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QO=k OwHwt |=yVwQ ?re= OW u=}@ xm u=vJ 'u=w=Qi C=ar=]t OwHw =@
=yVwQ u}= R= xO=iDU= u=mt= wQu}= R= "OvDU}v nQR@ O=a@= =@ |=yxr�Ut pL x@
|=Q=O |=yxr�Ut pL |=Q@ |WwQ OwHw -qN w OQ=Ov OwHw |ak=w |=}vO QO
uOQw; CUO x@ |}=v=wD O}=@ Q_v OQwt VwQ "OwW|t TL COW x@ `}Uw O=a@=
CUO x@ R= Oa@ xm |wLvx@ 'OW=@ xDW=O =Q pw@k p@=k u=tR QO =Q=m |@=wH
CUO x@ xOQt |@=wH Qo}O u=}@ x@ w OW=@ xO=iDU= p@=k u=vJty ?=wH uOQw;

"O}=}v

|O=yvW}B |[=} Q |R} Qxt=vQ@ pOt "3
pOt u}= QO "CU= xOW x�=Q= |O=yvW}B |[=} Q |R} Qxt=vQ@ pOt VN@ u}= QO
uOQw; CUO x@ |=Q@ |rOt |]N |R} Qxt=vQ@ |=yl}vmD R= xO=iDU= =@ xOW |aU
C}iQ_ xm |wLvx@ OwW x�=Q= |QyW |wQDt |xm@Wl} QO =yQ=]kCmQL |Ov@u=tR
|rta |=yC}ak=w T=U=Q@ pOt |twta \}=QW "OQ}o@ Q_v QO R}v =Q =yx=oDU}=
|k]vt CQwYx@ u; |xaUwD =@ CU= xOW |aU w xOt; CUO x@ u=QyD |QyW |wQDt
xQ=vm l} x=oDU}= Qy QO 'xm@W u}= R= 5 \N QO "OwW xO=O VWwB R}v QD|rm \}=QW
"Ovm Qw@a |rY= Q}Ut R= Qo}O Q=]k w Ovm hkwD u; QO Ov=wD|t Q=]k xm OQ=O OwHw
pOt QO wQ u}= R= "CU= xOW sy=Qi \N u}= QO uDiQo Ck@U u=mt= T=U= u}=Q@
xDW=O OwHw uDiQo Ck@U u=mt= u; QO xm xOW xDiQo Q_v QO |}xm@W |UQQ@ OQwt
Q=]k l} R= V}@ uOQm Q=wU w hkwD u=mt= =yx=oDU}= R= |NQ@ QO u}vJty "OW=@
C}OwOLt uDiQo Q_v QO |=Q@ R}v |}=yC}OwOLt wQu}= R= "OQ=O OwHw x_Lr Qy QO

K}LY OOa |R} Qxt=vQ@ pOt l} R}v xr�Ut u}= pL |=Q@ "OwW|t QUm Q}N-=D u=R}t
[20]"CU= xOW x�=Q= 7Xr=N

p�=Ut |xOQ QO pL |DNU Q_v R= |r} Q \w]N |Ov@u=tR |xr�Ut
'pOt QO u=w=Qi 1 w QiY |=yQ}eDt OwHw p}rOx@ [21w20]"OQ}o|t Q=Qk NP-Hard

u=tR x@ R=}v xm \@DQt |=ysD} Qwor= =} u=Qm w xN=W sD} Qwor= R= xO=iDU= u; pL QO
R= Oa@ u=Qm w xN=W VwQ x@ xr�Ut pL QO "OQ=O CQwQ[ 'OvQ=O |O=} R |x_i=L w
Cra "OwW|t u; |xv}y@ ?=wH uDi=} hQY |O=} R u=tR ,=@r=e '?=wH u} QDy@ uDi=}
|DNQO O}rwD x@ QHvt 1 w QiY Q}eDt 30 =@ |}xr�Ut xm CU= u; xr�Ut u}= RwQ@
s=ovyOwR s=tD= |=Q@ |]QW I}y Qo = [22]"OW Oy=wN xQo OQ=}r}t l} R= V}@ =@
CNQO |=yxQo |t=tD =D Ovm|t =O}B xt=O= QOku; xr�Ut pL 'OwWv `[w xr�Ut
u}= R= "OwW hkwDt xr�Ut pL x_i=L Ow@tm p}rOx@ xm u}= =} OvwW |UQQ@ jwi
|=yQ}eDt O=OaD Vy=m x@ QHvt xm OvQ_v OQwt |}=ysD} Qwor= xr�Ut u}= pL QO wQ
Q@ "OvwW|t xr�Ut pL |=Q@ R=}v OQwt u=tR w pL |=[i u; p=@vO x@ w '1 w QiY
|xDUO wO x@ u=wD|t =Q |m}i=QD p�=Ut QO xO=iDU= OQwt |=ysD} Qwor= T=U= u}=

%OQm s}UkD |rY=
p=tDL= uOw@ sm w xr�Ut C=@U=Lt `}Uw sHL p}rOx@ %|@} QkD |=yVwQ ��
|=Q@ |O=} R C=ar=]t '|}xrtHOvJ u=tR QO pL VwQ l} uOQw; CUO x@
=yVwQ u}= R= xO=iDU= =@ "CU= xOW s=Hv= |@} QkD |=yMU=B uOQw; CUO x@
C}i}m OQwtQO |Q_v Q=y_= I}y w O};|tv CUO x@ xr�Ut |xv}y@ ?=wH
?re= QO "CW=O u=wD|tv xv}y@ ?=wH =@ u; |xrY=i w xOt; CUO x@ ?=wH
|=[i ?U=vt C}i}m =@ |}=y?=wH O=H}= =@ OwW|t |aU =yVwQ u}=
CUO x@ OwOLt u=tR QO ?wN |}=y?=wH =D OQm OwOLt =Q wHwCUH

[24w23'18]"O};
|Ov@u=tR |[=} Q |R} Qxt=vQ@ p�=Ut OW u=}@ xm u=vJ %j}kO |=yVwQ ��
sHL OvtR=}v w OvwW|t |R=UpOt 1 w QiY p�=Ut CQwYx@ |r} Q \w]N
|=yQ}eDt O=} R Q=}U@ O=OaD OwHw R=|W=v pmWt u}= "Ov=x_i=L w C=@U=Lt |q=@
u=wD|tv |rw 'Ov=xO=iDU= uwO@ =yQ}eDt u}= R= |O=} R O=OaD xJQo = &CU= 1 w QiY
Vy=m QO 1 w QiY |=yQ}eDt u}=Vy=m "OQm hPL =Q =yu; xr�Ut pL |=OD@= QO
Q=}U@ |WwQ 2007 p=U QO [30]wS "Ow@ Oy=wN QF-wt Q=}U@ xr�Ut pL u=tR
xv}y@ ?=wH ,=a]k xm � ?=wH |=[i R= |O=} R sHL u; QO xm OQm x�=Q= xO}J}B
p�=Ut T=U= u}= Q@ w OwW|t hPL xOW x�=Q= VwQ QO �OQ=Ov Qw[L u; QO
D'Ariano \UwD R}v x@=Wt |WwQ "Ovm|t pL xv}y@ CQwYx@ =Q Q=]k 30 =D

[25]"CU= xOW x�=Q=
x�=Q= xr�Ut pL |=Q@ u=Qm w xN=W sD} Qwor= l} [30]nv=S w wS |xar=]t QO
�8u}DUNv jta |wHwCUH� |=ysD} Qwor= R= xO=iDU= =@ xQo ?=NDv= u; QO xm xOW
sD} Qwor= R= xO=iDU= =@ u}vJty "CU= xOW s=Hv= �9xN=W u} QN; |wHwCUH� =}
"OvOQw; CUO x@ xr�Ut |=Q@ u}}=B OL l} |Q=mD@= VwQ l} w 10Sv=Qo q |R=UO=R;
x@ =yQ=]k uO}UQ |=yu=tR ẁtHt |R=Uxv}tm =yu; |xO=iDU= OQwt hOy `@=D

"CU= xOw@ QN; x=oDU}=
jwi pOt xm u}= x@ xHwD =@ w '2002 p=U pOt R= Oa@ Vv=Q=mty w =Q=QB=m
2006 p=U QO 'CU}v xO=iDU= p@=k |ak=w |=}vO p�=Ut pL |=Q@ |rta CQwYx@
|WwQ =@ xar=]t u}= QO "OvOQm x�=Q= u}}=B OL |x�=Q= |=Q@ Sv=Qo q |R=UO=R; VwQ l}
u=tR Vy=m |=Q@ w xOW xi=[= hOy `@=D x@ Sv=Qo q ?}=Q[ =@ |D}OwOLt |Q=mD@=
w u}t 2011 p=U QO [26]"CU= xDiQo Q=Qk xO=iDU= OQwt u}}=B OL x�=Q= w pL
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"""QO
=yx=

oDU
}=C

}iQ_
w|

r}Q
\w]

N|
Ov@u

=tR&OQ}o|t QiY CQwYu}= Q}e QO w
'1 Q=Okt Ovvm xO=iDU= u=tRsy CQwYx@ s x=oDU}= R= t0 w t Q=]k wO Qo = %y0t;t0;s

"OQ}o|t QiY CQwYu}= Q}e QO w
s x=oDU}= OQ=w t Q=]k R= QDQ}O t0 Q=]k xm OQ}o|t Q_v QO =Q |]}=QW xt;t0;s Q}eDt

"OwW GQ=N u; R= QDOwR w OwW
s x=oDU}= OQ=w t Q=]k R= QDQ}O t0 Q=]k xm OQ}o|t Q_v QO =Q |]}=QW x0t;t0;s Q}eDt

"OwW GQ=N R}v u; R= QDQ}O w OwW
s x=oDU}= OQ=w t Q=]k R= QDOwR t0 Q=]k xm OQ}o|t Q_v QO =Q |]}=QW x00t;t0;s Q}eDt

"OwW GQ=N R}v u; R= QDOwR w OwW
Q=Qk xO=iDU= OQwt x=oDU}= C}iQ_ uDiQo Q_v QO |=Q@ R}v y0t;t0;s w yt;t0;s Q}eDt wO

"CiQo Ovy=wN
hOy `@=D "3"1"3

KQ]t ẁ[wt C=}@O= QO |irDNt |=yQ=}at xOt; CUO x@ |Ov@u=tR |@=} RQ= |=Q@
|xr�Ut QO xm OwW ?=NDv= |iOy `@=D CU= xOW |aU xar=]t u}= QO "CU= xOW
xm@W u=Q=OQ@xQy@ w u=Qi=Ut C}=[Q uOQmxv}W}@ x@ QHvt x}rw= |Ov@u=tR CN=U
?=NDv= QN; x=oDU}= x@ uO}UQ |=yu=tR ẁtHt uOQmxv}tm hOy `@=D wQ u}= R= "OwW

%R= CU= CQ=@a xm xOW
min z =

XL

l=1
XT

t=1 Cltk

k = last station(t) (1)

?}DQDu}O@ "OwW|t xm@W QO =yQ=]k CmQL u=tR uOQm xv}tm Ea=@ hOy `@=D u}=
u} QDW}@ OwW|t |aU w OQ}o|t CQwY |r} Q \w]N w =yQ=]k R= xO=iDU= u} QDW}@
Qy CmQL Q=@ wO u}@ u=tR Vy=m =@ xm OQ}o@ Q=Qk xO=iDU= OQwt umtt Q=]k O=OaD

"Ovm|t ?rH =Q u=oOvvmxO=iDU= C}=[Q 'Q=]k wO
x=oDU}= wO u}@ uOwt}B |v=tR |xrY=i xv}W}@ w xv}tm C}OwOLt "4"1"3
R= x=oDU}= wO u}@ |xrY=i uOQm |] u=tR xm Ovm|t u}t[D C}OwOLt u}=
x@ xR=@ CQwYx@ CmQL u=tR uDiQo Q_v QO "OwWv QDW}@ =} QDsm |YNWt Q=Okt
CmQL CaQU `k=w QO =yC}OwOLt u}= "Ovm|t ltm pL |=[i uOW OwOLt
s}y=wN 8s 2 Sl w 8l '8t 2 Tl \}=QW CLD "Ovvm|t XNWt =Q Q=]k

%CW=O

Sl;t;s+1 � Clts + T l;t;s;s+1 (2)

Sl;t;s+1 � Clts + T l;t;s;s+1 (3)

x=oDU}= QO hkwD u=tR xv}W}@ w xv}tm C}OwOLt "5"1"3
|xrY=i x=oDU}= Qy QO Q=]k Qy hkwD |=Q@ xm Ovvm|t u}t[D =yC}OwOLt u}=
CLD "OwWv QDW}@ |v}at OL R= w OW=@ xDW=O OwHw |YNWt |xv}W}@ w xv}tm

%CW=O s}y=wN 8s 2 Sl w 8l '8t 2 Ti \}=QW
Clts � Slts +D l;s;t (4)

Clts � Slts +Dl;s;t (5)

|vt}= |xrY=i C}=aQ w uDiQo Ck@U C}OwOLt "6"1"3
u}@ |vt}= |xrY=i u}vJty w Ovvm|t sy=Qi =Q uDiQoCk@U u=mt= =yC}OwOLt u}=
=D Ovvm|t u}t[D =yC}OwOLt |xDUO u}= "Ovvm|t p=ta= pOt QO =Q =yQ=]k Qw@a

CU= CQ=@a pOt C=}[Qi T=U= u}=Q@ "CU= xOW xDiQo Q_v QO =yx=oDU}= C}iQ_
%R=

CQwYx@ w OwHwt |v=tR xR=@ CQwYx@ =yx=oDU}= u}@ CmQL |=yu=tR |t=tD "1
"CU= |a]k

CQwYx@ w OwHwt |v=tR xR=@ CQwYx@ =yx=oDU}= uwQO hkwD |=yu=tR |t=tD "2
"CU= |a]k

"CU=RHt \N l} |=Q=O CWoQ@ =} CiQ Q}Ut Qy QO xm@W "3
"CU= Q=]k |=Q@ hkwD u=mt l} |=Q=O pk=OL x=oDU}= Qy "4

"CU= |a]k w XNWt |OOa \N Qy uwQO |=yx=oDU}= O=OaD "5
u=tR R= |DtUk u=wvax@ x=oDU}= Qy QO hkwD w |Q}o?=DW |=Q@ sRq u=tR "6

"CU= xOW xDiQo Q_v QO x=oDU}= wO u}@ CmQL
"CU= |a]k w XNWt =OD@= QO =yu; CmQL Q}Ut w =yQ=]k O=OaD "7

=yO=tv |iQat "1"3
|xawtHt =Q L u}vJty "CU= �l = 1; 2; 4; 5� \N xQ=tW x@ \w@ Qt T}Ov= %l
|Q}oCk@U C}r@=k |=Q=O \w]N |xawtHt =Q LE w '\w]N |=yxQ=tW |w=L

"s}t=v|t
|xawtHt T u}vJty "CU= t = 1; 2; 3:::; n =yQ=]k xQ=tW \w@ Qt T}Ov= %t
O=OaD 'CU= Cw=iDt \w]N QO Q=]k O=OaD uwJ w CU=yQ=]k |=yxQ=tW |w=L

"s}yO|t V}=tv Tl =@ =Q u;
=yx=oDU}= O=OaD uOw@ Cw=iDt x@ xHwD =@ "CU=yx=oDU}= xQ=tW x@ \w@ Qt T}Ov= %s

"s}yO|t V}=tv Sl =@ \N Qy QO =Q =yx=oDU}= O=OaD 'hrDNt \w]N QO
pOt |=yQDt=Q=B "1"1"3

T=U=Q@ =yQDt=Q=B u}= |t=tD &OwW|t xQ=W= pOt |=yQDt=Q=B u} QDsyt x@ =Hv}= QO
%OvQ}o|t Q=Qk xO=iDU= OQwt w xOW u=}@ x}v=F OL=w

QO s lq@ =} x=oDU}= l} x@ GwQN w OwQw u}@ |vt}= |xrY=i pk=OL %SFl;s
&l \N

&s x=oDU}= QO Q=]k hkwD C}iQ_ O=OaD %SCs
&t Q=]k \UwD s x=oDU}= QO hkwD u=tR pk=OL %D l;t;s

&t Q=]k \UwD s x=oDU}= QO hkwD u=tR QFm =OL %Dl;t;s

&t Q=]k \UwD s+ 1 w s x=oDU}= |] |v=tR |xrY=i pk=OL %T l;t;s;s+1
"t Q=]k \UwD s+ 1 w s x=oDU}= |] |v=tR |xrY=i QFm =OL %T l;t;s;s+1

s}tYD |=yQ}eDt "2"1"3
%Ov=xOW h} QaD u}vJ s}tYD |=yQ}eDt

&l \N x=oDU}= u}t=s R= t Q=]k GwQN u=tR %Clts
&l \N x=oDU}= u}t=s x@ t Q=]k OwQw u=tR %Slts

Q}e QO w '1 Q=Okt OQ}o@ Ck@U t Q=]k R= s x=oDU}= QO t0 Q=]k Qo = %xt;t0;s
&OQ}o|t QiY CQwYu}=

Q}e QO w '1 Q=Okt OQ}ov Ck@U t Q=]k R= s x=oDU}= QO t0 Q=]k Qo = %x0t;t0;s
&OQ}o|t QiY CQwYu}=

QO w '1 Q=Okt OW=@ xDiQo Ck@U t Q=]k R= ,q@k s x=oDU}= QO t0 Q=]k Qo = %x00t;t0;s
&OQ}o|t QiY CQwYu}= Q}e

'1 Q=Okt Ovvm xO=iDU= u=tRsy CQwYx@ s x=oDU}= R= t0 w t Q=]k wO Qo = %yt;t0;s
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Wi= x=oDU}= C}iQ_ C}OwOLt "7"1"3
Qy QO x=oDU}= Qy x@ xDi=} X}YND |=yQ=]k O=OaD Ovm|t u}t[D C}OwOLt u}=
C}iQ_ |UQQ@ OQwt |xr�Ut QO "OW=@v x=oDU}= u; C}iQ_ O=OaD R= QDW}@ x_Lr
l} x_Lr Qy QO =yx=oDU}= R= |NQ@ QO xm ?}DQD u}O@ "CU= 2 QFm =OL x=oDU}= Qy
"Ovm Qw@a x=oDU}= |rY= Q}Ut R= Qo}O Q=]k w Ovm hkwD x=oDU}= QO Ov=wD|t Q=]k
OwHw u=Qi=Ut uOQmxO=}B w Q=wU |=Q@ x=o}=H wO R}v =yx=oDU}= R= Qo}O |NQ@ QO

"OQ=O
(xt;t0;s + xt0;t;s) + (xt;t00;s + xt00;t;s)+(xt0;t00;s + xt00;t0;s) � 2

8l 2 LE ; 8t 2 Tl; 8s 2 Sl (19)

u=Qi=Ut |}=Hx@=H w hkwD |=Q@ Q=]k wO C}iQ_ |=Q=O x=oDU}= s}vm|t ZQi =OD@=
|DQwY QO =yx=oDU}= C}iQ_ C}OwOLt Zkv 'uDiQo Ck@U Cr=L QO "CU=
"OQ}o@ Ck@U |Qo}O Q=]k 'CU= uDiQo Ck@U p=L QO xm |Q=]k R= xm CU= umtt
QO "OW=@ 1 'xt;t0;s Q}eDt w ODi}@ j=iD= t0 w t Q=]k wO |=Q@ \}=QW u}= O}vm ZQi
OwHw |Qo}O Q=]k Qw[L u=mt= w CU= xOW QB x=oDU}= C}iQ_ wO Qy \}=QW u}=

"OQ=Ov
wO R= QDQ}O |va} 'OQ}o@ Ck@U Q=]k wO u}= R= Oy=wN@ |Qo}O Q=]k xJv=vJ
'OwW GQ=N x=oDU}= R= =yu; |wO Qy R= QDOwR w OwW OQ=w x=oDU}= x@ jwi Q=]k
OwHwt Q=]k wO Qy R= O}OH Q=]k \}=QW u}= QO "OwW|t O=H}= |D}a[w u}vJ
R= "OvwW 1 wO Qy xt00;t0;s w xt;t00;s |=yQ}eDt O}=@ wQu}= R= w OQ}o|t Ck@U
Q}eDt l} QFm =OL x_Lr Qy QO xm Ovm|t pta |}xvwo x@ xOW x�=Q= |xrO=at wQ u}=
t0 Q=]k R= t Q=]k Ck@U u}L QO OyO|tv xR=H= =Pr w 'OQ}o@ 1 Q=Okt Ovv=wD|t
u}t[D 17 C}OwOLt xm CW=O xHwD O}=@ "OQ}o@ Ck@U jwi Q=]k wO R= t00 Q=]k
|Qo}O R= Ov=wD@ =yu; R= |m} =yvD 'x=oDU}= Qy QO OwHwt Q=]k wO Qy R= xm Ovm|t
=yvD Q=]k wO x@ \w@ Qt Q}eDt wO Qy R= 'R}v 19 C}OwOLt QO wQ u}= R= "OQ}o@ Ck@U
=yvD x_Lr Qy QO R}v x=oDU}= C}iQ_ x@ xHwD =@ w OQ}o@ Q=Okt Ov=wD|t =yu; R= |m}
=yC}OwOLt R= xDUO u}= Qo}O |wU R= "OQ}o@ OOa xDUO u}= R= Ov=wD|t Q}eDt wO
'OQ}o@ Ck@U Q=]k OvJ Qy x=oDU}= l} QO XNWt Q=]k l} R= xm OvyO|t xR=H=

"OwW|tv O=H}= u; |=Q@ |D}OwOLt w
OwHwt xm@W QO Q=]k 5 xm s} Q}o|t Q_v QO =Q |]}=QW p=Ft u=wvax@
Q=]k R= swU x=oDU}= QO 3 w 2 Q=]k |Ov@u=tR T=U=Q@ s}vm|t ZQi "CU=
CQwYx@ xm OwW u}t-=D 19 C}OwOLt O}=@ \}=QW u}= QO "OvQ}o|t Ck@U 1
Q=QkQ@ xOW u=}@ \}=QW T=U=Q@ w CU= x1;2;3 + x1;3;3 + x2;3;3 + x3;2;3 � 2
T=U=Q@ 3 w 2 Q=]k w Ovm|t hkwD x=oDU}= QO 1 Q=]k \}=QW u}= QO "CU= xOW
2 Q=]k xJv=vJ "OvwW|t GQ=N u; R= w OvwW|t OQ=w x=oDU}= x@ |YNWt |r=wD
Q}eDt wO R= |m} O}=@ 'OvQ}o@ Ck@U Qo}Om} R= x=oDU}= u}= QO Ovy=wN@ R}v 3 w
QwYDt |]}=QW u}vJty "CU}v Q}PBu=mt= u}= xm OQ}o@ 1 Q=Okt x2;3;3 + x3;2;3
Ck@U 2 Q=]k R= R}v 3 Q=]k w OQ}o@ Ck@U 1 R= 2 Q=]k u; QO xm s} wW|t
Q=Okt u}= xm |r=L QO 'OwW|t u}t-=D Qy=_ x@ jwi C}OwOLt \}=QW u}= =@ "OQ}o@
'OQ}o@ Ck@U 2 Q=]k R= 3 Q=]k xm |DQwY QO `k=w QO "CU}v Q}PBu=mt= ,qta
u}vJty "CU= xOW GQ=N R}v u; R= QDOwR w xOW x=oDU}= OQ=w u; R= QDQ}O |va}
QDOwR w xOW OQ=w 1 Q=]k R= QDQ}O xm ?}DQDu}O@ 'OQ=O x@=Wt |]}=QW R}v 2 Q=]k
QDOwR w xOW OQ=w 1 Q=]k R= QDQ}O R}v 3 Q=]k T=U= u}=Q@ "CU= xOW GQ=N u; R=
1 Q=Okt R}v x1;3;3 '11 w 10 |=yC}OwOLt T=U=Q@ xm 'OwW|t GQ=N u; R=
x1;2;3 + x1;3;3 + x2;3;3 + x3;2;3 � 2 C}OwOLt \}=QW u}= QO "OQ}o|t

"OwWv O=H}= |kqD w Ovvmv xO=iDU= lq@ l} R= u=tRsy CQwYx@ |Q=]k wO I}y
%CW=O s}y=wN 8s 2 Sl w 8l 2 LE '8t; t0 2 Ti ZQi =@

Slt0s � Slts + SFl;s � (1� x0t;t0;s)M ; 8t > t0 (6)

Clt0s � Clts + SFl;s � (1� x0t;t0;s)M ; 8t > t0 (7)

Slt0s � Clts + SFl;s � (1� x0t;t0;s)M
SCs = 1; 8t > t0 (8)

Slt0s � Slts + SFl;s � (1� x0t;t0;s�1)M

s > 1; 8t > t0 (9)

Slt0s � Slts + SFl;s � (1� xt;t0;s)M ; 8t 6= t0 (10)

Clts � Slt0s + SFl;s � (1� xt;t0;s)M ; 8t 6= t0 (11)

Slts � Slt0s + SFl;s � (1� xt;t0;s�1)M

s > 1; 8t 6= t0 (12)

Slts � Slt0s + SFl;s � (1� x00t;t0;s)M ; 8t > t0 (13)

Clts � Clt0s + SFl;s � (1� x00t;t0;s)M ; 8t > t0 (14)

Slts � clt0s +SFl;s � (1� x00t;t0;s)M
SCs = 1; 8t > t0 (15)

Slts � Slt0s +SFl;s � (1� x00t;t0;s�1)M

s > 1; 8t > t0 (16)

x00t;t0;s + x0t;t0;s + xt;t0;s + xt0;t;s = 1; 8t 6= t0 (17)

xt;t0;s + xt;t0;s � 0; SCs = 1; 8t > t0 (18)

OQ=w t Q=]k R= QDQ}O t0 Q=]k xm OvyO|t u=Wv =Q |]}=QW 7 w 6 |=yC}OwOLt
|vt}= |xrY=i 8 C}OwOLt "OwW|t GQ=N sy u; R= QDQ}O w OwW|t x=oDU}=
uDiQo Ck@U u=mt= w CU= 1 x=oDU}= C}iQ_ xm |]}=QW QO =Q GwQN w OwQw
V}@ Q=]k wO u=tRsy xm OyO|tv xR=H= ?}DQD u}O@ w Ovm|t u}t-=D 'OQ=Ov OwHw
|}=yx=oDU}= |=Q@ =yvD C}OwOLt u}= "OvQ}o Q=]k x=oDU}= uwQO x=oDU}= C}iQ_ R=
9 C}OwOLt "OvQ=O uOQm Q=wU w xO=}B x=o}=H l} xm OQ}o|t Q=Qk xO=iDU= OQwt
C}OwOLt "OQ}ov CQwY =yxQ=vm R= GQ=N w x=oDU}= wO u}@Ck@U xm Ovm|t u}t[D
OwW|t x=oDU}= OQ=w t Q=]k R= QDQ}O t0 Q=]k xm OvyO|t u=Wv =Q |]}=QW 11 w 10
"Ovm|t sy=Qi =Q uDiQo Ck@U u=mt= \}=QW u}= "OwW|t GQ=N sy u; R= QDOwR w
CQwY =yxQ=vm R= GQ=N w x=oDU}= wO u}@ Ck@U xm Ovm|t u}t[D 12 C}OwOLt
QDOwR t0 Q=]k xm Ovvm|t sy=Qi =Q |]}=QW R}v 14 w 13 |=yC}OwOLt "OQ}ov
xm |}=yQ=]k "OwW|t GQ=N sy u; R= QDOwR w OwW|t x=oDU}= OQ=w t Q=]k R=
u}= QO Ov=xDiQo Ck@U t Q=]k R= ,q@k =} Ov=xOQm Qw@a s x=oDU}= R= t Q=]k R= QDOwR
OwQw wO u}@ |vt}= |xrY=i pk=OL R}v 15 C}OwOLt "OvQ}o|t Q=Qk =yC}OwOLt
xO=iDU= OQwt |}=yx=oDU}= |=Q@ =yvD R}v C}OwOLt u}= "Ovm|t u}t[D =Q GwQN w
u}t[D 16 C}OwOLt "OvQ=O uOQm Q=wU w xO=}B x=o}=H l} \ki xm OQ}o|t Q=Qk
17 C}OwOLt "OQ}ov CQwY =yxQ=vm R= GQ=N w x=oDU}= wO u}@ Ck@U xm Ovm|t
18 C}OwOLt "ODi}@ j=iD= jwi Cr=L Q=yJ R= |m} \ki w \ki xm Ovm|t u}t[D
s=Hv= |Dk@U 'OQ=O OwHw C}iQ_ l} =yvD xm |}=yx=oDU}= QO Ovm|t u}t[D R}v

"OQ}ov
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"""QO
=yx=

oDU
}=C

}iQ_
w|

r}Q
\w]

N|
Ov@u

=tRSlts � Clt0s + SFl;s � (1� x00t;t0;s)M �Myt;t0;s 8t > t0

(23)XT

t0;t6=t0 yt;t0;s � SCs � 1 (24)XT

t;t6=t0 yt;t0;s � SCs � 1 (25)

x=oDU}= QO sy =@ Q=]k wO xJv=vJ xm Ovvm|t u}t[D 23 w 22 |=yC}OwOLt
xm CU= |]}=QW |=Q@ 22 C}OwOLt "OQ}o@ 1 Q=Okt yt;t0;s Q}eDt 'OvQ}o@ Q=Qk
|wU R= "CU= u; Tma \}=QW |=Q@ 23 C}OwOLt w OW=@ xOW OQ=w QDOwR t Q=]k
O=OaD 'x=oDU}= Qy QO Q=]k Qy |=Q@ xm Ovvm|t u}t[D 25 w 24 C}OwOLt Qo}O
l} xm |DQwY QO "OwWv x=oDU}= C}iQ_ R= V}@ Q=]k u; |=Q@ yt;t0;s |=yQ}eDt
|va} �OvW=@ xDW=O hkwD sy =@ Q=]k wO x=oDU}= u; QO� OQ}o@ OOa yt;t0;s Q}eDt
xOW QB Q=]k wO Qy |=Q@ u=tRsy CQwYx@ x]w@ Qt x=oDU}= R= x=o}=H wO pk=OL
|=yvt x=oDU}= C}iQ_ CQwYx@ CU=Q CtU Q=Okt ?r]t u}= x@ xHwD =@ "CU=
CtU OOa x=o}=H wO =@ |y=oDU}= |=Q@ p=Ft u=wvax@ w CU= xOW xDiQo Q_v QO l}

"CU= 1 pO=at CU=Q
Q_v QO =Q x=o}=H xU C}iQ_ =@ |y=oDU}= \}=QW ' ẁ[wt uOW QDuWwQ |=Q@
"OvwW|t s x=oDU}= OQ=w 1 Q=]k R= Oa@ ?}DQDx@ 3 w 2 Q=]k wO u; QO xm s} Q}o|t
=Q y2;1;s + y3;1;s + y4;1:s + y5;1;s � 2 |x]@=Q 24 C}OwOLt T=U=Q@
OyO|tv xR=H= C}OwOLt u}= "OwW|t u}t-=D \}=QW x@ xHwD =@ xm CW=O s}y=wN
xR=H= 23 w 22 |=yC}OwOLt QO wQu}= R= w OQ}o@ 1 Q=Okt |Qo}O yt;l;s Q}eDt xm
"OW=@ xDW=O Qw[L jwi x=oDU}= QO 1 Q=]k x=Qty x@ |Qo}O Q=]k xm OwW|tv xO=O
x=oDU}= C}iQ_ 'OwW u}t[D O}=@ C}OwOLt u}= Q=]k Qy |=Q@ uwJ ?}DQD u}O@
R= V}@ C}iQ_ =@ |=yx=oDU}= |=Q@ =yvD =yC}OwOLt u}= "OwW|t u}t-=D xQ=wty
Q=Qk xO=iDU= OQwt �u=Qi=Ut uOQmxO=}B w Q=wU |=Q@ x=o}=H wO pk=OL� Q=]k l}
=Q x=oDU}= C}iQ_ C}=aQ 15 w 8 |=yC}OwOLt =yx=oDU}= Q}=U |=Q@ "OQ}o|t

"Ovvm|t u}t-=D
yt;t0;s Q}eDt 'pL u=tR w K}LY OOa |=yQ}eDt O=OaD Vy=m |=Q@ u}vJty
|}=Hx@=H |=Q@ wmU l} R= V}@ xm OwW|t xDiQo Q_v QO |}=yx=oDU}= |=Q@ =yvD
Q_v QO QiY =yx=oDU}= Q}=U |=Q@ Q}eDt u}= Q=Okt T=U= u}=Q@ "OW=@ xDW=O u=Qi=Ut

%OwW|t xi=[= xr�Ut x@ 26 |mtm |xrO=at w OwW|t xDiQo

yt;t0;s � 0; 8l 2 LE ; 8t; t0 2 Tl;
8s 2 Sl and SCs = 1;8t > t0 (26)

|]}=QW QO CU= umtt 23 w 22 |=yC}OwOLt QO 'pOt |vwvm h} QaD T=U=Q@
umtt 'pOt j}kO pL Q@ RmQtD x@ xHwD =@ ẁ[wt u}= "OQ}o@ 2 ?} Q[ M QDt=Q=B
\w@ Qt Q}eDt xm s} wW|t QwYDt =Q |]}=QW p=Ft u=wvax@ "Ovm O=H}= |DqmWt CU=
Qw[L pOt QO xv}y@ ?=wH QO w OW=@ xDW=O Qw[L x}rw= |x}=B QO C}OwOLt u}= x@
x@U=LtC@Uv QOk =DCU= sRq |O=} R Q=}U@ u=tR COt\}=QW u}= QO "OW=@ xDW=Ov
jwi Q]U ?=NDv= x@ QHvt 'TmrBt}U pwOH QO minf biyij g; yij > 0 xOW
|t=tD xm OyO|t MQ |v=tR =yvD \}=QW u}= "OwW GQ=N x}=B R= x]w@ Qt Q}eDt w OwW
Q=yJ w xOQm xi=[= pOt x@ =Q y0t;t0;s 13|mtm Q}eDt wQu}= R= "OW=@ C@FtQ}e yij
|=y\QW C}=aQ =@ Q}}eD u}= |xH}Dv &s}yO|t Q}}eD |tm =Q x]w@ Qt C}OwOLt

%CU= u}vJ 8l 2 LE w 8t; t0 2 Tl '8s 2 Sl

|]}=QW ẁ[wt uOW QDuWwQ |=Q@ "ODi=|tv |k=iD= u}vJ =Pr w OwW|t Zkv
u}=Q@ "OQ}o@ Ck@U 3 x=oDU}= QO 2 Q=]k R= 4 Q=]k xm s} Q}o|t Q_v QO =Q
"s} Q}o|t Q_v QO =Q x2;4;3 + x1;4;3 + x4;1;3 + x1;2;3 � 2 C}OwOLt T=U=
4 Q=]k xm |DQwY QO "CU= xDiQo 1 Q=Okt |r@k C}OwOLt R= x1;2;3 Q}eDt
uwJ x@=Wt CQwYx@ "CiQo Oy=wN 1 Q=Okt x2;4;3 Q}eDt 'OQ}o@ Ck@U 2 R=
w OQ}o@ Ck@U 1 Q=]k R= O}=@ R}v 4 Q=]k =Pr 'xDiQo Ck@U 1 Q=]k R= 2 Q=]k
Q}PBu=mt= xm OQ}o@ 1 Q=Okt O}=@ 11 w 6 |=yC}OwOLt T=U=Q@ x1;4;3 Q}eDt

"CU}v
"OW=@ u=Qi=Ut |}=Hx@=H |=Q@ wmU xU |=Q=O x=oDU}= xm s}vm|t ZQi p=L
xU Q@ xwqa xm OwW|t Zkv Q_v OQwt C}OwOLt |]}=QW QO R}v CQwY u}= QO
|=yQ=]k Q}=U R= Oy=wN@ w OwW x=oDU}= OQ=w |Qo}O Q=]k x=oDU}= QO Q[=L Q=]k
x�=Q= Q} R C}OwOLt x@=Wt |rqODU= T=U=Q@ "OQ}o@ Ck@U x=oDU}= QO OwHwt

"OwW|t
(xt;t0;s + xt0;t;s) + (xt;t00;s + xt00;t;s) + (xt0;t00;s + xt00;t0;s)

+ (xt;t000;s + xt000;t;s) + (xt000;t0;s + xt0;t000;s)

+ (xt000;t00;s + xt00;t000;s) � 5
8l 2 LE ; 8t 2 Tl; 8s 2 Sl (20)

"Ovm|t O=H}= x=o}=H xU OwHw CQwY QO =Q x@=Wt |]}=QW R}v C}OwOLt u}=
's x=oDU}= QO x=o}=H SCs O=OaD OwHw CQwY QO xm Cio u=wD|t |rm CQwYx@
(SCs + 1) uDiQo Ck@U hrDNt Cq=L `=wv= pt=W �� xrtH (SCs)! O=OaD
ẁtHt CQwYx@ R}v CqtH R= l} Qy "CW=O Oy=wN OwHw �� sy R= Q=]k

|Qo}O R= Ov=wD|t Q=]k wO R= |m} =yvD Ovm|t XNWt xm CU= xt;t0;s+xt0;t;s

xm CU=
 
SCs + 1

2
!
� 1 CQwYx@ CU=Q CtU Q=Okt u}vJty "OQ}o@ Ck@U

"OwW|t x@U=Lt n!
c!(n�c) CQwYx@ xm CU= n R= c ?}mQD |xOvyOu=Wv RDv=QB

%CWwv |rm CQwYx@ u=wD|t T=U= u}=Q@
(xt;t0;s + xt0;t;s) + (xt;t00;s + xt00;t;s) + (xt0;t00;s + xt00;t0;s)

+ (xt;t000;s + xt000;t;s) + (xt000;t0;s + xt0;t000;s)

+ (xt000;t00;s + xt00;t000;s) � 5
8l 2 LE ; 8t1; t2:::tscs+1 2 Tl 8s 2 Sl andSCs > 1

(21)

OwW xDWwv O}=@ u; x=o}=H O=OaD w C}iQ_ x@ xHwD =@ x=oDU}= Qy |=Q@ xrO=at u}=
hkwD u; QO Q=]k R=Ht O=OaD R= V}@ uDiQo Ck@U u}L QO xm Ovm|t u}t[D w

"Ovmv
Ck@U xm |]}=QW QO =Q x=oDU}= C}iQ_ 21 C}OwOLt OW u=}@ xm u=vJ
|Ov@u=tR T=U=Q@ Q=]k wO xm |DQwY QO p=L u}= =@ "Ovm|t u}t-=D 'OwW|t xDiQo
wLv u} QDy@ x@ x=oDU}= C}iQ_ R= u=wD@ O}=@ R}v OvW=@ xDW=Ov uDiQo Ck@U x@ |R=}v
'SCs � 2 \QW =@ 25 =D 22 |=yC}OwOLt Qw_vt u}= |=Q@ "OQm xO=iDU= umtt

"Ov=xOW xDiQo Q_v QO 8l 2 LE w 8t; t0 2 Tl ' 8s 2 Sl
Slt0s � Clts + SFl;s � (1� x0t;t0;s)M �Myt;t0;s 8t > t0

(22)

44



|kW
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wQwm
wO}

OH
|wr

HwQ
=u}

Wi= |=yQ}eDt O=OaD V}=Ri= Ea=@ pw= x=ov QO Q}eDt h} QaD ẁv u}= xJQo = "CU= xOW
|Q=}U@ u=wD|t =yQ=]k u}@ \@=wQ w Q}eDt h} QaD ẁv x@ xHwD =@ 'OwW|t 1 w QiY
hOy u}vJty "OwW|t pOt uOWxO=U ?Hwt C}=yv QO xm OQm hPL =Q Cq=L R=
swUQt |x} RHD |=ypOt QO =yu; R= xO=iDU= '`}=kw |x}=B Q@ pOt |x�=Q= R= |rY=
=yQ}eDt h} QaD ẁv u}= R= xO=iDU= =@ "CU= xOw@ hrw � l} RDvO |x} RHD Ovv=ty
=@ u=wD|t u}vJty "CU= Q}PBu=mt= |oO=Ux@ `}=kw |wQ Q@ =yxr�UtQ} R O=H}= u=mt=
xi=[= |=yuwDU C}i}m 'xr�UtQ} R VRQ= u}}aD |=Q@ |Q=PoCt}k |=ypOt |x�=Q=
|R=UO=R; pOt QO Ov=wD|t x@=Wt |OQm} wQ "O=O =kDQ= =Q |rY= |xr�Ut x@ xOW

"OW=@ QF-wt Q=}U@ R}v Sv=Qo q
|oO}J}B p}rLD "9"1"3

?}DQDx@ =Q xr�Ut u=wD|t [32]|Ov@u=tR p�=Ut swUQt |Q=PoO=tv T=U=Q@
QDoQR@ s |=Q@ P cj FFS jj |xr�Ut "O=O V}=tv FFS jMJ ; rJ ; blockj

[33]"CU= NP-Hard |oO}J}B xOQ |=Q=O xm CU= xOW C=@F= 3 R=
?}DQDx@ xm xar=]t u}= QO |UQQ@ OQwt |xr�Ut ?r]t u}= x@ xHwD =@
xm u}= x@ xHwD =@ w 'CU= Q_v OQwt FFS jMJ ; rJ ; blockjmakespan
Q_v OQwt |xr�Ut ,=a]k 'CU= xOW xi=[= xr�Ut x@ |QDW}@ |=yC}OwOLt
p�=Ut |=Q@ u; j}kO pL u=mt= wQ u}= R= "CU= NP-Hard |oO}J}B xOQ |=Q=O R}v
R}v |y@=Wt xar=]t 'xOvU} wv Vv=O T=U=Q@ "OQ=Ov OwHw pw@k p@=k u=tR QO nQR@
C}OwOLt p�=Ut xv=o =OH |}=yxar=]t QO OvJQy "OWv Ci=} ẁ[wt C=}@O= QO
=yu}W=t |t=tD R= xO=iDU= u=mt= sOa C}OwOLt =} 'OwQw u=tR C}OwOLt 'lq@
OW=@ xDiQo Q_v QO =Q \}=QW u}= |t=tD xm `t=H |}xar=]t 'xDiQo Q=Qk |UQQ@ OQwt

[35w34]"OWv Ci=}

|O=yvW}B pOt |=Q@ q=@ OL u}}aD "4
xOQw; CUO x@ pOt |=yQDt=Q=B u}@ |k]vt \}=QW |NQ@ xOW |aU VN@ u}= QO
hPL xr�Ut R= K}LY OOa |=yQ}eDt R= |O=OaD \}=QW u}= R= xO=iDU= =@ w OwW
=@ xm OwW|t K} QWD VN@ u}= QO pOt |=yQDt=Q=B X=N Cq=L R= |NQ@ "OvwW
=y?=wH u}= "CU= xOW x�=Q= ?wN |=y?=wH O}rwD |=Q@ |Oa=wk =yu; R= xO=iDU=
u}vJty "O=O Q=Qk xO=iDU= OQwt pL u=tR Vy=m |=Q@ q=@ OL u=wvax@ u=wD|t =Q
VQ@ |=Q@ |}=yC}OwOLt CQwYx@ =Q =yu; 'u}v=wk C}twta CQwY QO u=wD|t

"OQm xi=[= xr�Ut x@ pL |=[i R= |DtUk

u=Um} hkwD w Q}U u=tR =@ |=yQ=]k "1"4
xDiQo Q=Qk |UQQ@ OQwt x@=Wt ,qt=m |=yQ=]k u}@ OwHwt \}=QW CtUk u}= QO
|=yCaQU =@ Q=]k xDUO u}OvJ ,qwtat |QyW |wQDt |=yxm@W ?re= QO "CU=
O=OaD xDUO Qy R= w OQ=O OwHw Cw=iDt |xOW |R} Qxt=vQ@ hkwD |=yu=tR w CmQL
R= "CU= xO=iDU= p=L QO OvDUy u=Um} ,qt=m |=y|oS} w |=Q=O xm Q=]k |YNWt
x}yD CyH QO Ov=wD|t u=Um} \}=QW |=Q=O |=yQ=]k u}@ \@=wQ |xar=]t wQ u}=

"OQ}o Q=Qk xO=iDU= OQwt pL u=tR Vy=m w =yu; u}@ u}v=wk
s=Hv= |Ov@u=tR T=U=Q@ xm s} Q}o|t Q_v QO =Q j w i Q=]k wO Qw_vt u}= |=Q@
=yu; |=Q@ xOW KQ]t \QW T=U=Q@ &OvQ=O Q=Qk s w q x=wNrO |=yx=oDU}= QO xOW

Slt0s � Clts + SFl;s � (1� x0t;t0;s)M �Myt;t0;s;

SCs > 2; 8t > t0 (27)

Slts � Clt0s + SFl;s � (1� x00t;t0;s)M �My0t;t0;s;

SCs > 2; 8t > t0 (28)XT

t0;t6=t0 (yt;t0;s + y0t;t0;s) � SCs � 1; SCs > 2 (29)XT

t;t6=t0 (yt;t0;s + y0t;t0;s) � SCs � 1; SCs � 2 (30)

yt;t0;s � x0t;t0;s; SCs � 2; 8t > t0 (31)

y0t;t0;s � x00t;t0;s; SCs � 2; 8t > t0 (32)

yt;t0;s + y0t;t0;s � 0; SCs = 1; 8t > t0 (33)

1 Q=Okt x0t;t0;s =} x00t;t0;s |=yQ}eDt R= |m} xm |]}=QW QO '23 w 22C}OwOLt QO
?} Q[ =@ Qo}OC}OwOLt w '1?} Q[ =@M QDt=Q=B |=Q=OC}OwOLtl} 'OvDiQo|t
Ci=} QO 1 Q=Okt |Ov@u=tR j@] x00t;t0;s xm |]}=QW QO p=Ft u=wvax@ "OW|t 2
w Slts � Clt0s + SFl;s �Myt;t0;s CQwYx@ 23 C}OwOLt 'OW=@ xOQm
Oy=wN Slts � Clt0s + SFl;s �Myt;t0;s �M CQwYx@ 22 C}OwOLt
x@ 22 C}OwOLt 'Ovm Ci=} QO 1 Q=Okt Ov=wD@ yt;t0;s Q}eDt xm |]}=QW QO "Ow@
pL Ov}=Qi QO OW u=}@ xm u=vJ xm OwW|t p}O@D Slts � Clt0s+SFl;s�2M
|=yC}OwOLt QO xOW s=Hv= C=Q}}eD x@ xHwD =@ "Ovm O=H}= |DqmWt CU= umtt

"OwW O=H}= x@=Wt \}=QW OyO|tv xR=H= pOt '33 =D 27
OOa s}tYD l} uOW xi=[= Ea=@ ẁ[wt u}= uDiQo Q_v QO Qo}O |wU R=
xm u}= =@ xHwD =@ "OwW|t pL Ov}=Qi uOW CNU ?Hwt OwN xm OW pOt x@ K}LY
TQDUO QO jwi \}=QW QO |Q}os}tYD OQwtQO |[=} Q OQm} wQ =} xar=]t xvwoI}y
|v=tR OQmrta x@ xHwD =@ w OvOW pL u=Um} p�=Ut OQm} wQ wO Qy =@ 'CU= xOw@v

"OW ?=NDv= |i=[= s}tYD Q}eDt R= xO=iDU= 'swO pOt QDy@
|=ypOt |r} Q \w]N |Ov@u=tR |xr�Ut ẁ[wt C=}@O= QO xm u}= x@ xHwD =@
u}vJty w O}OH |rOt |x�=Q= swRr p}qO 'OQ=O OwHw |v=w=Qi |[=} Q |R} Qxt=vQ@
|UQQ@ p@=k ẁ[wt C=}@O= QO OwHwt |=ypOt Q}=U x@ C@Uv pOt u}= Cwk \=kv

"CU= pt-=D w
pOt Cwk \=kv "8"1"3

|=ypOt |r} Q \w]N |Ov@u=tR |xr�Ut ẁ[wt C=}@O= QO xm u}= x@ xHwD =@
u}vJty w O}OH |rOt |x�=Q= swRr p}qO 'OQ=O OwHw |v=w=Qi |[=} Q |R} Qxt=vQ@
|UQQ@ p@=k ẁ[wt C=}@O= QO OwHwt |=ypOt Q}=U x@ C@Uv pOt u}= Cwk \=kv

"CU= pt-=D w
Q=Qk xHwD OQwt |]}=QW QO =Q xr�Ut ?re= ẁ[wt C=}@O= QO OwHwt |=ypOt
x=oDU}=C}iQ_ x@ xHwD uwO@ =Q \w]N|Ov@u=tR |xr�Ut x}rw= pOtl} xm OvyO|t
|Ov@u=tR w x=oDU}= uwQO \}=QW u}}aD |=Q@ =Q xr�Ut =RHt |rOt w OQ}o|t Q_v QO
QO |]}=QW 'Qo}O C=ar=]t QO [28w22]"OQ}o |t Q_v QO OwHwt C}iQ_ T=U=Q@ u;
ODi}v j=iD= hrDNt CtU wO R= CmQL p=L QO |=yQ=]k |kqD xm xOW xDiQo Q_v
[31w30'27'19'16'13]"Ov=xOQmv OQ=w pOt QO Ck@U uOQm =}yt |=Q@ =Q x=oDU}= C}iQ_ w
Qy C}iQ_ xm |]}=QW QO |Ov@u=tR u=mt= 'xar=]t u}= QO xOW x�=Q= pOt QO
OQ=w pOt QO ẁ[wt C=}@O= QO OwHwt |=ypOt hqNQ@ OwW xDiQo Q_v QO x=oDU}=
`}=kw T=U=Q@ pOt u}= QO xOW xDiQo Q_v QO s}tYD |=yQ}eDt u}vJty "CU= xOW
|iQat uDiQo Ck@U u=mt= uDiQo Q_v QO =@ w x]NwO pk=OL |xm@W l} QO OwHwt
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"""QO
=yx=

oDU
}=C

}iQ_
w|

r}Q
\w]

N|
Ov@u

=tRC}a[w |=Q@ 'cjs� cis < hq w diq +hq > cjs� cis ZQi =@ \}=QW u}= QO
%CW=O s}y=wN ?}DQD x@ uDiQov w uDiQo Ck@U

%q x=oDU}= R= GwQN u=tR
ciq = cis + tis;q + hq + djq + hq

cjq = cis + (cjs � cis) + tjs;q + djq + (hq � (cjs � cis)) (37)

ciq = cis + tis;q + diq

cjq = cis + (cjs � cis) + tjs;q + (diq + hq � (cjs � cis)) + djq
(38)

CUO x@ =Q uDiQov Ck@U w uDiQo Ck@U \}=QW u=wD|t jwi Q=Okt wO |xU}=kt =@
Q=]k 'OW=@ Q=QkQ@ diq < 2hq \}=QW pOt |=yQDt=Q=B T=U=Q@ xm |DQwY QO "OQw;

"Tmar=@ w OQ}ov Ck@U i Q=]k R= q x=oDU}= QO xm CU= QDy@ j
OwW s=Hv= Ck@U xm |Dr=L QO hq � (cjs � cis) Q=Okt jwi \@=wQ QO
ptLDt cjs � cis < hq |x]U=wx@ O}=@ j Q=]k xm CU= |Q}N-=D |xOvyOu=Wv
CQ=@a 'OQ=O OwHw Q@=Q@ |=yCaQU w cjs � cis < hq \QW uwJ `k=w QO &OwW
CU= q x=oDU}= x@ OwQw |=Q@ |vt}= |xrY=i u=tR pk=OL |xOvyOu=Wv Q_v OQwt
Ck@U Cr=L QO "OwW|t xi=[= q w s x=oDU}= wO u}@ j Q=]k CmQL u=tR x@ xm
Q=]k |Q=@H= hkwD u=tR |xOvyOu=Wv diq +hq� (cjs� cis) Q=Okt R}v uDiQov
wO hkwD u=tR uwJ "CU= x=oDU}= wO u}@ CmQL u=tR V}=Ri= =} p@k x=oDU}= QO j
Qy "OwW|t u}t-=D j Q=]khkwD u=tR QO R}v i Q=]khkwD u=tRCU= Q@=Q@ sy =@ Q=]k
2 pmW QO |UQQ@ OQwt \}=QW x@ xHwD =@ uDiQov Ck@U w uDiQo Ck@U Cr=L wO
Q@=Q@ =yx=oDU}= |t=tD |vt}= |xrY=i Q=Okt xm |]}=QW QO "CU= xOW xO=O u=Wv
u}t-=D Ckw I}y cjs � cis < hq ZQi 'hq = hs 8q; s 2 S |va} 'OW=@
|vt}= |xrY=i |xR=Ov= x@ pk=OL x=oDU}= R= Q=]k wO GwQN u}@ xQ=wty w OwW|tv

"OQ=O OwHw u=tR
cis � cis � hq w diq + hq > cjs � cis \QW �?

uDiQov Ck@U w uDiQo Ck@U \}=QW u=wD|t x@=Wt j} Q] x@ \}=QW u}= QO
\}=QW pOt |=yQDt=Q=B j@] xm |DQwY QO T=U= u}=Q@ "OQw; CUO x@ =Q
x=oDU}= QO xm CU= QDy@ j Q=]k 'OW=@ Q=QkQ@ 1

2d
j
q > cjs � cis � djq + hs

Q=QkQ@ jwi |xrO=at Tma xm |]}=QW QO "Tmar=@ w OQ}o@ Ck@U i Q=]k R= q
xm 1

2d
j
q < cjs � cis xm CW=O s}y=wN 'OwW =}yt uDiQov Ck@U \}=QW w OW=@

"CU= Q=QkQ@ cjs� cis < djs + hs |x]@=Q xm s}v=O|t R}v xr�Ut ZQi T=U=Q@
"CU= Q=QkQ@ xQ=wty xm 1

2d
j
q < djs + hs CW=O s}y=wN x]@=Q wO u}= x@ xHwD =@

xm OQm =aO= u=wD|t w OQ=Ov OwHw uDiQo Ck@U x@ |R=}v R}v \}=QW u}= QO wQu}= R=
Ck@U x@ |R=}v ,qta '=yQ=]k |t=tD |=Q@ u=Um} ,qt=m |=yQDt=Q=B OwHw CQwY QO

"OQ=Ov OwHw uDiQo
G}=Dv p}rLD �G

xi=[= pOt x@ |}=yVQ@ pOt |=yQDt=Q=B |UQQ@ =@ u=wD|t jwi |=y|UQQ@ T=U=Q@
|=yQ}eDt R= |O=OaD `k=w QO =yVQ@ u}= "OQm O}rwD |@ wN |x}rw= |=y?=wH =} OQm
u}O@ w Ovm|t hPL xr�Ut R= =Q =yu; x@ \w@ Qt |=yC}OwOLt w K}LY OOa

"OwW xr�Ut pL u=tR Vy=m Ea=@ Ov=wD|t ?}DQD
xm u=vJ "CU= Q@=Q@ =yx=oDU}= |t=tD |=Q@ |vt}= |xrY=i u=tR s}vm ZQi
I}y cjs � cis < hq w diq + hq < cjs � cis \QW CQwY u}= QO 'OW u=}@
Q=]k OwQw w x=oDU}= R= i Q=]k GwQN |v=tR |xrY=i =Q} R 'OW=@ Q=QkQ@ Ov=wD|tv Ckw

"Q@=Q@ hkwD w Q}U u=tR =@ Q=]k wO |rai \}=QW "1 pmW
%s} Q=O

di;s = dj;s; 8s 2 S; 8i; j 2 T ;

tis;q = tjs;q;8s; q 2 S; i; j 2 T (34)

|xOvyOu=Wv s w q pmW u}= QO "CU= xOW xO=O u=Wv Q_v OQwt \}=QW 1 pmW QO
\}=QW =@ Q=]k wO |xOvyOu=Wv j w i ?Qwt \w]N "Ov=x=wNrO |v=}t x=oDU}= wO
w q x=oDU}= x@ i Q=]k OwQw \=kv |xOvyOu=Wv ?}DQD x@ w w z \=kv "CU= x=wNrO
Q=]k hkwD u=tR |xOvyOu=Wv z w w x]kv wO pY=i OL "Ov=x=oDU}= u; R= GwQN
i Q=]k GwQN u=tR |xOvyOu=Wv R}v u |x]kv ?}DQDu}O@ "CU= q x=oDU}= QO i
u=tR |xOvyOu=Wv z w u |x]kv wO pY=i OL T=U= u}= Q@ w CU= s x=oDU}= R=
Cr=L wO j w i Q=]k wO |=Q@ "CU= i Q=]k \UwD s w q x=oDU}= wO u}@ Q}Ut |]

%CU= QwYD p@=k
ciq = cis + tis;q + diq

sjq � cis + tjs;q + djs + hs

if ciq + hq � sjq � diq + hq � djs + hs (35)

GwQN u=tR R= q x=oDU}= x@ j Q=]k uO}UQ u=tR |va} 'OW=@ Q=QkQ@ jwi \}=QW Qo =
CmQL u=tR xm u}= x@ xHwD =@ "CU= QDW}@ |vt}= u=tR pk=OL |xwqax@ i Q=]k
x@ xm CU= QDy@ w CU}v xiQY x@ q x=oDU}= QO i Q=]k hkwD CU= Q@=Q@ =yQ=]k
Ck@U Q=_Dv= |=Q@ q x=oDU}= QO i Q=]k hkwD CQwY QO "OyO xt=O= OwN CmQL
x@ w CW=O Oy=wN Q}N-=D i Q=]k djs + hs � (diq + hq) |xR=Ov= x@ j uDiQo
|OQmOwR j Q=]k u; |=R= QO u}vJty "Ci=} Oy=wN V}=Ri= hOy `@=D xR=Ov= u}ty
R= j Q=]k uDiQo Ck@U \}=QW u}= QO wQ u}= R= "OQ=Ov QN; x=oDU}= x@ uO}UQ QO
x@ |R=}v w OwW|t |] Q}Ut xt=O= |vwvm |r=wD =@ wQu}= R= "CU}v xiQY x@ i Q=]k

"OQ=Ov OwHw |rY= pOt uDiQo Ck@U x@ \w@ Qt |=yC}OwOLt pL
"diq +hq > djs +hs u; QO xm OwW|t xDiQo Q_v QO |]}=QW swO Cr=L QO
xm ?}DQD u}O@ 's} Q}o|t Q_v QO =Q |QDpt=m \}=QW Cr=L u}= |UQQ@ |=Q@
x=oDU}= R= j Q=]k CmQL ẁQW u=tR |=Q@ \}=QW u}= QO "diq + hq > cjs� cis

%xm CW=O s}y=wN q

siq = cis + tis;q +

8<:cjs � cis < hq

cjs � cis � hq
(36)

%s}vm|t |UQQ@ xv=o =OH CQwYx@ =Q jwi Cq=L R= l} Qy
cjs � cis < hq w diq + hq > cjs � cis \QW �hr=
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Wi= Qy QO hkwD u=tR pk=OL Q=Okt wQ u}= R= "Ovm xO=iDU= x=oDU}= Qy QO hkwD u=tR
"OW xDiQo Q_v QO \QW u=wvax@ R}v x=oDU}=

|O=} R O=OaD wQDt |=yxm@W ?re= QO OW u=}@ xm u=vJ R}v |rta \}=QW QO
|x}rw= C=}[Qi RH xm Ov=u=Um} hkwD u=tR w CaQU |=Q=O OwHwt |=yQ=]k R=
xR=@ xm OwW|t xOy=Wt R}v wQDt |=yxm@W ?re= QO u}vJty "CU= \@=wQ u}=
QO =yvD w CU= |D@=F Q=Okt ?re= hrDNt |=yx=oDU}= QO Q=]k Qy hkwD u=tR
V}=Qi= |mOv= hkwD u=tR 'OQ=O OwHw Qo}O \w]N =@ pN=OD xm =yx=oDU}= R= |NQ@
u}@ |v=tR |xrY=i pk=OL |xOvyOu=Wv xm |vt}= |=yu=tR u}vJty "Ovm|t =O}B
xm@W uwQO |=yx=oDU}= ?re= |=Q@ CU= x=oDU}= l} QO Q=]k wO GwQN w OwQw
|mOv= X=N |}=}i=QeH \}=QW =@ =yx=oDU}= |NQ@ QO =yvD w CU= C@=F |Q=Okt
w CU}v C}ak=w R= QwO 39 C}OwOLt QO xOW u=}@ \}=QW wQ u}= R= "Ovm|t Q}}eD

"Ovm|t sy=Qi =Q xr�Ut pL u=tR Q}osWJ Vy=m u=mt=

Cw=iDt hkwD u=tR w Q@=Q@ Q}U u=tR =@ |}=yQ=]k "2"4
u=tR |=Q=O j w i x=wNrO Q=]k wO xm s} Q}o|t Q_v QO =Q |Dr=L CtUk u}= QO
QDsm hkwD u=tR |=Q=O j Q=]k u}vJty "OvW=@ =ylq@ |t=tD |=R=x@ |w=Ut Q}U
T=U= u}=Q@ "OW=@ Q=QkQ@ =yx=oDU}= |t=tD |=Q@ \QW u}= w OW=@ i Q=]k |w=Ut =}
QO i Q=]k R= QDwrH j Q=]k Qo = X=N |]}=QW QO xm s}yO u=Wv s}vm|t |aU
hOy `@=D Q=Okt V}=Ri= x@ QHvt j Q=]k R= i Q=]k uDiQo Ck@U 'OW=@ CmQL p=L

"CU= xOW xO=O u=Wv 3 pmW QO Q_v OQwt \}=QW "OwW|t
"djq+hq > cis�cjs xm OwW|t xDiQo Q_v QO|]}=QW =yvDp@kCr=L Ovv=ty
Qo}O Cr=L QO "CU= |Oa@ x=oDU}= q w Q=]k wO |rai x=oDU}= s \QW u}= QO
|xrY=i x@ xHwD =@ "CU}v xiQY x@ uwQkt qta uDiQo Ck@U 'OW u=}@ xm Qw]u=ty
QwYD p@=k Cr=L wO 'CU= x=oDU}= |}=}i=QeH \}=QW x@ xDU@=w xm x=oDU}= |vt}=

"Ov=xOW K} QWD ?}DQD x@ xm CU=
cis � cjs < hq w djq + hq > cis � cjs \QW �hr=

uDiQov Ck@U w uDiQo Ck@U \}=QW u=wD|t x@=Wt j} Q] x@ R}v \}=QW u}= QO
\}=QW pOt |=yQDt=Q=B T=U=Q@ xm |DQwY QO T=U= u}=Q@ "OQw; CUO x@ =Q
j Q=]k R= q x=oDU}= QO xm CU= QDy@ i Q=]k 'OW=@ Q=QkQ@ 2djq < diq � 2hq

"Tmar=@ w OQ}ov Ck@U
OwW s=Hv= Ck@U xm |Dr=L QO hq � (cis � cjs) Q=Okt jwi \@=wQ QO
ptLDt cis � cjs < hq |x]U=wx@ O}=@ j Q=]k xm CU= |Q}N-=D |xOvyOu=Wv
CQ=@a 'OQ=O OwHw Q@=Q@ |=yCaQU w cis � cjs < hq \QW uwJ `k=w QO 'OwW
CU= q x=oDU}= x@ OwQw |=Q@ |vt}= |xrY=i u=tR pk=OL |xOvyOu=Wv Q_v OQwt

"Cw=iDt hkwD u=tR w Q@=Q@ Q}U u=tR =@ Q=]k wO |x}rw= \}=QW "3 pmW

|=yZQi j@] Q@=Q@ ,qt=m |=yQDt=Q=B =@ Q=]k wO uDiQov w uDiQo Ck@U "2 pmW
"OwHwt

\QW Ckw I}y =Pr w sjs � cis � hq |va} 'CU= hq pk=OL x=oDU}= x@ j
"OwW|tv u}t-=D cjs � cis < hq

1
2d
j
q < djs+hs\wQW xm|DQwYQO cjs�cis � hq ZQi =@\}=QWu}= QO

CU= QDy@ xm OQm =aO= u=wD|t 'OW=@ Q=QkQ@ =yx=oDU}= |t=tD |=Q@ djq > djs w
ẁQW u=tR |=Q@ |D} wrw= I}y xm |DQwY QO u}vJty "ODi}v j=iD= |Dk@U I}y
=yQ=]k R= |y=wNrO |r=wD Qy 'OW=@ xDW=Ov OwHw |Y=N x=oDU}= R= =yQ=]k CmQL

"Ow@ Oy=wN xv}y@ 'OW=@v R=Ht |Q}oCk@U xm |]}=QW =@
CLD VQ@ l} u=wvax@ =Q 39 C}OwOLt u=wD|t xOW x�=Q= ?r=]t T=U=Q@

%OQm xi=[= xr�Ut x@ 8s 2 Sl w 8l '8t 6= t0 2 Tl \}=QW
xt;t0;s � 0 And
if (D l;t;s + SFl;s � D l;s�1;t0 + SFl;s�1)

OR

0@ (D
l;t;s

+ SFl;s > D l;s�1;t0 + SFl;s�1)

And ( 1
2 (D

l;t;s
< D l;s�1;t0 + SFl;s�1)

1A (39)

|=yC}OwOLt w '1 w QiY |=yQ}eDt R= |O=} R O=OaD OwW|t Ea=@ C}OwOLt u}=
"OW Oy=wN xr�Ut pL u=tR Vy=m Ea=@ w OwW hPL xr�Ut R= =yu; x@ \w@ Qt
u=wvax@ Ov=wD|t xm OwW|t O}rwD ?wN ?=wH l} `k=w QO C}OwOLt u}= ltm x@
|=Q@ xOW |UQQ@ \}=QW QO xm CW=O xHwD O}=@ "OwW KQ]t R}v xr�Ut |q=@ OL
uOQm QD|ak=w |=Q@ "CU= xOWv xDiQo Q_v QO |v=tR xR=@ x=oDU}= QO hkwD u=tR
xDiQo Q_v QO =yu=tR u}= |=Q@ |v}}=B w q=@ OwOL ,qwtat xOt; CUO x@ |=y?=wH
|=yu=tR ẁtHt uOQmxv}tm |B QO xr�Ut hOy `@=D xm u}= x@ xHwD =@ "OwW|t
|=Q@ =Q umtt Q=Okt u} QDsm xm Ovm|t |aU xQ=wty 'CU= QN; x=oDU}= x@ uO}UQ
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"""QO
=yx=

oDU
}=C
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w|

r}Q
\w]

N|
Ov@u

=tR

|D=@U=Lt G}=Dv |UQQ@ "5
u=tR Vy=m |=Q@ xOW x�=Q= u}v=wk w |[=} Q pOt CLY w |}=Q=m |UQQ@ |=Q@
l} xOW |aU T=U= u}=Q@ "OvwW|t |UQQ@ w x�=Q= |}=ypOt CtUk u}= QO 'pL
u}= QO "OwW x�=Q= GQm � u=QyD |QyWu}@ w |QyW |wQDt |xm@W |=Q@ |Ov@u=tR
Ov=|]=@DQ= QPoQ=vm |=Q=O OYkt w -=O@t |=yx=oDU}= RH x@ =yx=oDU}= |t=tD xm@W
|=Q=O OYkt w -=O@t |=yx=oDU}= "OvQ=O Qi=Ut uOQmQ=wU w xO=}B |=Q@ x=o}=H l} w
"OvQ=O 14�Cv=W� uOR QwO pLt |O=OaD R}v w OvDUy uOQmQ=wU w xO=}B x=o}=H wO
'=yx=oDU}= |NQ@ QO hkwD sOa |x]U=wx@ =yvD w xOw@ x@=Wt =yQ=]k |t=tD u}vJty
=yQ=]k CmQL |Ov@u=tR Qo}O |wU R= "OwW|t jq]= Q}Ur=`} QU =yu; R= |NQ@ x@
CU= OYkt w -=O@t x=oDU}= R= GwQN u}@ u=tR xv}W}@ w xv}tm |=Q=O xm@W u}= QO
|rm |=tv "Ovvm CmQL x@ ẁQW XNWt |xrY=iQU l} T=U=Q@ O}=@ =yQ=]k w
QO R}v �� QyWro =D u=QyD pY=iOL �� 5 \N QDj}kO |=tv w 4 pmW QO xm@W u}=

"CU=xOW xO=O u=Wv 5 pmW
CmQL |xrY=iQU OwHw R}v w xm@W QO =yQ=]k ẁvD uOw@ sm x@ xHwD =@
wQu}= R= "OwW|t xO=U Q=}U@ u=QyD |QyW |xm@W |Q=H |xr�Ut pL '=yQ=]k
ZQi u=QyD |wQDt |Q=H |xm@W QO 'xr�Ut C}at=H Vy=m R= |Q}owrH |=Q@
|Ov@u=tR w OvQ}o@ Q=Qk xO=iDU= OQwt =yQ=]k `=wv= R= |QDW}@ O=OaD xm CU= xOW
xOW x}yD |k]vt CQwYx@ w =yQ=]k hkwD w CmQL |rai |Ov@u=tR |x}=B Q@ =yu;

"CU=
'CU= 15\wrNt |=yQ}eDt =@ |]N |R} Qxt=vQ@ ẁv R= xr�Ut xm u}= x@ xHwD =@
xr�Ut K}LY OOa |=yQ}eDt O=OaD V}=Ri= Ea=@ =yQ=]k w =yx=oDU}= O=OaD V}=Ri=
OWQ |}=tv CQwYx@ xr�Ut pL u=tR QDt=Q=B wO u}= V}=Ri= =@ wQu}= R= w OwW|t
|=yQ=]k O=OaD =@ xr�Ut u}OvJ xOW x�=Q= u}v=wk|}=Q=mVHvU |=Q@ wQ u}= R= "Ovm|t
=yx=oDU}= O=OaD "CU= xOW VQ=Ro pL |=yu=tR w CU= xOW ?=NDv= Cw=iDt
xHwD =@ xm 'CU= xOW xDiQo Q_v QO x=oDU}= 10 QyWro � u=QyD \N \}=QW T=U=Q@

Ck@U Cr=L QO "OwW|t xi=[= q w s x=oDU}= wO u}@ i Q=]k CmQL u=tR x@ xm
Q=]k |Q=@H= hkwD u=tR |xOvyOu=Wv djq +hq� (cis� cjs) Q=Okt R}v uDiQov
hkwD u=tR uwJ "CU= x=oDU}= wO u}@ CmQL u=tR V}=Ri= =} p@k x=oDU}= QO i
"OwW|t u}t-=D i Q=]k hkwD u=tR QO R}v j Q=]k hkwD u=tR CU= QDW}@ i Q=]k

cis � cjs < hq w djq + hq > cis � cjs \QW �?
x@ =Q uDiQov Ck@U w uDiQo Ck@U \}=QW u=wD|t x@=Wt j} Q]x@ R}v \}=QW u}= QO
2djq > 2(cis� cjs) + \}=QW pOt j@] xm |DQwY QO T=U= u}=Q@ "OQw; CUO
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"xtwL w u=QyD |wQDt xm@W |rm |=tv "4 pmW

48



|kW
aV

wQwm
wO}

OH
|wr

HwQ
=u}

Wi= "CU= xOW VQ=Ro R}v \}=QW u}= QO xOt; CUO x@ hOy `@=D w pL u=tR COt w
x_i=L w 1 6GHz xOvR=OQB =@ |YNW |xv=}=Q l} R= xO=iDU= =@ |D=@U=Lt G}=Dv

"CU= xOW xO=iDU= GB Q=yJ
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|Q}oxH}Dv "6
OQwt wQDt x@=Wt |=yxm@W QO |r} Q \w]N |Ov@u=tR |xr�Ut xar=]t u}= QO
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|x}=B Q@ p�=Ut R= |}xDUO xOW x�=Q= |O=yvW}B u}v=wk |}=Q=m |UQQ@ |=Q@
xrY=L G}=Dv "OvDiQo Q=Qk |UQQ@ OQwt GQm � u=QyD |QyWu}@ |wQDt C=aq]=
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=@ xOW x�=Q= |=yVQ@ uOQm ?}mQD 'xr�Ut |=Q@ O}OH |q=@ OwOL |xaUwD
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1. polynominal time
2. upper bound
3. mixed integer programming
4. lower bound
5. periodic event scheduling problem (PESP)
6. minimax
7. pure integer programing
8. depth �rst search
9. breath �rst search
10. Lagrangian relaxation
11. column generation
12. bisection
13. slackness
14. Shunt
15. mixed integer linear programing
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