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|=Q@ u}=Q@=v@ "OwW |Q}oxR=Ov= |@=QN X}NWD Q}eDt Q=Okt =D OwW|t |UQR=@ �

"CU= XNWt Z(t) Q}O=kt 'k = 0; 1; 2; ::: u; QO xm t = k� |=yu=tR
X}NWD Q}eDt |=Q@ umtt Q}O=kt xawtHt S = f0; 1; 2; :::;mg O}vm ZQi
k� � t < |=Q@ |@=QN X}NWD Q}eDt Q=Okt "OW=@ |UQR=@ Qy QO |@=QN
xOR ?} QkD 'Z(k�) 's=k |UQR=@ u=tR QO u; C}a[w \UwD (k + 1)�

"OwW|t
'4|]QWp=kDv= p=tDL=T} QD=t R= xO=iDU= =@ =y|UQR=@ QO x=oDUOC}a[w Q}}eD
i 2 S C}a[w R= |]QW p=kDv= p=tDL= T} QD=t u}= QO "CU= u}}@D p@=k 'P (k)

s)=i Q]U QYva |xr}Uwx@ t+ � u=tR QO =Q j 2 S x@ t = k� x=wNrO u=tR QO
%OvyO|t u=Wv P (k) = [pij(k)] T} QD=t s)=j uwDU w

pij (k) = P (Z (t+ �) = jjT > t+ �; Z (t) = i) (1)

`@=D ',=Q=YDN= =}� |@=QN X}NWD |=yQ}eDt Q}O=kt w x=oDUO |xQ]=Nt MQv s-=wD `@=D
%CW=O s}y=wN w xO=O u=Wv h(t; Z(t)) =@ =Q �xQ]=Nt MQv s-=wD

h(t; Z(t)) = lim
�t!0

P (t � T < t+ �tjT > t; Z(s); 0 � s < t)
�t

(2)

|D=aq]= j@=wU R= xO=iDU= =@ 'xQ]=Nt MQv s-=wD `@=D w p=kDv= p=tDL= T} QD=t u}tND
s-=wD `@=D 'PHM QO [19]"OQ}o|t CQwY 5�PHM� xQ]=Nt MQv |k}irD pOt w
OwW|t xDiQo Q_v QO h (t; Z(t)) = h0(t) (Z(t)) CQwYx@ xQ]=Nt MQv
 (Z(t)) w 'x=oDUO Qta x@ xDU@=w |x}=B |xQ]=Nt MQv `@=D h0(t) u; QO w
h0(t) xm u}= ZQi =@ "CU= X}NWD |=yQ}eDt Q}O=kt x@ xDU@=w C@Ft `@=D
p@}=w xQ]=Nt MQv `@=D h} QaD j@] 'OW=@ p@}=w |x}=B |xQ]=Nt `@=D hQat

%s} Q=O8><>:h0(t) = �
�

�
t��
�

���1
t > �

= 0 Q}O=kt Q}=U (3)

w CU= QiY pO=at '� 'u=mt QDt=Q=B 'Z} waD p�=Ut QO ?re= xm u}= x@ xHwD =@
Oy=wN CQ=@a xQ]=Nt MQv s-=wD `@=D ' (Z(t)) = expf
Z(t)gZQi =@ u}vBty

%R= Ow@
h(t; Z(t)) = �

�

�
t
�

���1
exp f
Z(t)g ; t = 0;�; 2�; :::; k�

(4)

'�pmW QDt=Q=B� � |=yQDt=Q=B 'x=oDUO R= xOW |Qw;`tH |D=aq]= j@=wU x@ xHwD =@
VwQ R= xO=iDU= =@ �|@=QN X}NWD *Q}eDt Q}F-=D QDt=Q=B� 
 w �T=}kt QDt=Q=B� �

[19w15'14]"OwW|t xOR u}tND 6|}=tvCU=Q st}Um =t
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"""xt
=vQ@

wxv=
Q}oW

}BZ
}waD

OL
|R=

Uxv
}y@f(sjj; i) = h(j� + s; Z(j� + =@ CU= Q@=Q@ j� + s u=tR QO |]QW

|U} wvR=@ u}vJ =Q 13 |x]@=Q u=wD|t 5 |x]@=Q x@ xHwD =@ u}=Q@=v@ "s))R(j; i; s)

%OQm

V (j; i; s) =K(j� + s; i) expf
ig
�
�
�

��
j� + s
�

���1

� exp

8<:� j�+sZ
j�

expf
ig
�
�
�

��
t
�

���1
dt

9=; ;

s 2 [0;�) (14)

QO xv}y@ *pQDvm OL u}}aD QO =yv; R= xO=iDU= w jwi \@=wQ uOQw; CUO x@ |ovwoJ
"CU= xOW K} QWD [20]xOW s=Hv= C=ar=]t Qo}O

R= sa= �� Z} waD |xv} Ry \UwDt |x@U=Lt Qw_vtx@ |]@=wQ 'Oa@ VN@ QO
l} |=R=x@ �� |UQR=@ |xv} Ry w |@=QN p}rOx@ Z} waD 'xv=Q}oW}B Z} waD |xv} Ry

"CU= xOW x�=Q= XNWt |UQR=@ |xt=vQ@

|=R=x@ u=tR OL=w QO pm |xv} Ry \UwDt |x@U=Lt "3
w [I0; I1; I2; :::; IM�1; IM ] XNWt |UQR=@ xt=vQ@

g� pQDvm OL
R= sa= �� Z} waD |xv} Ry \UwDt |x@U=Lt Qw_vtx@ |rOt CtUk u}= QO
OL |SD=QDU= x@ xHwD =@ '|UQR=@ |xv} Ry w �� |@=QN R= |W=v =} xv=Q}oW}B
xm s} Q}o|t Q_v QO =Q |UQR=@ |xt=vQ@ l} 'Qw_vtu}O@ "OwW|t x�=Q= g� pQDvm
|=yu=tR QO ?}DQDx@ s)=M w s)=M � 1 '""" 'swU 'swO 'pw= |UQR=@ u; QO
Q=OQ@ CQwYx@ =Q |UQR=@ |xt=vQ@ "OwW|t s=Hv= IM w IM�1 '"""'I3 'I2 'I1
Qy |xv} Ry w I0 = 0 u; QO xm s}yO|t u=Wv [I0; I1; I2; I3; :::; IM�1; IM ]

"CU= Cins =@ Q@=Q@ |UQR=@
s-=wD `@=D 'Z(t) '|@=QNX}NWD|=yQ}eDt Q}O=kt|Q}oxR=Ov= R=TB|UQR=@ Qy QO
'|@=QNp}rOx@Z} waD O=R=t|xv} Ry u;?k=aDt w x@U=Lt 'h(t; Z(t)) 'xQ]=Nt MQv
K(t; Z(t))h(t; Z(t)) � g� |xrO=at=v xJv=vJ "OwW|t u}}aD 'K(t; Z(t))

|UQR=@ =D x=oDUO CQwY u}= Q}e QO w OwW|t s=Hv= xv=Q}oW}B Z} waD 'OW=@ Q=QkQ@
|@=QN p}rOx@Z} waD 'u=tR Qy QO|@=QN CQwY QO w OyO|t xt=O= OwN Q=m x@ |Oa@
'|@=QN p}rOx@ =} xv=Q}oW}B Z} waD s=Hv= u=tR x@ xDU@ 'lr=P`t "OQ}o|t s=Hv=
Qw_vtx@ "CU= Q}eDt x=oDUO |xNQJ u=tR COt w |UQR=@ w Z} waD |=yxv} Ry
|=yxv} Ry\UwDt =OD@= 'u=tR OL=w QO|UQR=@ wZ} waD |=yxv} Ry\UwDt|x@U=Lt
xm CW=O xHwD O}=@ "s} Qw;|t CUO x@ =Q xNQJ pw] \UwDt w |UQR=@ w Z} waD
tg�(0) = infft � 0jK(t; 0)h(t; 0) � g�g Q@=Q@ x=oDUO Qta |xv}W}@
tg�(0) u=tR =D 'Z(t) = 0 'OwN C}a[w u} QDy@ QO x=oDUO Cr=L u}= QO "CU=
Z} waD 'K(t; 0)h(t; 0) � g� x@ xHwD =@ tg�(0) u=tR QO w xOw@ Q=m x@ pweWt

"OwW|t s=Hv= xv=Q}oW}B
\UwDt hQat ?}DQDx@ 'l � 0 |=Q@ Y (Il; Zl) w G(Il; Zl) O}vm ZQi
Z} waD =D xOv=t |k=@ u=tR\UwDt wZ} waD =D xOv=t |k=@ |UQR=@ wZ} waD |xv} Ry
u; C}a[w w sr=U Il u=tR =D |va} s)=l |UQR=@ =D x=oDUO xm u; Q@ \wQWt 'OW=@
w Z} waD |xv} Ry \UwDt hQat f Qo = "OW=@ Z(Il) = Zl =@ Q@=Q@ u=tR u}= QO

'Qw_vtu}O@ "OwW xOR u}tND |@=QN p}rOx@ Z} waD *O=R=t |xv} Ry \UwDt w |r=wDt
%OwW|t h} QaD u}vJ tg(i) Q=Okt 'S |xawtHt QY=va R= l} Qy |=R=x@

tg (i) = inf ft � 0 jK (t; i)h (t; i) � g g ; g > 0; i 2 S (8)

QO '|@=QN ẁkw p}rOx@ Z} waD R= |W=v |i=[= |xv} Ry hQat K(t; i) u; QO xm
QO xQ]=Nt MQv s-=wD `@=D Q=Okt h(t; i) u}vJty "CU= xv=Q}oW}B Z} waD =@ xU}=kt
hQat inf O=tv "CU= |UQR=@ u} QN; QO xOW |Q}oxR=Ov= Q}eDt Q=Okt i w 't u=tR
pQDvm OL R}v g "CU= jO=Y u; |=Q@ QwmPt \QW xm CU= |v=tR u} QDlJwm
xm |r=L QO 'u; QO xm CU= |v=tR u}DUNv hQat tg(i) 'Qo}O CQ=@a x@'CU=
|=yu=tR "OUQ|t g pQDvm OL x@K(t; i)h(t; i) Q=Okt 'CU= i x=oDUO C}a[w
'xO=O u=Wv ki� w (ki � 1)� =@ ?}DQDx@ =Q tg(i) Qy R= Oa@ w p@k |UQR=@

%s} Q=O
(ki � 1) � � tg (i) < ki� (9)

Q=Qk i C}a[w QO s)=j |UQR=@ QO w OW=@ QDW}@ j� R= x=oDUO Qta xm ZQi u}= =@
|xv} Ry \UwDt w 'W (j; i) =@ =Q |Oa@ Z} waD =D xOv=t|k=@ u=tR \UwDt 'OQ}o
|UQR=@ QO x=oDUO Qo = w xO=O u=Wv '(j; i) =@ =Q |@=QN p}rOx@ Z} waD O=R=t
Oy=wN x@U=Lt 10 |x]@=Q R= u=WQ=Okt 'OW=@ sr=U QiY u=tR QO QiY |xQ=tW

[20w19]%OW

E (min fT; Tgg) = W (0; 0)

E (K (T;Z (T ))) = ' (0; 0) (10)

xO=iDU= 12 w 11 |DWoR=@ \@=wQ R= R}v '(0; 0) w W (0; 0) Q}O=kt u}tND |=Q@
[20w19]%OwW|t

W (j; i) =

8>>>>>>>>>><>>>>>>>>>>:

0 j > ki � 1
tg(i)�(ki�1)�R

0
R(ki � 1; i; s)ds j = ki � 1

�R
0
R(j; i; s)ds+R(j; i;�)

mP
r=i

W (j + 1; r)pir(j)
j < ki � 1

(11)

'(j; i) =

8>>>>>>>>>><>>>>>>>>>>:

0 j > ki � 1
tg(i)�(ki�1)�R

0
V (ki � 1; i; s)ds j = ki � 1

�R
0
V (j; i; s)ds+R(j; i;�)
mP
r=i

'(j + 1; r)pir(j)
j < ki � 1

(12)

%xm |Qw]x@
V (j; i; s) = K (j� + s; Z (j� + s)) f (sjj; i) (13)

j� + s u=tR QO |]QW p=tDL= |r=oJ `@=D f(sjj; i) CQ=@a 13 |x]@=Q QO
QO X}NWD Q}eDt Q=Okt w xOw@ sr=U j� u=tR =D x=oDUO xm u; Q@ \wQWt 'CU=
p=tDL= |r=oJ `@=D [22]'|@=QN R}r=v; |=yVwQ T=U=Q@ "OW=@ i =@ Q@=Q@ u=tR u}=
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|r}
a=tU

=QwB
|[

DQt
w|

v=mt
ro=[

QO}t
L 'i |=yC}a[w QO pi;m(j) '""" 'pi;j+2(j) 'pi;j+1(j) 'pii(j) Cq=tDL= =@

R(j; i; t) = %OwW|t xH}Dv t > � |=Q@ 'u}=Q@=v@ "CU= m '""" 'i+ 2 'i+ 1
"R(j; i;�)

mP
r=i

pi;r(j)R(j + 1; r; t�)

t > � |=Q@ 'R(j; i; t) 'x=oDUO |]QW u=v}t]= C}r@=k `@=D '?}DQD u}O@
QO |UQR=@ u; QO w xOw@ sr=U s)=i |UQR=@ u=tR =D x=oDUO xm u; Q@ \wQWt ��

[21]%O};|t CUO x@ 18 |x]@=Q \UwD �� OW=@ i C}a[w

R (j; i; t) =8>>><>>>:
exp

(
� j�+tR

j�
exp f
ig����� s����1

ds

)
; 0 � t < �

R (j; i;�)
mP
r=i

pi;r (j)R (j + 1; r; t��) ; t > �

(18)

t > � |=Q@ R}v V (j; i; t) `@=D Q=Okt '14 |x]@=Q QO 18 |x]@=Q |v} Ro}=H =@
"O};|t CUO x@ 19 |x]@=Q \UwD

V (j; i; t) =8>>>>>><>>>>>>:
K (j� + t) exp f
ig����� j�+t

�

���1�
exp

(
� j�+tR

j�
exp f
ig����� s����1

ds

)
;

0� t <�

R (j; i;�)
mP
r=i

pi;r (j)V (j + 1; r; t��) ; t > �

(19)

p=kDv= p=tDL= T} QD=t hQat P (Il=�; Il+1=�) '17 w 16 \@=wQ QO u}vJty
Qy "CU= �� R= K}LY |@ Q[t pO=at |v=tR pY=wi� |}xrLQtOvJ C}a[w
|UQR=@ x@ s)=l |UQR=@ R= C}a[w p=kDv= |]QW p=tDL= Qou=Wv T} QD=t u}= w[a
|x]@=Q QO xOW u=}@ p=kDv= p=tDL= T} QD=t xm CW=O xHwD O}=@ "CU= s)=l + 1
|}xrLQt l} p=kDv= p=tDL= Qou=}@ 'CU= xDiQ Q=m x@ 12 w 11 \@=wQ QO xm '1
CUQO � R= QDnQR@ |v=tR pY=wi OQwtQO w CU= �� pw]x@ |v=tR |xrY=i�
|}xrLQtOvJ C}a[w p=kDv= p=tDL= T} QD=t |x@U=Lt |xwLv x@ xt=O= QO "CU}v

"CU= xOW xQ=W=
|xrY=i QO|}xrLQtOvJp=kDv= p=tDL=T} QD=t Qou=}@P (j�; (j+�)�) Qo =
P (j�; (j + �)�) x=ov; '� � 2 xm |Qw]x@ 'OW=@ (j + �)� w j� |v=tR

[21]"OwW|t x@U=Lt 20 |x]@=Q j@=]t

P (j�; (j + �) �) =R (j; ��)�1 �
j+��1Y
n=j

R (n;�)

� P (n�; (n+ 1) �) (20)

"CU= 21 T} QD=t |Q]k T} QD=t R(j; ��) xm |Qw]x@0BBBBBB@
R (j; 0; ��) 0 : : : 0

0 R (j; 1; ��) : : : 0
...

...
. . .

...

0 0 : : : R (j;m; ��)

1CCCCCCA (21)

%s} Q=O 'OW=@ Q_v OQwt |UQR=@ |xt=vQ@ |=Q@ u=tR OL=w QO |UQR=@
F = G(0; 0)=Y (0; 0) (15)

[21]"s}vm|t h} QaD XN=W `@=D Q=yJ '15 |x]@=Q QO F |x@U=Lt Qw_vtx@
't + a � tg(Z(t)) Qo = \ki w Qo = CU= 1 =@ Q@=Q@ II(t; Z(t); a) `@=D
Qo = CU= 1 =@ Q@=Q@ II1(t; Z(t)) `@=D "CU= QiY =@ Q@=Q@ CQwY u}= Q}e QO
`@=D "CU= QiY =@ Q@=Q@ CQwY u}= Q}e QO 'K(t; Z(t))h(t; Z(t)) � g�

Q}e QO 'l = M |va} OW=@ |UQR=@ u} QN; s)=l |UQR=@ Qo = CU= 1 =@ Q@=Q@ II2(l)
Qw_vtx@ ?}DQDx@ 17 w 16 |DWoR=@ \@=wQ u}vJty "CU= QiY =@ Q@=Q@ CQwY u}=

%OQ=O OQ@ Q=m l 2 f0; 1; :::;Mg |=Q@Y (Il; Zl) w G(Il; Zl) |x@U=Lt

G(Il; Zl) = II1(Il; Zl)(C + lCins) + (1� II1(Il; Zl))�0BBBBBBBBBBBBBBBBBBBBBBB@

II2(l)
 
C +MCins +

tg(ZM )�IMR
0

V (IM=�; ZM ; t)dt

!
+

(1� II2(l))�0BBBBBBBBBBBBBBBB@

II(Il; Zl; Il+1 � Il)� 
C + lCins +

tg(Zl)�IlR
0

V (Il=�; Zl; t)dt

!
+

1� II (Il; Zl; Il+1 � Il)�0BBBBB@
(1�R(Il=�; Zl; Il+1 � Il))(C + lCins)+
Il+1�IlR

0
V (Il=�; Zl; t)dt+R(Il=�; Zl; Il+1 � Il)�

mP
i=Zl

(P (Il=�; Il+1=�))Zl;iG(Il+1; i)

1CCCCCA

1CCCCCCCCCCCCCCCCA

1CCCCCCCCCCCCCCCCCCCCCCCA
(16)

Y (Il; Zl) = (1� II1(Il; Zl))�0BBBBBBBBBBBBBBB@

II2(l)
 
tg(ZM )�IMR

0
R(IM=�; ZM ; t)dt

!
+ (1� II2(l))�0BBBBBBBBBB@

II(Il; Zl; Il+1 � Il)
 
tg(Zl)�IlR

0
R(Il=�; Zl; t)dt

!
+

1� II(Il; Zl; Il+1 � Il)�0BB@
Il+1�IlR

0
R(Il=�; Zl; t)dt+R(Il=�; Zl; Il+1 � Il)�

mP
i=Zl

(P (Il=�; Il+1=�))Zl;iY (Il+1; i)

1CCA

1CCCCCCCCCCA

1CCCCCCCCCCCCCCCA
(17)

`@=D O}=@ '17 w 16 \@=wQ \UwD Y (Il; Zl) w G(Il; Zl) |x@U=Lt Qw_vtx@
xHwD O}=@ "OwW x@U=Lt t > � |=Q@ V (j; i; t) `@=D w R(j; i; t) u=v}t]= C}r@=k
"CU= Q@Dat t 2 [0;�) |=Q@ =yvD 14 w 5 \@=wQ QO xOW x�=Q= |xrO=at xm CW=O
xOW xQ=W= t > � |=Q@ V (j; i; t) w R(j; i; t) |x@U=Lt |xwLv x@ xt=O= QO

"CU=
xm CW=O xHwD O}=@ t > � |=Q@ u=v}t]= C}r@=k `@=D |x@U=Lt Qw_vtx@
xm u; Q@ \wQWt 'Ov=t@ sr=U |v=tR OL=w t > � |=Q@ x=oDUO xm u}= |=Q@
C}a[w QO |UQR=@ u; QO w xOw@ sr=U 'j� |va} 's)=j |UQR=@ u=tR =D x=oDUO
p=tDL= =@ O=O} wQ u}= xm 'OW=@ sr=U (j + 1)� u=tR =D O}=@ 'CU= xDW=O Q=Qk i
?}DQDx@ x=oDUO C}a[w (j + 1)� 'u=tR u}= QO "OyO|t MQ R(j; i;�)
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"""xt
=vQ@

wxv=
Q}oW

}BZ
}waD

OL
|R=

Uxv
}y@"� = 1 |=R=x@ xv}y@ pQDvm OL |x@U=Lt "1 pwOH

g tg(0) tg(1) tg(2) k0 k1 k2 '(0; 0) W (0; 0) �(g) Q=QmD
5 0000 20 20724 10 81514 5 78838 21 11 6 11 29334 7 80362 2 72865 1
2 72865 12 78497 6 84265 3 66228 13 7 4 5 32408 6 21888 2 46412 2
2 46412 11 8366 6 33507 3 39064 12 7 4 4 66610 5 96529 2 45857 3
2 45857 11 81645 6 32429 3 38487 12 7 4 4 65233 5 95969 2 45857 4

2 C}a[w w u} QDy@ QiY C}a[w� S = f0; 1; 2g %CU= QwYD p@=k C}a[w
|xQwO l} QO Tm@ Q}o ẁv u}= R= |O=OaD |=Q@ xm CU= u}= Q@ ZQi "�u} QDO@
=@ 'G}=Dv C@F R= TB w xOW s=Hv= � |v=tR pY=wi QO =y|UQR=@ 'X=N |v=tR
'� = 2 323 pO=at QwmPt `@=D x@ \w@ Qt 
 w � '� Q}O=kt C=aq]= u}= R= xO=iDU=
p=kDv= p=tDL= T} QD=t u}vJty "OwW|t OQw;Q@ 
 = 0 827 w � = 21 457

%CU= xOW xOR u}tND u}vJ C}a[w

P (j) =

0BB@ 0 749 0 251 0
0 0 811 0 189
0 0 1

1CCA ; j = 1; 2; 3; :::

w Cins = 2 |UQR=@ |xv} Ry 'C = 10 xv=Q}oW}B Z} waD |xv} Ry O}vm ZQi
u}tND u}vJ x=oDUO C}a[w w Qta x@ xDU@=w |a@=D '|@=QN p}rOx@ O=R=t |xv} Ry

%OW=@ xOW xOR
K (t; Z (t)) = 50� 20 exp f�t (Z (t) + 1)g
|=y|UQR=@ u}@ xv}y@ |xrY=i w xv}y@ pQDvm OL pt=W 'xv}y@ |SD=QDU= s}y=wN|t
� = 1 |=R=x@ =OD@= 'Qw_vtu}O@ "s} Qw; CUO x@ Tm@ Q}o ẁv u}= |=Q@ =Q |r=wDt
12 w 11 '6 \@=wQ w C@=F |x]kv Q=QmD VwQ R= xO=iDU= =@ =Q xv}y@ pQDvm OL
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"|r=wDt |=y|UQR=@
F = G(0; 0)=Y (0; 0) Y (0; 0) G(0; 0) �

4 45857 5 95969 26 57171 1
3 50119 6 20372 21 72040 2
3 22693 6 45763 20 83830 3
3 11057 6 65675 20 70628 4
3 03313 6 80532 20 64141 5
3 05908 7 06804 21 62167 6
3 15032 7 36677 23 20768 7
3 23056 7 90377 25 53362 8
3 44220 8 48926 29 22170 9
3 67343 9 03075 33 17384 10

"3� pw]x@ C@=F |v=tR pY=wi =@ |UQR=@ |xt=vQ@ "2 pmW

C@=F |v=tR pY=wi =@ |UQR=@ |xt=vQ@ |R=Uxv}y@ "4
p@=kt QO |UQR=@ |xv} Ry uOw@ R}J=v CQwY QO 'OW xQ=W= R}v QDV}B xm u=vJ
s=Hv= CU= |y}O@ '|@=QN p}rOx@ Z} waD w xv=Q}oW}B Z} waD 'Z} waD |=yxv} Ry
u}= QO "Oy=m|t =Q x=oDUO |@=QN R= |W=v Q]N '� |v=tR pY=wi QO |UQR=@
=t= "OQw; CUO x@ 12 w 11 '6 \@=wQ |xr}Uwx@ =Q xv}y@ pQDvm OL u=wD|t Cr=L
=y|UQR=@ O=OaD Vy=m 'OW=@ xv} Ry hQY sRrDUt |UQR=@ s=Hv= xm |]}=QW QO
=Q Q]N u}= Qo}O |} wU R= w Ow@ Oy=wN |UQR=@ |xv} Ry Vy=m ?Hwt wUl} R=
|xv=Q}oW}B C=t=Ok= 'x=oDUO C}a[w R= `q]= sOa p}rOx@ xm OyO|t V}=Ri=
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u=wvax@ hOy xQo w OwW|t hkwDt sD} Qwor= OW=@ hOy xQo xOW?=NDv= xQo Qo =
=t= "OwW|t ?=NDv= xv}y@ |UQR=@ xt=vQ@ u=wvax@ u; |UQR=@ |xt=vQ@ w 'xv}y@ xQo
w 'O}rwD xQo u; R= ?aWvt |}=yxQo 'OW=@ hOyQ}e xQo H(N) u} QDsm =@ xQo Qo =
Q} R KQW x@ A� sD} Qwor= "OvwW|t OPEN s=vx@ |DU}r OQ=w QDW}@ ?=aWv= |=Q@

"CU=
"s}yO|t Q=Qk OPEN CU}r QO =Q x}rw= xQo "1

QO "OwW|t GQ=N OPEN CU}r R= CU= H(N) u} QDsm |=Q=O xm N xQo "2
xQo l} x=wNrOx@ 'OvW=@ xv} Ry u} QDsm |=Q=O u=tRty Qw]x@ xQo OvJ xm |DQwY

"OwW|t ?=NDv=
u=wvax@N xQo w OwW|thkwDt sD} Qwor= 'OW=@ hOy xQoN xQo xJv=vJ �hr=

"OwW|t ?=NDv= xv}y@ xQo
O}rwD N xQo R= ?aWvt |}=yxQo 'OW=@ hOy Q}e N xQo xm |DQwY QO �?

"(N 0) OwW|t

'u; =@ Q_=vDt |xv} Ry w 'KqY= u; =@ Q_=vDt |UQR=@ |xt=vQ@ 'N 0 xQo Qy |=Q@ "3
"OwW|t x@U=Lt 'H(N 0)

"OvQ}o|t Q=Qk OPEN CU}r QO u=WQ_=vDt |xv} Ry w xOW O}rwD O}OH |=yxQo "4
"2 s=o x@ ẁHQ "5

u=tR OL=w QO |UQR=@ w Z}waD |xv} Ry \UwDt |x@U=Lt "2"5
Xk=v |UQR=@ |xt=vQ@ |=Q@

[I0; I1; :::; IN ; IN+1; :::; IM�1; IM ]
x@U=Lt Xk=v |UQR=@ |=yxt=vQ@ |=Q@ u=tR OL=w QO xv} Ry \UwDt VN@ u}= QO
QO xm OW=@ |UQR=@ M pt=W =y|UQR=@ |xt=vQ@ xQo l} QO O}vm ZQi "OwW|t
|k=@ |UQR=@ M �N w CU= Q@xv} Ry Cins |xR=Ov=x@ N =D 1 |=y|UQR=@ u;
Qw]x@ 'u=tR OL=w QO xv} Ry \UwDt |x@U=Lt Qw_vtx@ "CU= xv} Ry uwO@ xOv=t
&OwW|t xO=iDU= 17 =D 15 \@=wQ R= 'p@k CtUk QO xOW KQ]t ?r=]t =@ x@=Wt
QO "OW Oy=wN xO=iDU= 22 |x]@=Q R= 16 |x]@=Q R= xO=iDU= |=H x@ lr=P`t

"CU= xOW ^=Lr x]@=Q u}= QO xv} Ry *uwO@ |=y|UQR=@ OwHw Ck}kL
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"A� |wHwCUH sD} Qwor= |xr}Uwx@ xOW O}rwD |=yxQo "4 pmW

[0; 5; 7; 9] |UQR=@ |xt=vQ@ |=QH= 'Q=DWwv u}= QO |UQQ@ OQwt p=Ft QO lr=P`t
Oy=wN QDxiQY x@ uwQkt 'xv} Ry Q_v x]kv R= [0; 5; 10] |xt=vQ@ =@ xU}=kt QO

"Ow@

|Q}oxH}Dv "6
xv=Q}oW}B C=Q}taD w |Q=Oxov C=t}tYD |R=Uxv}y@ Qw_vtx@ |rOt 'Q[=L Q=DWwv QO
=yxv} Ry ẁtHt \UwDt |R=Uxv}tm Q=}at =@ w Q}eDt |@=QN |=yxv} Ry ^=Lr =@
KQ]t pOt R= |Q=OQ@ wor= =@ |O=yvW}B pOt "OW x�=Q= COtOvr@ QO u=tR OL=w QO
x@ =Q u=mt= u}= w CU= xOW KQ]t [20]u; p}tmD w \U@ w [21]'u}W}B |xOW
x@ xHwD =@ |r=wDt |=y|UQR=@ |=QH= u}@ xv}y@ |v=tR |xrY=i xm OQw;|t OwHw
ZQi =@ |UQR=@ |=yxv} Ry w xv=Q}oW}B Z} waD '|@=QN p}rOx@ Z} waD |=yxv} Ry
=OD@= '|O=yvW}B VwQ QO "OwW u}}aD '|@=QN p}rOx@Z} waD |xv} Ry uOw@ |rwRv Q}e
'TBU "CU= xOW xrwtQi XNWt |UQR=@ |xt=vQ@ l} |=R=x@ sDU}U pm |xv} Ry
sDU}U pm |xv} Ry 'C@=F |UQR=@ pY=wi =@ xv}y@ |UQR=@ |xt=vQ@ uDi=} Qw_vtx@
u}= |xU}=kt =@ w x@U=Lt C@=F |UQR=@ pY=wi =@ hrDNt |UQR=@ |=yxt=vQ@ |=Q@
uDi=} Qw_vtx@ "OwW|t u}}aD C@=F |UQR=@ pY=wi =@ xv}y@ |UQR=@ |xt=vQ@ 'Q}O=kt
|=Q@ A� |wHwCUH sD} Qwor= 'C@=FQ}e |UQR=@ pY=wi =@ xv}y@ |UQR=@ |xt=vQ@
|UQR=@ |xt=vQ@ =D OwW|t xDiQo Q=m x@ umtt |UQR=@ |=yxt=vQ@ u}@ wHwCUH
QO xm |O=yvW}B |Q=mD@= |xv} Ry `@=D "OwW u}}aD C@=FQ}e |UQR=@ pY=wi =@ xv}y@
'OwW|t xO=iDU= pm |xv} Ry *u}}=B *OL |x@U=Lt |=Q@ A� |wHwCUH sD} Qwor=
uOQw; CUO x@ w xv}tm =Q xOW O}rwD |=yxQo O=OaD 'C}=Oy =Q wHwCUH |=DU=Q

"Ovm|t u}t[D =Q xv}y@ ?=wH
xU}=kt QO C@=FQ}e |UQR=@ pY=wi =@ xv}y@ |UQR=@ |xt=vQ@ xm CU= K[=w

x@U=Lt 2 7638 =@ Q@=Q@ u; |xv} Ry w [0; 4; 5; 6; 7; 8; 9; 10; 11] xOWKqY=
"4 "OwW|t xi=[= OPEN CU}r x@ xOW O}rwD |=yxQo s=tD 'TBU "OwW|t
[0; 1] xQo p=Ft u}= QO "OwW|t GQ=N OPEN CU}r R= xv} Ry u} QDsm =@ xQo
?aWvt [0; 1] xQo R= |Oa@ |=yxQo "OQ=O =Q xv} Ryu} QDtm 2 7369 |xv} Ry =@
'[0; 1; 9] '""" '[0; 1; 4] '[0; 1; 3] '[0; 1; 2] CQwYx@ ?aWvt |=yxQo &OwW|t
R= s=OmQy |=Q@ H |xv} Ry `@=D "Ow@ Oy=wN [0; 1; G] w [0; 1; 11] '[0; 1; 10]

"OQ}o|t Q=Qk OPEN CU}r QO =yxQo u}= w OwW|t x@U=Lt xOWO}rwD |=yxQo
xt=O= sD} Qwor= w CU= [0; 2] xQo 'OwW|t hPL OPEN CU}r R= xm |Oa@ xQo

"O@=}|t
GQ=N |=yxQo ?}DQD |xOvyOu=Wv =yxQ}=O QO OwHwt |=yxQ=tW 4 pmW QO
'sD} Qwor= 23 Q=QmD QO OwW|t xOy=Wt xm u=vJ "CU= OPEN CU}r R= xOW
u}=Q@=v@ "OQ=O OPEN CU}r QO OwHwt |=yxQo u}@ QO =Q xv} Ry u} QDsm hOy xQo
|xt=vQ@ w '?=NDv= xv}y@ xQo u=wvax@ 22 xQo 'hkwDt wHwCUH 'Q=QkQ@ hr=2 s=o
u}=Q@=v@ "OwW|t u}}aD xv}y@ |UQR=@ |xt=vQ@ u=wvax@ [0; 5; 7; 9; G] |UQR=@
|Q=QkQ@ CQwYQO |UQR=@ Qy QO "OW Oy=wN s=Hv= 9 w 7 '5 |=yu=tR QO =y|UQR=@
u}= Q}e QO w s=Hv= xv=Q}oW}B Z} waD K(t; i)h(t; i) � 2 45857 |xrO=at=v
|SD=QDU= u}= |xv} Ry "OyO|t xt=O= OwN Q=m x@ |Oa@ |UQR=@ =D x=oDUO CQwY

"CU= 2 9251 =@ Q@=Q@ Z} waD
'p@k CtUk QO xOW KQ]t p=Ft w p=Ft u}= QO pm |xv} Ry |xU}=kt =@
[0; 5; 7; 9] C@=FQ}e |UQR=@ pY=wi =@ xv}y@ |UQR=@ |xt=vQ@ xm OwW|t xO}O
OwOL '[0; 5; 10] C@=F |UQR=@ pY=wi =@ xv}y@ |UQR=@ |xt=vQ@ =@ xU}=kt QO
|xt=vQ@ wO R= l} Qy ?=NDv= xm CU= K[=w "OyO|t Vy=m =Q pm |xv} Ry �5 31
s=Hv= '=yu=tR=U QO ?re= "CU= xUU-wt |}=QH= C=v=mt= R= QF-=Dt jwi |UQR=@
s=Hv= xm =QJ OQ}o|t CQwY |QDW}@ CrwyU =@ w C@=F |v=tR pY=wi =@ =y|UQR=@
"CU= QDj}kO |R} Qxt=vQ@ w QDW}@ pQDvm sRrDUtC@=F Q}e |v=tR pY=wi =@ =y|UQR=@
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"""xt
=vQ@

wxv=
Q}oW

}BZ
}waD

OL
|R=

Uxv
}y@&xv=Q}oW}B Z} waD |=QH= |=Q@ pQDvm OL %g

&g pQDvm OL |SD=QDU= x@ xHwD =@ xv=Q}oW}B Z} waD |=QH= u=tR %Tg
lU} Q 'OQ=O Q=Qk iC}a[w QO x=oDUO xmu; \QW x@ 'u; QO xm |v=tR u}rw= %tg(i)

&OUQ}t g pQDvm OL x@ |@=QN
&tg(i) u=tR R= Oa@ |UQR=@ u}rw= -xQ=tW %ki

ZQi =@ |vqw] ji= l} QO 'u=tR OL=w QO Z} waD |=yxv} Ry \UwDt %�(g)

&g pQDvm OL |SD=QDU= |=QH=
�|@=QN p}rO@ =} w xv=Q}oW}B Z} waD R= sa=� Z} waD wO u}@ u=tR \UwDt %W (g)

&g pQDvm OL |SD=QDU= |=QH= ZQi =@
&g pQDvm OL |SD=QDU= |=QH= ZQi =@ |@=QN Cra x@ Z} waD p=tDL= %Q(g)

OL |SD=QDU= |=QH= ZQi =@ |@=QN p}rOx@ Z} waD O=R=t xv} Ry \UwDt %'(g)

&g pQDvm
j� + t u=tR =D x=oDUO CtqU p=tDL='|]QW u=v}t]= C}r@=k `@=D %R(j; i; t)

&OW=@ i C}a[w QO |UQR=@ u; QO w xOw@ sr=U s=j |UQR=@ =D xmv; \QW x@
'OW=@|t j� + t u=tR QO x=oDUO Qta |]QW p=tDL= |r=oJ `@=D %f(tjj; i)
u=tR u}= QO X}NWD Q}eDt Q=Okt w xOw@ sr=U j� u=tR =D x=oDUO xmv; x@ \wQWt

&OW=@ i =@ Q@=Q@
&s)=l |UQR=@ u=tR %Il

&Z(Il) 's)=l |UQR=@ u=tR QO X}NWD Q}eDt Q=Okt %Zl
\wQWt '|Oa@ Z} waD =D xOv=t}k=@ |UQR=@ w Z} waD xv} Ry \UwDt %G(Il; Zl)

Q@=Q@ u=tR u}= QO u; C}a[w w sr=U Il u=tR =D |va} s)=l |UQR=@ =D x=oDUO xmv; x@
&OW=@ Z(Il) = Zl =@

=D x=oDUO xmv; x@ \wQWt '|Oa@ Z} waD =D xOv=t}k=@ u=tR \UwDt %Y (Il; Zl)

Z(Il) = Zl =@ Q@=Q@ u=tR u}= QO u; C}a[w w sr=U Il u=tR =D |va} s)=l |UQR=@
&OW=@

=@ =y|UQR=@ |=QH=� '|}xrLQt OvJ p=kDv= p=tDL= T} QD=t %P (j�; (j + �)�)

"�� � 2 xm} Qw]@ 'Qo}Om} R= �� -xrY=i

=Pr w OQ=O |QDsm pm |xv} Ry 'C@=F |UQR=@ pY=wi =@ xv}y@ |UQR=@ |xt=vQ@ =@
pY=wi� pw= Cr=L QO wHwCUH |=[i uOw@ QDnQR@ Qt= u}= Cra "CU= KHQt
"CU= �C@=F |UQR=@ pY=wi� swO Cr=L QO wHwCUH |=[i R= �C@=FQ}e |UQR=@
R= QF-=Dt QwmPt |UQR=@ |=yxt=vQ@ R= l} Qy ?=NDv= '|D=}rta Q_vx]kv R= lr=P`t

"CU= xUU-wt |}=QH= `@=vt w |D=}rta u=wD

s�qa CUQyi
&x=oDUO |@=QN u=tR hQat |iO=YD Q}eDt %T

&t u=tR QO xOW|Q}oxR=Ov= '|@=QN X}NWD Q}eDt Q=Okt %Z(t)

R= � |v=tR -xrY=i =@ =y|UQR=@ |=QH=� |}xrLQt l} p=kDv= p=tDL= T} QD=t %P
&�Qo}Om}

QO xmv; \QW x@ OW=@ j C}a[w QO t+ � u=tR QO x=oDUO xmv}= p=tDL= %pij
&OwW|t `k=w t+ � u=tR R= Oa@ |@=QN w CU= i u; C}a[w t u=tR

&�x}=B -xrY=i� |r=wDt |=y|UQR=@ |=QH= u}@ umtt |v=tR -xrY=i u} QDlJwm %�
&Z(t) |=Q@ umtt Q}O=kt xawtHt %S

|@=QN X}NWD Q}eDt w t x=oDUO Qta x@ xDU@=w 'xQ]=Nt MQv s=wD `@=D %h(t; Z(t))

&Z(t)

&p@}=w `} RwD QO pmW QDt=Q=B %�
&p@}=w `} RwD QO T=}kt QDt=Q=B %�
&p@}=w `} RwD QO u=mt QDt=Q=B %�

&|@=QN MQv s=wD `@=D QO |@=QN X}NWD Q}eDt Q}F=D QDt=Q=B %

&xv=Q}oW}B Z} waD Qy xv} Ry %C

x@ xDU@=w '|@=QN p}rOx@ Z} waD O=R=t xv} Ry *hQat |rwRvQ}e |a@=D %K(t; Z(t))

&Z(t) |@=QN X}NWD Q}eDt w t x=oDUO Qta
&|UQR=@ Qy -xv} Ry %Cins

=yCWwv=B
1. condition-based maintenance (CBM)
2. hazard rate
3. covariates
4. transition probability matrix
5. proportional hazards model (PHM)
6. maximum likelihood method
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