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|xrLQt |] =Q |atHD `tH |xQ=t; p=kDv= p=tDL= '7 |x]@=Q R= xO=iDU= =@ u=wD|t

w u=tR=U |@=} Q=R=@ C=t=Ok= |=Q@ |O=tv a1t "OwW|t pY=L OQ=Ov=DU= p=tQv `} RwD
'Qo}O CQ=@ax@ "CU= |QDWt C=aq]= OwyWt=v VN@ |xOvyOu=Wv �t C}=yv QO
TQDUO QO u=} QDWt l}miD |=Q@ sRq C=aq]= |x}rm CU= umtt xm =Hv; R=
l} ?r=k QO Qo}O |WN@ w OwyWt C=aq]= u=wvax@ C=aq]= R= |WN@ 'OW=@v
xOW Qw_vt x]@=Q u}= QO |QDWt C=aq]= OwyWt=v VN@ u=wvax@ |iO=YD Q}eDt
|xwLv u=}@ |=Q@ |@}DQD l}DUHr uw}UQoQ pOt R= 3 |x]@=Q j@=]t =Hv}= QO "CU=

"OwW|t xO=iDU= |QDWt |OvtC}=[Q u=R}t Q@ CtON C}i}m K]U Q}F-=D
qi!1;t = 1

1 + e�(�01+�1�i+CDV 0�2+�3QoSt+a01t�4+�t)

qi!j;t = 1
1 + e�(�0j+�1�i+CDV 0�2+�3QoSt+a01t�4+�t)

� 1
1 + e�(�0;j�1+�1�i+CDV 0�2+�3QoSt+a01t�4+�t)

qi!k;t =1� 1
1 + e�(�0;K�1+�1�i+CDV 0�2+�3QoSt+a01t�4+�t)

i 2 f1; 2; :::;Kg; j 2 f2; :::;K � 1g (3)

'(j = 1; :::; 4) '�j w-=O@t R=ZQa Q}O=kt '(i = 1; :::;K�1) '�0ijwipOt QO
QO |QDWt C}=[Q K]U u}}aD |=Q@ 'xwqax@ "OyO|t u=Wv =Q pOt ?}=Q[ Q}=U
Qou=}@ '(i = 1; :::;K) '
i u; QO xm OwW|t xO=iDU= 4 |x]@=Q R= xQwO u}rw= u=}=B
xOvvmx[Qa =@ \=@DQ= ẁQW |xQwO u}rw= u=}=B QO i C}=[Q K]U ?Um p=tDL=

"CU=

i = P (LoS1 = ijCDV;QoS1;a11; �1); i 2 f1; 2; :::;Kg (4)

QO 
i Q}O=kt |x@U=Lt |=Q@ l}DUHr uw}UQoQ pOt "PK
i=1 
i = 1 xm |Qw]x@

|=Q@ |Qv}=@ l}DUHr uw}UQoQ pOt R= 'pOt swO K]U QO "CU= xOW x�=Q= xt}t[
"OwW|t xO=iDU= CU= |QDWt |OvtC}=[Q u=R}t R= QF-=Dt xm |Q=O=iw Q=Okt V}=tv
xOW Qw_vt 1 w QiY Q}eDt l} u=wvax@ =Hv}= QO xm |Q=O=iw u=R}t |Q=_Dv= VRQ=
'(i = 1; :::;K) '�0i 'x]@=Q u}= QO "OwW|t xO=O u=Wv 5 |x]@=Q ltm x@ CU=
u}vJty "OvwW|t ?wULt pOt ?}=Q[ Q}=U �2 w �1 w 'pOt -=O@t R= ZQa Q}O=kt

"�01 < �02 < ::: < �0K OwW|t ZQi
pit =P (LoLt = 1jLoSt = i; CDV;a2t; �t)

= 1
1 + e�(�0i+CDV 0�1+a02t�2+�t)

; i 2 f1; 2; :::;Kg (5)

|D; |xQwO QO O} QN |=Q@ |QDWt p}=tD |xOvyOu=Wv '(i = 1; :::;K�1) 'pit
swrat C=YNWt 't |xQwO QO w= |OvtC}=[Q K]U R= |a@=D CQwYx@ xm CU=
a2t QwDm =i "CU= xOW h} QaD u=tR=U |@=} Q=R=@ C=t=Ok= u}vJty w w= swrat=v w
OwHw xm CU= xHwD u=}=W "CU= COtx=Dwm Q}F-=D =@ u=tR=U |@=} Q=R=@ C=t=Ok= Qou=}@
u}O@ w CU= Q=PoQ}F-=D |QDWt C}=[Q K]U p=kDv= T} QD=t Q@ 3 |x]@=Q QO a1t
|=yxt=vQ@ xvwou}= "OyO Q=Qk Q}F-=D CLD =Q |QDWt Q=DiQ COtOvr@ OvwQ Ov=wD|t ?}DQD
|x�=Q= =} '|Q=O=iw CQ=m |Q}oQ=mx@ j} Q] R= R=}Dt= |x�=Q= pt=WCU= umtt |@=} Q=R=@
QO "OW=@ q=@ O} QN ?w=vD =} sHL =@ |v=} QDWt x@ QtDUt pmW x@ xS} w C=tON
|QDWt |Q=O=iw K]U Q@ =D CU= xOW Qw_vt 5 pOt QO |}xvwox@ a2t QwDm =i p@=kt
xS} w |=yCt}k =} |rm C=i}iND |x�=Q= uwJty |D=t=Ok= "OW=@ Q=PoQ}F-=D t |xQwO QO
s}tYD Q@ |QDWt C}=[Q K]U R= Q_vhQY Ov=wD|t X=N |v=tR xQwO l} |=Q@
Q}F-=D l}miD "OW=@ QF-wt XNWt |xQwO l} QO |}=OH =} OOHt O} QN |=Q@ |QDWt
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QOh
wmQ=t

|xQ
}HvR

OQm
}wQ

OQ@Q
=m|xQwO QO |@=} Q=R=@ s=Ok= ẁv Qou=}@ xm a1t Q}eDt R= Q_vhQY 3 |x]@=Q QO

Q=Owtv uwJ "Ovvm|t =i}= Vkv CDV w QoSt 'LoSt�1 |=yQ}eDt 'CU= t
Q}eDt OwW|t |L=Q] X=N |QDWt l} |=Q@ CtUk u}= QO |atHD `tH pQDvm
|x]@=Q QO QoSt pkDUt Q}eDt Q=Okt Qo = "Ow@ Oy=wN |v}at Q=Okt |=Q=O CDV
ltmx@ 'LoSt�1 Q}eDt Qw[L x@ xHwD=@ !t |xQ=t; `} RwD Ck}kL QO 'Ow@ C@=F 3
xm =Hv; R= =t= "Ow@ h} QaD p@=k hrDNt Q=Okt K �K pt=W xDUUo `} RwD l}
|xwLv u}}aD |=Q@ CUy R}v t |xQwO QO CtON C}i}m K]U R= |a@=D !t Q=Okt
j@=]t "Ow@ s}y=wN QoSt Q}eDt |Q=t; `} RwD uDiQo Q_v QO x@ Q=J=v u; |Q}PB Q}}eD
QO swrat |=yQDt=Q=B w p=tQv `} RwD R= Q=OQwNQ@ |iO=YD Q}eDt l} QoSt 'ZQi
'QoSt Q}eDt ?ULQ@ !t |xQ=t; `} RwD u}}aD |=Q@ =Hv}= QO "OwW|t xDiQo Q_v
VwQ ltmx@ =OD@= 'CU}v Q}PBu=mt= |oO=Ux@ |D=@U=Lt |=yVwQ R= xO=iDU= uwJ
=@ TBU w xOQm O}rwD QoSt Q}eDt Q}O=kt R= |O=} R sHL '|iO=YD O=Oa= O}rwD
|@U=vt `} RwD 'xQ=t; u}= Q}O=kt pwYL w !t `@=D x@ xOWO=H}= |iO=YD Q}O=kt |x�=Q=
|QDWt l} C=aq]= xJv=vJ 'K = 5 |=R=x@ 'xvwtv |=Q@ "OwW|t VR=Q@ u; x@
CQwYx@ � Q}eDt |=yQDt=Q=B w OW=@ xOW x�=Q= CDV = 0 5 CQwYx@ X=N
|@}DQD l}DUHr uw}UQoQ pOt ?}=Q[ Q}O=kt w OwW xDiQo Q_v QO s = 3 w r = 3
'�04 = 14 62 '�03 = 11 02 '�02 = 7 55 '�01 = 3 94 CQwYx@ R}v
2 pmW QO u=wD|t OW=@ CUO QO �3 = 0 1 w �2 = 0 1 '�1 = �3 09
"OQm xOy=Wt xOt; CUO x@ VwQ u}= ltmx@ xm =Q !t |xQ=t; x@ \w@ Qt `} RwD
w �QoS = 3 Q}O=kt |=R=x@ w �Oc1 = 1 1 � �Ic1 Q=Okt |=R=x@ `} RwD u}=
"CU= xOW pY=LQoSt |iO=YD Q}eDt `} RwD |=yQDt=Q=B u=wvax@ �QoS = 0 5
xO=iDU= OQwtQoSt |iO=YD Q}eDt |=Q@ |iO=YD xO=O 10000 '|R=Ux}@W u}= QO
uwtR; ltmx@ |UQQ@ 'OwW|t \=@vDU= R}v pmW |wQ R= xm u=vJ "CU= xDiQo Q=Qk
ZQi u=wD|tv OQ=wt R= l}I}y QO xm OyO|t u=Wv |=m `@ Qt VR=Q@ |} wm}v

"OQm OQ |R=Ux}@W R= pY=L Q}O=kt `} RwD u=wvax@ =Q p=tQv `} RwD |Q=QkQ@

%OQm x@U=Lt t |xrLQt x@ t� 1
fij = P [(j � 1):w < C+

t < j:wj(i� 1):w < C+
t�1 < i:w];

i = (1; :::;m); j = (1; :::;m) (7)

\QW Ctqa R= TB *CQ=@a 'nQR@ m |=R=x@ xJv=vJ 'C=@U=Lt p}yUD Qw_vtx@
=Q fij u=wD|t 'OwW xYqN C+

t�1 = (2i+ 1)w=2 pmW x@ |@} QkD CQwYx@
%OQm x@U=Lt u}vJ

fij =P [(j � 1)w � (2i+ 1)w=2 < !t < jw � (2i+ 1)w=2]

=F!t(jw � (2i+ 1)w=2)� F!t((i� 1)w � (2i+ 1)w=2)

i = (1; :::;m); j = (1; :::;m) (8)

fij Q=Okt |x@U=Lt |=Q@ "CU= !t Q}eDt |atHD `} RwD `@=D O=tv F!t u; QO xm
OwW|t u=WvQ]=N "OwW u}}aD !t Q}eDt |Q=t; `} RwD CU= sRq XNWt Qw]x@
Cq=tDL= =@ =Q (i = 1; :::;K) 'Si Kw]U R= |m} xQwO Qy QO LOSt Q}eDt
Qy QO xOy=Wt x@ \w@ Qt uRw Q=Okt T=U= u}= Q@ "OQ}PB|t 3 |x]@=Q QO xOWx�=Q=

%OwW|t x@U=Lt Q} R CQwYx@ |}=tvCUQO `@=D sD} Q=or =} '!t 'xQwO

!t = log
�
L(�Oc1 ;LoSt)
L(�Ic1 ;LoSt)

�
= log

26664
1R
0
qOci!j;tg(�tjr; s)d�t

1R
0
qIci!j;tg(�tjr; s)d�t

37775 ;

8i; j 2 f1; 2; :::;Kg (9)

Q=Okt |xOvyOu=Wv ?}DQDx@ '(i; j = 1; :::;K) 'qOci!j;t w qIci!j;t u; QO xm
"OvDUy �Oc1 w �Ic1 Q}O=kt |=R=x@ Q_v OQwt |xOy=Wt x@ \w@ Qt p=tDL=

"CDV = 0 5 =@ |QDWt |=Q@ C}=[Q u=R}t QO |W}=Ri= C=Q}}eD hWm |=Q@ |atHD `tH |xQ=t; QO C=Oy=Wt uRw `} RwD "2 pmW
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QU=} "CU= sRq 6 w 12 \@=wQ QO uRw |xQ=t; Cw=iD x@ xHwD "C�0 = 0 xm |Qw]x@
|Q=Okt R= (�Oc1 ) pQDvm R= GQ=N \}=QW QO |L=Q] QDt=Q=B Q=Okt 'jwi |x]@=Q QO
Q=Okt |x@U=Lt |=Q@ "CU= Q=OQwNQ@ 6 |x]@=Q QO xOWQw_vt Q=Okt =@ Cw=iDt
|=Q@ ?wr]t Q=Okt u}}aD u; `@D x@ w pQDvm CLD \}=QW QO xr=@vO pw] \UwDt
|x} wQ R= u=wD|t OwW|t xO=O u=Wv H� O=tv =@ OQwt u}= QO xm Q=Owtv pQDvm OL

"OQm xO=iDU= OW u=}@ H+ pQDvm OL u}}aD |=Q@ p@k QO xm |y@=Wt
|xQ=t; |L=Q] QO xm s} Q}o|t Q_v QO =Q |D}a[w |OOa xvwtv l} u=wvax@
|=Q@ Q}O=kt u}= "CU= xOW Qw_vt �Oc1 = 1 1 � �Ic1 |x]@=Q '|atHD `tH
QO |W}=Ri= C=Q}}eD hWm hOy =@ w 6 |x]@=Q j@=]t |atHD `tH |xQ=t; |L=Q]
|L=Q] |=Q@ �Oc1 = 0 9��Ic1 Q=Okt u}vJty "CU= xOW u}}aD Q_v OQwt QDt=Q=B
"OwW|t ?=NDv= |Wy=m C=Q}}eD hWm |=Q@ 12 |x]@=Q j@=]t C�t |xQ=t; Q=Owtv
|=yQ=Owtv OwW xDiQo Q_v QO CDV = 0 5 Q=Okt =@ |QDWt Qo = 'p=Ft |=Q@
|=R=x@ 1 5 � �Ic1 =@ Q@=Q@ |Q}}eD hWm |=Q@ 3 pmW QO |atHD `tH pQDvm

"OwW|t xOy=Wt p@k QO xOW u=}@ |=yQDt=Q=B Q}O=kt w �Ic1 = �3 09
\UwDt u}}aD |xwLv OwW|t xDN=OQB u; x@ QYDNt Qw]x@ =Hv}= QO xm|aw[wt
|W}=Ri= C=Q}}eD u=tRty hWm |=Q@ xiQ]wO Q=Owtv R= xm CU= |v=tR QO xr=@vO pw]
pm |xr=@vO pw] \UwDt Q}O=kt u}@ "OwW|t xO=iDU= |L=Q] QDt=Q=B QO |Wy=m =}

[21]"CU= Q=QkQ@ 13 |x]@=Q C+
t w C�t |xQ=t; |=Q@ x]w@ Qt Q}O=kt w

1
ARLT

� 1
ARLU

+ 1
ARLL

(13)

Q=QkQ@ |w=UD pmW x@ 13 |x]@=Q OW=@ p=tQv Q_v OQwt Q}eDt `} RwD xm |]}=QW QO
|xO=iDU= s=ovy xr=@vO pw] \UwDt Q=Okt |x@U=Lt |=Q@ =Hv}= QO "Ow@ Oy=wN
xOvU@ |w=Ut=v QmP x@ jwi |x]@=Q R= xO=iDU= =@ |atHD `tH Q=Owtv wO Qy R= u=tRty
GQ=N \}=QW QO xr=@vO pw] \UwDt |x@U=Lt |xwLv |UQQ@ x@ C}=yv QO "OwW|t
\UwDt Q=Okt |x@U=Lt |=Q@ u=wD|t 10 |x]@=Q x@ xaH=Qt =@ "s} R=OQB|t pQDvm R=
Q=Okt QO Q_v O}OHD R= TB '(ARL1) pQDvm R= GQ=N C}a[w QO xr=@vO pw]
xD@r= "OQm s=Ok=RT} QD=t OOHt |x@U=Lt TBU w C}=[Q K]U p=kDv= T} QD=t
\}=QW QO xm Ow@ Oy=wN |Q}O=kt u=ty pt=W |OL Cq=tDL= Q=OQ@ Q=Okt =Hv}= QO
C}a[w ZQi pw@k =@ COtOvr@ QO xJv=vJ xm =vat u}= x@ "OW x@U=Lt pQDvm CLD

|=Q@ARL0 = 200 =@ xiQ] wO |atHD `tH pQDvm Q=Owtv R= xvwtv l} "3 pmW
|xR=Ov=� CDV = 0 5 =@ |QDWt l} |=Q@ �1 QDt=Q=B Q=Okt QO Q}}eD hWm

"�t = 20 Q}}eD hWm u=tR 't = 11 Q}}eD O=H}= u=tR '1 5� �Ic1 Q}}eD

CDV |=yQ}eDt hrDNt Q}O=kt |=Q@ xm |y@=Wt |UQQ@ QO xHwD p@=k |xDmv
Q}O=kt |=Q@ |i=m VR=Q@ OQ=wt ?re= QO p=tQv `} RwD xm CU= u; OW s=Hv= QoSt w
`} RwD x@|@=}CUO R=TB "OyO|t u=Wv!t Q}eDt|=Q@ |R=Ux}@W R=pY=L|iO=YD
OvtR=}v 8 |x]@=Q QO fij Q=Okt u}}aD |=Q@ '|atHD `tH |xQ=t; QO C=Oy=Wt uRw
|L} QWD VwQ j@=]t xrY=L `} RwD K �K R= l} Qy VQ}PB p=tDL= |x@U=Lt
|QDWt Qy |=Q@ |atHD `tH Q=Owtv xm u; x@ xHwD =@ Qw_vt u}= |=Q@ "Ow@ s}y=wN
|va} p=kDv= T} QD=t |=yxir-wt |Q=_Dv= VRQ= =OD@= &OwW|t u}}aD X=N Qw]x@
x@ �t w 'QoSt |=yQ}eDt |=R=x@ 3 |x]@=Q QO '(i; j = 1; :::;K) 'qi!j
'E(qi!j)

R1
0
R 1

0 qi!jq(�jr; s)h(QoSj�QoS ; �QoS)d�dQoS pmW
"OwW|t x@U=Lt pQDvm CLD C}a[w QO w '(i; j = 1; :::;K)

|=Q@ K �K xR=Ov= =@ XNWt p=kDv= T} QD=t l} x@ u=wD|t T=U= u}= Q@
xO=iDU= =@ u; |OL Cq=tDL= xJv=vJ xm Ci=} CUO LoSt x@ LOSt�1 p=kDv=
O=tv =@ xm =Q !t |xQ=t; |r=tDL= `} RwD u=wD|t OwW u}}aD 10 CqO=at xawtHt R=

"OQm u}}aD 'xOW xO=O u=Wv (j = 1; :::;K) '�j8<:�j =
PK
i=1 �iE(qi!j); 8j 2 f1; :::;KgPK

j=1 �j = 1;
(10)

T} QD=t Q}O=kt xmCU= |vDio "s}yO|t u=WvR =@ =QC}=[Q K]U p=kDv=T} QD=t
Q=Okt u}}aD R= TB x@=Wt Qw]x@ pQDvm R= GQ=N \}=QW |=Q@ C}=[Q K]U p=kDv=
p@=k E(qi!j) Q}O=kt QO Q_v O}OHD TBU w pQDvm R= GQ=N C}a[w QO �1 QDt=Q=B
xr=@vO pw] \UwDt XN=W |x@U=Lt |=Q@ xm CU=vat u=O@ u}= "CU= pwYL
sRq 'C=Oy=Wt u=Rw= Q=Okt OOHt u}}aD x@ R=}v uwO@ pQDvm R= GQ=N C}a[w QO
fij Q}O=kt u}}aD R= TB "OwW |QovR=@ u=Rw= VQ}PB p=tDL= `} RwD QO ,=iQY CU=
|atHD `tH Q=Owtv |xr=@vO pw] \UwDt Q=Okt |x@U=Lt |=Q@ '8 |x]@=Q ltmx@

"s}vm|t xO=iDU= 11 |x]@=Q R= Q=O}=B \}=QW QO
ARL0 = �0CUSUM (I �QCUSUM )�11 (11)

\}=QW x@ \w@ Qt m � 1 O=a@= =@ |OL Cq=tDL= Q=OQ@ �CUSUM xm |Qw]x@
w 10 |x]@=Q \UwD Q=OQ@ u}= "CU= |atHD `tH pQDvm Q=Owtv |=Q@ pQDvm CLD
x@U=Lt p@=k E(qi!j) |=H x@ fij u}vJty w 'K |=H x@ m |Q=Po|=H R= Oa@
QO |atHD `tH Q=Owtv p=kDv= T} QD=t |OL Cq=tDL= Q=OQ@ CU= |vDio "CU=
R= GQ=N \}=QW QO xr=@vO pw] \UwDt Q=Okt |x@U=Lt |=Q@ 'pQDvm CLD \}=QW
Q=OQ@ 1 "CiQo Oy=wN Q=Qk xO=iDU= OQwt O}O s}y=wN xt=O= QO xm |wLvx@ R}v pQDvm
pt=W |atHD `tH Q=Owtv p=kDv= T} QD=t QCUSUM "CU= m� 1 O=a@= =@ xm}

"CU= m�m O=a@= =@ 'fij Q}O=kt
|v}at Q=Okt x@ |@=}CUO |=Q@ =Q (H+) Q=Owtv pQDvm OL Q=Okt u=wD|t p=L
Q=Okt p=Ft |=Q@ "OQm x@U=Lt (ARL0) pQDvmCLD\}=QW QO xr=@vO pw]\UwDt R=
CDV = 0 5 |va} p@k QO xOW xO=O C=YNWt =@ |QDWtl} OQwtQOH+ OL
ARL0 = 200 Q=Okt |=Q@ 'OW u=}@ p@k QO xm pOt |=yQDt=Q=B Q}O=kt |=R=x@ w

"O};|t CUO x@ 2 3252 Q@=Q@
|x]@=Q QO xOW x�=Q= |atHD `tH pQDvm Q=Owtv xJQo = xm OwW|t Qw;O=} =Hv}= QO
|y@=Wt |xQ=t; u=wD|t =t= 'OW |iQat �1 QDt=Q=B QO |W}=Ri= C=Q}}eD hWm |=Q@ 6

%OwW|t x@U=Lt u}vJ xm OQm |L=Q] R}v |Wy=m C=Q}}eD hWm |=Q@
C�t = min(0; C�t�1 � !t); t = 1; 2; ::: (12)
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=mQO xr=@vO pw] \UwDt XN=W Q=Okt 1 pwOH QO p@k QO xOW xO=O C=aq]=

"OwW|t x�=Q= CU= xO=O MQ �1 QDt=Q=B QO xm |D=Q}}eD |=Q@ pQDvm R= GQ=N C}a[w
"CU= xOW x�=Q= ARL0 = 200 |=R=x@ pwOH u}=

Q}eDt l} u=wvax@ |QDWt |Q=O=iw %swO OQm}wQ "3
|@}DQD |iO=YD

l} ltmx@ |QDWt C}=[Q u=R}t Ovv=ty |Q=O=iw O} Q}o@ Q_v QO 'CtUk u}= QO
K]U OW Oy=wN ZQi =Hv}= QO "OwW u}}aD xv} Ro wO R= V}@ =@ |@}DQD T=}kt
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