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Qt= u}= &CU= xDU@=w u}W=t ẁv x@ Cw=iD u}= wCU= Cw=iDt Qo}Om} =@ xrLQtl} QO
|W=v Cw=iD u}= Cra u} QDsyt [8]"OwW|t hrDNt |=yu}W=t u=}t Cw=iD ?@U
=} Ov=?U=vt =yQ=m R= |Y=N xwQo |=Q@ =yu}W=t R= |[a@ xm CU= C}ak=w u}= R=
|=yu}W=t R=|[a@ x@ Ovv=wD|t\ki OvQ=O xm|Y=N\}=QW Q]=Nx@ =yQ=m R=|[a@
C=k}kLD QO =Q |Q=m \}Lt u}= [17�7]u}kkLt R= |NQ@ [1]Ov@=} X}YND X=N
|at=H QwQt xar=]t OvJ |] 'xDWPo |xyO QO "Ov=xO=O Q=Qk |UQQ@ OQwt OwN
XwYN u}= QO xar=]t u}DUNv "CU= xOW s=Hv= Q}PBh=]av= |QU \}Lt QO
|QU \}Lt QO j}kO |=yVwQ TBU [18]"CU= xDiQo CQwY 1999 p=U QO
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OQwt |=yXN=W u}}aD w xr�Ut |Ov@u=tR |=Q@ ,=iQY xOW x�=Q= sD} Qwor= xm CU=
|=R=x@ xr�Ut |R=Uxv}y@ QO w OQ}o|t Q=Qk xO=iDU= OQwt x=owro u=mt Q}}eD =@ Q_v
%CU= s=o xU |=Q=O sD} Qwor= 'xO}= u}= T=U=Q@ "OQ=Ov |Wkv Q_v OQwt |=yXN=W
Q}e pL=Qt |Ov@u=tR "3 &x=owro |xrLQt |Ov@u=tR "2 &x=owro |xrLQt |}=U=vW "1
QO OwHwt x=owro 'xOW |iQat XN=W R= xO=iDU= =@ =OD@= VwQ u}= QO "|y=owro
|v}tND u=tR l} 'xOW u}}aD x=owro R= xO=iDU= =@ TBU "OwW|t u}}aD O}rwD \N
T=U=Q@ =yQ=m |r=wD u}}aD =@ =D OwW|t u}}aD x=owro |xrLQt x@ =yQ=m uO}UQ |=Q@
hQ] R= "OW=@ xDW=O =yQ=m uO}UQ |=Q@ =Q |Q=m}@ Q=Okt u} QDsm x=owro 'XN=W u}=
u}vJty w |r@k |xrLQt QO =yQ=m p}tmD u=tR T=U=Q@ x=owro R= Oa@ pL=Qt QO Qo}O
sy =D OvwW|t |Ov@?}DQD =yQ=m O}rwD \N R= uOW GQ=N |=Q@ |v}tND u=tR COt
R= =yQ=m umtt u=tR u} QDsm QO sy w OvW=@ xDW=O =Q |Q=m}@ Q=Okt u} QDsm =yu}W=t
|=yO=tv K} QWD x@ 'sD} Qwor= QDW}@ C=}�RH |x�=Q= R= p@k "OvwW GQ=N O}rwD \N

%s} R=OQB|t xr=kt u}= QO xOW xO=iDU=
&xrLQt T}Ov= %i
&=yQ=m T}Ov= %j

&xrLQt Qy QO =yu}W=t T}Ov= %K
&pL=Qt O=OaD %m

&=yQ=m O=OaD %n
&k u}W=t |wQ Q@ i |xrLQt QO j Q=m Ov}=Qi u=tR COt %Pijk

Q}e QO w 1 =@ Q@=Q@ O@=} X}YND i |xrLQt QO k u}W=t x@ j Q=m Qo = %Xijk
&CU= QiY CQwYu}=

CQwYu}= Q}e QO w 1 =@ Q@=Q@ OwW VR=OQB i |xrLQt QO l Q=m R= Oa@ j Q=m Qo = %Yilj
&CU= QiY

&i |xrLQt QO =yu}W=t O=OaD %Si
&i |xrLQt QO j Q=m Ov}=Qi p}tmD u=tR %Cij
&i |xrLQt QO j Q=m Ov}=Qi ẁQW u=tR %STij

"xrLQt u} QN; QO Q=m u} QN; p}tmD u=tR %Cmax

x=owro |xrLQt uDi=} "1 s=o
%CQwYx@ pL=Qt |t=tD |=Q@ 12u=} QH MQv 'i |xrLQt Qy |=Q@ �
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"""O}
rwD\

N|
OQm

rta
|=y

Q=}at
Q@x=

owro
u=m

tQ}
F- =D

|OQmrta |=yQ=}at "5
|OQmrta Q=}at 6 Q@ x=owro u=mt Q}F-=D Q=DWwv u}= QO OW xQ=W= p@kVN@ QO xm u=vJ

%OQ}o|t Q=Qk |UQQ@ OQwt hrDNt
Q@=Q@ OwW|t KQ]t Makespan u=wva =@ C=}@O= QO xm XN=W u}= %Cmax "1

%CU= O}rwD \N pL=Qt |t=tD R= Qw@a |=Q@ =yQ=m p}tmD u=tR xv}W}@

Cmax = maxfCmjg; 8j = 1; 2; ::; n (1)

\UwDt =@ Q@=Q@ OQmrtaXN=W u}= %�MJWT� =yQ=mhkwD u=tR COt\UwDt "2
VR=OQB CyH =yu}W=t uOW |r=N |=Q@ =yQ=m R= l} Qy xm CU= |v=tR COt

%Ovv=t|t Q_Dvt

MJWT =

nP
j=1

(Cmj � mP
i=1

Pijki)

n
(2)

X}YND u; x@ i |xrLQt QO Q=m Qy xm CU= |v}W=t Ki '2 |x]@=Q QO
"O@=}|t

|v=tR |xrY=i \UwDt =@ CU= Q@=Q@ xNQJ u=tR %�MCT� xNQJ u=tR \UwDt "3
%O}rwD \N R= |r=wDt Q=m wO GwQN u}@

MCT =

nP
d=2

(Cm;[d] � Cm;[d�1])

n
(3)

GQ=N O}rwD \N R= xm CU= |Q=m u}t=d p}tmD u=tR COt Q@=Q@ Cm:[d]
"OwW|t

uO}UQ |=Q@ sRq u=tR \UwDt =@ CU= Q@=Q@ %�MLT� Q=m s=Hv= u=tR \UwDt "4
%QN; |xrLQt R= Qw@a w xrLQt u} QN; x@ Q=m

MLT =

nP
j=1

(Cmj � ST1j)

n
(4)

"CU= xrLQt u}rw= QO j Q=m Ov}=Qi ẁQW u=tR ST1j

Qy QO xm |Q=m O=OaD \UwDt =@ CU= Q@=Q@ %�WIP� xDN=Uxt}v C=a]k O=OaD "5
"OQ=O OwHw O}rwD \N pN=O QO xDN=Uxt}v CQwYx@ u=tR R= x_Lr

|Q=mD@= sD} Qwor= |HvUCLY "6
VwQ |=y?=wH =@ |Q=mD@= VwQ |=y?=wH 'xOW x�=Q= sD} Qwor= |HvUCLY |=Q@
|xr�Ut |=Q@ K}LY OOa |[=} Q pOt l} Qw_vt u}= |=Q@ "Ov=xOW xU}=kt j}kO
w 'xOW x�=Q= x@=WtQ}e |R=wt |=yu}W=t =@ Q}PBh=]av= |QU \}Lt QO |Ov@u=tR
QwmPt |[=} Q pOt "CU= xOW xU}=kt |Q=mD@= VwQ R= pY=L G}=Dv =@ u; G}=Dv

%R= CU=CQ=@a

x=owro R= Oa@ pL=Qt �
p}tmD u=tR� C(h�1);j T=U=Q@ =yQ=m 'h Ovv=t x=owro R= Oa@ xrLQt Qy |=Q@ ��
|v}tND u=tR COt�Dj =

mP
i=1

FRi�Rj TBU w �p@k |xrLQt QO Q=m
l} R= V}@ Qo = "OvwW|t ?DQt �\N |=yDv= =D x=owro |xrLQt R= Q=m s=tD=
u} QDnQR@ xm O}vm ?=NDv= =Q |Q=m OvDUy Q@=Q@ Dj w C(h�1); j |=Q=O Q=m

"OQ=O =Q x=owro |xrLQt QO VR=OQB u=tR
|rLt |wHwCUH sD} Qwor= "4 s=o

u}= "O} Q@ Q=m x@ p@k |xrLQt QO xOW O=H}= |r=wD |wQ Q@ =Q 13 BBMIP sD} Qwor=
[24]%CU= u}vJ sD} Qwor=

w ?=NDv= �p@k |xrLQt QO xOW O}rwD� xOW O=H}= x}rw= |r=wD QO =Q Q=m u}rw= "1
&O}yO Q=Qk |rai |�RH |r=wD QO =Q u;

|r=wDt Q=m wO R= Oa@ w u=}t 'p@k QO =Q u; w ?=NDv= x}rw= |r=wD R= =Q |Oa@ Q=m "2
&O}yO Q=Qk |rai |�RH |r=wD QO

&O}vm x@U=Lt xOW O=H}= |=y|r=wD |t=tD |=Q@ =Q Cmax Q=Okt "3
|�QH |r=wD =Q u; w ?=NDv= =Q CU= Cmax Q=Okt u} QDsm |=Q=O xm |�RH |r=wD "4

&O}yO Q=Qk |rai
CQwYu}= Q}e QO &O}vm hkwD OW=@ =yQ=m xty pt=W |rai |�RH |r=wD Qo = "5
|xrLQt u=wvax@ xv}tm Cmax =@ xOW O=H}= |}=yv |r=wD "O} wQ@ 2 |xrLQt x@

"OwW|t xDN=vW x=owro

u}W=t ?=NDv= xOa=k "4
u}W=t Q=m Qy |=Q@ CU= sRq 'xrLQt Qy QO x@=Wt Q}e |=yu}W=t OwHw x@ xHwD =@
Qy QO =yu}W=t ?=NDv= |=Q@ \w@ Qt C=}@O= QO "OwW ?=NDv= xrLQt Qy QO ?U=vt

[24]%OQ=O OwHw VwQ xU xrLQt
u}@ R= xm OwW|t xO=O X}YND |v}W=t x@ Q=m VwQ u}= QO %14 EAAM �

"OQ=O =Q TQDUO QO u=tR u} QDOwR OwHwt |=yu}W=t
?=NDv= |v}W=t 'TQDUO QO |=yu}W=t u}@ R= VwQ u}= QO %15 ECAM �
Cmax Q=Okt u} QDsm OwW|t xO=OX}YND u; x@ Q_v OQwt Q=m |Dkw xm OwW|t

"OwW pY=L
xm u}= R= sa=� OwHwt |=yu}W=t |t=tD u}@ R= VwQ u}= QO %16 ECALLM �
u; x@ |rai Q=m |Dkw xm OwW|t ?=NDv= |v}W=t �OW=@v =} OW=@ TQDUO QO

"OwW pY=L =Q Cmax Q=Okt u} QDsm OwW|t xO=O X}YND
"CU= xOW p=ta= sD} Qwor= |wQ j}kLD u}= QO swU uwv=k 'OwHwt u}v=wk u}@ R=
Ovm p=ta= =yu}W=t x@ |Q=m}@ CU= umtt VwQ u}= xJQo = xm CU= QmP x@ sRq
|r=N |=Q@ Q_v OQwt Q=m |rw OvwWv |Ov@u=tR 'TQDUO QO |=yu}W=t CU= umtt�
|QDsm Ov}=Qi u=tR COt xm |v}W=t CU= umtt |rw �Ov=t@ Q_Dvt u}W=t l} uOW

"OW=@v TQDUO QO Q=m X}YND s=ovy QO OQ=O
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"""w
GQo

vo|
OU=

s}y
=Q@='

|Ov
w=yv

s}U
v "K}LY OOa w |Q=mD@= VwQ G}=Dv xU}=kt "2 pwOH

|Q=mD@= VwQ j}kO VwQ xQ=tW
WIP Lead Time pm}U u=tR =yQ=m |Q=m}@ Cmax WIP Lead Time pm}U u=tR =yQ=m hkwD Cmax xr�Ut
6 1 16 7 3 2 13 7 23 5 8 15 5 3 1 12 3 22 1
4 9 13 9 3 2 19 1 28 4 4 13 1 3 0 17 8 28 2
5 9 19 1 3 9 15 1 33 5 8 18 5 3 6 14 3 32 3
6 7 25 4 5 5 21 3 5 6 0 23 4 4 5 20 1 48 4
6 6 23 4 5 3 20 7 45 5 8 22 7 4 5 19 3 41 5

|W}=tR; pt=wa "7
|=yQ=}at |wQ x=owro u=mt Q}F-=D|UQQ@ |=Q@ xm|irDNt|W}=tR; pt=waVN@ u}= QO
w pt=wa u}= "OwW|t |iQat CU= xDiQo Q=Qk xO=iDU= OQwt O}rwD \N |OQmrta

"CU= xOW xYqN 3 pwOH QO =yv; Q}O=kt
K]U xU w =yQ=m O=OaD |=Q@ K]U xU OwW|t xOy=Wt 3 pwOH QO xm u=vJ
=yu}W=t O=OaD |=Q@ "CU= xOW |L=Q] O}rwD \N QO OwHwt pL=Qt O=OaD |=Q@
|=Q=O =yu}W=t O=OaD xm � L K]U QO %xOW |v}@V}B K]U wO xrLQt Qy QO
1 =@ Q@=Q@ x=owro |xrLQt |=Q@ =yu}W=t O=OaD �CU= [2w4] xR=@ QO CN=wvm} `} RwD
x=owro |xrLQt |=Q@ =yu}W=t O=OaD �[4w6] xR=@ QO CN=wvm}� H K]U QO w CU=
pL=Qt |t=tD QO VR=OQB u=tR COt u}vJty "CU= xOW xDiQo Q_v QO 3 =@ Q@=Q@
R= xm x=owro |xrLQt R= Q}e x@ Ovm|t |wQ}B [5w10] xR=@ QO CN=wvm} `} RwD R=
R= xOt; CUO x@ w} Q=vU Qy |=Q@ "Ovm|t |wQ}B [11w15] xR=@ QO CN=wvm} `} RwD
pw= swUl} VN@ xU R= |m} QO |iO=YD CQwYx@ x=owro |xrLQt q=@ |=yQwDm =i
"CU= xDiQo Q=Qk O}rwD \N |v=}=B swUl} w O}rwD \N swO swUl} 'O}rwD \N
w} Q=vU Qy |=Q@ =QH= 10 'hrDNt |=yw} Q=vU QO x=owro u=mt Q}F-=D |xU}=kt |=Q@

"|W}=tR; |=yQwDm =i "3 pwOH
Ctqa Kw]U |W}=tR; |=yQwDm =i

L 10
=yQ=m O=OaDM 20

H 50

L 3
pL=Qt O=OaDM 6

H 12

L U[2w4] xrLQt Qy QO =yu}W=t O=OaD
H U[4w6]

U[5w10] x=owroQ}e pL=Qt Ov}=Qi u=tR COt
U[11w15] x=owro xrLQt Ov}=Qi u=tR COt

Min Z = selected objective function (5)
siX
k=1

Xijk = 1; 8j : 1 � j � n; 8i : 1 � i � m (6)

C1j �
s1X
k=1

p1jk:X1jk; 8j : 1 � j � n (7)

Cij � Ci�1;j +
siX
k=1

pijk:Xijk; 8j : 1 � j � n ; (8)

8i : 2 � i � m
Cij +M � (3�Xijk �Xilk � Yilj) � Cil + pijk:Xijk (9)

8j; l : 1 � j; l � n; 8i : 1 � i � m:
Cil +M � (2�Xilk �Xijk + Yilj) � Cij + pilk:Xilk (10)

8j; l : 1 � j; l � n; 8i : 1 � i � m:
Xijk 2 f0; 1g; 8j; l : 1 � j; l �; 8k : 1 � k � si;
8i : 1 � i � m: (11)

Yilj 2 f0; 1g; 8j; l : 1 � j; l � n (12)

`@=D |=Q@ OwW|t Qw;O=} "OQ}o|t Q=Qk 5 =D 1 \@=wQ R= l} Qy hOy `@=D CtUk QO
"OwW|t xDiQo Q_v QO xDN=Uxt}v C=a]k O=OaD\UwDt w xNQJ u=tR\UwDt 'hOy
|=yu=tR ẁtHt hOy `@=D QO =OD@= OQm p=ta= =Q `@=wD u}= u=wD|tv ,=t}kDUt uwJ
O=OaD w xNQJ u=tR Q=Okt =yu=tR u}= R= xO=iDU= =@ TBU w OwW|t xv}tm p}tmD
l} x@ O}=@ Q=m Qy xm Ovm|t u=}@ 6 |x]@=Q "OwW|t x@U=Lt xDN=Uxt}v C=a]k
p}tmD u=tR Qou=Wv ?}DQD x@ 8 w 7 \@=wQ &O@=} X}YND xrLQt Qy QO u}W=t
|xrLQt wO QO =yQ=m p}tmD u=tR u=}t |x]@=Q u}vJty w pw= |xrLQt QO =yQ=m
u=tR u=}t |x]@=Q Qou=}@ xm Ov=|r=Yiv= |]@=wQ R}v 10 w 9 \@=wQ "CU= |r=wDt
Qy |=Q@ w x_Lr Qy QO "CU= u}W=t l} |wQ xrLQt Qy QO OwHwt |=yQ=m p}tmD
12 w 11 \@=wQ "CU= O�=R =yC}OwOLt u}= R= |m} sm CUO 'ZwQit Q=m CiH
xHwD =@ "Ovvm|t Q=}DN= =Q 1 =} QiY Q}O=kt \ki s}tYD |=yQ}eDt xm OvyO|t u=Wv
xU}=kt Qo}Om} =@ 2 pwOH QO j}kO w |Q=mD@= VwQ |=y?=wH |[=} Q pOt x@

"Ov=xOW
QO |@ wN ,=D@Uv C}i}m |Q=mD@= VwQ OwW|t xOy=Wt 2 pwOH QO xm u=vJ
Q}O=kt uOQm xv}y@ QO |aU xOW x�=Q= |Q=mD@= VwQ p=L u}= =@ "OQ=O xr�Ut pL

"CU= umtt |=y?=wH O}rwD |=Q@ |WwQ ,=iQY w OQ=Ov hOy `@=D
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"""O}
rwD\

N|
OQm

rta
|=y

Q=}at
Q@x=

owro
u=m

tQ}
F- =DQO QiY OOa OwHw CQwY QO uwJ &OwW|t w} Q=vU Qy QO OQmrta Q=}at uOW

xDiQo Q_v QO w} Q=vU wO xm CiQo xH}Dv u=wD|t xOt; CUO x@ u=v}t]= |xrY=i
Q=Ri=sQv R= u=v}t]= Kw]U u}= O=H}= |=Q@ "OvQ=Ov Qo}Om} =@ |Q=O|vat Cw=iD 'xOW
hrDNt |=yQ=}at |=Q@ xOt; CUO x@ G}=Dv "CU= xOW xO=iDU= Minitab 15 1

%CU= Q} R KQW x@

Cmax |OQmrta Q=}at "1"8
Q@=Q@ Cmax "CU= Cmax OQ}o|t Q=Qk |UQQ@ OQwt CtUk u}= QO xm |Q=}at u}rw=
CUO x@ G}=Dv "OwW|t GQ=N O}rwD \N R= =yQ=m R= |m} xm CU= |v=tR QFm =OL
%O};|t CUO x@ Q} R G}=Dv 4 pwOH x@ xHwD =@ "OwW|t xOy=Wt 4 pwOH QO xOt;
xvwoI}y x=owro u=mt Q}}eD 'OW=@ L xrLQt Qy QO =yu}W=t O=OaD xm |Dr=L QO �

"OQ=Ov hrDNt |=yw} Q=vU QO Cmax Q@ |Q=O|vat Q}F-=D
x=owro u=mt Q}}eD 'OQwt 27 R= OQwt 24 QO 'OW=@ M pL=Qt O=OaD xm |Dr=L QO �

"OQ=Ov Cmax Q@ |Q=O|vat Q}F-=D xvwoI}y

w} Q=vU Qy |=Q@ G}=Dv u}ov=}t hqDN= Q@=Q@ �95 u=v}t]= |xrY=i l} w xOW s=Hv=
"CU= xOW x�=Q= |Oa@ VN@ QO =yxU}=kt u}= G}=Dv "CU= xOW x@U=Lt

G}=Dv "8
COt \UwDt 'Cmax %pt=W |OQmrta Q=}at 6 'x=owro u=mt Q}F-=D |UQQ@ Qw_vtx@
xDN=Uxt}v C=a]k w 'Q=m s=Hv= u=tR \UwDt 'xNQJ u=tR \UwDt '=yQ=m hkwD u=tR
O=OaD Q}_v |rt=wa 'hrDNt |=yCr=L Q}F-=D |UQQ@ |=Q@ "CU= xOW xDiQo Q_v QO
VR=OQB u=tR COt w x=owro u=mt 'xrLQt Qy QO u}W=t O=OaD 'pL=Qt O=OaD '=yQ=m
xOW xDiQo Q_v QO hrDNt Kw]U w pt=wa u}= R= xO=iDU= =@ xm �2 pwOH� =yQ=m
O=Oa= OwHw Q}F-=D uOQm QDsm |=Q@ "OwW|t O}rwD hrDNt w} Q=vU 54 pt=a Qy |=Q@
|xU}=kt |=Q@ "CU= xOW O}rwD |iO=YD O=Oa= Q=@ 10 w} Q=vU Qy QO '|iO=YD
�95 u=v}t]= |xrY=i R= 'w} Q=vU Qy |=Q@ xH}Dv 10 OwHw x@ xHwD =@ w 'G}=Dv
xm CiQo xH}Dv |DL=Q x@ u=wD|t u=v}t]= K]U u}= x@ xHwD =@ "CU= xOW xO=iDU=
QDO@ =} w QDy@ ?@U x=owro |=yu=mt R= l} s=Om XNWt u=v}t]= K]U l} QO

"Cmax |OQmrta Q=}at |wQ Q@ x=owro u=mt Q}F-=D |UQQ@ |=Q@ u}}=B w q=@ OwOL "4 pwOH
L =yu}W=t O=OaD

12 6 3 pL=Qt O=OaD
1/3 1/3 1/3 1/3 1/3 1/3 1/3 1/3 1/3 u=mt O=OaD
swU swO pw= swU swO pw= swU swO pw= x=owro =yQ=m

�� �� �� pw=1/3
10�� �1 84; 3 17 �� �2 40; 1 40 �� swO1/3

�� �4 17; 1 44 �3 28; 1 88 �� �3 12;1 32 �3 51; 0 71 �� �2 72; 1 52 �1 69; 2 29 swU1/3
�� �� �� pw=1/3

20�� �0 49; 4 29 �� �1 61; 3 21 �� �1 90; 1 50 swO1/3
�� �6 03; 0 63 �3 85; 2 25 �� �3 85; 2 45 �3 16; 3 36 �� �3 64; 0 64 �3 92; 0 52 swU1/3

�� �� pw=1/3
50�� �3 98; 5 98 �� �3 38; 4 98 �� �3 54; 3 94 swO1/3

�� �5 42; 4 22 �4 28; 5 08 �� �6 71; 3 11 �5 97; 3 97 �� �4 48; 3 48 �4 30; 3 70 swU1/3
H =yu}W=t O=OaD

12 6 3 pL=Qt O=OaD
1/3 1/3 1/3 1/3 1/3 1/3 1/3 1/3 1/3 u=mt O=OaD
swU swO pw= swU swO pw= swU swO pw= x=owro =yQ=m

�� �� �� pw=1/3
10�� �1 75; 2 64 �� �1 97; 0 77 �� �1 87; 0 87 swO1/3

�� �4 19; �0 25 �3 94; 0 38 �� �2 52; 1 31 �2 99; 0 59 �� �3 01; 0 61 �3 30; �0 10 swU1/3
pw=1/3

20�� �2 67; 1 67 �� �1 99; 0 59 �� �2 18; 0 58 swO1/3
�� �3 54; 0 33 �4 18; �0 02 �� �2 63; 1 42 �3 30; 0 71 �� �1 41; 1 41 �2 25; 0 65 swU1/3

pw=1/3
50�� �3 56; 2 36 �� �2 85; 1 65 �� �2 61; 3 70 swO1/3

�� �4 93; 1 13 �5 85; 0 85 �� �1 40; 2 578 �1 99; 1 97 �� �2 72; 3 63 �2 07; 4 07 swU1/3
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able machines
16. earliest completion time when the job is assigned to all the

machines
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