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QwmPt |xir-wt w xOW |}=U=vW ,=Qwi ẁkw ZLtx@ xir-wt u}= CNU |=y|@=QN w

"OwW|t Q}taD
l} Qy sQv |@=QN xm CU= u=vJ =yxir-wt u}@ |@=QN |oDU@=w 'sDU}U u}= QO
|@=QN Qy =t= 'OQ=Ov =yxir-wt Q}=U |@=QN Q@ |Q}F-=D s=m � 1 =D pw= |=yxir-wt R=
u}= uwO@ |va} &OwW|t QHvt =yxir-wt Q}=U Q@ lwW O=H}= x@ s=m |xir-wt CNU
hQ] l} R= 'u}=Q@=v@ "OyO|t V}=Ri= =Q u=W|@=QN MQv 'OwW =yv; |@=QN ?Hwt xm
R= w OwW|t s=m � 1 =D pw= |=yxir-wt |@=QN MQv V}=Ri= ?Hwt u=tR CWPo
=D pw= |=yxir-wt |wQ lwW O=H}= x@ R}v s=m |xir-wt CNU |@=QN ẁkw Qo}O hQ]
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%=@ CU= Q@=Q@ x u=tR QO s=i |xir-wt |@=QN

�i (x) =
1X
j=0

�i (xjNm (x) = j)� P (Nm (x) = j)

=
1X
j=0

�
1 + pi

100
�j
�0
i (x)� (�mx)j e��mx

j!

= �0
i (x) e(

pi100 )�mx; i = 1; 2; : : : ;m� 1 (3)

Qw]x@ '� = T=n |v=tR pY=wi QO |ywQo CQwYx@ s=m� 1 =D pw= |=yxir-wt
|UQR=@ |=yu=tR QO \ki =yv; |=y|@=QN w �1 pmW� OvwW|t |UQR=@ u=tRty
Qy ẁQW QO xm OwW|t ZQi "OwW|t |�RH Q}taD ?w}at |�=y�xir-wt w |}=U=vW
pm}U "OQ}o|t CQwY s=m�1 =D pw= |=yxir-wt |r=tDL= Q}taD w |UQR=@ 'pm}U
|v=tR |xrY=i xm CU= u}= ViOy w CU= swrat w C@=F |v=tR |xrY=i l} T
OwW u}}aD |}xvwox@ s=m� 1 =D pw= |=yxir-wt |r=wDt |=y|UQR=@ u}@ xv}y@ C@=F

"OwW xv}tm T pm}U QO pm |xv} Ry \UwDt =D

x@ xHwD =@ w CU= u; Q}taD |xv} Ry pt=W \ki s=m |xir-wt R= |W=v |xv} Ry "5
u=tR OL=w QO u; R= |W=v |xv} Ry xir-wt u}= |@=QN MQv uDiQo Q_v QO C@=F
=D pw= |=yxir-wt |UQR=@ pY=wi |R=Uxv}y@ QO =Pr &Ow@ Oy=wN C@=F |OOa

"CW=O Oy=wNv |Q}F-=D s=m� 1

C@=F |UQR=@ pY=wi |R=Uxv}y@ "3
O=OaD ?ULQ@ sDU}U pm |xv} Ry |x@U=Lt Qw_vtx@ |rOt 'CtUk u}= QO
|xv} Ry "OW Oy=wN x�=Q= �pm}U� |R} Qxt=vQ@ ji= pw] QO xOWs=Hv= |=y|UQR=@
CNU |=y|@=QN R= Q_vhQY w |@=QN |oDU@=w OwHw sOa ZQi =@ sDU}U pm
|@=QN |oDU@=w 'CNU |=y|@=QN uDiQo Q_v QO =@ =Hv}= QO [16]"CU= xOW pOt
O=OaD |=R=x@ sDU}U pm |xv} Ry |x@U=Lt =@ "OwW|t xi=[= |O=yvW}B pOt x@
|r=wDt |UQR=@ wO u}@ xv}y@ C@=F |UQR=@ |xrY=i 'pm}U QO hrDNt |=y|UQR=@

"OwW|t u}}aD

|v=tR pY=wi =@ xv}y@ |UQR=@ |xt=vQ@ u}}aD w |R=UpOt "1"3
C@=F

%R= Ov=CQ=@a R=}v OQwt |=yO=tv
"sDU}U |=yxir-wt O=OaD %m

"i = 1; 2; :::;m� 1 'x u=tR QO s=i |xir-wt |@=QN MQv \UwDt %�i(x)

|@=QN O=OaD xm |]QWx@ 'x u=tR QO s=i |xir-wt |@=QN MQv %�ji (x)

OW=@ j =@ Q@=Q@ x u=tR =D |R} Qxt=vQ@ ji= |=OD@= R= s=m |xir-wt
"i = 1; 2; :::;m� 1; j = 0; 1; 2; :::

"�u=tR OL=w QO |@=QN O=OaD� s=m |xir-wt |@=QN MQv %�m
|R} Qxt=vQ@ ji= |=OD@= R= s=m |xir-wt |@=QN O=OaD hQat |iO=YD Q}eDt %Nm(x)

&x u=tR =D
's=m |xir-wt *|@=QN Qy ẁkw p}rOx@ s=i |xir-wt |@=QN MQv V}=Ri= OYQO %pi

"i = 1; 2; :::;m� 1
"CU= swrat w C@=F xm �p=U l} ,qFt� |R} Qxt=vQ@ ji= pw] %T

pw] QO s=m � 1 =D pw= |=yxir-wt |UQR=@ O=OaD hQat |Q}os}tYD Q}eDt %n
"T pm}U

|UQR=@ n s=Hv= CQwYQO &T pm}U QO |r=wDt |UQR=@ wO u}@ |v=tR |xrY=i %�
"� = T=n xm CU= K[=w 's=m� 1 =D pw= |=yxir-wt R=

"s=m�1 =D pw= |=yxir-wt|r=wDt|UQR=@ wO u}@ umtt|v=tR |xrY=i u} QDtm %�L
"i = 1; 2; :::;m� 1 's=i |xir-wt |UQR=@ Qy |xv} Ry %Csi

"i = 1; 2; :::;m� 1's=i |xir-wt |�RH Q}taD Qy |xv} Ry %Cdi
|=R=x@ �sQv |@=QN |}=U=vW QO Q}N-=D |xv} Ry� s=i |xir-wt |xt} QH |xv} Ry %Cpi
u=tR QO u; |}=U=vW =D s=i |xir-wt |@=QN ẁkw R= xOW |QBU |v=tR OL=w Qy

"i = 1; 2; :::;m� 1 '|UQR=@
O}vm xHwD� i = 1; 2; :::;m� 1 'T pm}U ẁQW QO s=i |xir-wt |x}rw= Qta %ti

"�ti = tm = 0 %s} Q=O xr�Ut |x}[Qi j@] xm
'T pm}U QO s=m � 1 =D pw= |=yxir-wt s=k |UQR=@ xR=@ %((k � 1)�; k� ]

"k = 1; 2; :::; n
|]QWx@ 'T pm}U QO s=k |UQR=@ xR=@ QO s=i |xir-wt uOw@ sr=U p=tDL= %P 0k(ti)
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"""|
=Q@�

C@=
FQ}e

wC
@=F�

|U
QR=@

pY
=wi|

R=Ux
v}y@%OwW|t xO=O V}=tv u}vJ �� CU=

P ik (ti) = P
�
Xi
k = �

���Xi0 = ti
�
; i = 1; 2; :::;m� 1 (5)

u}rw= u=tR R= xO=iDU= =@ P ik(ti) |x@U=Lt |=Q@ |DWoR=@ |xrO=at l} 'xt=O= QO
|@=QN MQv \UwDt xm u}= x@ xHwD =@ "OQw; s}y=wN CUO x@ 'Xi1 's=i |xir-wt |@=QN
CU= Q@=Q@ Xi1 |atHD `} RwD `@=D 'CU= x@U=Lt p@=k 3 |x]@=Q j@=]t s=i |xir-wt

%=@
F i1 (xj ti) = P

�
Xi1 � x

���Xi0 = ti
�

=

8>><>>:1� e�
ti+xR
ti

�i(s)ds
; 0 � x < �

1 ; x � �
(6)

%=@ CU= Q@=Q@ u; |xDUw}B CtUk QO Xi1 p=tDL= |r=oJ `@=D w

f i1 (xj ti) = @
@x
F i1 (xj ti) = �i (ti + x) e

�
ti+xR
ti

�i(s)ds
;

0 � x < � (7)

%xm CW=O xHwD O}=@
P i1 (ti) = P

�
Xi1 = �

���Xi0 = ti
�

= F i1 (� j ti)� F i1 (� � 0j ti)

= e
�
ti+�R
ti

�i(s)ds
(8)

|�RH Q}taD |UQR=@ |=yu=tR QO |@=QN |}=U=vW R= TB s=i |xir-wt xm =Hv; R= w
%CW=O s}y=wN 'OwW|t

P ik(ti) = P
�
Xi
k = �

���Xi0 = ti
�

= E
h
P
�
Xi
k = �

���Xi0 = ti; Xi1
�i

=
�Z

0
P
�
Xi
k = �

���Xi0 = ti; Xi1 = x
�
f i1 (xj ti) dx

+P
�
Xi
k = �

���Xi0 = ti;Xi1 = �
�
P i1 (ti)

=
�Z

0
P ik�1(ti + x)f i1 (xj ti) dx+ P ik�1 (ti + �)P i1 (ti)

=
�Z

0
P ik�1(ti + x)dF i1 (xj ti) (9)

%=@ CU= Q@=Q@ P ik(ti) |x@U=Lt |=Q@ |DWoR=@ |xrO=at 'u}=Q@=v@

P ik (ti) =

8>>><>>>:e
�
ti+�R
ti

�i(s)ds
; k = 1

�R
0
P ik�1(ti + x) dF i1 (xj ti) ; k = 2; : : : ; n

(10)

%CW=O s}y=wN k = 2 |=R=x@ '10 |x]@=Q j@] xm CW=O xHwD O}=@

P i2 (ti) =
�Z

0
P i1 (ti + x)f i1 (xjti) dx| {z }

1

+P i1 (ti + �)P i1 (ti)| {z }
2

(11)

"T pm}U QO s=m� 1 =D pw= |=yxir-wt |=y|UQR=@ |=yu=tR "1 pmW

|UQR=@ u}rw= =D 'OwW|t ?=QN s=m� 1 =D pw= |=yxir-wt R= |m} xm |v=tR
|�RH Q}taD |UQR=@ u=tR QO w Ov=t|t |k=@ ?=QN C}a[w QO |@=QN ẁkw R= Oa@
|=yxir-wt R= s=OmQy *sQv *|@=QN ẁkw CQwY QO |UQR=@ xR=@ Qy QO 'u}=Q@=v@ "OwW|t
u; sQv |@=QN ẁkw R= xOW |QBU u=tR COt =@ ?U=vDt |}xv} Ry 's=m� 1 =D pw=
|=yxv} Ry '?}DQDu}O@ "OwW|t xDiQo Q_v QO |UQR=@ u=tR QO u; |}=U=vW =D xir-wt
QO |va} �� |UQR=@ |=yu=tR R= l} Qy QO s=m � 1 =D pw= |=yxir-wt R= |W=v

[16]%R= CU= CQ=@a �� k = 1; 2; :::; n 'k� |=yu=tR
&s=m� 1 =D pw= |=yxir-wt R= s=OmQy *|UQR=@ s=Hv= |xv} Ry "1

QO xm |DQwY QO 's=m � 1 =D pw= |=yxir-wt R= s=OmQy *|�RH Q}taD |xv} Ry "2
&OW=@ xOW ?=QN s=k |UQR=@ xR=@

|=Q@ s=m � 1 =D pw= |=yxir-wt R= s=OmQy *sQv *|@=QN R= `q]= sOa |xv} Ry "3
"|UQR=@ u=tR QO u; |}=U=vW =D u; sQv |@=QN ẁkw R= xOW |QBU u=tR COt
's=i |xir-wt *|�RH Q}taD Qy |xv} Ry Cdi 's=i |xir-wt |UQR=@ Qy |xv} Ry Csi
|@=QN ẁkw R= xOW |QBU |v=tR OL=w Qy |=R=x@ s=i|xir-wt |xt} QH |xv} RyCpi w
=Pr "(i = 1; 2; :::;m�1) CU= |UQR=@ u=tR QO u; |}=U=vW =D s=i |xir-wt sQv
'k = 1; 2; :::; n 'T pm}U QO s=k |UQR=@ xR=@ QO sDU}U pm |xv} Ry \UwDt

%=@ CU= Q@=Q@

E
h
C( (k�1)�;k� ]
S

i
=
m�1X
i=1

Csi

+
m�1X
i=1

Cdi P (component i fails in ( (k � 1)�; k� ] )

+
m�1X
i=1

CPi E (downtime of component i in ( (k � 1)�; k� ] )

(4)

|UQR=@ xR=@ QO s=i |xir-wt uOw@ sr=U u=tR COt *hQat *|iO=YD Q}eDt Xi
k Qo =

u}t=k�1 u}@ |v=tR |xrY=i Qou=}@Xi
k '2 pmW j@=]t 'OW=@ T pm}U QO s=k

"CU= s=k |UQR=@ xR=@ QO s=i |xir-wt |@=QN u=tR w s=i |xir-wt |UQR=@
"Ow@ Oy=wN � =@ Q@=Q@Xi

k 'OwWv ?=QN s=k |UQR=@ xR=@ QO s=i |xir-wt xJv=vJ
p=tDL= 'P ik(ti) 'OW=@ T pm}U ẁQW QO s=i |xir-wt |x}rw= Qta hQat Xi0 Qo =
s}v=O@ xm u; \QWx@ �� T pm}U QO s=k |UQR=@ xR=@ QO s=i |xir-wt uOw@ sr=U
xOw@ sr=U ti u=tR =D s=i |xir-wt w xOw@ ti pm}U ẁQW QO s=i |xir-wt |x}rw= Qta

"T pm}U QO s=i |xir-wt |@=QN |=yu=tR w x}rw= Qta "2 pmW
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|Om
wtO

}tL
w|

v=mt
ro=[

QO}t
L %CW=O s}y=wN k = 2 |=R=x@ 'T=U= u}= Q@

ei2 (ti) =
�Z

0
ei1(ti + x)f i1 (xjti) dx| {z }

1

+ ei1 (ti + �)P i1 (ti)| {z }
2

(17)

sr=U pw= |UQR=@ xR=@ u=}=B R= p@k x u=tR =D f i1(xjti) p=tDL=x@ =} s=i |xir-wt
QO "Ov=t|t |k=@ sr=U pw= |UQR=@ xR=@ u=}=B =D P i1 (ti) p=tDL=x@ =} w Ov=t|t |k=@
u}= w xOW |}=U=vW pw= |UQR=@ xR=@ u=}=B QO s=i |xir-wt |@=QN uwJ 'pw= Cr=L
COt \UwDt xH}DvQO w xOW ti + x =@ pO=at u; Qta 'OwW|t |�RH Q}taD xir-wt
VN@� OW Oy=wN ei1(ti + x) =@ pO=at swO |UQR=@ xR=@ QO u; uOv=tsr=U u=tR
\UwDt xH}DvQO w xOW ti + � =@ pO=at u; Qta 'swO Cr=L QO "�17 |x]@=Q 1
OW Oy=wN ei1(�i + �) =@ pO=at swO |UQR=@ xR=@ QO u; uOv=t sr=U u=tR COt
xR=@ QO s=i |xir-wt uOv=t sr=U u=tR COt \UwDt 'u}=Q@=v@ "�17 |x]@=Q 2 VN@�
|t=ovy "17 |x]@=Q swO w pw= |=yVN@ ẁtHt =@ OW Oy=wN Q@=Q@ swO |UQR=@

%O};|t CUO x@ 18 |x]@=Q j@] R}v ei3(ti) 'OW x@U=Lt ei2(ti) xm

ei3 (ti) =
�Z

0
ei2(ti + x)f i1 (xjti) dx+ ei2 (ti + �)P i1 (ti) (18)

\UwDt 'u}=Q@=v@ "OwW|t Q=QmD ?}DQD u}tyx@ 'k QDnQR@ Q}O=kt |=Q@ VwQ u}=
%=@ Ow@ Oy=wN Q@=Q@ 'T pm}U QO sDU}U pm |xv} Ry

E
h
CTS
i

=
nX
k=1

E
h
C( (k�1)�;k� ]
S

i
= n

m�1X
i=1

Csi

+
nX
k=1

m�1X
i=1

Cdi
�
1� P ik (ti)

�
+

nX
k=1

m�1X
i=1

Cpi
�
� � eik (ti)

�
(19)

|xv} Ry \UwDt xm |}xvwox@ CU= (n�) xv}y@ |UQR=@ O=OaD uDi=} 'hOy xm =Hv; R=
hrDNt Q}O=kt |=R=x@ E[CTS ] |x@U=Lt 'OwW xv}tm T pm}U QO sDU}U pm
"OwW XNWt n� TBU w u}}aD u; |xv}tm j} Q] u}= R= =D O@=}|t CQwQ[ n

|r=wDt |UQR=@ wO u}@ umtt |v=tR |xrY=i u} QDlJwm �L xm CW=O xHwD O}=@
OwOLt (nU ) q=@ OL l} \UwD n� =Pr w CU= s=m � 1 =D pw= |=yxir-wt

%OwW|t
n� � T=�L = nU (20)

|=y|UQR=@ u}@ xv}y@ C@=F |v=tR |xrY=i n� uOW XNWt =@ CU= |y}O@
%OW Oy=wN u}}aD 21 x]@=Q j@] (��) s=m� 1 =D pw= |=yxir-wt |r=wDt

�� = T=n� (21)

xOW xOQw; |OOa p=Ft l} |Oa@ CtUk QO '|O=yvW}B VwQ uOW QDuWwQ |=Q@
"CU=

|OOa p=Ft "2"3
wO R= xm O} Q}o@ Q_v QO =Q jQ@ `} RwD CUB QO |iQYt u=wD u}t-=D sDU}U l}
"CU= xOW p}mWD �swO |xir-wt� Tv=QD w �pw= |xir-wt� |vR=N lv=@ |xir-wt

sr=U pw= |UQR=@ xR=@ u=}=B R= p@k x u=tR =D f i1(xjti) p=tDL=x@ =} s=i |xir-wt
QO "Ov=t|t |k=@ sr=U pw= |UQR=@ xR=@ u=}=B =D P i1 (ti) p=tDL=x@ =} 'Ov=t|t |k=@
u}= w xOW |}=U=vW pw= |UQR=@ xR=@ u=}=B QO s=i |xir-wt |@=QN uwJ 'pw= Cr=L
sr=U p=tDL= xH}DvQO w xOW ti + x pO=at u; Qta 'OwW|t |�RH Q}taD xir-wt
|x]@=Q 1 VN@� OW Oy=wN P i1 (ti + x) pO=at swO |UQR=@ xR=@ QO u; uOv=t
uOv=t sr=U p=tDL= xH}DvQO w xOW ti + � =@ pO=at u; Qta 'swO Cr=L QO "�11
"�11 |x]@=Q 2 VN@� OW Oy=wN P i1 (ti + �) =@ pO=at swO |UQR=@ xR=@ QO u;
Oy=wN Q@=Q@ swO |UQR=@ xR=@ QO s=i |xir-wt uOv=tsr=U p=tDL= \UwDt 'u}=Q@=v@
x=ov; P i2 (ti) |x@U=Lt R= TB "11 |x]@=Q swO w pw= |=yVN@ ẁtHt =@ OW

%O};|t CUO x@ 12 |x]@=Q j@] R}v P i3 (ti)

P i3 (ti) =
�Z

0
P i2 (ti + x)f i1 (xjti) dx+ P i2 (ti + �)P i1 (ti) (12)

*|iO=YD Q}eDt Qo = "OwW|t Q=QmD ?}DQD u}tyx@ 'k QDnQR@ Q}O=kt |=Q@ VwQ u}=
w 'T pm}U QO s=k |UQR=@ xR=@ QO s=i |xir-wt uOw@ sr=U u=tR COt hQat Xi

k

\UwDt eik(ti) x=ov; 'OW=@ T pm}U ẁQW QO s=i |xir-wt |x}rw= Qta hQat Xi0
'�13 x]@=Q� CU= T pm}U QO s=k |UQR=@ xR=@ QO s=i |xir-wt uOw@ sr=U u=tR
s=i |xir-wt w 'ti Q@=Q@ pm}U ẁQW QO s=i |xir-wt |x}rw= Qta s}v=O@ xm |]QWx@

%CU= xOw@ sr=U ti u=tR =D
eik (ti) = E

h
Xi
k

���Xi0 = ti
i
; i = 1; 2; : : : ;m� 1 (13)

u}rw= u=tR R= xO=iDU= =@ eik(ti) |x@U=Lt |=Q@ |DWoR=@ |xrO=at l} 'xt=O= QO
|=Q@ eik(ti) xm CU= K[=w "OQw; s}y=wN CUO x@ '(Xi1) s=i |xir-wt |@=QN

%=@ CU= Q@=Q@ k = 1

ei1 (ti) = E
h
Xi1
���Xi0 = ti

i
=

�Z
0
xf i1 (xjti) dx+ �P i1 (ti)

=
�Z

0
Ri1 (xjt) dx =

�Z
0
e
�
ti+xR
ti

�i(s)ds
dx (14)

%CW=O s}y=wN k � 2 |=Q@
eik (ti) = E

h
E
h
Xi
k

���Xi0 = ti ; Xi1
ii

=
�Z

0
E
h
Xi
k

���Xi0 = ti ;Xi1 = x
i
f i1 (xj ti) dx

+E
h
Xi
k

���Xi0 = ti ; Xi1 = �
i
P i1 (ti)

=
�Z

0
eik�1(ti + x)f i1 (xj ti) dx+ eik�1 (ti + �)P i1 (ti)

=
�Z

0
eik�1(ti + x)dF i1 (xj ti) (15)

%=@ CU= Q@=Q@ 'eik(ti) |x@U=Lt |=Q@ |DWoR=@ |xrO=at u}=Q@=v@

eik(ti) =

8>>><>>>:
�R
0
e
�
ti+xR
ti

�i(s)ds
; k = 1

�R
0
eik�1(ti + x)dF i1 (xj ti) ; k = 2; :::; n

(16)
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"""|
=Q@�

C@=
FQ}e

wC
@=F�

|U
QR=@

pY
=wi|

R=Ux
v}y@"k = 1; 2; 3; 4 |=R=x@ ek(0) w Pk(0) Q}O=kt "1 pwOH

ek(0) Pk(0) k

2 9469 0 9453 1
2 7656 0 8263 2
2 5807 0 7125 3
2 4037 0 6099 4

"|UQR=@ O=OaD hrDNt Q}O=kt |=R=x@ =yxv} Ry Q}O=kt "2 pwOH
xv} Ry \UwDt xv} Ry \UwDt xv} Ry \UwDt |UQR=@ xv} Ry O=OaD

$ pm $ xt} QH $ Q}taD $ |UQR=@
7404 6322 682 400 1
5855 4267 788 800 2
5290 3232 859 1200 3
5112 2606 906 1600 4
5140 2198 942 2000 5
5250 1884 966 2400 6
5430 1633 997 2800 7
5679 1477 1002 3200 8
5870 1235 1035 3600 9
6261 1230 1031 4000 10
6611 1148 1063 4400 11
6876 1033 1043 4800 12

"|UQR=@ O=OaD hrDNt Q}O=kt |=R=x@ =yxv} Ry Q=Owtv "3 pmW

\UwDt '|UQR=@ |SD=QDU= u}= =@ "CU= x=t 3 =@ Q@=Q@|vR=Nlv=@|r=wDt |=y|UQR=@
"Ow@ Oy=wN OwN Q=Okt u} QDsm QO 'CU= QqO 5112 Q@=Q@ xm pmxv} Ry

C@=FQ}e |UQR=@ pY=wi |R=Uxv}y@ "4
pY=wi =@ u}at |UQR=@ |xt=vQ@ l} |=R=x@ sDU}U pm |xv} Ry =OD@= 'CtUk u}= QO
|=yxt=vQ@ |=Q@ sDU}U pm |xv} Ry |x@U=Lt =@ "OwW|t xrwtQi C@=FQ}e |UQR=@
|UQR=@ |xt=vQ@CU=|y}O@ "O};|tCUO x@ xv}y@|UQR=@ |xt=vQ@ 'hrDNt|UQR=@
l} Qw_vt u}=x@ "OwW xv}tm u; |=R=x@ sDU}U pm |xv} Ry xm CU= |}xt=vQ@ 'xv}y@
*u}}=B *OL |x@U=Lt |=Q@ |Q=mD@= |xv} Ry *̀ @=D l} =@ �� A� |wHwCUH sD} Qwor=

"OwW|t xDiQo Q=mx@ |UQR=@ |=yxt=vQ@ u}@ wHwCUH Qw_vtx@ �� pm |xv} Ry
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|r=wDt |=y|UQR=@ u}@ xv}y@ C@=F |v=tR |xrY=i 'OwOLt |v=tR ji= l} QO xm

"s}vm u}}aD =Q |vR=N lv=@
x=t xOR=wO R= Oa@ w CU= wv C}a[w QO ' ẁQW u=tR QO sDU}U O}vm ZQi
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uotyQ}e Ov}=Qi j@] w xOw@ sQv ẁv R= sDU}U s=m� 1 =D pw= |=yxir-wt |@=QN

?=wH u=wvax@ xQo u}= x@ \w@ Qt |UQR=@ |xt=vQ@ w OwW|t hkwDt sD} Qwor= 'OW=@
'OwW|t O}rwD xOW?=NDv= xQo R= Oa@ |=yxQo CQwY u}= Q}e QO "OwW|t u}}aD xv}y@
|DU}r x@ =yxQo u}= TBU w 'OwW|t x@U=Lt (H(N)) =yv; x@ \w@ Qt |=yxv} Ry

%OvwW|t xi=[= �QDW}@ VQDUo |=Q@ R=@ CU}r� s=vx@
"O}yO Q=Qk R=@ CU}r QO =Q N0 u} R=e; xQo "1

Qo = "O}vm hPL w ?=NDv= =Q H(N) Q=Okt u} QDsm =@ N xQo 'R=@ CU}r R= "2
"O}vm ?=NDv= x=wNrOx@ =Q |m} OW=@v OQi x@ QYLvt *?=NDv=

u}= x@ \w@ Qt |UQR=@ |xt=vQ@ "O}vm hkwD CU= �hOy xQo� N xQo Qo = �
"CU= �xv}y@ ?=wH� xQo

"O}vm O}rwD =Q 'N 0 'Oa@ |�=y�xQo 'CQwY u}= Q}e QO �
"O}vm x@U=Lt =Q H(N 0) w u}}aD =Q xOWKqY= |UQR=@ |xt=vQ@ 'N 0 Qy |=Q@ "3
x@ =yv; x@ \w@ Qt H Q=Okt x=Qty x@ =Q (N 0) xOW O}rwD O}OH |=yxQo |xty "4

"O}vm xi=[= R=@ CU}r
"O}OQoQ@ 2 s=o x@ "5

xOQw; |OOa p=Ft l} '|Oa@ CtUk QO '|O=yvW}B VwQ uOW uWwQ |=Q@
"CU= xOW

|OOa p=Ft "3"4
'xy=t12 |v=tR ji= l} QO xm CU= u}= hOy "O} Q}o@ Q_v QO =Q "1"3 CtUk p=Ft
"s}vm u}}aD |vR=N lv=@ |=Q@ =Q C@=FQ}e |UQR=@ pY=wi =@ xv}y@ |UQR=@ |xt=vQ@

%OwW|t x@U=Lt |vR=N lv=@ |@=QN MQv \UwDt '3 |x]@=Q R= =OD@=

�1 (x) = �01 (x) e(
p

100 )�2x = �
�

�
x
�

���1
e(

p
100 )�2x

= 2=1
12

� x
12
�1=1

e(
10100 )( 16 )x

sD} Qwor= R= 'C@=FQ}e |UQR=@ pY=wi =@ xv}y@ |UQR=@ |xt=vQ@ uDi=} |=Q@ 'TBU
u}= uOQ@ Q=m x@ =@ "OwW|t xO=iDU= 28 w 27 \@=wQ =@ x=Qty A� |wHwCUH
|vR=N lv=@ |=Q@ C@=F Q}e |UQR=@ pY=wi =@ xv}y@ |UQR=@ |xt=vQ@ 'sD} Qwor=
CUO x@ E[CTS ] = $4820 pm |xv} Ry \UwDt =@ [5 8 10 12] CQwYx@
CQ=@ax@ "OwW pY=L xv}y@|UQR=@ |xt=vQ@ =D OwW|t O}rwD xQo 1334 O=OaD "O};|t
w 'OwW|t |@=} RQ= xt=vQ@ 1334 ,=iQY |UQR=@ p@=k |xt=vQ@ 2048 u}@ R= 'Qo}O
|UQR=@ p@=k |=yxt=vQ@ |t=tD |UQQ@ =@ xU}=kt QO A� |wHwCUH sD} Qwor= =Pr
|QF-wt Qw]x@ 'OvwW |@=} RQ= O}=@ xv}y@ ?=wH u}}aD Qw_vtx@ xm =Q |}=yxt=vQ@ O=OaD

"OyO|t Vy=m
|UQR=@ pY=wi =@ xv}y@ |UQR=@ |xt=vQ@ p=Ft u}= QO 'pm |xv} Ry |xU}=kt =@
C@=F |UQR=@ pY=wi =@ xv}y@ |UQR=@ |xt=vQ@ =@ xU}=kt QO [5 8 10 12] C@=FQ}e
xm CU= K[=w "OyO|t Vy=m =Q pm |xv} Ry OYQO 5 71 OwOL '[3 6 9 12]

QO "CU= xUU-wt |}=QH= C=v=mt= R= QF-=Dt jwi |UQR=@ |xt=vQ@ wO R= l} Qy ?=NDv=
CQwY |QDW}@ CrwyU =@ C@=F |v=tR pY=wi =@ =y|UQR=@ s=Hv= ,=@r=e =yu=tR=U
w QDW}@ pQDvm sRrDUt C@=F Q}e |v=tR pY=wi =@ =y|UQR=@ s=Hv= xm =QJ OQ}o|t

"CU= |QDj}kO |R} Qxt=vQ@

49



"""|
=Q@�

C@=
FQ}e

wC
@=F�

|U
QR=@

pY
=wi|

R=Ux
v}y@|UQR=@ |xt=vQ@ l} |=R=x@ sDU}U pm |xv} Ry =OD@= '|O=yvW}B VwQ QO

pY=wi =@ xv}y@ |UQR=@ |xt=vQ@ uDi=} Qw_vtx@ 'TBU "CU= xOW xrwtQi XNWt
|UQR=@ pY=wi =@hrDNt|UQR=@ |=yxt=vQ@ |=Q@ sDU}U pm |xv} Ry 'C@=F|UQR=@
|xt=vQ@ 'Q}O=kt u}= xU}=kt =@ TBU w xOW x@U=Lt OwOLt |v=tR ji= l} QO C@=F

"OwW|t u}}aD C@=F |UQR=@ pY=wi =@ xv}y@ |UQR=@
sD} Qwor= 'C@=FQ}e |UQR=@ pY=wi =@ xv}y@ |UQR=@ |xt=vQ@ uDi=} Qw_vtx@
=D OwW|t xDiQo Q=mx@ |UQR=@ |=yxt=vQ@ u}@ wHwCUH |=Q@ A� |wHwCUH
|Q=mD@= |xv} Ry `@=D "OwW u}}aD C@=FQ}e |UQR=@ pY=wi =@ xv}y@ |UQR=@ |xt=vQ@
pm |xv} Ry *u}}=B *OL |x@U=Lt |=Q@ A� |wHwCUH sD} Qwor= QO xm |O=yvW}B
xv}tm =Q xOW O}rwD |=yxQo O=OaD 'Ovm|t C}=Oy =Q wHwCUH |=DU=Q 'OQ=O OQ@ Q=m

"Ovm|t u}t[D =Q xv}y@ ?=wH uOQw; CUO x@ w OR=U|t
=@ xU}=kt QO C@=FQ}e |UQR=@ pY=wi =@ xv}y@ |UQR=@ |xt=vQ@ xm CU= K[=w
CW=O Oy=wN =Q |QDsm pm |xv} Ry 'C@=F |UQR=@ pY=wi =@ xv}y@ |UQR=@ |xt=vQ@
pw= Cr=L QO wHwCUH |=[i xm CU= u}= Qt= u}= Cra "CU= KHQt =Pr w
pY=wi� swO Cr=L QO wHwCUH |=[i R= QDnQR@ �C@=FQ}e |UQR=@ pY=wi�
|=yxt=vQ@ R= l} Qy ?=NDv= '|D=}rta Q_vx]kv R= 'p=L u}= =@ "CU= �C@=F |UQR=@

"CU= xUU-wt |}=QH= `@=vt w |D=}rta u=wD R= QF-=Dt QwmPt |UQR=@
Q@ xwqa xm OQm ZQi u}vJ u=wD|t 'j}kLD u}= VQDUo w \U@ Ov}=Qi QO
QO =yxir-wt u}= 'xOW |R} Qxt=vQ@ |=yu=tR QO s=m� 1 =D pw= |=yxir-wt |UQR=@
|D=}rta Q_vx]kv R= ZQi u}= "OvwW|t|UQR=@ R}v s=m|xir-wtCNU|@=QN u=tR
|}=ysDU}U |=Q@ =Q |O=yvW}B pOt u=wD|t u}vJty "CU= l}ORv C}ak=w x@ QDW}@
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Abstract
This paper proposes an approach for �nding periodic
and non-periodic optimal inspection intervals for a multi-
component repairable system with failure interaction.
The failure of one component of the system is hard, i.e.,
as soon as it occurs, the system stops operating. Fail-
ures of other components are soft, namely; they do not
cause the system to stop, but increase system operating
costs and are detected only if inspection is performed.
Thus, the components with soft failure are all inspected
at scheduled inspection instances, and are minimally re-
paired if found to be failed. When the component with
hard failure fails, it is also repaired. Each soft failure
has no e�ect on the behavior of the other components;
however, any hard failure acts as a shock to other com-
ponents, without inducing an instantaneous failure, but
increasing their failure rate. The system's expected total
cost includes inspection costs, repair costs, and penalty
costs that are incurred due to time delay between real

168

occurrence of soft failures and their detection at inspec-
tions. The objective is to determine both periodic and
non-periodic optimal inspection intervals, which yield
the minimum expected total cost of the system.
In the proposed approach, the system's expected total
cost is �rst formulated in terms of an inspection scheme.
The occurrence of hard failures is modeled by a homoge-
neous Poisson process (HPP) with constant failure rate,
and the occurrence of soft failures is modeled by a non-
homogeneous Poisson process (NHPP) with increasing
failure rate. Then, for obtaining the periodic optimal
inspection scheme, the expected total cost is evaluated
for all alternative periodic inspection schemes to iden-
tify the optimal one, which yields minimum cost. For
obtaining the non-periodic optimal inspection scheme, a
search algorithm, with a proposed heuristic cost func-
tion for calculating lower bounds, is employed to search
through alternative inspection schemes to determine the
optimal one. A numerical example is given to illustrate
the proposed approach.

Key Words: Maintenance, optimal inspection intervals,
failure interaction, multi-component system.




