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|Ov@xk@] l} QO =} wB w =DU}= |=y|R=@ "Ov=xrtH u}= R= """w 20Xk=v C=aq]= =@
?=NDv= u=tRsy =Q OwN |=y|SD=QDU= u=vm} R=@ '=DU}= |=y|R=@ QO "OvQ}o|t Q=Qk
s}tYD u=tR l} QO O}=@ u=vm} R=@ xm CU}v =vat u}= x@ ,=t=Rr= |v=tRsy u}= &Ovvm|t
|SD=QDU= ?=NDv= u=tR QO u=vm} R=@ R= s=OmQy xmCU= swyit u}= x@ QDW}@ xmr@ OvQ}o@
|=y|SD=QDU= u=vm} R=@ =} wB |=y|R=@ QO "Ov=`q]=|@ u=vm} R=@ Q}=U s}tYD R= OwN
um} R=@ ?=NDv= R= Oa@ O}=@ um} R=@ Qy w Ovvm|t ?=NDv= |r=wDt CQwYx@ =Q OwN
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u}= "�x=t Qy |=OD@= QO p=Ft u=wvax@� OQ}o|t s=Hv= |YNWt |v=tR |=yxQwO
w OR=U|t sy=Qi xOvvmO}rwD |=Q@ =Q C=WQ=iU |R=Unvy=ty u=mt= OQm} wQ
|R=UQB R=@ pm}U |=}=Rt "OyO|t Vy=m =Q |yOVQ=iU |=yxv} Ry xH}DvQO

[21]"CU= xOW u=}@ u}kkLt R= |NQ@ \UwD pt=m Qw]x@ |O=a
|vat u}= x@ 'CU= 29wQ}B� Q@yQ |x]@=Q '=yVwQixOQN w xOvvmu}t-=D |x]@=Q "5

"OvDUy |w u=wQ}B =yVwQixOQN w |R=@ Q@yQ xOvvmO}rwD xm
COtOvr@\@=wQ x@ Ovtxkqa =yVwQixOQN w xOvvmO}rwDhQ] wO Qy OwW|tZQi "6
C} wkD =Q |}x]@=Q u}vJ xOvWwQi \UwD |OwHwt C} Q}Ot OQm} wQ "OvQo}Om} =@
Qo}O |}xOvvmu}t-=D =@ CmQ=Wt x@ |r}=tD u=OvJ =yVwQixOQN =Q} R Ovm|t

QO [15]"CU= xOw@v =yv; Q_v OQwt xOvWwQi \UwD |OwHwt C} Q}Ot |SD=QDU= xJQo =
=[=kD xm |r=L QO 'xOvWwQi l} w xOvvmu}t-=D l} pt=W *u}t-=D |xQ}HvR *|UQQ@
xO=iDU= u}t-=D |xQ}HvR p}rLD |=Q@ nQ@rm =DU= |R=@ R= 'CU=Ct}k R= |Wy=m |a@=D
|xQ}HvR QO |ovy=ty O=H}= |=Q@ =Q 23R}Wv=Qi w Ct}k h}iND |=yO=OQ=Qk w OW

[19]"OvDiQo Q=m x@ u}t-=D
|xQ}HvR p}rLD |=Q@ R}v x} Q_v u}= Qo}O |=yxN=W 'nQ@rm =DU= |R=@ Q@ xwqa
C} Q}Ot sDU}U p}rLD |=Q@ Vv |R=@ R= "CU= xDiQo Q=Qk xO=iDU= OQwt u}t-=D
w |L]UxU |UQQ@ OQwt u}t-=D |xQ}HvR "OW xO=iDU= xOvWwQi \UwD |OwHwt
OvwQ |ovwoJ "CU= VwQixOQN u}OvJ w xOvvmO}rwD l} 'xOvvmu}t-=D u}OvJ pt=W
|=y|R=@ swyit R= xO=iDU= =@ 'xOvWwQi \UwD |OwHwt C} Q}Ot sDU}U pt=mD
pt=mD |x}rw= pL=Qt QO 'xrY=L |xH}Dv j@] w CiQo Q=Qk |UQQ@ OQwt |rt=mD
OwU Vy=m =@ xOvvmu}t-=D CU= umtt xOvWwQi \UwD |OwHwt C} Q}Ot sDU}U
OQm} wQ R= "OvwW|t `ivDt sDU}U u}= <=mQW s=tD 'u=tRCWPo =@ =t= [20]'OwW xH=wt
l} pt=W xm xOvWwQi \UwD |OwHwt C} Q}Ot sDU}U p}rLD |=Q@ R}v 24|vRxv=J
|=QH= QO hrDNt |w} Q=vU wO w [13]"OWxDiQo xQy@ CU= VwQixOQNl} w xOvWwQi

"OW |UQQ@ jwi sDU}U
u=vm} R=@ Q}=U w '|R=@ Q@yQ xOvvmO}rwD xm s}=xOQm ZQi =t Q=DWwv u}= QO
nQ@rm =DU= |R=@ CQwYx@ =Q xr�Ut u}=Q@=v@ "OvDUy |w u=wQ}B �=yVwQixOQN�
\UwD |OwHwt C} Q}Ot sDU}U OQwtQO |k}ta |=yp}rLD w s}=xOQm |R=UpOt

"O=O s}y=wN x�=Q= xOvWwQi

=yO=tv w C=}[Qi "3
xr=kt QO xOW xDiQoQ=m x@ |=yO=tv "1"3

x@ u=Um} Ct}k =@ =Q pwYLt xOvvmO}rwD xm CU= |D}a[w Qou=}@ %hr= C}a[w
"OWwQi|t =yVwQixOQN s=tD

x@ Cw=iDt Ct}k =@ =Q pwYLt xOvvmO}rwD xm CU= |D}a[w Qou=}@ %? C}a[w
"OWwQi|t =yVwQixOQN

"u}t-=D |xQ}HvR QO =yVwQixOQN O=OaD %n
"i = 1; 2; :::; n '=yVwQixOQN x@ \w@ Qt T}Ov= %i

"�$/unit� s=i VwQixOQN x@ xOvvmO}rwD R= pwYLt ptL xv} Ry %�i
"�$/unit� pwYLt OL=w Qy O}rwD |=yxv} Ry %cm

"�$/unit/time� s=i VwQixOQN Q=@v= QO pwYLt |Q=Oxov |=yxv} Ry %Hbi
"�$/unit/time� xOvvmO}rwD Q=@v= QO |OwHwt |Q=Oxov |=yxv} Ry %Hp

"�$/unit/time� s=i VwQixOQN Q=@v= QO xOW Q}N=D C=WQ=iU |=yxv} Ry %Lbi
"s=i VwQixOQN |=Q@ =[=kD x@ C@Uv Ct}k VWm %ei

"�$/time� s=i VwQixOQN |=Q@ Q=R=@ T=}kt %ki
"�unit/time� xOvvmO}rwD *O}rwD MQv %R

CU= pi q=m Ct}k R= |a@=D xm s=i VwQixOQN |=Q@ =[=kD MQv %Di(pi)
"�unit/time�

"�$/order� s=i VwQixOQN x@ \w@ Qt |yOVQ=iU C@=F |=yxv} Ry %Sbi
xOvvmO}rwD |=Q@ |O=a |R=UQB R=@ pm}U Qy QO |yOVQ=iU C@=F |=yxv} Ry %Sp

"�$/Set up�
Ovm|t CN=OQB xOvvmO}rwD x@ s=i VwQixOQN xm |OwHwt |=yxv} Ry %�i
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�|yOVQ=iU |=yxv} Ry w |Q=Oxov |=yxv} Ry pt=W� u=tR OL=w QO i VwQixOQN

%OQm x@U=Lt 6 |x]@=Q R= u=wD|t =Q

TICbi = 1
C

24 Sbi + Di(pi)(1�bi)2C2
2 Hbi

+Di(pi)b2iC2
2 Lbi

35 (6)

xv} Ry pm u=wD|t hrDNt |=yVwQixOQN |OwHwt sDU}U |=yxv} Ry `tH =@
%OQm x@U=Lt 7 |x]@=Q T=U=Q@ =Q =yVwQixOQN |OwHwt sDU}U

TICb =
nX
i=1

TICbi =

1
C

264 nP
i=1

Sbi +
nP
i=1

Di(pi)(1�bi)2C2
2 Hbi

+
nP
i=1

Di(pi)b2iC2
2 Lbi
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pm}U Qy QO "CU= xOW xO=O u=Wv xOvvmO}rwD Q=@v= QO |OwHwt Q=Owtv ?2 pmW QO
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p}rLD Q@ xar=]t u}= QO =t RmQtD xmr@ s}DU}v xOvWwQi \UwD |OwHwt C} Q}Ot

"CU= |SD=QDU= u}= OQmrta
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OwHw |v}t-=D |xQ}HvR u}vJ |ak=w |=}vO QO CU= umtt "OQ=O |UQDUO sDU}U
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VwQi x@ pi Ct}k =@ s=i VwQixOQN x@ \w@ Qt Q=R=@ QO pwYLt R= OL=w Qy

%=@ CU= Q@=Q@ RmQtDt Cr=L QO sDU}U pm Ot;QO xH}DvQO "OUQ|t
nX
i=1

Di(pi)pi (2)

Q}e |=yxv} Ry w s}kDUt |=yxv} Ry CtUk wO pt=W u=wD|t =Q sDU}U |=yxv} Ry
pwYLt pkvwptL w O}rwD |=yxv} Ry pt=W s}kDUt |=yxv} Ry "CUv=O s}kDUt

"OQw; CUO x@ 3 |x]@=Q T=U=Q@ =Q u; u=wD|t w CU=

TDC =
nX
i=1

Di(pi)(cm+ �i) (3)

OwW|t u}t-=D |xQ}HvR |OwHwt sDU}U |=yxv} Ry x@ \w@ Qt s}kDUtQ}e |=yxv} Ry
|=yxv} Ry w =yVwQixOQN |OwHwt sDU}U |=yxv} Ry %CU=CtUk wOpt=W OwN w

"xOvvmO}rwD OwN |OwHwt sDU}U
ZQi u}= =@ w 'OW=@ u=tR OL=w QO pwYLt OL=w |Q=Oxov |xv} Ry H Qo =
|Q=Oxov |=yxv} Ry x=ov; 'OW=@ 1 pmW j@=]t u=tR p@=kt QO |OwHwt Q=Owtv xm

"O};|t CUO x@ 4 |x]@=Q R= b =D a x=wNrO |v=tR |xrY=i QO |OwHwt
IC = H

Z b

a
I(t)dt (4)

j@=]t u=wD|t =Q u=tR OL=w QO |OwHwt |Q=Oxov |=yxv} Ry jwi |x]@=Q x@ xHwD =@
%OQm x@U=Lt 5 |x]@=Q

TIC = H
R b
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VwQixOQN xm CU= |er@t �i &CU= xOvvmO}rwD s}tYD Q}eDt w OR=OQB|t xOvvmO}rwD
Q_v QO Q}eDt w Ovm|t CN=OQB xOvvmu}t-=D x@ |OwHwt pQDvm |=yxv} Ry |=Q@ s=i
'q=m OL=w Qy |=Q@ s=i VwQixOQN xm OwW|t ZQi ? C}a[w QO "OwW|t xDiQo
q=m Ct}k Q=Okt sy 'dr@t u}= QO Qo}O CQ=@ax@ "OR=OQB|t xOvvmO}rwD x@ cpi dr@t

"CU= xOW xOv=Hvo u; |OwHwt pQDvm |=yxv} Ry sy w
Q} R |rm pOt QO xm O}W=@ xDW=O xHwD "s}vm|t K} QWD =Q xOWx�=Q= pOt uwvm =
�i uO=O Q=Qk =@ w 'hr= C}a[w x@ (i = 1; :::; n) cpi = cp \QW uO=OQ=Qk =@
T=U=Q@ u=wD|t =Q s=i VwQixOQN OwU "O}UQ s}y=wN ? C}a[w x@ QiY =@ Q@=Q@

%OQm u}}aD 10 |x]@=Q

�i = Di(pi)(pi � cpi � �i) (10)

%=@ CU= Q@=Q@ R}v xOvvmO}rwD Ot;QO
nX
i=1

Di(pi)(cpi + �i) (11)

xOvvmO}rwD Cr=L u}= QO 'OW u=wva RmQtDt u}t-=D |xQ}HvR OQwtQO xm xJv; T=U=Q@
"Ovm|t |R=Uxv}y@ =Q Q} R |xr�Ut |R=@ Q@yQ u=wvax@

(Ma) max �m(bi; C; cpi; x) =
nX
i=1

Di(pi)(cpi + �i)� TDC � TIC �Mx(1� x)

Subject to
nX
i=1

Di(pi) � R;

R�
nX
i=1

Di(pi) �Mx

0 � bi � 1; for i = 1; :::; n
C � 0; cpi � 0; x = [0; 1]

%CWwv Q} R CQwYx@ u=wD|t =Q =yVwQixOQN R= s=OmQy |R=Uxv}y@ |xr�Ut

(Fi) max �i = (pi � cpi � �i)kip�eii ; i = 1; 2; :::; n
Subject to pi � cpi + �i;

=Q 33�KKT� Qm =D� u=m� VwQm \}=QW '32nQ@rm =DU= pO=aD |x]kv uDi=} |=Q@
=Q u; TBU w s}U} wv|t �� |R=@ u=wQ}B u=wvax@ �� =yVwQixOQN |xr�Ut |=Q@
nQ@rm =DU= |R=@ QO |Q}os}tYD Ov}=Qi "s}vm|t |Q=Po}=H xOvvmO}rwD |xr�Ut QO
pm}U u}}aD x@ |R=@ Q@yQ u=wvax@ xOvvmO}rwD pw= |xrLQt QO %CU= CQwY u}= x@
Ct}k w '=yVwQixOQN R= s=OmQy |Q}N-=D C=WQ=iU OYQO '|O=a |R=UQB R=@
u=wQ}B u=wvax@ =yVwQixOQN 'swO |xrLQt QO "OR=OQB|t pwYLt |WwQixOta
VwQixOQNCt}k w xOQm xv}y@ =Q OwN OwU 'xOvvmO}rwD C=t}tYD G}=Dv T=U=Q@ |R=@

%CU= u}vJ s=i VwQixOQN |xr�Ut |=Q@ KKT \}=QW "Ovvm|t u}}aD =Q
(K) pi � cpi � �i � 0?ri � 0;

(1� ei)kip�eii + ei(cpi + �i)kip�(ei+1)
i + ri � 0?pi � 0;

%OQw; CUO x@ 8 |x]@=Q R= u=wD|t =Q u=tR OL=w QO xOvvmO}rwD |OwHwt sDU}U

TICp = 1
C

"
xSp +Hp

nX
i=1

Di(pi)2C2

2R
#

(8)

MQv R= QDsm =yVwQixOQN |=[=kD ẁtHt xJv=vJ xm CU= 1 w QiY Q}eDt l} x
|=yxv} Ry u}=Q@=v@ "OQ}o|t QiY Q=Okt CQwY u}= Q}e QO w 1 Q=Okt 'OW=@ O}rwD

%OQm x@U=Lt 9 |x]@=Q T=U=Q@ u=wD|t =Q xOvvmu}t-=D s}kDUt Q}e
TIC = TICb + TICp (9)

|=Q@ =Q 1 w QiY Q}eDt Q=DWwv u}= QO xOW x�=Q= |=ypOt QO xm CU= QmP x@ sRq
O=R; Mx(1 � x) CQwYx@ �nQR@ OOa l}� M |xt} QH uDiQo Q_v QO =@ x
pOt l} R= =Q xr�Ut ?}DQD u}= x@ "s}=xDiQo Q_v QO xDUw}B Q}eDt l} =Q u; 'xOQm
QDxO=U xr�Ut l} x@ 31 �MINLP� K}LY OOa |]NQ}e |R} Qxt=vQ@ xO}J}B
|=yxv} Ry w =yOt;QO uDiQo Q_v QO =@ "s}=xOQm p}O@D �NLP� |]NQ}e |R} Qxt=vQ@
"OQm xv}y@ Q} R |]NQ}e |R} Qxt=vQ@ pOt T=U=Q@ =Q sDU}U OwU u=wD|t 'xOWO=}
(L1) max �(x;C; p1; :::; pn; b1; :::; bn) =

nX
i=1

Di(pi)pi � TDC � TIC �Mx(1� x)

Subject to
nX
i=1

Di(pi) � R;

R�
nX
i=1

Di(pi) �Mx

0 � bi � 1; for i = 1; :::; n
pi � cm for i = 1; :::; n
C � 0; x = [0; 1]

O}rwD MQv R= QDsm xQ=wty sDU}U pm |=[=kD xm Ovm|t u}t[D pOt pw= C}OwOLt
Q=Okt x Q}eDt OW=@ QDsm O}rwD MQv R= =[=kD u=R}t x=oQy 'swO C}OwOLt QO "OW=@
QwO xm Ovm|t h} QaD 1 w QiY u}@ =Q bi Q}O=kt 'pOt swU C}OwOLt "OQ}o|t 1
xm CU= u=tR R= |OYQO bi OW u=}@ h} Q=aD QO xm u=vJ =Q} R 'CU}v Q=_Dv= R=
sDU}U C@Ft OwU sQ=yJ C}OwOLt "CU= |OwHwt R= |r=N s=i |xOvWwQi Q=@v=
x w 'C@Ft =Q |O=a |R=UQB R=@ pm}U C}OwOLt u} QN; ',=D}=yv w Ovm|t u}t[D =Q
|xv}y@ OQmrta s}v=wD|t L1 pOt pL =@ "Ovm|t u}}aD 1 w QiY |xrY=i QO =Q

"s}vm XNWt RmQtDt Cr=L QO =Q sDU}U

C} Q}Ot |SD=QDU= CLD 'RmQtDt Q}e u}t-=D |xQ}HvR "5
xOvWwQi \UwD |OwHwt

xOvvmO}rwD �hr= %OQ}o|t Q=Qk |UQQ@ OQwt Cr=L wO QO RmQtDt Q}e u}t-=D |xQ}HvR
pwYLt xOvvmO}rwD �? &OWwQi|t =yVwQixOQN s=tD x@ u=Um}Ct}k =@ =Q pwYLt
Cw=iD CU= sRq =Hv}= QO "OWwQi|t =yVwQixOQN x@ Cw=iDt |=yCt}k =@ =Q
Qy s=i VwQixOQN 'hr= C}a[w QO "s}yOK}[wD QDW}@ =Q C}a[w wO u}= u}@
=Q cp + �i dr@t 'q=m OL=w Qy <=R=x@ w OWwQi|t pi Ct}k =@ =Q q=m R= OL=w
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|OwHwt C} Q}Ot sDU}U OQmrta Q@ cm QDt=Q=B QO Q}}eD Q}F-=D 3 pmW QO
|=yxv} Ry Vy=m xm OwW|t x_Lqt "CU= xOW xO=O u=Wv xOvWwQi \UwD
VwQixOQN Ct}k Vy=m x@ QHvt �80 R= QDW}@ |=ycm |=Q@� =OD@= QO 'O}rwD
"OwW|t xOvvmO}rwD OwU w =yVwQixOQN OwU V}=Ri= w 'VwQixOta Ct}k w
OwU w VwQixOta w VwQixOQN |=yCt}k 'O}rwD |=yxv} Ry QDW}@ Vy=m =@ =t=
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R= QDsm =[=kD u=R}t 80 R= QDW}@ |=ycm |=Q@ xm OQm Q}UiD u}vJ u=wD|t =Q
u}= x@ xHwD =@� Ct}k Vy=m =@ =yVwQixOQN w '�x� = 1� CU= O}rwD MQv
OwU Ovv=wD|t �OwW|t =[=kD V}=Ri= x@ QHvt VwQixOQN Ct}k Vy=m xm xDmv
|Qw]x@ OwW|t =[=kD V}=Ri= x@ QHvt Ct}k Vy=m u}= "OvyO V}=Ri= =Q OwN
"�x� = 0� OwW|t Q@=Q@ =[=kD Q=Okt =@ O}rwD MQv 80 R= QDsm |=ycm |=Q@ xm
w CU= xOvvmO}rwD `ivx@ =yvD O}rwD |=yxv} Ry QDW}@ Vy=m 'C}a[w u}= QO =t=
V}=Ri= =Q OwN OwU Ovv=wD|tv 'VwQixOQN Ct}k QDW}@ Vy=m =@ =yVwQixOQN
VwQixOQN w VwQixOta Ct}k u}vJty w =yVwQixOQN OwU xH}Dv QO "OvyO

%OQm u=}@ u}vJ u=wD|t =Q cm QDt=Q=B Q}F-=D |rm Qw]x@ "Ov=t|t |k=@ C@=F
if x = 1) cm # cp # pi # �i " �m " �t " D "
if x = 0) cm # cp; pi; D; �i � const �m " �t "

(R) O}rwD MQv ��
xOvWwQi \UwD |OwHwt C} Q}Ot sDU}U OQmrta Q@ O}rwD MQv Q}F-=D 4 pmW QO
=OD@= '500 R= O}rwD MQv Vy=m =@ xm OwW|t x_Lqt "CU= xOW xO=O u=Wv

|=Q@ ? w CU= s=i VwQixOQN C}OwOLt =@ Q_=vDt u=owO Q}eDt ri jwi \@=wQ QO
Q=m x@ u; =@ Q_=vDt C}OwOLt w u=owO Q}eDt u}@ 34uOw@ Ot=aDt |x]@=Q uO=O u=Wv

"OwW|t xOQ@
'35ptmt \}=QW R= hrND |=Q@ hOy `@=D QO �M � xt} QH uO=O Q=Qk =@
|xr�Ut "s}vm|t xi=[= �Ma� xOvvmO}rwD |R=Uxv}y@ |xr�Ut x@ =Q KKT \}=QW

"CU= �NLP� |]N Q}e |xr�Ut l} pY=L |R=Uxv}y@
(L2) max �m(pi; bi; C; cpi; x)=cp

nX
i=1

kip�eii �TDC�TIC

�Mx(1� x)�
nX
i=1

Mri(pi � cpi � �i)

�
nX
i=1

Mpi((1� ei)kip�eii + ei(cpi + �i)kip�(ei+1)
i + ri)

Subject to
nX
i=1

Di(pi) � R;

R�
nX
i=1

Di(pi) �Mx

0 � bi � 1; for i = 1; :::; n
C; cpi; x � 0;
pi � cpi � �i � 0; i = 1; :::; n
(1� ei)kip�eii + ei(cpi + �i)kip�(ei+1)

i + ri � 0; i = 1; :::; n
s=OmQy ?wr]t |SD=QDU= w xDi=} =Q nQ@rm =DU= pO=aD |x]kv u=wD|t pOt u}= pL =@

"OQm u}}aD =Q �=yVwQixOQN w xOvvmO}rwD� u=vm} R=@ R=

\UwD |OwHwt C} Q}Ot sDU}U C}U=UL p}rLD "6
xOvWwQi

ZQi =@ L2 pOt� hr= C}a[w OQwtQO |OOa |=yp}rLD |QU l} CtUk u}= QO
G}=Dv Q@ =Q pOt |=yQDt=Q=B Q}}eD Q}F-=D xS} wx@ w &OQm s}y=wN x�=Q= �=ycpi uOw@ Q@=Q@
w xOvvmO}rwD� xOvWwQi \UwD |OwHwt C} Q}Ot sDU}U <=RH= R= s=OmQy C=t}tYD
Qo}O |NQ@ w pwOH ?r=k QO =Q =yp}rLD R= |NQ@ "s}vm|t |UQQ@ �=yVwQixOQN
\w@ Qt |=yQDt=Q=B *CtUk xU QO =Q =yp}rLD "OQm s}y=wN |iQat Q=Owtv ?r=k QO =Q

"�CU= OL=w 1000 ?ULQ@ ki Q=Okt� xOW |UQQ@ OQ=wt x@ \w@ Qt |=yQDt=Q=B "1 pwOH
R cm Sp Hp Sbi Lbi Hbi �i �i ei ki OQwt

40 100 9 10 15 1 5 380
100 50 150 3 130 500 9 12 10 1 3 240 1

30 500 7 15 9 1 5 220
70 400 8 6 7 1 7 270

300 160 180 2 130 300 6 11 12 1 6 280 2
30 300 5 7 6 1 6 360
20 300 7 11 8 1 2 390

500 140 11 1 120 300 6 11 5 1 5 160 3
60 100 1 13 13 1 4 220
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qi
Q@=Y

OtL
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OQH
Qyt

Q̀=R
|}L

} C@=F sDU}U <=RH= OwU w =[=kD xH}DvQO w VwQixOta 'VwQixOQN |=yCt}k
Ct}kV}=Ri= x@ QHvt O}rwD MQvVy=m 200 R= QDsm |=yR|=Q@ =t= "Ov=t|t|k=@
|OwHwt C} Q}Ot sDU}U <=RH= OwU Vy=m w VwQixOta Ct}k 'VwQixOQN
R > 200 |=Q@ xm Cio u=wD|t ẁ[wt u}= Q}UiD QO "OwW|t xOvWwQi \UwD
sDU}U OQmrta RVy=m =@ w '�x� = 1� CU= O}rwD MQv R= QDsm =[=kD Q=Okt
QO R QDW}@ Vy=m =@ xH}DvQO &Ovm|tv Q}}eD �� sDU}U pm |=[=kD xrtHR= ��
'Oa@ x@ u; R= w �x� = 0� OwW|t Q@=Q@ =[=kD Q=Okt =@ O}rwD MQv '200 K]U
w xOvvmO}rwD� sDU}U <=RH= OwU Vy=m w =yCt}k V}=Ri= x@ QHvt R Vy=m
%OQm u=}@ u}vJ u=wD|t =Q O}rwD MQv Q}F-=D 's=a Qw]x@ "OW Oy=wN �=yVwQixOQN
if x = 1) R # cp; pi; C; �i; �m; �t �= const

if x = 0) R # cp " pi " �i # �m # �t # C "
(�i) pwYLt OL=w Qy pkv w ptL xv} Ry ��

\UwD |OwHwt C} Q}Ot sDU}U Q@ pkv w ptL |=yxv} Ry Q}F-=D 3 w 2 pw=OH QO
=v@t Cr=L R= =yVwQixOQN s=tD |=Q@ �i OQwt Qy QO "CU= xOW x�=Q= xOvWwQi
MQv w O}rwD |=yxv} Ry Ovv=ty "O@=}|t V}=Ri= �pwOH QO xOW u}}aD u=R}tx@�
'OQ=O x Q}eDt x@ |oDU@ R}v Cr=L u}= QO sDU}U |=yQ}eDt C=Q}}eD CyH 'O}rwD

%Cio u=wD|t xm |Qw]x@
if x = 1) �i " cp " pi " �i # �m # �t #
if x = 0) �i " cp; pi; �i � const �m # �t #

(�i) =yVwQixOQN \UwD |DN=OQB |OwHwt pQDvm |=yxv} Ry ��
u=tyx@ R}v cp Q=Okt 'Ovm Q}}eD u=R}t l} x@ =yVwQixOQN s=tD |=Q@ � Q=Okt Qo =
'u=oOvWwQi R= s=OmQy OwU xH}DvQO w Ovm|t Q}}eD �hr=Nt CyH QO w� u=R}t
"Ov=t|t |k=@ C@=F =[=kD u=R}t xH}DvQO w VwQixOQN Ct}k 'xOvvmO}rwD OwU

%CW=O s}y=wN Ovm Q}}eD �i Q=Okt =yvD Qo = =t=
�i " cp # pi " �i # �m # �t #

QO xOvWwQi \UwD |OwHwt C} Q}Ot sDU}U Q@ pkv w ptL |xv} Ry Q}F-=D "2 pwOH
�"CU= |rwB OL=w 10000 ?ULQ@ � Q}O=kt� x� = 0 xm |r=L

�t �m �1 cp P1 ' x

31 4566 7 94394 4 96948 851 245 2598 73 base 0
31 3566 7 84394 4 96948 851 245 2598 73 20 0
31 2566 7 74394 4 96948 851 245 2598 73 30 0
31 1566 7 64394 4 96948 851 245 2598 73 40 0

QO xOvWwQi \UwD |OwHwt C} Q}Ot sDU}U Q@ pkvwptL |xv} Ry Q}F-=D "3 pwOH
"�2 OQwt� �CU= |rwB OL=w 10000 ?ULQ@ OwU Q}O=kt� x� = 1 xm |r=L
�t �m �1 cp P1 ' x

9 46016 2 56661 1 18899 441 14 1088 34 base 1
9 13028 2 49651 1 14194 467 751 1152 97 10 1
8 82899 2 41421 1 09917 494 36 1217 59 20 1
8 55248 1 33868 1 06009 520 969 1282 21 30 1

"OwU w Ct}k Q@ cm QDt=Q=B Q}F-=D "3 pmW

"OwU w Ct}k Q@ R O}rwD MQv QDt=Q=B Q}F-=D "4 pmW
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Dw

|R=
Up

Ot=Q xOvWwQi \UwD |OwHwt C} Q}Ot sDU}U OQmrta Q@ k QDt=Q=B Q}F-=D 6 w 5 pw=OH
Q=Okt x@ |oDU@ s}tYD |=yQ}eDt Q}}eD CyH xm OwW|t x_Lqt "OyO|t u=Wv
k3 Vy=m =@ ,qFt &CU= e QDt=Q=B R= QDsm k QDt=Q=B Q}F-=D |rm Qw]x@ "OQ=O x Q}eDt
�2 Q=Okt x@ =yvD xOvWwQi \UwD |OwHwt C} Q}Ot sDU}U OwU '�23 u=R}t x@
O@=}|t V}=Ri= �12 sDU}U OwU �13 u=R}t x@e1 Vy=m =@ =t= O@=}|t Vy=m

%OQm u=}@ u}vJ u=wD|t =Q k QDt=Q=B Q}F-=D |rm Cr=L QO "�1 OQwt�
if x = 1) ki " cp # pi # �i " �m " �t "
if x = 0) ki " cp " pi " �i # �m " �t "

TwULt=v x� = 1 Cr=L QO xOW xOy=Wt C=Q}}eD xm OwW|t x_Lqt u}vJty
"CU= xHwD p@=k C=Q}}eD u}= x� = 0 Cr=L QO xm |r=L QO CU= lJwm w

|OwHwt pQDvm x@ \w@ Qt |=yQDt=Q=B "3"6
Ovm|tv |UwULt Q}}eD |OwHwt pQDvm |=yQDt=Q=B QO Q}}eD =@ <=RH= s=tD OwU
xOW xDiQo Q=m x@ |OwHwt pQDvm OQm} wQ OQ=wt |NQ@ QO =yQDt=Q=B u}= xm OvJQy
*V}=Ri= Q}F-=D 7 pwOH QO p=Ft u=wvax@ "OvyO|t Q=Qk Q}F-=D CLD =Q xOvvmO}rwD \UwD
u}= =yVwQixOQN s=tD |=Q@ "CU= xOW x�=Q= sDU}U OQmrta Q@ |OwHwt |=yxv} Ry
=@ C Q}}eD x@� "Ovm|t Q}}eD CU= xOW XNWt xm |v=R}t x@ w =v@t Cr=L R= xv} Ry

�"O}vm CkO pwOH QO Hbi QDt=Q=B QO Q}}eD

QO xOvWwQi \UwD |OwHwt C} Q}Ot sDU}U |=yQ}eDt Q@ k QDt=Q=B Q}F-=D "5 pwOH
"�2 OQwt� �CU= |rwB OL=w 10000 ?ULQ@ OwU Q}O=kt� x� = 1 xm |r=L
�t �m �1 cp P1 k1 x

9 46016 2 56661 1 18899 441 14 1088 34 base 1
9 7911 2 68202 1 41263 439 578 1084 55 320 1
10 122 2 77748 1 63706 438 132 1081 04 370 1
10 453 2 87299 1 86222 436 791 1077 78 420 1

QO xOvWwQi \UwD |OwHwt C} Q}Ot sDU}U |=yQ}eDt Q@ k QDt=Q=B Q}F-=D "6 pwOH
"�1 OQwt� �CU= |rwB OL=w 10000 ?ULQ@ OwU Q}O=kt� x� = 0 xm |r=L
�t �m �1 cp P1 k3 x

31 4566 7 94394 4 96948 851 245 2598 73 base 0
32 1067 8 17685 4 90353 874 703 2669 11 270 0
32 7483 8 40616 4 84112 897 79 2738 37 320 0
33 0027 8 49692 4 81708 906 927 2765 78 340 0

|OwHwt C} Q}Ot sDU}U OQmrta Q@ |OwHwt |Q=Oxov |=yxv} Ry Q}F-=D "7 pwOH
"�2 OQwt� �CU= |rwB OL=w 10000 ?ULQ@ OwU Q}O=kt� xOvWwQi \UwD

�t �m �1 cp P1 C Hbi
9 46016 2 58661 1 18899 441 14 1088 34 1 19723 base

9 40762 2 56371 1 18317 444 296 1096 01 0 90175 5
9 36837 2 54672 1 17879 446 692 1101 82 0 76288 10

QO C=Q}}eD xm OwW|t x_Lqt "CU= xOW x�=Q= �1 QO Q}}eD Q}F-=D 4 pwOH QO
"CU}v TwULt �1 QO V}=Ri= =@ s}tYD |=yQ}eDt

Q=R=@ x@ \w@ Qt |=yQDt=Q=B "2"6
sDU}U OQmrta Q@ �Q=R=@ T=}kt� w �=[=kD x@C@UvCt}kVWm� Q}_v |}=yQDt=Q=B
5 pmW QO "OvQ=O Q}osWJ |Q}F-=D u; <=RH= OwU w xOvWwQi \UwD |OwHwt C} Q}Ot
x_Lqt xm u=vJ "CU= xOW xO=O u=Wv u}t-=D |xQ}HvR OQmrta Q@ e QDt=Q=B Q}F-=D
w xOvvmO}rwD OwU 's=i VwQixOQN Ct}k 'VwQixOta Ct}k ei Vy=m =@ OwW|t
CyH OQwtQO u=wD|tv 1 |x]@=Q x@ xHwD =@ =t= &O@=}|t V}=Ri= s=iVwQixOQN OwU

%Cio u=wD|t |rm Cr=L QO "OQm |a]k Q_v Q=y_= =[=kD C=Q}}eD
ei # �m " �i " cp " pi "
xOvWwQi \UwD |OwHwt C} Q}Ot sDU}U Q@ �i QDt=Q=B QO Q}}eD Q}F-=D "4 pwOH

"�1 OQwt� �CU= |rwB OL=w 10000 ?ULQ@ OwU Q}O=kt�
5

�t �m �1 cp P1 �1 x

31 4566 7 94394 4 96948 851 245 2598 73 base 0
31 4561 7 94149 4 94967 848 195 2619 58 25 0
31 4554 7 93897 4 92992 845 204 2640 61 35 0
31 4542 7 93637 4 91025 842 272 2661 82 45 0

"OwU w Ct}k Q@ e1 QDt=Q=B Q}F-=D "5 pmW
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|}L

}

xOWs=Hv= C}U=UL p}rLD =@ ẁ[wt u}= "Ovm|t Ci=} QO xOvvmO}rwD R= Ct}k
s}DiQo xH}Dv =Hv; QO� OQ=O |v=wNty ,qt=m p@k CtUk QO e QDt=Q=B OQwtQO
CQwY u}tyx@ "�O@=}|t Vy=m xQ=wty VwQixOta Ct}k 'e V}=Ri= =@ xm
C@Uv 'sDU}U QO e Q=Okt u} QDW}@ =@ |WwQixOQN xm CiQo xH}Dv u=wD|t
w xOQm Ci=} QO xOvvmO}rwD R= |QDsm Ct}k =@ =Q pwYLt 'hr= C}a[w x@
C}a[w u}= "OWwQi|t |}=yv |QDWt x@ |QDsm Ct}k =@ =Q pwYLt Qw]u}ty
xm u=vJ u}=Q@=v@ "CU= TmaQ@ ,qt=m e Q=Okt u} QDsm =@ |WwQixOQN |=Q@
|Q}osWJ Q}F-=D sDU}U |=yQ}eDt Q}O=kt Q@ e QDt=Q=B Q=Okt 'OW xQ=W= R}v ,q@k

"OQ=O
? w hr= C}a[w wO QO =yVwQixOQN w xOvvmO}rwD OwU u=R}t QO C=Q}}eD "2
|mOv= xQ=wty hr= Cr=L x@ C@Uv ? C}a[w QO xOvvmO}rwD OwU "CU}v O=} R
'CU= �1 pO=at OQwt 100 |UQQ@ QO V}=Ri= u}= u}ov=}t "O@=}|t V}=Ri=
uOw@ Q=O|vat |Q=t; |=yp}rLD R= pY=L G}=Dv "CU= �4 V}=Ri= u} QDW}@ w
hr= C}a[w x@ C@Uv =yVwQixOQN R= |NQ@ OwU "Ovm|t O}}-=D =Q Q}}eD u}=
"OW=@ xDi=} V}=Ri= CU= umtt Qo}O |NQ@ OwU xm |r=L QO xDi=} Vy=m
C}a[w x@ C@Uv� xDi=} V}=Ri= xQ=wty e Q=Okt u} QDW}@ =@ |WwQixOQN OwU
"O@=}|t Vy=m xQ=wty e Q=Okt u} QDsm =@ |WwQixOQN OwU xm |r=L QO �hr=
x@ C@Uv ? C}a[w QO xOvWwQi \UwD |OwHwt C} Q}Ot sDU}U pm OwU
CiQo xH}Dv u=wD|t u}=Q@=v@ "O@=}|t Vy=m OYQO 1 4 u=R}tx@ hr= C}a[w
Vy=m OYQO 2 4 u=R}tx@ ? C}a[w QO =yVwQixOQN ẁtHt OwU xm

"O@=}|t

RmQtDt u}t-=D |xQ}HvR =@ RmQtDtQ}e u}t-=D |xQ}HvR |xU}=kt "2"7
RmQtDt Q}e u}t-=D |xQ}HvR OQmrta |xU}=kt |=Q@ Q} R OQm} wQ R= u}kkLt R= |NQ@
u=v; OQm} wQ R= Q=DWwv u}= QO xm [13]'Ov=xOQm xO=iDU= RmQtDt u}t-=D |xQ}HvR =@
OwU �d w RmQtDt Cr=L QO sDU}U OwU �c xm s}vm ZQi Qo = "s}=xDUH xQy@
h} QaD 12 |x]@=Q j@=]t =Q � Q}eDt x=ov; 'OW=@ RmQtDt Q}e Cr=L QO sDU}U

"s}vm|t
� = �d

�c
(12)

l} x@ QDt=Q=B u}= Q=Okt QOkQy w OQ=O Q=Qk 1 w QiY |xrY=i QO � QDt=Q=B Q=Okt
QO "CU= RmQtDt Cr=L x@ sDU}U OwU uOw@ QDl}ORv |xOvyOu=Wv OW=@ QDl}ORv
C}a[w QO "CU= 0 76 w 0 94?}DQDx@ '� Q}O=kt u} QDsm w u}ov=}t 'hr=C}a[w
OwU Qo}O CQ=@ax@ "CU= 0 76 w 0 93?}DQDx@ '� Q}O=kt u} QDsm w u}ov=}t R}v ?
sDU}U OwU �93 ? C}a[w QO w 0 94 \UwDt Qw]x@ hr= C}a[w QO sDU}U
|W=v 'xOW VQ=Ro =Hv}= QO xm � Q=Okt |oQR@ p}qO R= |m} "CU= RmQtDt Cr=L QO
CQOk x=oQy [15]'u}W}B C=k}kLD T=U=Q@ =Q} R &CU= xOvvmO}rwD uOw@ Q@yQ ZQi R=
Q=}U@ RmQtDtCr=L x@ u}t-=D |xQ}HvR OwU OW=@ xOvvmu}t-=DCUO QO u}t-=D |xQ}HvR
xU}=kt RmQtDt Q}e w RmQtDt |=ysDU}U OQmrta 9 pwOH QO "Ow@ Oy=wN l}ORv
Q=Okt RmQtDt Q}e Q=DN=U QO x=oQy xm OQm x_Lqt u=wD|t pwOH u}= QO "CU= xOW
,=@} QkD RmQtDt |xQ}HvR OQmrta =@ RmQtDt Q}e |xQ}HvR OQmrta x=ov; 'x� = 0
sDU}U wO OQmrta u}@ Cw=iD x=ov; x� = 1 xm |v=tR =t= &�1 OQwt� CU= u=Um}
Q}O=kt\UwDthr=C}a[w QO 'p=Ft u=wvax@ "�2 OQwt�CU= xHwD p@=k w TwULt
Q=Okt u}= x� = 0 Cr=L QO xm |r=L QO 'CU= 0 86 Q@=Q@ x� = 1 Cr=L QO �

u}t-=D |xQ}HvR hrDNt |=yQ=DN=U OQmrta |xU}=kt "7
=@ =Q VrwYLt Ov=wD@ xOvvmO}rwD xm s} R=OQB|t |D}a[w p}rLD x@ CtUk u}= QO
C}U=UL |=yp}rLD R= |Q}oxQy@ ut[ Q=m u}= |=Q@ "OWwQi@ Cw=iDt |}=yCt}k
\UwD |OwHwt C} Q}Ot sDU}U OQmrta |xU}=kt x@ 'p@k CtUk QO xOW s=Hv=
Q=DN=U =@ C}a[w wO u}= OQmrta |xU}=kt R}v w '? w hr= Cr=L wO QO xOvWwQi

"CN=OQB s}y=wN u}t-=D |xQ}HvR RmQtDt
C@Uv C}a[w wO u}= |xU}=kt R}v w '? w hr= |=yC}a[w |xU}=kt |=Q@
QO �� =ypOt |=yQDt=Q=B |=Q@ |iO=YD CQwYx@ xO=O OQwt 100 'RmQtDt Cr=L x@
OQwt 100 u}= R= OQwt wO G}=Dv "s}vm|t O}rwD �� xOt; 8 pwOH QO xm |rY=wi
"s}=xOQw; 9 pwOH QO 'OW XNWt 1 pwOH QO u; |=yQDt=Q=B Q}O=kt ,q@k xm =Q
x_Lqt =Q u}t-=D |xQ}HvR RmQtDt Q=DN=U w ? 'hr= |=yC}a[w pwOH u}= QO
xQ=W= =yQ=DN=U u}= |xv}tR QO C=mv u} QDsyt |xYqN x@ xt=O= QO "O}vm|t
x_Lqt =Q G}=Dv |v}a j=OYt Ov=wD|t 9 pwOH x@ xaH=Qt =@ xOvv=wN "s}vm|t

"Ovm

? w hr= C}a[w |xU}=kt %RmQtDt Q}e |xQ}HvR "1 "7
%R= CU= CQ=@a ? w hr= |=yC}a[w |xU}=kt R= pY=L G}=Dv

umtt 'hr= C}a[w x@ C@Uv ? C}a[w QO �pi� VwQixOQN |=yCt}k "1
l} xm OwW|t xOy=Wt |OQ=wt QO 'p=Ft u=wvax@ "OW=@ Cw=iDt Q=}U@ CU=
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7. downstream
8. upstream
9. electronic data exterchange
10. Wal-Mart
11. Proctor & Gambel
12. Pasta
13. interactive optimization problem
14. static game
15. dynamic game
16. cooperative
17. none cooperative
18. zero sum game
19. perfect information
20. imperfect information
21. leader
22. follower
23. franchise
24. bargaining
25. Cobb Douglas
26. market scale
27. demand elasticity
28. common replanishment cycle
29. leader-follower
30. player
31. mixed integer none linear programming
32. Stackelberg equilibrium
33. Karush-Kuhn-Tucker
34. orthogonality
35. complementarity condition
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Abstract
In this paper, we consider a supply chain consisting of
one producer and multiple retailers, where the producer

165

applies a vendor managed inventory in the supply chain.
Production of a single product is assumed and the de-
mand for this item in the retail market is a decreas-
ing function, with respect to price. Although similar
problems have been studied and analyzed by several re-
searchers in the past, this work di�ers from others in
several ways.
The most important contributions of this article are: (1)
Modeling centralized and decentralized states of the con-
sidered supply chain as non-linear programming. (2)
Considering two situations for the decentralized supply
chain: (a) producer sells the product at the same unit
price to all retailers; (b) producer sells the product at
di�erent prices to retailers; (c) producing random data
for parameters of the models and comparing centralized
and decentralized state performances with each other;
and (d) providing a sensitivity analysis for model pa-
rameters and vendor managed inventory systems. It is
worthwhile to note that the decentralized state formula-
tion is performed based on the Stackelberg game theory,
and under the assumption that the producer is the leader
of the game.
The results of our analysis indicate that; (i) di�erences
in selling prices for retailers does not have much e�ect on
the member pro�ts of the supply chain, but can have a
signi�cant e�ect on prices; (2) sensitivity analysis of the

model parameters indicates that the inuence of each
parameter on system performance signi�cantly depends
on whether the overall demand of the system is less than
the production rate or is equal to the production rate;
(3) considering system performance in the centralized
state as a benchmark, system pro�t in a decentralized
state is, on average, 0.94 centralized system pro�t. Also,
for cases in which the overall demand of the system is less
than the production rate, the di�erence between central-
ized and decentralized states is greater than that of the
case whose production rate is equal to overall demand.

Key Words: Vendor managed inventory, game theory,
Stackelberg game, centralized supply chain, non-centralized
supply chain.




