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hOy '�xr=kt u}= QO xar=]t OQwt ẁ[wt� |WWwB *QwLt |@=}u=mt QO "CU=
|=Q@ VWwB C}OwOLt uDiQo Q_v QO w xv} Ry u} QDsm =@ QwLt |=yu=mt O=H}=

"CU=yQ}Ut
|D=tON Kw]U x@ |O=} R xHwD Q=R=@ QO |D@=kQ \}Lt p}rOx@ =yCmQW xRwQt=
'CU= QwLt |@=}u=mt x=oDU=N xm |DUB |=yCmQW QO 'p=Ft u=wvax@ "OvQ=O OwN
CU= |v=tR u; w 'OwW|t |Q}oxR=Ov= CUB p} wLD u=tR j} Q] R= C=tON K]U
|=yxOaw |DUB |=yCmQW "OwW|t xO=O p} wLD OYkt x@ |DUB xrwtLt l} xm
"OvyO|t OwN u=} QDWt x@ xRwQ 2 =} xDa=U 24 p} wLD uwJty |OOaDt |r} wLD
QO |v=UQCtON |xm@W O=H}= QO |tyt Q}F-=D |DUB |xrwtLt p} wLD |xOaw u}=

"OQ=O |DUB |=yxm@W
|=yCmQW *syt h=Oy= R= |m} �Oa@ RwQ QO p} wLD� =} �xDa=U 24 p} wLD�
Ovv=t |}=yQwWm QO =yQyW |}=}i=QeH `} RwD p}rOx@ 'CQwY Qy QO "CU= |DUB
p} wLD 'OwW xO=iDU= |v}tR Q}Ut x}q R= =yvD Qo = '=yxO=H w =yx=QoQR@ Q=DN=U w u=Q}=
'Q=R=@ uOw@ |D@=kQ p}rOx@ "CU= umtt Q}e OYkt� -=O@t |=yQyW u}@ xDa=U 24
xHwD =@ "OwW xO=iDU= CUB |QwLt |xm@W |=Q@ R}v |}=wy |x}q R= CU= QDy@
p=kDv= u=tR Vy=m ut[ '|}=wy |x}q R= xO=iDU= CQwY QO =yxv} Ry V}=Ri= x@
u}= u}@ pO=aD |Q=QkQ@ ut[ =D OwW|t x�=Q= |rOt Q=DWwv u}= QO '|DUB |xrwtLt
C}OwOLt w OW=@ xv} Ry u} QDsm |=Q=O xm OwW O=H}= |QwLt |}xm@W ' ẁ[wt wO
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3 s=o x@ CQwY u}= Q}e QO &O} wQ@ 6 s=o x@ x=ov; 'inloop2 max

"O} wQ@
CQwY u}= Q}e QO 'O} wQ@ 7 s=o x@ x=ov; 'T < T0 Qo = "T = RR� T %6 s=o

"O} wQ@ 2 s=o x@
"OvwW xO=O u=Wv |}=yv ?=wH u=wvax@ Z� w S� Q}O=kt %7 s=o

V}=tv QwLt Q}e w QwLt |=yu=mt \=@DQ= |yOOm |xwLv 'hr=6 pmW QO
u=ty xOW xO=O u=WvT} QD=t R}v ?6 pmW QO &CU= |Q=OQ@ CQwYx@ xm xOW xO=O
uQ=kDt=v CQwY QO CU= |vDio "CU=yu; u}@ |]=@DQ= |=yx}q |yOOm |xwLv

"xvwtv ?=wH xm@W |yOOm |xwLv "6 pmW
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"=yu; xU}=kt w O} Q@D |R=Ux}@W sD} Qwor= w CPLEX =@ pL G}=Dv "2 pwOH
SA CPLEX xr�Ut

Max CPU Avg CPU Min CPU Max Avg Min CPU
Gap

Lower
� N Name

time (s) time (s) time (s) gap gap gap time (s) bound

20 13 19 38 18 85 12 84 9 61 7 98 1 6 6 89 258516 978 17 90548 10 10LL20 69 19 63 17 81 12 01 9 34 8 82 1 5 9 36 251762 125 19 69603
20 04 19 93 17 69 7 21 3 27 1 32 1 9 9 01 281328 026 17 90548 10 10LT20 03 19 63 17 48 7 34 2 84 0 29 1 6 9 78 277957 744 19 69603
20 74 19 24 17 05 10 25 6 37 1 66 1 6 5 90 303850 103 17 90548 10 10TL20 41 19 36 17 23 12 24 9 64 6 59 1 8 7 31 296484 605 19 69603
20 91 19 52 17 87 12 02 8 6 44 1 9 6 45 302269 414 17 90548 10 10TT21 21 19 97 18 01 10 02 8 68 6 59 1 7 7 31 296484 605 19 69603
65 27 63 21 61 11 10 86 9 55 8 46 38 6 11 10 286345 185 26 00078 20 20LL65 01 63 13 61 03 10 35 6 10 2 59 4 2 9 70 278281 545 28 60086
65 78 63 56 61 33 11 46 7 84 3 84 5 5 10 50 281206 261 26 00078 20 20LT66 10 64 01 61 78 10 34 8 43 4 94 3 7 9 77 278266 597 28 60086
66 43 64 64 61 34 11 66 9 42 5 84 2 7 10 60 333508 750 26 00078 20 20TL66 98 64 55 61 20 9 33 4 21 1 78 2 5 6 79 331025 603 28 60086
67 09 64 12 61 47 11 16 5 36 2 90 2 8 10 60 333508 750 26 00078 20 20TT67 82 64 87 61 12 10 29 5 21 3 20 2 6 6 79 331025 603 28 60086
108 78 107 32 105 06 11 05 10 80 9 17 19 1 10 48 267187 768 27 58395 25 25LL108 31 107 12 105 23 10 99 7 57 6 72 25 1 8 21 264642 925 30 34234
109 11 107 80 105 87 11 52 7 06 4 33 8 4 9 79 295213 886 27 58395 25 25LT108 92 107 52 106 71 9 82 7 77 4 25 8 4 9 79 288307 955 30 34234
108 82 107 77 106 12 9 15 9 08 8 04 22 7 8 07 357722 638 27 58395 25 25TL108 44 107 31 106 20 7 61 6 79 6 14 19 7 7 40 350013 673 30 34234
108 28 107 50 106 66 9 52 8 41 6 87 27 8 8 43 385211 519 27 58395 25 25TT108 81 107 92 106 71 10 21 9 34 8 38 27 4 7 52 376842 879 30 34234
212 64 211 76 210 21 11 23 9 12 8 01 72 9 7 74 265652 659 33 78593 40 40LL212 37 211 43 210 19 12 46 10 42 8 12 42 6 10 88 263275 406 37 16452
212 81 211 92 210 78 12 92 9 73 7 42 1000 10 38 375039 249 33 78593 40 40LT212 31 211 53 210 77 12 71 9 32 7 67 1000 10 91 367900 637 37 16452
212 89 211 58 210 65 10 90 9 38 7 02 54 6 3 89 333062 296 33 78593 40 40TL212 74 211 42 210 56 8 92 6 61 4 08 16 9 4 23 322004 777 37 16452
213 17 211 99 211 11 12 01 10 91 8 13 1000 11 43 374650 706 33 78593 40 40TT213 09 211 82 211 03 12 72 9 87 8 52 1000 11 93 367900 637 37 16452
384 52 382 39 380 12 11 56 9 07 8 10 99 3 10 02 261481 633 34 03796 50 50LL384 34 382 21 379 92 10 19 8 82 6 78 97 2 8 44 257501 957 37 44176
384 86 382 84 380 42 12 50 9 21 7 21 58 8 9 31 287071 759 34 03796 50 50LT384 81 382 36 380 21 11 91 9 83 7 72 46 4 10 52 282350 182 37 44176
384 63 382 90 380 82 12 73 9 31 6 81 87 3 10 27 348750 473 34 03796 50 50TL386 83 382 62 380 74 10 81 8 49 6 98 40 8 8 28 342054 467 37 44176
384 92 382 12 381 11 16 89 12 79 9 21 1000 14 58 423829 249 34 03796 50 50TT385 32 382 93 381 03 16 24 10 19 8 43 1000 14 75 418550 561 37 44176
158 159 157 145 154 815 11 149 8 344 6 18375 176 5057 9 1605 Avg

386 83 383 12 381 11 16 89 12 79 9 21 1000 14 75 Max
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u}= QO xOW KQ]t pL VwQ xm OyO|t u=Wv G}=Dv "CU= xOW xU}=kt =}r=QDU=
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"OUQ|t ?U=vt ?=wH l} x@ |QDsm u=tR QO "2
Cio u=wD|t |rm Qw]x@ =Pr 'Ov=|ak=w =}r=QDU= CUB |=yxO=O xm u}= x@ xHwD =@
u=tR x@ CPLEX x@ C@Uv 'QDW}@ Rm =Qt =@ |=yxO=O |=Q@ |O=yvW}B pL VwQ

"Ow@ Oy=wN ?U=vt ?=wH l} x@ uO}UQ u}L QO |QDsm pL
O=wt `} RwD QO "OQ=O |Dw=iDt |=yOQ@ Q=m |ak=w |=}vO p�=Ut QO |O=yvW}B pOt
x}qOvJ pOt u}= R= u=wD|t =yu; p=kDv= u=tR uOw@ OwOLt p}rOx@ '|vOW OU=i
l} x@ -=O@t l} R= =Q =yq=m O}=@ Ca=U 24 hQ_ xm |DUB |=yCmQW "OQm xO=iDU=
pOt u}= |R=UxO=}B u}vJty "Ovvm |Q=OQ@ xQy@ pOt u}= R= Ovv=wD|t 'Ovv=UQ@ OYkt

"CU= pOt u}= uqm |=yOQ@ Q=m u} QDsyt R= |m} |Q=HD |=yQwLt |xm@W QO

|Q}oxH}Dv "6
QwLt |@=}u=mt |xr�Ut |=Q@ O}OH |[=} Q pOt l} VywSB u}= QO xOWx�=Q= pOt
pt=m VWwB w xOW xO=iDU= |v=tR VWwB R= 'pOt u}= QO "CU= xOw@ |WWwB
QO QwLt |=yu=mt C}iQ_ C}ty= p}rOx@ "CU= xOw@ Q_v OQwt =yQ}Ut |t=tD
u}= u}vJty "CU= xOW ^=Lr |O=yvW}B pOt |=Q@ C}OwOLt u}= '|ak=w |=}vO
Ovw}B l} QO q=m u=} QH p=kDv= |=Q@ Q}Ut |x}q s=Om xm OQ}o@ s}tYD Ov=wD|t pOt
QwLt |@=}u=mt xm xOW C@=F ' ẁ[wt C=}@O= T=U=Q@ "CU= ?U=vt xm@W |]=@DQ=
pL Rm =Qt O=OaD V}=Ri= =@ 'u}=Q@=v@ w [19]CU= NP-Hard |xr�Ut l} |WWwB
u}= w Ovm|t hQY =Q |O=} R Q=}U@ u=tR |R=Uxv}y@ |=yQ=Ri=sQv j} Q] R= pOt u}=
|R=Ux}@W Q@ |vD@t |tD} Qwor= R= 'wQ u}= R= "OR=U|t umttQ}e ,=@} QkD =Q Ov}=Qi
u}= "CU= |R=Uxv}y@ QO =vW; |Q=mD@==Qi |=yVwQ R= |m} xm 'xOW xO=iDU= O} Q@D
Ov}=Qi QO sD} Qwor= xm OwW|t Ea=@ uy; uOWOQU Ov}=Qi R= |Q}owor= =@ sD} Qwor=
OQmrta VHvU |=Q@ "O@=} CUO |@U=vt ?=wH x@ =D Ovm Q=Qi |rLt |=yxrD R= pL

=yCWwv=B
1. hub
2. multi-layer single allocation hub set covering problem
3. trade hubs
4. multimodal
5. australian post
6. maximal covering
7. cluster
8. covering matrix
9. tight
10. loose
11. relative gap
12. bold
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Abstract
Finding the location of hub facilities and the allocation
of non-hub nodes to these located hub facilities are the
aim of hub location problems. Commodities ow in the
hub and spoke network in three phases; 1) Collecting:
they move along their origin nodes to the assigned hub
nodes. 2) Transferring: commodities ow through the
hub arcs if necessary. 3) Distributing: commodities de-
part the hub network and arrive at destination nodes.
Typical applications of hub locations include: airline
passenger travel, telecommunication systems and postal
networks. The hub location problem was originally in-
troduced by O'Kelly (1986). Campbell (1994) provided
the hub set and hub maximal covering problem with sin-
gle and multiple allocations. In this work, we propose
a multi-layer single allocation hub set covering problem
over fully interconnected hub networks, and provide a
formulation to this end. The postal service can be a
multi-layer hub covering application. Postal companies
o�er di�erent delivery time pledges, such as next day de-
livery, to their customers. However, due to geographical
distribution of cities and the structure of highways, de-
livery within 24 hours between all city pairs is impossible
if only ground transportation is employed. Chiey, due
to competitiveness, it is better for postal companies to
check the feasibility of including airlines in their distri-
bution networks. This issue motivates us to introduce
a multi layer model for hub covering problems, which
can determine whether a ground or air route for each
link is better in the hub network, in which the delivery
time bound is guaranteed, as the covering radius. Trade
hubs are another real application of the proposed ap-
proach. The trade growth of each country can occur if
trade hubs are designed and developed properly. On the
other hand, trade hubs connect most trade routes with
some facilities to decrease total transportation costs with
lowest delivery times, so, according to their geographic
position, they should employ di�erent modes of trans-
portation system. We provide a clear example to intro-

duce the model. For better illustration of the proposed
model, a numerical example with four nodes is provided
and solved by the CPLEX solver. Moreover, we test the
performance of the model on the AP data set. Results
of the AP data set for problems of size n = 10, 20, 25, 40
and 50, are given. Since the AP data set does not con-
sider multi-layer data, we consider two layers for these
benchmarks as assumptions. The computed gap from
the lower bound, using the CPLEX solver, shows the
e�ciency of the proposed approach. The results show
that the problem lower bounds increase in a tighter cov-
ering radius, and the number of hub locations decreases
in a looser covering radius.

Key Words: Hub location, covering, network design,
multi-layer, simulated annealing.
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