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RQ= MQv |v}@V}B Qw_vtx@ |awvYt |@Ya
�|QDmO =UB |wHWv=O� �|aW=N |Oyt

�Q=}Wv=O� |Q=H}@ |Oyt
�Q=}Wv=O� |a}iQ ?]=Nt x=t} Qi

u=yiY= |DavY x=oWv=O '=ysDU}U w `}=vY |UOvyt |xOmWv=O

u=wvax@ '|R=i j]vt w |awvYt |@Ya |=yxm@W uwJty '|D=@U=Lt Vwy |=yVwQ
CkO "Ov=xOW |iQat |r=t |xO}J}B |=yQ=R=@ |v}@V}B Qw_vtx@ ?w@Lt |Q=R@=

Ow@y@ |=Q@ VqD w CU= |v}@V}B |=ypOt |=yxYNWt u} QDsyt xrtHR= =y|v}@V}B
seQ|ra xRwQt= "CU= xOWv hkwDt RoQy |v=tR |=y|QU |=ypOt |}=Q=m uO}WN@

Rwvy 'Ov=xOW O=yvW}B Q}N= |xyO OvJ QO xm |v=tR |=y|QU |v}@V}B OOaDt |=yVwQ
|@}mQD pOt 'xar=]t u}= QO "OwW|t ?wULt |Q=wWO Q=}U@ Q=m 'RQ= |=yMQv |v}@V}B

'|R=i |=yxawtHt w j]vt |}x}=B s}y=it T=U=Q@ |awvYt |@Ya |=yxm@W R= |O}OH
xOW x�=Q= u=tR R= |QDx=Dwm |=yxQwO =@ |}=yC}akwt QO QDj}kO G}=Dv pwYL Qw_vtx@

RQ= MQv |v}@V}B QO QwmPt VwQ |};Q=m Qov=}@ RQ= MQv |v}@V}B QO xrY=L G}=Dv "CU=
"CU= OwN |xOvyOp}mWD |=ypOt x@ C@Uv
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'|@}mQD |=ypOt '|R=i uw}UQoQ '|awvYt |@Ya |=yxm@W %|O}rm u=oS=w
"RQ= MQv '|v=tR |=y|QU |v}@V}B

xtOkt "1
xQ=W= j}kO G}=Dv ?Um |=Q@ O=} R |=yxO=O x@ R=}v u=wD|t =yv; u} QDsyt R= xm OvQ=O

[2]"OQm
p�=Ut QO 'xm@W R=}v OQwt |=yxO=O O=OaD |=Q@ |}xOWh} QaD uwv=k OvJQy
x@ OQ=O|oDU@ xm@W R=}v OQwt |=yxO=O O=OaD|rmCr=L QO '=:t= xOWv u}}aDhrDNt
QO OwHwt CqqDN= w Q_v OQwt |xr�Ut |oO}J}B 'VRwt; sD} Qwor= 'xm@W Q=DN=U
OW XNWt xm@W R=}v OQwt |=yxO=O Cw=iDt |=yxR=Ov= C=Q}F-=D V}=tR; =@ "=yxO=O
|v}@V}B p�=Ut QO =Q |awvYt |@Ya |xm@W OQmrta '=yxO=O O=OaD V}=Ri= xm
x@ G=}DL= 'CkO R= |v}at K]U uOQw; CUO x@ |rm Cr=L QO 'R}v w Ovm|t xv}y@
|@Ya |=yxm@W '|i=m |=yxO=O O=OaD =@ [3]"OQ=O u}at Q=Okt =@ VRwt; |=yxO=O
|=yxvwtv |=Q@ u}=Q@=v@ "Ovvm pOt =Q =yxO=O QO OwHwt |xO}J}B |=yQ=DN=U Ovv=wD|t
x@ O}=@ xD@r= "Ow@ Oy=wN |Q=t; |=ypOt Q}=U R= QDOvtOwU |@Ya |=yxm@W 'nQR@
OQmrta x@ uO}UQ Qw_vtx@ |awvYt |@Ya |=yxm@W xm CW=O xHwD R}v xDmv u}=
C=ar=]t "OvDU}v QDW}@ |=yxO=O O=OaD OvtR=}v |]N |=ypOt =@ xU}=kt QO '?U=vt
|@ wN ,qt=m |=y|v}@V}B |awvYt |@Ya |=yxm@W xm O=O u=Wv xOt; pta x@
|=Q@ Rv}mH� Tm =@ |=ypOt xm |r=L QO 'CW=O Ovy=wN 50 R= QDsm |=yxO=O =@

[4]"OvQ=O R=}v xO=O 50 x@ sm CUO jiwt |=y|v}@V}B
R= xO=iDU= p}rOx@ �� |R=i uw}UQoQ uwJty �� |R=i |v}@V}B |=yVwQ
x@ G=}DL= |v}@V}B |=ypOt Q}=U x@ C@Uv '|a]k O=Oa= |=H x@ |R=i O=Oa=
VN@C}=[Q u=OvJ ,=twta =yVwQ xvwou}= OQmrta =:t= 'OvQ=O |QDsm |=yxO=O

=y|Q}os}tYD Ow@y@ '|r=t |=yQ=R=@ |v}@V}B Qw_vtx@ |:tm |=yVwQ |Q}oQ=mx@
|v}@V}B "CU= xOW p}O@D RwQt= |=}vO QO Q}PB=vQ=mv= |DQwQ[ x@ |Q=Pox}=tQU w
C=Oy=Wt 'u; QO xm CU= |v}@V}B |=yxv}tR u} QDsyt R= |m} |v=tR |=y|QU
C=Oy=Wt u}@|U=U=\@=wQ uOQw;CUO x@ Qw_vtx@ w |Qw;`tH Q}eDtl} |xDWPo
xrY=L pOt TBU &OQ}o|t Q=Qk p}rLD w x} RHD OQwt '|i}YwD pOt l} u}}aD w
|R=UpOt VwQ u}= "OwW|t xDiQo Q=m x@ xOv}; QO |v=tR |=y|QU |@=}uwQ@ Qw_vtx@
TQDUO QO|tmVv=O =yxO=O O}rwD|U=U= Ov}=Qi OQwtQO xmCU= O}it|v=tR xS} wx@
|=yQ}eDt Q}=U x@ =Q xDU@=w Q}eDt xm |WN@C}=[Q |L}[wD pOt I}y =} 'OW=@

[1]"OW=@ xDW=Ov OwHw OR=U \@DQt |L}[wD
|}=y|QU|v}@V}B|]NQ}e|=yVwQu} QDsytR=|awvYt|@Ya|=yxm@W
"OQm Ovy=wN O=H}= R}v |@ wr]t G}=Dv '?wr]t \}=QW uOw@sy=Qi CQwY QO xm OvDUy
xvwou}= QO "CU= Q}PBh=]av= |]NQ}e |R=UpOt C}r@=k VwQ u}= |rY= C} Rt
C=aq]= T=U=Q@ pOt w CU}v pOt X=N pmW X}NWD x@ |R=}v Qo}O =yxm@W
xawtHt R= |Q=}U@ |=Q@ xO=O Q@ |vD@t OQm} wQ u}= "OQ}o|t pmW =yxO=O QO OwHwt
O}rwD Ov}=Qi O=yvW}B |=Q@ |Q_v C=aq]= I}y xm |v=tR xS} wx@ '|@ QHD |=yxO=O
|}=yC} Rt |t=tD OwHw =@ "CU= Ot;Q=m Q=}U@ 'OW=@v TQDUO QO ?U=vt |xO=O
R}v |@}=at =yxm@W u}= 'OwW|t xDiQo Q_v QO |awvYt |@Ya |=yxm@W |=Q@ xm

pw�Ut xOvU} wv �
"1391 1 29 VQ}PB '1390 5 17 x}LqY= '1390 1 14 Ci=} QO %M} Q=D
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R=}v u}vJty w 'QDj}kO G}=Dv ?Um 'QDy@ |=y|v}@V}B Qw_vtx@ xr=kt u}= QO
|R=i j]vt |}x}=B s}y=it R= '|awvYt |@Ya |=yxm@W QO QDsm |=yxO=O x@
|=yQDt=Q=B |O=yvW}B VwQ QO "CU= xOW xO=iDU= |@}mQD |WwQ O=yvW}B Qw_vtx@
"OvwW|t xDiQo Q_v QO |R=i O=Oa= CQwYx@ |a]k O=Oa= |=H x@ |@Ya |=yxm@W
xO=iDU= w '|R=i O=Oa= ?r=k QO |@Ya |=yxm@W Q=DN=U x@ s=y@= uOQmxi=[= =@
OQwt |=yxO=O O=OaD '|R=i |=yxawtHt sQv C=@U=Lt OQi x@ QYLvt |=}=Rt R=
|xv}y@ Q}O=kt OQwtQO ptDLt |=y=[i |wHwCUH w VRwt; |=Q@ xm@W R=}v
|]}=QW QO '=Q OwN |=yQDt=Q=B |@Ya |xm@W ?}DQDu}O@ "O@=}|t Vy=m =yQDt=Q=B
QD=Q=m |DQwYx@ 'CU= u; pwtat Q=Okt R= QDsm xm@W |=Q@ pwYL p@=k |=yxO=O xm

"Ovm|t s}_vD
QO |v=tR |=y|QU |v}@V}B QO |O=yvW}B pOt |}=Q=m uO=Ou=Wv Qw_vtx@
|O=yvW}B pOt 'OvDUy lOv= pwYL p@=k |=yxO=O xm |]}=QW QO w |r=t |=yQ=R=@
G}=Dv w xOW xDiQo Q=m x@ �u=Q}= p=} Q p@=kt QO =m} Qt; QqO� RQ= MQv |v}@V}B QO
?DQt u}vJ xar=]t u}= |=yCtUk Q}=U "CU= xOW xU}=kt =ypOt Q}=U =@ u;
|v}@V}B w |R=UpOt QO |awvYt |@Ya |=yxm@W swO VN@ QO %CU= xOW
xO=O K}[wD swU VN@ QO |R=i uw}UQoQ pOt "Ov=xOW xO=O KQW |v=tR |=y|QU
uw}UQoQ =@ |awvYt |@Ya |=yxm@W |@}mQD pOt sQ=yJ VN@ QO w CU= xOW
=m} Qt; QqO� RQ= MQv |v}@V}B QO |@}mQD pOt R= xO=iDU= "CU= xOW K} QWD |R=i
w |awvYt |@Ya |=yxm@W pOt =@ u; OQmrta |xU}=kt w �u=Q}= p=} Q p@=kt QO
w x} RHD OQwt xrY=L G}=Dv 'u=}=B QO "CU= xOW xOQw; sHvB VN@ QO =ypOt Q}=U

"CU= xOW x�=Q= |}=yv |Q}oxH}Dv w xDiQo Q=Qk p}rLD

|awvYt |@Ya |xm@W "2
OOaDt |]NQ}e OQ=wt u}tND x@ QO=k |=yVwQ xrtH R= |awvYt |@Ya |xm@W
p�=Ut R= |a}Uw |xvt=O |=Q@ Q}PBh=]av= |}x@U=Lt ?wJQ=Jl} wCU=yxO=O QO
|=ypOt x@C@Uv '=ypOt xvwou}= RQ=@ |=yC} Rt R= |m} "OwQ|t Q=tW x@ |]NQ}e
|v=yH |xOvvR?} QkD l}|awvYt |@Ya |xm@W xm CU= u}= 'Qo}O |]NQ}e
Cwk |x]kv [30]"OvvR@ ?} QkD x=wNrO CkO =@ =Q |a@=D ẁv Qy Ovv=wD|t w OvDUy
xvwoI}y x@ =yxm@W xvwou}= &CU=yxO=O C=aq]= |R=wt VR=OQB |@Ya |=yxm@W
l} |rmQw]x@ w OvQ=Ov R=}v |R=UpOt Ov}=Qi QO pOt pmW OQwtQO |[QiV}B
u} QDOQ@ Q=mQB R= |iNt |x}q l} =@ wQW}B |@Ya |=yxm@W "Ov=xO=O Q@ |vD@t pOt
xvwou}= [31]"OvDUy |v=tR |=y|QU |v}@V}B Qw_vtx@ |@Ya |=yxm@W |=ypOt
|x]@=Q "Ov=xOW p}mWD sy x@ pYDt C=aq]= |xO=U VR=OQB x}q xU R= =ypOt
%CU= u}vJ =yxm@W xvwou}= QO (yt�1; :::; yt�p) =y|OwQw w (yt) |HwQN u}@
yt = f(b0 +

qX
j=1

wj � g(b0j +
pX
i=1

wi;j � yt�i)) + "t (1)

xO}t=v |r=YD= |=yuRw ,=@r=e xm OvDUy pOt |=yQDt=Q=B wij ; wj xm |Qw]x@
?}DQDx@ R}v f w g "Ov=|iNt |=yxQo O=OaD q w |OwQw |=yxQo O=OaD p &OvwW|t
w �2 |x]@=Q� |O}�wto}U `@=wD "Ov=|HwQN |x}q w |v=}t |x}q |R=Up=ai `@=wD
|iNt |=yx}q |=Q@ |R=Up=ai `@=wD u=wvax@ ?re= xm OvDUy |a@=wD xrtHR= |]N

"OvQ}o|t Q=Qk xO=iDU= OQwt |HwQN w
Sig (x) = 1

1 + exp(�x)
(2)

pOt l} ,=U=U= xm |R=i uw}UQoQ '|R=UpOt |=]N R= |Q}owrH Qw_vtx@ "CU}v
xm OQ=O |@}=at R}v pOt u}= =:t= [6w5]'CU= xOW O=yvW}B CU= |}xrY=i |v}@V}B
OwHw Crax@ '|v}@V}B |xR=@ OL R= V}@ uOW`}Uw x@ u=wD|t =yv; u} QDsyt R=
w |R=i CqO=at T=U=Q@ |R=i |v=tR |=y|QU "OQm xQ=W= 'CQB Q}O=kt R= |NQ@
T=U=Q@ |v=tR |QU VwQ l} u}vJty [7]"OvOW KQ]t w |R=UpOt |@} QkD j]vt

[8]"CU= xOW O=yvW}B nv=U s}y=it w |v=tR |=y|QU
Ow@y@ |=Q@ pwtat |WwQ hrDNt |=ypOt ?}mQD =} |@}mQD |=ypOt R= xO=iDU=
xOw@ xOQDUo Q=}U@ |@}mQD |=ypOt x@ \w@ Qt ẁ[wt C=}@O= "CU=y|v}@V}BCkO
CQwY |v=w=Qi C=ar=]t uwvm =D 'xv}tR u}= QO xOWs=Hv= C=k}kLD u}rw= u=tR R= w
l} Qy R= xO=iDU= '|v}@V}B QO pOt u}OvJ ?}mQD |rY= |xO}= [11�9]"CU= xDiQo
|=yxDi=} "CU=yxO=O QO OwHwt *Cw=iDt |=ywor= |R=UpOt |=Q@ |mD |=ypOt R=
|=Q@ ;Q=m w QF-wt |}xw}W Cw=iDt |=ypOt ?}mQD xm OvyO|t u=Wv |Q_v w |@ QHD
|=yxm@W =@ |v}@V}B x@ \w@ Qt C=k}kLD QO [13w12]"CU=y|v}@V}B CkO Ow@y@

[14]"CU= xOW x�=Q= |OOaDt |@}mQD |=ypOt |awvYt |@Ya
|@Ya |=yxm@W ?}mQD |=Q@ |WwQ '|v=tR |=y|QU |v}@V}B Qw_vtx@
`iQ Qw_vtx@ [15]"OW x�=Q= xDW=@v= uw}UQoQOwN lQLDt u}ov=}t VwQ w |awvYt
l} 'R}v |DvU |]N Q}e w |]N |@}mQD |=yVwQ QO OwHwt |=yC}OwOLt
Tm =@ |=ypOt w QwNW}B |x}qOvJ |@Ya |=yxm@W R= xO=iDU= =@ |@}mQD VwQ
|=yu}W=t R= ?mQt |OQm} wQ 'Qo}O |}xar=]t QO [16]"CU= xOW x�=Q= Rv}mvH�
|v}@V}B Qw_vtx@ =Q xDW=@v= lQLDt u}ov=}t 'uw}UQoQOwN |=ypOt w u=@}DWB Q=OQ@
xO=iDU= =@ |@}mQD VwQ l} R}v u}kkLt R= |NQ@ [17]"CU= xO=O Q=Qk xO=iDU= OQwt
[18]"Ov=xOQm O=yvW}B |awvYt |@Ya |=yxm@W =@ |rYi |v=tR |=y|QU pOt R=
CkO Ow@y@ Qw_vtx@ wQW}B |@Ya |xm@W OvJ ?}mQD R}v Qo}O |=yVywSB QO

[19]"CU= xOW O=yvW}B |v=tR |=y|QU |v}@V}B
|=ypOt R=?mQt '|@}mQD pOtl} '|rYi |v=tR |=y|QU |v}@V}B Qw_vtx@
xDN=U u=@}DWB |=yQ=OQ@ |=yu}W=t w xDW=@v= lQLDt u}ov=}t uw}UQoQOwN |rYi
|@Ya |=yxm@W R= |@}mQD |WwQ R}v l}DvS sD} Qwor= |xw}W |Q}oQ=mx@ =@ [20]"OW
|k}kLD QO [21]"OW xDiQo Q=m x@ Q=O=y@ j=Qw= TQw@ |=yQ=R=@ QO w x�=Q= |awvYt
l}DvS sD} Qwor= w |awvYt |@Ya |=yxm@W R= xO=iDU= =@ |@}mQD pOt l} 'x@=Wt
[22]"OW x�=Q= Q=O=y@ j=Qw= TQw@ |=yQ=R=@ QO |Dkwt |=ywor= |v}@V}B Qw_vtx@
=@ |awvYt |@Ya |=yxm@W R= ?mQt |rOt '|r=t |=yQ=R=@ |v}@V}B Qw_vtx@

[23]"OW x�=Q= xDi=}s}taD |]N uw}UQoQOwN |=ypOt R= xO=iDU=
|x}qOvJ|=yxm@W|xDi=}Ow@y@|=ypOt w|r=tDL=|@Ya|=yxm@W?}mQD =@
QO w OW x�=Q= |v=tR |=y|QU |v}@V}B Qw_vtx@ |O}OH |@}mQD pOt 'QwNW}B
uwQDBUQB |=yxm@W R= O}OH |@}mQD pOt l} [24]"CiQo Q=Qk xO=iDU= OQwt RQ= Q=R=@
|v}@V}B QO w OW x�=Q= uvywm xOu=tR=UOwN |=yCW=ov R= xO=iDU= =@ x}qOvJ
'|v=tR |=y|QU |v}@V}B Qw_vtx@ [25]"CiQo Q=Qk xO=iDU= OQwt xD}U} QDmr= Ct}k
uw}UQoQOwN |=ypOt =@ u=tr= |xOvOQoQ@ |@Ya |=yxm@W R= ?mQt |rOt R=

[26]"OW xO=iDU= xDW=@v= lQLDt u}ov=}t
|@Ya |=yxm@W R= ?mQt |rOt 'R}v xDU} QDmr= Ct}k |v}@V}B Qw_vtx@
xDiQo Q=m x@ w x�=Q= xDW=@v= lQLDt u}ov=}t uw}UQoQOwN |=ypOt w QwLt|a=aW
u; QO xm OW x�=Q= |@}mQD pOt l} R}v CqwYLt Ct}k |v}@V}B Qw_vtx@ [27]"OW
?}mQD Qo}Om} =@ |R=i |=ypOt wl}DvS sD} Qwor= =@ xOu=tR=UOwN|@Ya |=yxm@W
=Q |R=i |=ysDU}U |v}@V}B |@}mQD pOt l} |x�=Q= Qw_vtx@ u}kkLt [28]"Ov=xOW
[29]"Ov=xDiQo Q=m x@ |v=tR |=y|QU |v}@V}B QO w xOQm ?}mQD |]NQ}e uw}UQoQ =@
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|Q=

H}@
|Oy

t'|
aW=N

|Oy
t |]N uw}UQoQ pOt l} "OvwW|t xDiQo Q=m x@ |k}kL C=Oy=Wt =@ \=@DQ= QO `} RwD

%R= CU= CQ=@a |rm Cr=L QO |R=i
~Y = ~�0 + ~�1x1 + ::::+ ~�nxn =

nX
i=1

~�ixi = X 0 ~� (4)

O=OaD n 'xO=yv=QD Qorta �0� s} QB Ctqa 'pkDUt |=yQ}eDt Q=OQ@ X xm |Qw]x@
|R=i O=Oa= u}= "OvDUy pOt QDt=Q=B u}t=i Qov=}@ |R=�i |=yxawtHt ~�i w =yQ}eDt
=@ (�i; ci)L

[35]�T} QB w Tw}@=O� p= ẁv |R=i O=Oa= pmWx@ �~�i |=yQDt=Q=B�
%OvDUy Q} R p=tDL= `} RwD

�~�i (�i) = L f(�i � �i=c)g (5)

uQ=kDt |FrFt |R=i O=Oa= pmWx@ R}v |R=i |=yQDt=Q=B "CU= `@=D l} L u; QO xm
%Ov=xOW xDiQo Q=m x@

�~�i (�i) =

8<:1� j�i��ijci
�i � ci � �i � �i + ci;

0 otherwise;
(6)

"CU= �i |=yQDt=Q=B Qov=}@ |R=i |xawtHt C} w[a `@=D �~�i(�i) xm |Qw]x@
'VQDUo pY= x@ xHwD =@ p=L "CU= RmQt pwL VQDUo ci w |R=i OOa RmQt R}v �i

%OQm h} QaD u}vJ u=wD|t =Q ~yi = X 0t ~� |R=i OOa C} w[a `@=D

�~y (yt) =

8>>>><>>>>:
1� jyt�xt�jc0jxtj for xt 6= 0;
1 for xt = 0; yt = 0;
0 for xt = 0; yt 6= 0;

(7)

pwL =yv; |=yVQDUo w =yQDt=Q=B x@ \w@ Qt Q}O=kt Q=OQ@ ?}DQDx@ c w � xm |Qw]x@
|=yVQDUo ẁtHt =@ Q@=Q@� C=t=y@= pm |R=Uxv}tm R= pOt |rm Qw]x@ "OvDUy RmQt

"Ovm|t xO=iDU= �pOt |R=i |=yQDt=Q=B R= l} Qy x@ \w@ Qt w |mD
Minimize S =

kX
t=1

c0 jxtj (8)

Qy |=R=x@ C} w[a Q=Okt xm OQ}o|t Q_v QO =Q |]}=QW u=tRty Qw]x@ VwQ u}=
"(h 2 [0; 1]) CU= h K]U QO xOW u}}aD |xv=DU; OL R= QDnQR@ yt |xOy=Wt
\=kv |t=tD |=Q@ O}=@ pOt |R=i |HwQN xm CU= Ck}kL u}= Qov=}@ Q=}at u}=
K]U Q=Okt ?=NDv= "OW=@ h K]U |@=NDv= Q=Okt R= QDW}@ y1; y2; :::; yk |}xO=O

"CU= QF-wt pOt |R=i |=yQDt=Q=B |=yVQDUo Q@ h
�~y (yt) � h for t = 1; 2; :::; k (9)

"OOQo|tQ@ pOt CN=U QO xOW xDiQo Q=m x@ |R=iQ}e |=yxO=O O=OaD x@ tXN=W
|R} Qxt=vQ@ l} CQwYx@ =m =v=D \UwD |R=i uw}UQoQ |=yQDt=Q=B uDi=} |xr�Ut

[5]"CU= xOW xrwtQi |]N

Minimize S =
kX
t=1

c0 jxtj

x0t�+ (1� h) c0 jxtj � yt t = 1; 2; ::::; k
subject:to x0t�� (1� h) c0 jxtj � yt t = 1; 2; :::; k

c � 0 (10)

l} u=wvax@ Ck}kL QO �1 |x]@=Q� |awvYt |@Ya |=yxm@W pOt wQu}= R=
%Ow@ Oy=wN xOv}; Q=Okt x@ xDWPo C=Oy=Wt R= |]NQ}e CW=ov

yt = f (yt�1; :::; yt�p; w) + "t (3)

|@Ya |xm@W Q=DN=U\UwD xmCU=|a@=D f w =yQDt=Q=B |xty Q=OQ@w xm |Qw]x@
uw}UQoQOwN pOt l} pO=at |@Ya |xm@W =Pr "OwW|t u}}aD |r=YD= |=yuRw w
|x}q QO �|HwQN� uwQv l} xm OQ=O|t u=}@ u}vJty 3 |x]@=Q "CU= |]NQ}e

"OQ}o|tQ=Qk xO=iDU= OQwt |}xrLQt l} |v}@V}B |=Q@ |HwQN
'CU= |O=} R Q=}U@ ?} QkD CQOk |=Q=O 3 |x]@=Q QO xOWu=}@ |xO=U pOt
`@=D Qy CU= QO=k 'OvW=@ nQR@ |i=m |xR=Ov=x@ �q� |iNt |=yxQo O=OaD Qo = xm =QJ
|x}q QO |QDsm uwQv O=OaD xm 'xO=U |@Ya |xm@W Q=DN=U "OvR@ ?} QkD =Q x=wNrO
u; Cra xm Ovm|t pta QDy@ ,=@r=e xvwtv R= GQ=N |=y|v}@V}B QO 'OQ=O |iNt
|R=UpOt Ov}=Qi QO ,=DOta xm CU= OL R= V}@ VR=Q@ |xr�Ut R= uDUH |QwO

[32]"OyO|t MQ |@Ya |=yxm@W
|=yxO=O� pOtCN=U |=Q@ xm |}=yxO=O |=Q@ 'xOWVR=Q@ OL R=V}@ pOtl}
|=Q@ 'u; s}taD |}=v=wD =:t= OyO|t u=Wv |@ wN VR=Q@ 'Ov=xOW xO=iDU= �VRwt;
|iNt |x}q |=yuwQv O=OaD ?=NDv= [33]"CU=h}a[ Q=}U@ xvwtv R= GQ=N |=yxO=O
|L=Q] QO QDt=Q=B u}= u}}aD Qw_vtx@ |m}D=tDU}U uwv=k I}y w CU=yxO=O x@ xDU@=w
|=yxm@W |R=UpOt Qo}O syt |xrLQt 'u}= Q@ xwqa "OQ=Ov OwHw|@Ya |=yxm@W
xm@W |OwQw Q=OQ@ u=wvax@ C=Oy=Wt QO OwHwt |=yxikw O=OaD ?=NDv= '|@Ya
|awvYt |@Ya |=yxm@W |=ypOt |L=Q] QO QDt=Q=B u} QDsyt O}=W xm CU=
|v=tR |=y|QU |]NQ}e |xDU@tyOwN Q=DN=U u}}aD QO QDt=Q=B u}= xm =QJ 'OW=@

"OvQ=O |U=U= Vkv
'C=W}=tR; w x@ QHD wQu}= R= &OQ=Ov OwHw |Y=N |x} Q_v I}y p ?=NDv= |=Q@
q w p |}xm@W Q=DN=U |Dkw "Ow@ Oy=wNq w p ?U=vt Q=Okt |xOvvmXNWt
u}ov=}t |R=UpOt Ovv=ty "CU=yQDt=Q=Bu}tND wVRwt; |xO=t; xm@W OWXNWt
CkO Q=}at xm OwW|t xOR u}tND |Qw] =yQDt=Q=B |xDW=@v= uw}UQoQOwN lQLDt
|=ysD} Qwor= \UwD QwmPt VRwt; Ov}=Qi "OwW xv}tm =y=]N C=a@ Qt u}ov=}t Ovv=t
,qwtat xOW OQw;Q@ pOt "OQ}o|t s=Hv= =]N Q=WDv=TB uwJty |]NQ}e |R=Uxv}y@
CU= xDiQov Q=Qk xO=iDU= OQwt VRwt; Ov}=Qi QO xm |}xv=o =OH |xvwtv \UwD
|=ypOt |R=UpOt Ov}=Qi =@ u}= w OQ}o|t Q=Qk |@=} RQ= OQwt �uwtR; |=yxO=O�
w u}tND '|}=U=vW Qw_vtx@ xvwtv l} R= xm xDW=@v= uw}UQoQOwN lQLDt u}ov=}t
pmW xm CU= u; R}v ẁ[wt u}= p}rO "CU= Cw=iDt Ovm|t xO=iDU= pOt |@=} RQ=
p@k R= xDW=@v= uw}UQoQOwN lQLDt u}ov=}t |R=UpOt |=Q@ �|]N� pOt |rm
w CU}v u}vJ |@Ya |=yxm@W |R=UpOt QO xm |DQwY QO [34]'CU= XNWt
pOt |x@DQt Ovv=ty |]NQ}e pOt |awvYt |@Ya |=yxm@W =@ |R=UpOt QO

"OwW OL R= V}@ VR=Q@ Q=JO xm@W CU= umtt w OwW xOR u}tND O}=@

|R=i uw}UQoQ pOt "3
|=yu}tND Qo}O CQ=@ax@ &Ovvm|t xO=iDU= =]N CQ=@a swyit R=l}Uqm |=ypOt
u=ty u}= w OwW|tv =]N |xrtH pt=W w CU= |k}kO Q}O=kt =ypOt R= xvwou}=
|R=i uw}UQoQ w |R=i |x} Q_v |U=U= swyit [4]"CU= |R=i uw}UQoQ |}x}=B swyit
Q}O=kt w xOW xOR u}tND Q}O=kt u}@ |=yxOv=t|k=@ R= =]N |xrtH xm CU= u}=
u=mt= w pOt |=yQDt=Q=B C}a]k sOa QO xmr@ 'OwW|tv O}rwD C=Oy=Wt =} |rY=
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"""|
=yxm

@WO
Qmrt

aO
w@y@

|=Q@
|R=

ij
]vt

|Q}
oQ=mx

@C} w[a `@=wD u=R}t |=Q@ h |}xv=DU; K]U uDiQo Q_v QO =@ p=L "CU= xOW xOQw;
17 |x]@=Q j@=]t |]NQ}e |R} Qxt=vQ@ pOt '9 |x]@=Q j@=]t C=Oy=Wt |t=tD

"O};|t CUO x@

� ~wi;j(wi;j) =

8>>>><>>>>:
1

bi;j�ai;j (wi;j � ai;j) if ai;j � wi;j � bi;j ;
1

bi;j�ci;j (wi;j � ci;j) if bi;j � wi;j � ci;j ;
0 otherwise;

(13)

� ~Xt;j(xt;j) =

8>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>:

 
xt;j�g

 pP
i=0

ai;j �yt�i
!!

g

 
pP
i=0

bi;j �yt�i
!
�g
 
pP
i=0

ai;j �yt�i
!

if g
� pP
i=0
ai;j :yt�i

�
�xt;j�g

� pP
i=0
bi;j :yt�i

�
; 

xt;j�g
 
pP
i=0

ci;j �yt�i
!!

g

 
pP
i=0

bi;j �yt�i
!
�g
 
pP
i=0

ci;j �yt�i
!

if g
� pP
i=0
bi;j :yt�i

�
�xt;j�g

� pP
i=0
ci;j :yt�i

�
;

0 otherwise

(14)

� ~wj(wj) =

8>>>><>>>>:
1

ej�dj (wj � dj) if dj � wj � ej ;
1

ej�fj (wj � fj) if ej � wj � fj ;
0 otherwise;

(15)

� ~Y (yt) �=8>>>>>><>>>>>>:
�B12A1 +

��
B12A1

�2� C1�f�1(yt)
A1

�1=2
if C1�f�1(yt)�C3;

B22A2 +
��

B22A2

�2� C2�f�1(yt)
A2

�1=2
if C3�f�1(yt)�C2;

0 otherwise;

(16)

%xm |tUkx@
A1 =

qX
j=0

(ej � dj):
 
g

 pX
i=0

bi;j :yt�i
!
� g

 pX
i=0

ai;j :yt�i
!!

;

B1 =
qX
j=0

(dj :

 
g

 pX
i=0

bi;j :yt�i
!
� g

 pX
i=0

ai;j :yt�i
!!

+g

 pX
i=0

ai;j :yt�i
!
:(ej � dj));

A2 =
qX
j=0

(fj � ej):
 
g

 pX
i=0

ci;j :yt�i
!
� g

 pX
i=0

bi;j :yt�i
!!

;

B2 =
qX
j=0

(fj :

 
g

 pX
i=0

ci;j :yt�i
!
� g

 pX
i=0

bi;j :yt�i
!!

+g

 pX
i=0

ci;j :yt�i
!
:(fj � ej));

|=yQ}eDt Q=OQ@ c0 = (c1; c2; :::; cn) w �0 = (�1; �2; :::; �n) xm |Qw]x@
"CU= xOW h} QaD ,q@k xm CU= |t=y@= pm S w 'pwyHt

|@}mQD pOt uOQmxrwtQi "4
R= |a}Uw |xvt=O |=Q@ |k}kO |v}@V}B |=ypOt |awvYt |@Ya |=yxm@W
G}=Dv ?Um Qw_vtx@ xDWPo |=yxO=O O=} R O=OaD C}OwOLt |=Q=O =:t= 'OvDUy p�=Ut
|xaUwD w \}Lt C}a]k sOa Crax@ xRwQt= xm CU= |r=L QO u}= [2]"Ov=j}kO
QO w sm |=yxO=O R= xO=iDU= =@ =Q|D; |=yC}akwt O}=@ ,qwtat 'u} wv |=y|Qw=vi `} QU
|}=yVwQ |v}@V}B RwQt= |=}vO QO u}=Q@=v@ "OQm |v}@V}B COtx=Dwm |v=tR |=yxR=@
sRq |}=Q=m |]}=QW u}vJ QO w OW=@ xDW=O sRq |QDsm |=yxO=O xm CU= R=}v OQwt
|=yxO=O \}=QW QO ?U=vt |}xR=@ |v}@V}B pOt l} |R=i uw}UQoQ pOt "OvW=@ =Q
u}= |rY= hOy ,=U=U= "OvQ=Ov |@U=vt OQmrta xW}ty =:t= 'CU= sm pwYL p@=k
|awvYt|@Ya |=yxm@W |R=U|R=i =}; xmCU= x}[Qi u}=CLY|UQQ@ 'xr=kt

#xv =} OW Oy=wN QDj}kO G}=Dv x@ |@=}CUO w =yv; CkO V}=Ri= Ea=@
`iQ |=Q@ ?U=vt |Q=R@= ,=@r=e |R=i j]vt |Q}oQ=mx@ '|Q_v ^=Lrx@ xJQo =
QDj}kO G}=Dv x@ |@=}CUO w '|@Ya |=yxm@W R=}v OQwt |=yxO=O O=OaD C}OwOLt
"CU= xOWv C=@F= |rm Cr=L QO ẁ[wt u}= 'OwW|t |}xO=O \}=QW R= xvwou}= QO
'xLwQ]t X=N OQ@ Q=m QO ẁ[wt u}= |DUQO uO=Ou=Wv Qw_vtx@ xar=]t u}= QO =Pr

"CU= xOW xO=iDU= xrY=L |@ QHD G}=Dv R=
b0; b0;j � Ov=|a]k |Q}O=kt �=yT=}=@ w =yuRw� |@Ya |=yxm@W |=yQDt=Q=B
'|a]k Q}O=kt u}= |Q}oQ=mx@ |=Hx@ O}OH VwQ QO xm |DQwY QO '�wj ; wi;j w
"( ~wj ; ~wi;j ;~b0;~b0;j) Ov=xOW xDiQo Q_v QO |R=i O=Oa= CQwYx@ xm@W |=yQDt=Q=B
|v}@V}B |xvt=O xm |]}=QW |=Q@ Q=DWwv u}= QO xOW x�=Q= |SwrwODt 'u}= Q@ xwqa
=@ |@}mQD pOt l} '|rm Cr=L QO "CU= xOW xDiQo Q=m x@ [36]'OwW|t `}Uw

[37]%CU= Q} R CQwYx@ |R=i |=yQDt=Q=B

~yt = f(~b0 +
qX
j=1

~wj � g(~b0j +
pX
i=1

~wi;j � yt�i)) (11)

?}DQDx@ f w g w '|R=i O=Oa= ( ~wj ; ~wi;j ;~b0;~b0;j) 'C=Oy=Wt yt xm |tUkx@
11 |xrO=at '|Q=Po}=H l} =@ "Ov=|HwQN |x}q w |v=}t |x}q |R=Up=ai `@=wD

%x@ OwW|t p}O@D

~yt = f(~b0 +
qX
j=1

~wj � ~Xt;j) = f(
qX
j=0

~wj � ~Xt;j) (12)

|r=YD= |=yuRw "CU= ~Xt;j = g(~b0j +
Pp
i=1 ~wi;j :yt�i) xm |tUk x@

|R=i O=Oa= CQwYx@ xrO=at u}= QO |v=}t |x}q w |OwQw |x}q u}@=t
"CU= xOW xDiQo Q_v QO �13 |x]@=Q� ( ~wi;j = (ai;j ; bi;j ; ci;j)) |FrFt
|=yQDt=Q=B =@ xm CU= |R=i |xawtHt Qy C} w[a `@=D � ~w(wij) xm |Qw]x@
C} w[a `@=D [38]'VQDUo pY= R= xO=iDU= =@ p=L "OwW|t XNWt wi;j
QwmPt|x]@=QC=@F= "Ow@ Oy=wN14|x]@=Qj@=]t ~Xt;j = g(

Pp
i=0 ~wi;j :yt�i)

~Xt;j|FrFt|R=i|=yxO=OuDiQo Q_v QO =@ "CU= xOWxOQw;1CUw}B QO|rmCr=LQO
|x]@=Q j@=]t� wj |FrFt |R=i |=yQDt=Q=B w �14 |x]@=Q j@=]t� |D} w[a `@=D =@
~yt = f(~b0 +

Pq
j=1 ~wj : ~Xt;j) = f(

Pq
j=0 ~wj : ~Xt;j) C} w[a `@=D �15

2 CUw}B QO |rm Cr=L QO Qw@ Rt |x]@=Q C=@F= "Ow@ Oy=wN 16 |x]@=Q j@=]t
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"""w
|Q=

H}@
|Oy

t'|
aW=N

|Oy
t

x=tu=@; 14 R= �u=Q}= p=} Q p@=kt QO =m} Qt; QqO� RQ= MQv |xv=RwQ |xO=O "1 pmW
"1384 p=U x=tQP; 25 =D

"QwNW}B |x}qOvJ |@Ya |xm@W Q=DN=U "2 pmW

"|@Ya |xm@W \UwD xOWOQw;Q@ w |ak=w Q}O=kt "3 pmW

|Q}oQ=mx@ w [41w40]|awvYt |@Ya |=yxm@W |L=Q] pwY= x@ xHwD =@ "1 R=i
QO xm CU= N (3�3�1) |xm@W l} 'p;O}= |xm@W MATLAB7 Q=Ri=sQv
1 pwOH QO R}v QwmPt |xm@W |=yT=}=@ w =yuRw "CU= xOW xO=O u=Wv 2 pmW

"CU= xOW x�=Q=
xOW xO=O u=Wv 3 pmW QO xm@W \UwD xOWVR=Q@ w |ak=w Q}O=kt u}vJty

"CU= xOW x�=Q= 2 pwOH QO R}v QwmPt |xm@W |OQmrta |=yQ=}at "CU=
(w0; w1; w2; w3) = xOt;CUO x@ u=Rw= uO=OQ=Qk =@ %�xv}tm s=y@= u}}aD� "2 R=i
R= xO=iDU= =@ pOt |R=i |=yQDt=Q=B '(�985 2; 0 5847; 985 3; 0 278)

xOW xOQw; 4 pmW QO xrY=L G}=Dv w(h = 0) xOt; CUO x@ 17 |xrO=at
"CU=

~yt = h0 5847; 0 000ix1;t + h958 3; 0 1069ix2;t

+ h0 2781; 0 000ix3;t (18)

C1 =
qX
j=0

 
dj :g

 pX
i=0

ai;j :yt�i
!!

C2 =
qX
j=0

 
fj :g

 pX
i=0

ci;j :yt�i
!!

;

C3 =
qX
j=0

 
ej :g

 pX
i=0

bi;j :yt�i
!!

;

Min
kX
t=1

qX
j=0

 
fj :g

 pX
i=0

ci;j :yt�i
!!
�
 
dj :g

 pX
i=0

ai;j :yt�i
!!

Subject:to

8>>>>>>>>><>>>>>>>>>:

�B12A1 +
��

B12A1

�2 � C1�f�1(yt)
A1

�1=2
� h

if C1 � f�1(yt) � C3; for t = 1; 2; ::::; k
B22A2 +

��
B22A2

�2 � C2�f�1(yt)
A2

�1=2
� h

if C3 � f�1(yt) � C2; for t = 1; 2; ::::; k
(17)

%OwW|t s=Hv= R=i xU QO xYqN Qw]x@ |@}mQD VwQ pL=Qt
OwHwt C=aq]= R= xO=iDU= =@ |@Ya |xm@W pOt l} VRwt; "1 R=i
?=wH 'R=i u}= |xH}Dv "� Ov=|R=iQ}e CQwYx@ xm � C=Oy=Wt QO
w� = (w�j ; w�i;j |awvYt |@Ya |xm@W |=yQDt=Q=B |xv}y@
xawtHt R= |m} u=wvax@ xm CU= for j = 0; 1; :::; q: i = 0; 1; :::; p:)

"OQ}o|t Q=Qk xO=iDU= OQwt swO R=i QO |OwQw |=yxO=O
xrY=L u=Rw= w 17 |xrO=at R= xO=iDU= =@ s=y@= u} QDsm u}}aD "2 R=i

"w� = (w�j ; w�i;j for j = 0; 1; :::; q: i = 0; 1; :::; p:)
|xvt=O xm |Dkw 'pOt u}�=B w q=@ OL |=yxO=O |Jw@}W}= C=Q_v x@ xHwD =@ "3 R=i
|xty pt=W |rOt uDN=U Qw_vtx@ "OW Oy=wN hPL 'OwW `}Uw |@}mQD pOt
R= GQ=N OQ=wt =} XNWt |=yCw=iD pt=W =yxO=O xawtHt Qo = 'umtt \}=QW
|=yxO=O |Jw@}W}= C=Q_v j@] "OW Ovy=wN xOQDUo Q=}U@ =ycj 'OvW=@ xOwOLt
|Ov@pwtQi ,=OOHt pOt TBU 'OwW|t hPL pOt u}�=B w q=@ |=yRQt h=Q]=

"OwW|t

|v}@V}B Qw_vtx@ |@}mQD pOt |Q}oQ=m x@ "5
QqO� RQ= MQv C=Q}}eD |xvt=O |v}@V}B Qw_vtx@ xrY=L pOt R= 'CtUk u}= QO
u}= QO xOW xO=iDU= C=aq]= "CU= xOW xO=iDU= �u=Q}= p=} Q p@=kt QO =m} Qt;
x@vW R= �u=Q}= p=} Q p@=kt QO =m} Qt; QqO� RQ= MQv |xv=RwQ |xO=O 42 pt=W j}kLD
Q@t=wv sHvB =@ j@=]t '1384 p=U x=tQP; sHvB w CU}@ xatH =D x=tu=@; syOQ=yJ
"CU= xOW xO=O V}=tv 1 pmW QO xm [39]CU= 2005 p=U Q@t=UO syORv=W =D

|v}@V}B "1"5
xm@W VRwt; Qw_vtx@ �pw= |xDiy GvB� xOy=Wt 35 =OD@= |@}mQD pOt |Q}oQ=mx@ =@
xDiQo Q=Qk xO=iDU= OQwt pOt OQmrta VHvU |=Q@ �QN; |xDiy� xOy=Wt 7 TBU w

"CU=
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"""|
=yxm

@WO
Qmrt

aO
w@y@

|=Q@
|R=

ij
]vt

|Q}
oQ=mx

@"xm@W |=yT=}=@ w =yuRw x@ \w@ Qt Q}O=kt "1 pwOH
|OwQw |x}q |=yuRw |iNt |x}q |=yuRw =yU=}=@

W 1
i;1 W 1

i;2 W 1
i;3 Weights b1

j b2

3 789 42 1041 155 267 0 58467 �6 5836 �985 191
2 3651 �11 4934 171 7137 985 3194 11 4485
4 5226 �26 0876 158 0902 0 27808 �27 1291

"RQ= MQv |v}@V}B QO |@Ya |xm@W OQmrta |=yQ=}at "2 pwOH
VRwt; CUD

MSE MAE MSE SSE RMSE ME MAPE MAE

0 932 0 825 0 686 4 802 0 828 �0 539 0 008 0 692

"uwtR; |=yxO=O |rY= Q}O=kt w u}}=B w q=@ OwOL "3 pwOH

Q}O=kt |q=@ OL Q}O=kt u}}=BOL Q}O=kt M} Q=DR= p@k R= Oa@ R= p@k R= Oa@ |ak=whPL hPL hPL hPL
9084 9084 9081 9081 9082 �QP;�19� x@vW
9084 9084 9081 9082 9083 �QP;�20� x@vWm}
9084 9084 9081 9082 9083 �QP;�21� x@vWwO
9084 9084 8091 9081 9082 �QP;�22� x@vWxU
9084 9084 9081 9081 9081 �QP;�23� x@vWQ=yJ
9084 9084 9081 9081 9082 �QP;�24� x@vWGvB
9084 9084 9081 9081 9082 �QP;�25� xatH

u}= "CU= xOW xOQw; 3 pwOH QO xOW |v}@V}B Q}O=kt G}=Dv "Ov=xOW |v}@V}B
OQo pwOH QO Q}O=kt u}}=B w q=@ OL x@ \w@ Qt |=yxO=O xm CU= QmP p@=k xDmv
pOt x@ C@Uv |R=i pY=wi w xrY=L G}=Dv 'OwW|t xOy=Wt xm u=vJ "Ov=xOW

"CU= QD?wr]t |r@k

x@=Wt |=yVwQ Q}=U =@ xU}=kt "2"5
Q}=U =@ p@=kD QO |O=yvW}B pOt |}=Q=m w |QDQ@ uO=Ou=Wv Qw_vtx@ CtUk u}= QO
pOt 'sm pwYL p@=k |=yxO=O \}=QW QO |v=tR |=y|QU |v}@V}B QO =yVwQ
=ypOt Q}=U =@ �u=Q}= p=} Q p@=kt QO =m} Qt; QqO� RQ= MQv |v}@V}B QO |O=yvW}B

"CU= xOW xU}=kt
|=ypOt 'QwNW}B |x}qOvJ |@Ya |=yxm@W R= Ov=pmWDt =ypOt u}=
uw}UQoQOwNlQLDtu}ov=}t|@}mQD |=ypOt w xDW=@v=lQLDtu}ov=}t uw}UQoQOwN
|O=yvW}B |@}mQD VwQ \UwD xOW|v}@V}B xR=@ pw] |xU}=kt R= "|R=i |xDW=@v=
CN=wvm} `} RwD ZQi =@ 'QwNW}B |x}qOvJ |xm@W |=]N jr]tQOk u}ov=}t =@
Qov=}@ xrY=L G}=Dv '|v}@V}B |=[i w xOW OQw;Q@ *̀ @=D h=Q]= QO |ak=w Q}O=kt
xR=@ pw] CU= |vDio "CU= |awvYt |@Ya |=yxm@W Q@ |@}mQD VwQ |QDQ@

"�hPL R= p@k� =yv; u}}=B w q=@ OL w |ak=w Q}O=kt "4 pmW

"�hPL R= Oa@� =yv; u}}=B w q=@ OL w |ak=w Q}O=kt "5 pmW

'Ov=xDiQo Q=Qk |R=i pY=wi QO |ak=w Q}O=kt OwW|t xOy=Wt 4 pmW QO xm u=vJ
"OyO|tv x�=Q= =Q |@U=vt pY=wi |@}mQD pOt w xOW`}Uw |R=i pY=wi pw] =:t=
syv� x=tQP; syOHy x@ \w@ Qt |xOy=Wt xm OwW|t XNWt jwi G}=Dv R= "3 R=i
u}= \UwD xm |]N C}OwOLt u}=Q@=v@ 'CU= xDiQo Q=Qk |v}}=B RQt QO �Q@t=wv
"(h = 0) OwW|t Q=QmD ,=OOHt swO R=i TBU w hPL 'xOW O}rwD xOy=Wt

"CU= xOW xOQw; 5 pmW QO xOt; CUO x@ G}=Dv
~yt = h0 5847; 0 000ix1;t + h958 3; 0 0940ix2;t

+ h0 2781; 0 000ix3;t (19)

xDU@=w Q}eDt |D; Q}O=kt xOW |v}@ R=@ |@}mQD pOt R= xO=iDU= =@ R}v =yDv= QO

68



"""w
|Q=

H}@
|Oy

t'|
aW=N

|Oy
t

|Q}oxH}Dv "6
*|}=v=wD =D xOW Ea=@ |r=t |=yQ=R=@ w CQ=HD uOW|v=yH w |m} SwrwvmD C=Q}}eD
|QDW}@ C}ty= |D@=kQ u=wD ^iL QO OwHwt |=ywor= QD`} QU w QDj}kO |v}@V}B
'|r=t |=yQ=R=@ xS} wx@ 'xDN=vW=v |=y\}Lt xvwou}= `} QU C=Q}}eD =:t= "Ovm =O}B
?wr]t G}=Dv pwYL Qw_vtx@ sRq |=yxO=O u}t-=D Q_v R= =Q u=oOvvm|v}@V}B
|=yxm@W |}x}=B s}y=it w pwY= T=U=Q@ Q=DWwv u}= QO "CU= xOQm pmWt Q=JO
|v}@V}B Qw_vtx@ Qw@ Rt VwQ wO?}mQD R=|rOt '|R=i uw}UQoQ w|awvYt|@Ya
|=yQDt=Q=B uDiQo Q_v QO |R=i =@ |O=yvW}B pOt "CU= xOW O=yvW}B|v=tR |=y|QU
Vy=m =Q ?wr]t G}=Dv ?Um |=Q@ R=}v OQwt |=yxO=O 'QwNW}B |x}qOvJ |xm@W
s=Hv= |}=v=wD =yvDxv |@}mQD pOt xm CU= u; Qov=}@ xOt; CUO x@ G}=Dv "CU= xO=O
=Q umtt Cr=L u} QDO@ w u} QDy@ u=oOvQ}os}tYD |=Q@ xmr@ OQ=O =Q ?U=vt |v}@V}B
x@ C@Uv |QDy@ OQmrta Q@=Q@ \}=QW QO u}vJty |O=yvW}B pOt "OR=U|t sy=Qi R}v
|xDW=@v= uw}UQoQOwN lQLDt u}ov=}t |@}mQD VwQ w QwNW}B |x}qOvJ |=yxm@W

"CU= xDW=O |R=i

jr]tQOk u}ov=}t xm |r=L QO CU= p=} Q 2 78 |@}mQD VwQ \UwD xOW|v}@V}B
"CU= p=} Q 0 764 =@ Q@=Q@ xm@W |=]N

u}vJty w xDW=@v= uw}UQoQOwN lQLDt u}ov=}t |=ypOt x@C@Uv|@}mQD VwQ
"CU= xOQm x�=Q= RQ= MQv |v}@V}B QO |QD?wr]t G}=Dv R}v u; |R=i |@}mQD VwQ
|xOW|R=i Cr=L '|R=i |xDW=@v= uw}UQoQOwN lQLDt u}ov=}t |@}mQD |=ypOt
u}ov=}t pOt R= xOt; CUO x@ u=v}t]= �95 pw] [39]"OvDUy =ypOt R= xvwou}=
|@}mQD VwQ R= pY=L xR=@ pw] w 'p=} Q 16 2 'xDW=@v= uw}UQoQOwN lQLDt
xm |DQwY QO 'CU= [39]p=} Q 4 05 |R=i |xDW=@v= uw}UQoQOwN lQLDt u}ov=}t
?}DQDx@ OwN u}= w CU= p=} Q 2 78 |@}mQD VwQ \UwD xOW|v}@V}B xR=@ pw]
|=}=Rt "CU= pOt wO u}= x@ C@Uv G}=Dv CkO QO Ow@y@ �31 w �83 R= V}@ Qov=}@

%OQm xYqN u}vJ u=wD|t =Q |@}mQD VwQ
&=yxO=O Ow@tm |xr�Ut `iQ "1

&umtt Cq=L u} QDO@ w u} QDy@ |x�=Q= "2
"QDj}kO G}=Dv x@ |@=}CUO "3

�References� `@=vt
1. Khashei, M. \Forecasting and analysis of Esfahan steel

company productions price in Tehran metals exchange
using arti�cial neural networks", Master of Science The-
sis, Isfahan University of Technology (2005).

2. Zhang, G., Patuwo, B.E. and Hu, M.Y. \Forecasting
with arti�cial neural networks: The state of the art",
Neurocomputing, 56, pp. 205-232 (2004).

3. Nam, K. and Schaefer, T. \Forecasting international air-
line passenger tra�c using neural networks", Logistics
and Transportation, 31(3), pp. 239-251 (1995).

4. Kang, S. \An investigation of the use of feedforward neu-
ral networks for forecasting", Ph.D. Thesis, Kent State
University (1991).

5. Tanaka, H. \Fuzzy data analysis by possibility linear
models", Fuzzy Sets and Systems, 24(3), pp. 363-375
(1987).

6. Tanaka, H. and Ishibuchi, H., Possibility Regres-
sion Analysis Based On Linear Programming, in: J.

Kacprzyk, M. Fedrizzi (Eds.), Fuzzy Regression Anal-
ysis, Omnitech Press, Warsaw and Physica-Verlag, Hei-
delberg, pp. 47-60 1992.

7. Song, Q. and Chissom, B.S. \Forecasting enrollments
with fuzzytime series -part I", Fuzzy Sets and Systems,
54(1), pp. 1-9 (1993).

8. Chen, S.M. \Forecasting enrollments based on fuzzy
time series", Fuzzy Sets and Systems, 81(3), pp. 311-31
(1996).

9. Reid, M.J. \Combining three estimates of gross domestic
product", Economica, 35, pp. 431-444 (1968).

10. Bates, J.M.C. and Granger, W.J. \The combination of
forecasts", Oper. Res. Q., 20, pp. 451-468 (1969).

11. Clemen, R., \Combining forecasts: A review and anno-
tated bibliography with discussion", Int. J. Forecasting,
5, pp. 559-608 (1989).

12. Khashei, M. and Bijari, M. \Combination of linear and
nonlinear autoregressive integrated moving average and
arti�cial neural networks for improving �nancial fore-

69



"""|
=yxm

@WO
Qmrt

aO
w@y@

|=Q@
|R=

ij
]vt

|Q}
oQ=mx

@

casts performance", Economic Research Journal, Tar-
biat Modares University, 8(2), pp. 82-100 (2008).

13. Cadenas, E. and Rivera, W. \Wind speed forecasting
in three di�erent regions of Mexico, using a hybrid
ARIMA-ANN model", Renewable Energy, 35, pp. 2732-
2738 (2010).

14. Cheng, M., Tsai, H. and Sudjono, E. \Evolutionary fuzzy
hybrid neural network for project cash 
ow control", En-
gineering Applications of Arti�cial Intelligence, 23, pp.
604-613 (2010).

15. Zhang, G.P. \Time series forecasting using a hybrid
ARIMA and neural network model", Neurocomputing,
50, pp. 159-175 (2003).

16. Khashei, M. and Bijari, M. \An arti�cial neural network
(p,d,q) model for time series forecasting", Expert Sys-
tems with Applications, 37, pp. 479-489 (2010).

17. Pai, P. and Lin, C. \A hybrid ARIMA and support vec-
tor machines model in stock price forecasting", Omega,
33, pp. 497-505 (2005).

18. Tseng, F., Yu, H. and Tzeng, G. \Combining neural net-
work model with seasonal time series ARIMA model",
Technological Forecasting & Social Change, 69, pp. 71-87
(2002).

19. Ginzburg, I. and Horn, D. \Combined neural net-
works for time series analysis", Adv. Neural Inf. Pro-
cess.Systems, 6, pp. 224-231 (1994).

20. Chen, K. and Wang, C. \A hybrid SARIMA and support
vector machines in forecasting the production values of
the machinery industry in Taiwan", Expert Systems with
Applications, 32, pp. 254-264 (2007).

21. Armano, G., Marchesi, M. and Murru, A. \A hybrid
genetic-neural architecture for stock indexes forecast-
ing", Information Sciences, 170, pp. 3-33 (2005).

22. Kim, H. and Shin, K. \A hybrid approach based on neu-
ral networks and genetic algorithms for detecting tempo-
ral patterns in stock markets", Applied Soft Computing,
7, pp. 569-576 (2007).

23. Yu, L., Wang, S. and Lai, K. \A novel nonlinear ensem-
ble forecasting model incorporating GLAR and ANN for
foreign exchange rates", Computers and Operations Re-
search, 32, pp. 2523-2541 (2005).

24. Khashei, M., Bijari, M. and Raissi, GH.A. \Improving
the hybrid ANN/ ARIMA models with probabilistic neu-
ral networks (PNNs) for time series forecasting", Indus-
trial Journal, 44(2), pp. 181-193 (2010).

25. Amin-Naseri, M.R. and Soroush, A.R. \Combined use
of unsupervised and supervised learning for daily peak
load forecasting", Energy Conversion and Management,
49, pp. 1302-1308 (2008).

26. Aladag, C., Egrioglu, E. and Kadilar, C. \Forecasting
nonlinear time series with a hybrid methodology", Ap-
plied Mathematics Letters, 22, pp. 1467-1470 (2009).

27. Sha�e-khah, M., Parsa Moghaddam, M. and Sheikh-El-
Eslami, M.K. \Price forecasting of day-ahead electricity
markets using a hybrid forecast method", Energy Con-
version and Management, 52, pp. 2165-2169 (2011).

28. Chang, P., Liu, C. and Wang, Y. \A hybrid model by
clustering and evolving fuzzy rules for sales decision sup-
ports in printed circuit board industry", Decision Sup-
port Systems, 42, pp. 1254-1269 (2006).

29. Lin, Y. and Cobourn, W.G. \Fuzzy system models com-
bined with nonlinear regression for daily ground-level
ozone predictions", Atmospheric Environment, 41, pp.
3502-3513 (2007).

30. Khashei, M., Bijari, M. and Raissi, G.A. \Improvement
of auto-regressive integrated moving average models us-
ing fuzzy logic and arti�cial neural networks", Neuro-
computing, 72, pp. 956-967 (2009).

31. Wong, B.K., Vincent S.L. and Jolie, L. \A bibliography
of neural network business applications research: 1994-
1998", Computers & Operations Research, 27, pp. 1023-
1044 (2000).

32. Zhang, G.P., Patuwo, E.B. and Hu, M.Y., \A simulation
study of arti�cial neural networks for nonlinear time-
series forecasting", Comput. Oper. Res., 28, pp. 381-396
(2001).

33. Demuth, H. and Beale, B., Neural Network Toolbox User
Guide, The Mathworks Inc, Natick (2004).

34. Fildes, R. and Makridakis, S. \The impact of empirical
accuracy studies on time series analysis and forecasting",
Int. Statist. Rev, 63, pp. 289-308 (1995).

35. Dubois, D. and Prade, H., Theory and Applications,
Fuzzy Sets and Systems, Academic Press, New York
(1980).

36. Ishibuchi, H. and Tanaka, H. \Interval regression analy-
sis based on mixed 0-1 integer programming problem",
J. Japan Soc. Ind. Eng., 40(5), pp. 312-319 (1988).

37. Khashei, M., Hejazi, S.R. and Bijari, M. \A new hybrid
arti�cial neural networks and fuzzy regression model for
time series forecasting", Fuzzy Set and Systems, 159, pp.
769-786 (2008).

38. Zadeh, L.A., The Concept of a Linguistic Variable and
Its Application to Approximate Reasoning, Part 1, 2 and
3, Information Sciences 8, pp. 43-80 (1976).

39. Khashei, M. and Bijari, M. \Foreign exchange rate fore-
casting using a hybrid fuzzy and auto regressive inte-
grated moving average model", Esteghlal Journal, Isfa-
han University of Technology, pp. 67-75 (2008).

40. Khashei, M. and Bijari, M. \Using arti�cial neural net-
works (ANNs) to forecast and analysis of esfahan steel
company (ESC) productions price in Tehran metals ex-
change (part I)", Steel Journal, 133, pp. 28-31 (2006).

41. Khashei, M. and Bijari, M. \Using arti�cial neural net-
works (ANNs) to forecast and analysis of Esfahan steel
company (ESC) productions price in Tehran metals ex-
change (part II)", Steel Journal, 134, pp. 28-31 (2006).

42. Hong, D.H. and Yi, H.C. \A note on fuzzy regression
model with fuzzy input and output data for manpower
forecasting", Fuzzy Sets and Systems, 138, pp. 301-305
(2003).

43. Lee, H.T. and Chen, H. \Fuzzy regression model with
fuzzy input and output data for manpower forecasting",
Fuzzy Sets and Systems, 119, pp. 205-213 (2001).

70



"""w
|Q=

H}@
|Oy

t'|
aW=N

|Oy
t

ai; di � xmv; \QWx@ '|rm Cr=L QO ~Y = ~�1:~x1 + ~�2:~x2 + :::+ ~�n:~xn
%Ow@ Oy=wN Q} R j@=]t [42]'0 for i = 1; 2; :::; n

� ~Y (yt) �=

8>>>>>>>>>>>><>>>>>>>>>>>>:

�B12A1 +
��

B12A1

�2 � C1�f�1(yt)
A1

�1=2

if C1 � f�1(yt) � C3;

B22A2 +
��

B22A2

�2 � C2�f�1(yt)
A2

�1=2

if C3 � f�1(yt) � C2;

0 otherwise;

(21)

%xm |tUkx@

A1 =
Xn

i=1 (bi � ai) (ei � di) ;
B1 =

Xn

i=1 (ai (ei � di) + di (bi � ai)) ;
A2 =

Xn

i=1 (ci � bi) (fi � ei) ;
B2 =

Xn

i=1 (ci (fi � ei) + fi (ci � bi)) ;
C1 =

Xn

i=1 (aidi); C2 =
Xn

i=1 (cifi);

C3 =
Xn

i=1 (biei);

|R=i |=yxO=O w ~�i |R=i |=yQDt=Q=B C} w[a `@=wD x@ xHwD =@ %C=@F=
Ov=CQ=@a ?}DQDx@ |R=i OOa wO u}= �� VQ@ |=yxawtHt ' ~Xi |FrFt
~X�
i = [di + �(ei � w ~��i = [ai + �(bi � ai); ci + �(bi � ci)] %R=

|xR=@ wO ?Q[pY=L VQDUo pY= uDiQo Q_vQO =@ "di); fi + �(ei � fi)]
%CW=O s}y=wN =Pr 'Ow@ Oy=wN �� VQ@ |xR=@ l} '�� VQ@

~Z�i = ~��i � ~X�
i = [ai + � (bi � ai)]� [di + � (ei � di)] ;

[ci + � (bi � ci)]� [fi + � (ei � fi)]
[43]"CU= x@U=Lt p@=k |v=U;x@ ~Z"i C} w[a `@=D jwi |x]@=Q x@ xHwD =@ p=L

=yCUw}B
~Y = f( ~�1:x1 + ~�2 � x2 + :::+ ~�n:xn) C}w[a `@=D "1

15 |x]@=Q x@=Wt |D} w[a `@=D =@ ~�i = (ai; bi; ci) |R=i |=yQDt=Q=B ZQi =@
j@=]t |rm Cr=L QO ~Y = f( ~�1:x1 + ~�2:x2 + :::+ ~�n:xn) C} w[a `@=D

"Ow@ Oy=wN Q} R

� ~Y (y) =

8>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>:

1
f(

nP
i=1

bi�xi)�f(
nP
i=1

ai�xi)

�
y � f(

nP
i=1

ai � xi)
�

if � f(
nP
i=1

ai � xi) � y � f(
nP
i=1

bi � xi);
1

f(
nP
i=1

bi�xi)�f(
nP
i=1

ci�xi)

�
y � f(

nP
i=1

ai � xi)
�

if � f(
nP
i=1

bi � xi) � y � f(
nP
i=1

ci � xi);
0 otherwise

(20)

'|FrFt |R=i O=Oa= h} QaD w |R=i |=yxawtHt VQDUo pY= R= xO=iDU= =@ %C=@F=
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Abstract
Time series forecasting is an active research area that
has drawn considerable attention for applications in a
variety of areas. With the time series approach to fore-
casting, historical observations of the same variable are
analyzed to develop a model describing the underlying
relationship. Then, the established model is used in or-
der to extrapolate the time series into the future. Im-
proving forecasting, especially accurate time series fore-
casting, is an important yet often di�cult task facing de-
cision makers in many areas. Computational intelligence
approaches, such as arti�cial neural networks (ANNs)
and fuzzy logic, have gradually established themselves as
popular tools for forecasting complicated �nancial mar-
kets. Fuzzy is one of the most important soft computing
tools, which can provide a powerful framework in order
to cope with vague or ambiguous problems, and can ex-
press linguistic values and human subjective judgments
of natural language.
Arti�cial neural networks are 
exible computing frame-
works and universal approximators that can be applied
to a wide range of forecasting problems with a high de-

gree of accuracy. The major advantage of neural net-
works is their 
exible nonlinear modeling capability.
With ANNs, there is no need to specify a particular
model form. Rather, the model is adaptively formed
based on the features presented in the data. This data-
driven approach is suitable for many empirical data sets,
where no theoretical guidance is available to suggest an
appropriate data generating process. Despite the advan-
tages cited for them, ANNs have weaknesses, one of the
most important of which is their requirement of large
amounts of data in order to yield accurate results. Both
theoretical and empirical �ndings have indicated that in-
tegration of di�erent models can be an e�ective way of
improving upon their predictive performance and also
overcoming the limitations of single models, especially
when the models in combination are quite di�erent.
In this paper, a new hybrid model of arti�cial neural
networks is proposed based on the basic concepts of
fuzzy logic, in order to overcome the data restriction
of neural networks and yield more accurate results than
traditional ANNs in situations of short time spans. In
the proposed model, instead of using crisp parameters
in each layer, fuzzy parameters in the form of triangu-
lar fuzzy numbers are applied for related parameters of
these layers. In this way, the proposed model can search
the feasible spaces easily and more e�ciently for �nd-
ing the optimum values of parameters. The empirical
results of exchange rate forecasting indicate that the hy-
brid model is more satisfactory than its components, i.e,
arti�cial neural networks and fuzzy regression models.

Key Words: Arti�cial neural networks (anns), fuzzy re-
gression, time series forecasting, combined forecasts, ex-
change rate.
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