ?=wH OW xQ=W= u=O@ R}v QDV}B xm u=vJ
CU= CQ=@a u; p}qO xOta xm OW=@v xHwt x}rw= |xr�Ut |=Q@ CU= umtt Sv=Qo q

%R=
"=yxv=NQ=m x@ =yQ=@v= X}YND uOw@ |a@vtlD uOWv C}=aQ �

"OQN@ xv=NQ=m OvJ R= =Q OwN pwYLt Q=@v= ��
"OQNv |}=HI}y R= =Q OwN pwYLt `} RwD RmQt ��

"=yxv=NQ=m |=Q@ xa]k u}t-=D uOw@ |a@vtlD C}OwOLt uOWv C}=aQ �
"OwW s=Hv= O} QN xOWv T}U-=D xm |}xv=NQ=m |=Q@ ��

xOvvmu}t-=D OvJ R= =Q xa]kl} =} 's} QNv xa]k xOWT}U-=D xm|}xv=NQ=m |=Q@ ��
"s}vm |Q=O} QN

|R=UxHwt |=ysD} Qwor= R= x}rw= |xr�Ut xHwt |=[i R= C=i=QLv= u}= `iQ |=Q@
"CU= xOW xO=O u=Wv 5 pmW QO sD} Qwor= u}= |rm |=tW "CU= xOW xO=iDU=

|R=UpOt swO K]U |xr�Ut pL "3"3
|]N |R} Qxt=vQ@ pOt l} pOt u}= xm =Hv; R= OW xO=O K}[wD R}v QDV}B xm u=vJ
|]N |R} Qxt=vQ@ p�=Ut j}kO pL |=yQ=Ri=sQv R= u; pL |=Q@ u=wD|t 'CU=
CU}v |O}OH ?r]t I}y pt=W pOt u}= pL uwJ xr=kt u}= QO� "OQm xO=iDU=
xm s}W=@ xDW=O xHwD O}=@ pL s=ovy QO xD@r= "�CU= xOW Q_v hQY u; pL R=

33



"""p
Otl

}|
=Q@|

Sv=Qo
q|

R=UO
=R;V

wQl
}|

x�=Q=

"l}DvS sD} Qwor= |rm |=tW "5 pmW

34



"""|
qwH

RQ@}
Qi'|

Q=ki
r=wP

"""=K
wQ "xOW pL p�=Ut xvwtv O=a@= w Q=DN=U "1 pwOH

xr�Ut O=a@= O=OaD O=OaD O=OaD O=OaD O=OaD h}OQO=OaD |=yQ}eDt O=OaD |=yQ}eDt O=OaD u=oOvvmu}t-=D C=a]k CqwYLt |=yxv=NQ=m =yQ=@v= p�=Ut=yC}OwOLt K}LY |]NQ}e xwkr=@
402 284 32 10 4 2 4 15 1
452 324 32 10 4 2 4 20 2
772 564 48 10 6 4 4 20 3
1810 1410 120 10 6 4 10 20 4
690 505 50 10 5 2 5 25 5
750 555 50 10 5 2 5 30 6
1023 816 36 10 3 3 6 35 7
1095 830 60 10 6 3 5 35 8
1293 996 72 10 6 3 6 35 9
1383 1056 84 10 7 3 6 35 10
1956 1547 98 10 7 3 7 50 11
1612 1204 80 10 10 4 4 50 12
2671 2107 140 10 10 4 7 50 13
3474 2808 160 10 10 5 8 50 14
2830 2410 80 10 4 2 10 100 15
3730 3010 200 10 10 2 10 100 16
6377 5409 180 10 10 5 9 100 17
7030 6010 200 10 10 5 10 100 18

"p�=Ut xvwtv pL G}=Dv "2 pwOH
R= xO=iDU= OYQO \UwDt �x}v=F� Sv=Qo q pL u=tR �x}v=F� wov}r =@ pL u=tR Duality gap ��� h}OQ
��� =yxv=NQ=m C}iQ_ u} QDO@ u}ov=}t u} QDO@ u}ov=}t u} QDO@ u}ov=}t p�=Ut

76 805 876 4706 4156 3 1 1 3 1
79 790 964 7081 5986 3 0 2 4 2
77 1560 1750 { { 4 7 4 2 3
91 2101 2224 { { 1 7 1 3 4
83 888 1038 2091 5978 2 0 1 0 5
70 950 1142 { { 4 5 3 7 6
75 1462 1560 { { 4 6 3 8 7
89 1346 1429 { { 2 9 1 3 8
78 1424 1484 { { 3 0 1 8 9
83 1766 1817 { { 4 8 3 3 10
74 1890 2080 { { 2 5 1 3 11
79 2030 2310 { { 2 0 1 4 12
74 2500 2780 { { 3 5 2 7 13
79 3930 4098 { { 4 0 3 2 14
73 2430 2600 { { 3 0 2 5 15
79 2690 2940 { { 4 5 2 4 16
65 5409 5476 { { 4 2 3 1 17
75 5693 5610 { { 4 2 3 6 18
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Sv=Qo
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R=UO
=R;V

wQl
}|

x�=Q=

|Q}oxH}Dv "5
OwHwt |=y|oO}J}B p}rOx@ `} RwD� O}rwD |xRwL QO u}t-=D |xQ}HvR x@ \w@ Qt p�=Ut
xm OW Ovy=wN xH=wt pL w |R=UpOt QO |}xO}Oa CqmWt =@ p�=Ut xvwou}= QO
VRQ= 'pL *G}=Q |=yVwQ |Ot;Q=m =v Crax@ |R=UpOt u=mt= CQwY QO |DL
OQm} wQ R= xO=iDU= w |R=UpOt |=yVwQ |QovR=@ =@ =t= "CW=O Ovy=wNv |v=OvJ
R= xO=iDU= =@ w |Ov@s}UkD QDlJwm |=yxr�UtQ} R x@ =Q =yv; u=wD|t |@D=QtxrUrU
'OyO|t u=Wv 4VN@ G}=Dv xm u=vJ "OQm pL =Q =yxr�UtQ} R u}=|UL=Qi |=yVwQ
Sv=Qo q |R=UO=R; OQm} wQ R= 'VwQ |Q=PoxLY Q_v R= xJ w pL CaQU Q_v R= xJ
QDxO=U |=yxr�UtQ} R x@ xO}J}B p�=Ut p}O@D |=Q@ O}it w =Q=m |WwQ u=wvax@ u=wD|t
u=wvax@ u=wD|t |UL=Qi |=ysD} Qwor= =@ OQm} wQ u}= ?}mQD R= u}vJty "OQ@ s=v

"OQm xO=iDU= p�=Ut u}= |=Q@ ?U=vt |rL VwQ

|D; C=k}kLD O=yvW}B "1"5
|xQ}HvR l} |=Q@ `} RwD� O}rwD pOt l} OW xO=O u=Wv Q=DWwv u}= QO xm u=vJ
u}t-=D |xQ}HvR w '|a]kQ}e u=} QDWt |=[=kD u; QO xm OW x�=Q= |L]UwO u}t-=D
Sv=Qo q OQm} wQ =@ pOt u}= "Ow@ OwOLt C}iQ_ u}t-=D |xQ}HvR ẁv R= |UQQ@ OQwt
|R=UpOt u}= OQmrta "OW pL |UL=Qi VwQ l} w l}DvS sD} Qwor= \UwD w
pw@k p@=k |OQmrta xOW x�=Q= |D=@U=Lt G}=Dv x@ xHwD =@ |O=yvW}B pL VwQ w
'pL |xv}tR QO xJ w |R=UpOt |xv}tR QO xJ 'xaUwD C}r@=k R= pOt u}= "CU=
O=yvW}B Q} R KQW x@ xOv}; QO KQ] u}= |xaUwD w xt=O= |=yxv}tR "CU= Q=OQwNQ@

%OwW|t
&|L]UOvJ x@ uOw@ |L]UwO R= u}t-=D |xQ}HvR xaUwD �

&=y|OwHwt C=@U=Lt QO =[=kD `} RwD `@=D uOQm OQ=w �
&=yxv=NQ=m Q@ xwqa xQ}HvR |=RH= Q}=U |@=}u=mt �

&q=m |Q=Oxov |=yQ=@v= uOQm |L]UOvJ �
&=yxv=NQ=m O}rwD C}iQ_ uOQm |L]UOvJ �

&=yxv=NQ=m QO |Q=BUuwQ@ uDiQo Q_v QO �
&pOt x@ u=oOvvm u}t-=D C}iQ_ C}OwOLt uOQmxi=[= �

&|r=tDL= CQwYx@ 8lQ=OD u=tR uDiQo Q_v QO �
&pOt x@ =yxv=NQ=m QO |}=yv CqwYLt |Q=Oxov u=mt= uOQmxi=[= �

"pOt uOw@ |a@vtlD |=yC}OwOLt hPL �

"?=wH x@ uO}UQ QO Sv=Qo q |R=UO=R; |O=yvW}B VwQ CmQL V}=tv "6 pmW

"|ov=owO |xrY=i OvwQ Q=Owtv "7 pmW

"=yQDt=Q=B Q}}eD x@ pL u=tR C}U=UL Q=Owtv "8 pmW

=yCWwv=B
1. facility
2. lagrangian relaxation

3. subgradient
4. re-order point
5. lead time
6. safety stock
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7. duality gap
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V Hk
hj =

X
k

zkhjk � xkj 8
"
h = 1; :::; H
j = 1; :::; J

#
(22)

%OwW|t XNWt 23 |x]@=Q j@=]t s=K Q=QmD |=Q@ s=o |xR=Ov=

sk = �k
(Zsup

k � Zk)
kV Dkk2 + kV V kk2 + kV Lkk2 + kV Hkk2 (23)

x}rw= |xr�Ut pL R= xm CU= |rY= |xr�Ut |=Q@ q=@ u=Qm l} Zsupk u; QO xm
"CU= s=k Q=QmD QO |rY= |xr�Ut |=Q@ u}}=B u=Qm Q=Okt Zk &O};|t CUO x@
QO u=wD|t w CU= 0 < �k < 2 ,qwtat xm CU= pQDvm QDt=Q=B l} �k xwqax@
Q=QmD |=Q@ xm OyO|t MQ |v=tR u; w 'O=O Q}}eD =Q u; Q=Okt sD} Qwor= |=QH= u}L
'u}=Q@=v@ "OwW|t xO=O Q=Qk � = �=2 s=ovy u}= QO "O@=}v Ow@y@ u}}=B u=Qm |v}at

%R= Ov=CQ=@a Sv=Qo q |=yQ}eDt uOQm RwQx@ CqO=at

�k+1
il = �kil � sk:V Lkil
�k+1
hj = �khj � sk:V Hk

il

xt}t[
Sv=Qo q ?}=Q[ uOQm RwQ x@ "1

p=wO |=yQ}eDt Q}O=kt O}=@ 'OvOW pL s=k Q=QmD QO p�=Ut Q} R xm u}= ZLtx@
R= =Hv}= QO "OQm RwQx@ �(�; �; �; �) QO C=Q}}eD O=H}= |=Q@ =Q �k w k '�k '�k
hrND |=yT} QD=t xmCU= xOW xO=iDU= u=}O=QoQ} R |R=Uxv}y@ w uOQm RwQx@ |x} wQ
QO |OwaY CyH QO =Q V Lk w V Hk 'V V k 'V Dk '�violation-matrix�

%OvwW|t xDWwv u}vJ hrND |=yT} QD=t |=yxir-wt "OQ}o|t Q_v

V Dk
hj =

X
i

X
l

ykijl:�il:bhl �Dk
hj 8

"
h = 1; :::; H
j = 1; :::; J

#
V V khj =

X
i

X
l

ykijl:vil:b
2
hl � V khj 8

"
h = 1; :::; H
j = 1; :::; J

#
V Lkil =

X
j

ykijl � 1 8
"
i = 1; :::; I
l = 1; :::; L

#
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R=UO
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wQl
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x�=Q=xR=@ |=yDv= QO xW}ty xv}y@ pL u}=Q@=v@ w CU= Qakt G(�) xm CU=vat u=O@ u}=
pO=at u}= C}=yv QO w CU= X = X2 =} X = X1 xv}y@ pL |va} "OyO|t MQ

%R= CU= CQ=@a
 

D�h1
D�h2

!
=

 
DTh

0
!

=}
 

D�h1
D�h2

!
=

 0
DTh

!
(29)

|=Q@ sm CUOp2HChj �OChjpDTh�DTh � khj CQ=@a Qo = u}=Q@=v@
"OQ}o|t jraD x]kv u} QD|ivt x@ xv}y@ pL 'OW=@ |ivt |}xWwo |x]kv wO R= |m}
w C=a]k s=tD |=R=x@ uwJ 'OW=@ |ivt=v x]kv wO Qy |=Q@ CQ=@a Q=Okt Qo = |rw
q=@ |x}[k C=@F= =Hv}= "D1j = 0 8j = 1; 2 Q=Okt TB Dhj � 0 =yxv=NQ=m

"OwW|t s=tD �� xa]k l} w xv=NQ=m wO �� OQwt u} QDlJwm |=Q@
'CU= Q@Dat xa]k 1 w xv=NQ=m M |=Q@ x}[k u}= xm u}= ZQi =@ %swO CtUk

%x@ OwW|t p}O@D SP1M1 pOt

SP1M1 Min:
MX
j=1

" p2HChj �OChjpDhj
�Dhj � hj

#
s:t
MX
j=1

Dhj = DTh

Dhj � 0 8j = 1; :::;M (30)

p2HC1j �OC1j
p
DT1 � DT1 � k1j CQ=@a w 8J = 1; :::;M Qo =

|=R=x@ h |xa]k |=Q@ SP1M1 |xv}y@ pL 'OW=@ u} QD|ivt s=rl |xv=NQ=m |=Q@
%CU= u}vJ =yxv=NQ=m s=tD

D�hj =

8<:DTh ; j = rh

0 ; j 6= rh
(31)

"CU= jO=Y xa]k 1 w xv=NQ=m M + 1 |=Q@ C}Y=N u}= xm OQm C@=F O}=@ p=L
SP1(M+1)1 pOt x=ov; 'OW=@ 1 C=a]k O=OaD w M + 1 =yxv=NQ=m O=OaD Qo =

%R= CU= CQ=@a

SP1(M+1)1 Min:
M+1X
j=1

" p2HChj �OChjpDhj
�Dhj � hj

#
s:t
M+1X
j=1

Dhj = DTh

Dhj � 0 (32)

%OQm x} RHD u}vJ u=wD|t =Q xr�Ut u}=

k+1
hj = Max

n
0; khjsk:V Dk

hj

o
�k+1
hj = Max

n
0; �khjsk:V V khj

o
(24)

CU= x}rw= |xr�Ut |=Q@ xHwt ?=wH |x@U=Lt pt=W Zsupk |x@U=Lt |x} wQ
w xU |=yxr�UtQ} R ?=wH w pL R= 'OW K} QWD p@k |=yCtUk QO xm u=vJ xm
|[a@ uOQw; CUO x@ =D sD} Qwor= u}= "CU= xOW xO=iDU= u; |x@U=Lt |=Q@ Q=yJ

"OwW|t Q=QmD |}=Qoty \}=QW

x}[k C=@F= "2
w 'OQm x} RHD xa]k Qy |=R=x@ =RHt |xr�UtQ} R H x@ u=wD|t =Q pw= |xr�UtQ} R
hOy `@=D ẁtHt R= pm hOy `@=D Q=Okt TBU "OQm C=@F= xa]k Qy |=Q@ =Q x}[k
pw= |xr�UtQ} R pL |x} wQ |[=} Q C=@F= u}=Q@=v@ "O};|t CUO x@ xa]k Qy |=Q@
w xv=NQ=m wO |=Q@ =Q q=@ x}[k pw= CtUk "CU= xOW p}mWD =RHt CtUk wO R=
l} w xv=NQ=m J + 1 |=Q@ =Q x}[k C=@F= swO CtUk "Ovm|t C=@F= xa]k l}
pwYLt l} w xv=NQ=m H |=Q@ x}[k u}= xm u}= ZQi =@ 'Ovm|t C=@F= pwYLt

"CU= CUQO
l} w xv=NQ=m wO xm 'OQwt u} QDlJwm |=Q@ =Q x}[k CtUk u}= QO "pw= CtUk
%OQm pL =Q 25 |xr�Ut O}=@ OQwt u}= QO "s}vm|t C=@F= 'OQ}o|t Q_v QO =Q xa]k
SP12 Min:z = (

p2HCh1 �OCh1
p
Dh1 �Dh1 � h1)

+(
p2HCh2 �OCh2

p
Dh2 �Dh2 � h2)

s:t:

Dh1 +Dh2 = DTh
Dh1; Dh2 = 0

)
X (25)

%s}vm XNWt |}xWwo \=kv T=U=Q@ =Q X xHwt |=[i Qo =

X1 =

 
D1
h2

D1
h1

!
=

 
DTh

0
!
;

X2 =

 
D2
h2

D2
h1

!
=

 
DTh

0
!

(26)

%OwW|t xO=O u=Wv 27 |x]@=Q CQwYx@ xHwt \=kv

X = �X1 + (1� �)X2 =

"
�DTl
�(1� �)DTl

#
; 0 � � � 1 (27)

%=@ Ow@ Oy=wN pO=at SP121 |xr�Ut 'x=ov;
SP121 Min:G(�) =

p2HCh1 �OCh1
p
�DTh

� �DTh � h1

+
p2HCh2 �OCh2

p
(1� �)DTh

� (1� �)DTh � h2

subject to : 0 � � � 1 (28)

O};|t CUO x@ |DQ=@a 'OwW xDiQo wO |x@DQt R= jDWt (�) x@ C@Uv G(�) R= Qo =
"CU= xOWv h} QaD � = 1 w � = 0 |=Q@ w CU= |ivt 0 < � < 1 |=R=x@ xm
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" p2HCh(M+1) �OCh(M+1)

�pDh(M+1)

#
�Dh(M+1) � h(M+1)

+
p2HChrh �OChrhpDhrh

�Dhrh � hrh

377777775
subject to:

Dh(M+1) +Dhrh = DTh

Dh(M+1); Dhrh � 0 8h = 1; ::::; H; rh = 1; :::;M
(36)

M+1 |xv=NQ=m wO u}@ R= xa]k Qy |=Q@ w OQ=O SP121 Ovv=t |Q=DN=U xr�Ut u}=
%CQ=@a |=Q@ |QD|ivt Q=Okt xm s=Om Qy 'rh w" p2HChj �OChjpDTh

�DTh � khj

#
8j = rh;M + 1

"O@=}|t X=YDN= xv=NQ=m u; x@ h |xa]k |=[=kD pm w xOW ?=NDv= 'OW=@ xDW=O
T=U=Q@ SP1(M+1)1 |xv}y@ pL TB 'OQ=O =Q SP121 Q=DN=U u=ty xr�Ut u}=
OwW|t ?=NDv= M + 1 w rh |=yxv=NQ=m u}@ R= t |xv=NQ=m &CU= pw= CtUk

%Qo = xm |Qw]x@2664
p2HCh(M+1) �OCh(M+1)

�pDh(M+1)

�Dh(M+1) � h(M+1)

3775 �
2664
p2HChrh �OChrhp
Dhrh

�Dhrh � hrh

3775
C=@F= =Hv}= "OwW|t xO=O Q=Qk t = rh CQwY u}= Q}e QO w t=M+1 x=ov;
C}Y=N u=ty ?}DQD u}tyx@ w OwW|t s=tD SP1 |xr�UtQ} R |=Q@ q=@ C}Y=N

"OwW|t C=@F= SP2 |xr�UtQ} R |=Q@

SP1(M+1)1 Min:z =2666664
" p2HCh(M+1) �OCh(M+1)

�pDh(M+1)

#
�Dh(M+1) � h(M+1)

+S(Dh(M+1))

3777775
subject to 0 � Dh(M+1) � DTh (33)

S(D(M+1)1) Min:z =
MX
j=1

" p2HChj �OChjpDhj
�Dhj � hj

#
s:t:
MX
j=1

Dhj = DTh �Dh(M+1)

Dhj � 0 (34)

'=yDTh |=Hx@ \ki 'CU= SP1M1 pL pO=at S(D(M+1)1) pL
|xv}y@ pL '=QkDU= ZQi uDiQo Q_v QO =@ TB "OQ}o|t Q=Qk =yDTh�Dh(M+1)

%CU= 35 xrO=at CQwYx@ S(D(M+1)1)

D�hj =

8<:DTh �Dh(M+1) ; j = rh

0 ; j 6= rh
(35)

h 2 f1; :::; Hg w rh 2 f1; :::;Mg %xm |}=yh w rh Q}O=kt R= |[a@ |=Q@
u}vJ u=wD|t =Q SP1(M+1)1 TB "CU= s=h xa]k =@ ?U=vDt xv=NQ=m rh w

%CWwv

SP1(M+1)1 Min:z =

39
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Abstract
In this paper, we consider a two-echelon supply chain
problem with multi-facility, multi-period, multi-product
and nondeterministic demands, in which, we assume that
demands follow a normal distribution probability func-
tion and that each product consists of several pre-
determined parts. For solving the introduced model,
we propose a hierarchical approach, based on the La-
grangian relaxation method.
First, the problem is decomposed into two strategic and
operational levels.
At a strategic level, we respond to the following ques-
tions: Which facilities should be selected, how many de-
mands are assigned to each selected facility, and which
suppliers provide the necessary items for each facility.
The strategic level problem using the Lagrangian relax-
ation method leads to four subproblems. The dominance
properties of these subproblems are examined, and op-

timal methods and a genetic algorithm are proposed to
solve them. Then, these relaxed subproblems are trans-
formed into a general strategic problem and the La-
grangian coe�cients are updated. This procedure will
be terminated when stop criteria are satis�ed. These
criteria are de�ned based on duality gap percentage, the
number of iterations that have not been improved in the
upper bound solution, and the total number of itera-
tions.
The output of strategic level decisions will be considered
as input to operational level decisions. At the opera-
tional level, we want to know how many products must
be produced during regular work time, how many prod-
ucts must be produced during overtime, and what the
inventory level of each item is at the end of period times.
The operational level problem is solved using commercial
linear programming software.
To evaluate the proposed solution algorithms, some ran-
dom instances of the problem are generated and solved
by the algorithms. We generate 18 classes of problem
with di�erent sizes, and consider a 120 months planning
horizon for all problems. For each class of problem, 10
random instances are generated.
All algorithms are run on a PC Pentium 4 with 2.8 GHz
processor.
The commercial software, Lingo 8.0, was able to solve
only small size instances within reasonable computa-
tional time. The results of the proposed algorithms are
compared with the solutions obtained by Lingo after 180
minutes.
The results show the convergence of the proposed solu-
tion method based on Lagrangian relaxation to optimal
solutions in the early iterations of the method. Also, the
duality gaps do not show any trends to mean that the
e�ciency of the method does not reduce by increasing
the problem size.

Key Words: Production-distribution, supply chain man-
agement, Lagrangian relaxation, genetic, hierarchically, sub
gradient optimization.
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