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=yu; R= s=OmQy |wQ Ovv=wD|t =ySQ=W xm Ov=xDiQo Q=Qk |R=wt CQwYx@ |v=Um}

"�1 pmW� OwW VR=OQB
"Ovm VR=OQB =Q SQ=W l} Ov=wD|t QFm =OL u=tR Qy QO u}W=t Qy �

"OwW VR=OQB u}W=t l} |wQ QFm =OL Ov=wD|t u=tR Qy QO SQ=W Qy �
&OvQ=O uRw uD 50 OwOL QO xm OvDUy |@=Pt |O=wt =ySQ=W xm u}= x@ xHwD =@ �

"CU= |QwQ[ =yu; p=kDv= w pkv u=tR uDiQo Q_v QO wQu}= R=
CQwYx@ O}=@ 'OvDUy xDN} Q l} u=wva CLD xm =ySQ=W R= |YNWt |xawtHt �
sOkD |=yC}OwOLt u}vJty "OvwW VR=OQB |QoxDN} Q u}W=t l} |wQ |ywQo

"OQ=O OwHw R}v xwQo l} |=ySQ=W u}@
Q=Qk xwQo l} QO xm 'Qo}O O} Qo x@ |O} Qo R= O}rwD Q}}eD |=Q@ |R=UxO=t; u=tR �
O} Qo x@ O} Qo l} R= O}rwD xDUw}B |QoxDN} Q QO xJv=vJ =t= CU= R}J=v OvQ=O

|[=} Q pOt |xaUwD "2
xm CU= |rY= |xrLQt Q=yJ R= pmWDt xDUw}B |QoxDN} Q w |R=UOqwi Ov}=Qi
Twk |xQwm � xrLQt u}rw= QO "�1 pmW� CU= u}W=t u}OvJ pt=W xrLQt Qy
"O@=}|t Vy=m |v}at K]U x@ V}=Um = j} Q] R= ?=Pt |=y|Yr=N=v �|m} QDmr=
OL=w u}= "OwW|t h} QaD 11SQ=W u=wva CLD |R=UOqwi VN@ QO |Q=m OL=w
T=U=Q@ SQ=W Qy "OQ}o|t Q=Qk xQwm l} QO xm CU= |@=Pt O=wt xawtHt |Q=m
w OwW|t xDN=vW 12O} Qo l} u=wva CLD OwN |m} R}i w |}=}t}W C=YNWt
xQwm |xrLQt QO xOW O}rwD ?=Pt O=wt "pwYLt C}i}m u=}@ |=Q@ CU= |Q=}at u;
x@ p}kFQH ltmx@ =yp}D=B u}= xm OwW|t xDN} Q |}=yp}D=B QO |m} QDmr= Twk
|=yxQwm R= s=OmI}y xm |DQwY QO "OwW|t pkDvt |r}D=B |xQwm |va} Oa@ |xrLQt
|m} uOW O=R; =D O}=@ Q_v OQwt SQ=W 'OW=@v O=R; O}OH SQ=W uO}UQ s=ovy QO |r}D=B
OwW|t SQ=W |=tO Vy=m x@ QHvt Q=_Dv= u=tR u}= "Ov=t@ Q_Dvt |r}D=B |=yxQwm R=
|xrLQt x@ OOHt CWoR=@ |OQ=wt QO |DL w OOHt uOQmsQo 'CQwY u}= QO xm
SQ=W hkwD u=tR QOkQy |rm Qw]x@ "CW=O Oy=wN p=@vO x@ =Q �|r}D=B xQwm � p@k
QDsm =yu; |}=tO Ci= w �=ySQ=W� ?=Pt O=wt X=wN Q}}eD 'OW=@ QDsm =yOv}=Qi u}@
w �VD� <qN QO |}=ORR=o |xrLQt x@ ?=Pt O=wt '|r}D=B |xQwm R= Oa@ "OW Oy=wN
xm CU= |}=ySQ=W |=Q@ xrLQt u}= "OwW|t pkDvt �VOD� <qN QO |}=ORuS}Um =
|=yp}D=B Oa@ |xrLQt QO "OQ=O R=}v |QDW}@ |R=UXr=N x@ |QDWt VQ=iU j@=]t
|QoxDN} Q OL=w �� V}Ov=D pN=O x@ w xOW pkDvt xDUw}B |QoxDN} Q x@ ?=Pt
|r}D=B |xQwm u}@ |xrY=i QO =ySQ=W Q=_Dv= u=tR COt "OwW|t xDN} Q �� xDUw}B
"Ovmv Rw=HD |YNWt |xOwOLt R= O} Qo ẁv x@ xDU@ O}=@ R}v xDUw}B |QoxDN} Q =D
Oy=wNv Q}PBu=mt= |i=[= |=yxv} Ry uwO@ Q_v OQwt O} Qo O}rwD CQwYu}= Q}e QO
GQ=N OtHvt |=y13swr@ CQwYx@ xDUw}B |QoxDN} Q R= |}=yv pwYLt u=}=B QO "Ow@
xQ=W= =yu=O@ xDUw}B |QoxDN} Q w |R=UOqwi |Ov@u=tR QO xm |D=Lq]Y= "OwW|t

%R= Ov=CQ=@a OwW|t
�Twk |xQwm |va}� pw= |xrLQt R= O}=@ xm |R=UOqwi OL=w u} QDlJwm %SQ=W �

"OwW VR=OQB �xDUw}B |QoxDN} Q |va}� |}=yv |xrLQt =D
ptar=QwDUO O} Qo Qy "CU= pwYLt|}=}t}W w|m} R}i C=YNWt Qou=Wv %O} Qo �
=Q VR=OQB |=yu=tR w |}=}t}W '|}=tO C=YNWt xm OQ=O |YNWt |O}rwD
xm u=WO} Qo ltmx@ |R=UOqwi OL=w CqwYLt "OyO|t u=Wv xrLQt Qy QO

"OvwW|t h} QaD 'CU= pwYLt C}i}m Qou=}@ Ck}kL QO
OvwW|t |QoxDN} Q sy =@ w xDUw}B Qw]x@ xm =ySQ=W R= |}xawtHt %14xDN} Q �
|QoxDN} Q w |R=UOqwi |Ov@u=tR QOCk}kL QO "OvyO|t =Q xDN} Ql} p}mWD
p}mWD |}=yO} Qo xawtHt R= xwQo Qy xm Ov=xOW h} QaD |Q=m |}=yxwQo xDUw}B
|}=ySQ=W "CU= Q}PBu=mt= xDN} Q l} QO sy =@ =yu; uOW Ov}=Qi u=mt= xm xOW
"OvW=@ =Q=O =Q |YNWt |vi |=yC}OwOLt O}=@ OvQ}o|t Q=Qk xwQo l} QO xm
QO xm |}=ySQ=W pm O=OaD 'OvW=@ Qo}Om} =@ x@=Wt O}=@ =ySQ=W O} Qo p=Ft u=wvax@
|}=ySQ=W p} wLD u=tR u}vJty w OQ=O |YNWt GvQl} OvQ}o|t Q=Qk xwQol}

"OW=@ l}ORv sy x@ u=mt= OL =D O}=@ OvQ}o|t Q=Qk xwQo l} QO xm
"CU= xDUw}B |QoxDN} Q w |R=UOqwi OL=w |}=yv pwYLt %swr@ �

|Oa@ SQ=W ẁQW =D |r@k SQ=W p}tmD u=tR u}@ |v=tR hqDN= %15Q=_Dv= u=tR �
u=tR =Q} R &Ovm Rw=HD |YNWt Q=Okt R= O}=@v u=tR u}= "CU= u}W=t l} |wQ
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"""|
R=UO

qwi
OL=

w|
Ov@u

=tR
|xi

OyO
vJ

pOt
|x�

=Q=

sti;j;k � xi0;j;k � sti0;j;k � xi;j;k + Ti0;j;k � xi0;j;k
+si;j;k � xi;j;k � xi0;j;k; for i = 1; :::; I; i0 < i;

j = 1; :::; 4; k = 1; :::; k(j) (3)Xk(j+1)

k=1 sti;j+1;k�Xk(j)

k=1 sti;j;k �
Xk(j)

k=1(Ti;j;k � xi;j;k)

+tj ; for i = 1; :::; I; j = 1; 2; 3 (4)Xk(4)

k=1 sti;4;k�
Xk(3)

k=1 sti;3;k �
Xk(3)

k=1 (Ti;3;k � xi;3;k)� t3
� mw; for i = 1; :::I (5)X3

j=1(
Xk(j+1)

k=1 sti;j+1;k �Xk(j)

k=1 sti;j;k

�Xk(j)

k=1 (Ti;j;k � xi;j;k)� tj) � mtw;

for i = 1; :::I (6)Xk(j)

k=1 xi;j;k = 1; for i = 1; :::I; j = 1; :::; 4 (7)

sti;j;k � xi;j;k �M ; for i = 1; :::I; j = 1; :::; 4;

k = 1; :::; k(j) (8)

stf(g;p);4;k � stf(g;p�1);4;k � (xf(g;p�1);4;k � Tf(g;p�1);4;k) = 0;

for g = 1; :::; G; p = 2; :::; pg; k = 1; :::; k(4)

(9)

xi;j;k = 0 or 1; for i = 1; :::I; j = 1; :::; 4;

k = 1; :::; k(j) (10)

sti;j;k � 0; for i = 1; :::I; j = 1; :::; 4;

k = 1; :::; k(j) (11)

`@=D wO R= 'xDUw}B |QoxDN} Q w |R=UOqwi |Ov@u=tR |=Q@ jwi |xDi=}xaUwD pOt
p}mWD �2 x]@=Q� OQmQ}O uOQm xv}tm w �1 x]@=Q� OQmOwR uOQm s}v}t pt=W hOy
w OQmOwR uwO@ �swr@� OL=w u}= pwYLt xm CU= |v=tR p;xO}= Cr=L "CU= xDi=}
Q_v QO hOy `@=wD Qo}O CQ=@a x@ "OwW xO=O p} wLD �OQwv� |Oa@ OL=w x@ OQmQ}O
wO u}= uOQm xv}tm =@ "Ovm|t |R} Qxt=vQ@ =Q C=WQ=iU `kwt x@ p} wLD xOW xDiQo
R= xm |Qo}O |=yxv} Ry xm O@=}|t Vy=m OQmQ}O w OQmOwR |=yxv} Ry =yvD xv Q=}at
R}v CU= C}iQ_ R= xO=iDU= sOa |=yxv} Ry w |OwHwt |=yxv} Ry =yu; u} QDsyt

"O@=}|t Vy=m
QYLvt C=YNWt xm CU= |}xvwox@ 'xOW x�=Q= |[=} Q pOt |=yC}OwOLt
x�=Q= |[=} Q pOt QO �3� C}OwOLt "OyO|t u=Wv =Q |O}rwD sDU}U u}= OQi x@
u}= =@ Ck}kL QO "CU= u}W=t l} |wQ Q@ SQ=W wO u}@ \=@DQ= x@ \w@ Qt xOW
Q}PBu=mt= |O}rwD pL=Qt R=l} Qy |wQ Q@ |Qo}O R=TB |m} =yQ=m |r=wDC}OwOLt
xrLQt Qy QO "OyO|t u=Wv =Q xrLQt wO u}@ \=@DQ= �4� C}OwOLt "OW Oy=wN
OvDUy TQDUO QO xrLQt u; QO xm |}=yu}W=t R= s=Om Qy |wQ Ov=wD|t s=i SQ=W
|xrLQt |wQ s=i SQ=W Ov}=Qi ẁQW u}@ |v=tR xrY=i QO Cr=L u}= QO "OwW Ov}=Qi
w CQwY j |xrLQt QO i SQ=W Ov}=Qi O}=@ s=j + 1 |xrLQt |wQ u; ẁQW =D s=j
u}= x@ �5� C}OwOLt "OwW s=Hv= R}v Oa@ |xrLQt x@ SQ=W u}= |}=H@=H u}vJty
u}}aD |=tO pk=OL uDW=O 'SQ=W Qy |QoxDN} Q s=Hv= |=Q@ xm OQ=O xQ=W= ?r]t
Ov}=Qi R= p@k SQ=W |=tO xm ?r]t u}= Ck}kL QO "CU= |QwQ[ Q=}U@ xOW

uDiQo Q_v QO u}=Q@=v@ "Ow@ Oy=wN R=}v |R=UxO=t; u=tR '�xwQotyQ}e O} Qo � Qo}O
"CU= |QwQ[ �xDN} Q� xDUO l} R= p@k |R=UxO=t; |=yu=tR

�xDN} Q� xwQo l} |=ySQ=W u}@ �|QoxDN} Q `=]kv=� |QoxDN} Q u}W=t |Q=m}@ �
"CU}v R=Ht

|=yxv} Ry xH}Dv QO w =tOCi= x@ QHvt =yOv}=Qi u}@ SQ=Wl} Q=_Dv= whkwD u=tR �
"OwW|t SQ=W |=tO V}=Ri= CyH |i=[=

'OQ}o Q=Qk Q_v Ot O}=@ xr�Ut u}= QO xm |}=yC}OwOLt w h=Oy= x@ xHwD =@
%OvwW|t h} QaD Q} R KQW x@ xr�Ut |=yQDt=Q=B

u=}@ =Q =ySQ=W pm O=OaD I xm CU=ySQ=W |t=tD xawtHt i = f1; 2; :::; Ig
&Ovm|t

OL=w QO |O}rwD pL=Qt Ck}kL QO "CU= pL=Qt T}Ov= j = f1; 2; 3; 4g
|xQwm '|m} QDmr= Twk |xQwm %CU= xrLQt 4 xDUw}B |QoxDN} Q w |R=UOqwi
|QoxDN} Q '�VOD� <qN QO |}=ORuS}Um = w �VD� <qN QO |}=ORR=o '|r}D=B

&xDUw}B
&OyO|t u=Wv =Q j |xrLQt QO OwHwt |=yu}W=t O=OaD k(j)

&CU= �s=g xwQo � |xDN} Q QO SQ=W u}t=p Qou=}@ f(g; p)

&CU= g |xDN} Q QO =ySQ=W O=OaD pg
&=yxDN} Q O=OaDG

&s=i SQ=W p} wLD u=tR di
&s=i SQ=W QD`} QU p}tmD x@ \w@ Qt |xv} Ry C1i
&s=i SQ=W s=ovyQ}O p}tmD x@ \w@ Qt xv} Ry C2i

&s=K u}W=t |wQ j |xrLQt QO i SQ=W Ov}=Qi u=tR Tijk
&(j + 1) Oa@ |xrLQt x@ j |xrLQt R= p=kDv= w pkv u=tR tj

u}rw= s=i SQ=W xJv=vJ "CU= s=j |xrLQt |wQ s=i SQ=W |R=UxO=t; u=tR sij
|R=UxO=t; u=tR OW=@ �|QoxDN} Q u}W=t� j = 4 w �xDN} Q� xDUO l} QO SQ=W

&OwW|t QiY =@ Q@=Q@ sij CQwYu}= Q}e QO &CU= R=}v OQwt
&|QoxDN} Q R= p@k SQ=W l} R=Ht Q=_Dv= u=tR xv}W}@ mw

&Ov}=Qi |=yDv= =D =OD@= R= SQ=W l} R=Ht Q=_Dv= u=tR xv}W}@ mtw
"CU= nQR@ |r}N |OOa M

%R= Ov=CQ=@a pOt u}= s}tYD |=yQ}eDt
&s=k u}W=t |wQ s=j |xrLQt QO s=i SQ=W Ov}=Qi ẁQW u=tR Stijk

CQwY s=k u}W=t \UwD u; s=j |xrLQt Ov}=Qi s=i VQ=iU xm |DQwY QO xijk
"OQ}o|t QiY Q=Okt CQwYu}= Q}e QO w '1 =@ Q@=Q@ OQ}o

OL=w |Ov@u=tR |=Q@ xOW |L=Q] |[=} Q pOt jwi |=yQDt=Q=B x@ xHwD =@
%R= CU= CQ=@a xDUw}B |QoxDN} Q w |R=UOqwi

minZ1 =
XI

i=1 C1i �max(0; di
�Xk(4)

k=1 (sti;4;k + xi;4;k � Ti;4;k)) (1)

minZ2 =
XI

i=1 C2i �max(0;Xk(4)

k=1(sti;4;k

+xi;4;k � Ti;4;k)� di) (2)

Subject to
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O=Sv|
aNv

|Oy
tw

|Ov
w=yv

s}U
v

"Ov};|t QO Q} R pmW x@ |]N CQwYx@ hOy
min Z1 =

XI

i=1 C1i � q1i (12)

min Z2 =
XI

i=1 C2i � q2i (13)

x@ Q} R |=yC}OwOLt �13� w �12� \@=wQ CQwYx@ hOy `@=wD uOW |]N =@
"OwW|t xi=[= xr�Ut |=yC}OwOLt xawtHt

di �Xk(4)

k=1 (sti;4;k + xi;4;k � Ti;4;k) � q1i (14)Xk(4)

k=1 (sti;4;k + xi;4;k � Ti;4;k)� di � q2i (15)

q1i � 0 (16)

q2i � 0 (17)

C}OwOLt &CU= xOW xOW xO=O xaUwD pOt uOW |]NQ}e x@ QHvt xm |twO pt=a
|r=wDt SQ=W wO u}@ \=@DQ= 'OW xQ=W= R}v ,q@k xm u=vJ C}OwOLt u}= "CU= �3�
C}OwOLt u}= Ck}kL QO "OyO|t u=Wv =Q OvwW|t Ov}=Qi u}W=t l} |wQ xm
x@ |r@k SQ=W Ov}=Qi xm OwW ẁQW |v=tR SQ=W l} Ov}=Qi xm u}= x@ OwW|t QHvt
|=Q@ "ODi}v j=iD= SQ=W wO uOW Ov}=Qi QO pN=OD =} |v=WwBty w OW=@ xO}UQ s=tD=
C}OwOLt u} Ro}=H =Q Q} R |]N C}OwOLt u=wD|t C}OwOLt u}= uOQm |]N

"OQm �3�

sti;j;k � sti0;j;k + Ti0;j;k � xi0;j;k + si;j;k � xi;j;k
�M(1� xi0;j;k + 1� xi;j;k); for i = 1; :::; I;

i0 < i; j = 1; :::; 4; k = 1; :::; k(j) (18)

|]N C}OwOLt u}= "CU= nQR@ |r}N OOa l} u=wvax@ M �18� C}OwOLt QO
'jwi pmW x@ pw= C}OwOLt w hOy `@=wD Q}}eD =@ "CU= |r@k C}OwOLt =@ pO=at

"OW Oy=wN p}O@D |]N pmW x@ xOW xO=O xaUwD pOt

xOW xO=O xaUwD pOt pL |SwrwODt "4
|QoxDN} Q w |R=UOqwi OL=w |Ov@u=tR xOW xO=O xaUwD xiOy OvJ pOt R= xO=iDU= =@
QO SQ=W Qy Ov}=Qi xm OwW|t XNWt |Ov@u=tR u}= QO "OwW|t s=Hv= xDUw}B
u}= u=}=B w ẁQW u=tR Qo}O hQ] R= w OQ}o CQwY u}W=t s=Om |wQ xrLQt Qy
"OUQ@ umtt pk=OL x@ =ySQ=W OQmQ}O w OQmOwR hOy `@=wD =D &OW=@ `kwt xJ Ov}=Qi
xaUwD pOt uOw@ xiOy OvJ uOQm ^=Lr &|O=yvW}B |SwrwODt QO C}ty= R�=L xDmv
xaUwD pOt Q=vm QO j}kLD u}= |=y|Qw;wv R= |m} Ck}kL QO "CU= xOW xO=O
CyH xOW x�=Q= xiOy OvJ pOt Q=DN=U =@ ?U=vDt |tD} Qwor= |L=Q] &xOW xO=O
|xrLQt QO "CU= xOW |L=Q] xrLQt wO QO |O=yvW}B sD} Qwor= "CU= u; pL
w xN=W x}=B Q@ xOW x�=Q= |Q=mD@= sD} Qwor= x}=B Q@ �20\rUtQ}e |=y?=wH� pw=
w C} wrw= swO |xrLQt QO "OvwW|t xQ}NP D xawtHt QO w xOt; CUO x@ 'u=Qm
xawtHt u}@ R= �21QDQ@ ?=wH� w XNWt \rUtQ}e |=y?=wH R= l} Qy x@DQ
X}YND l}vmD R= Qw_vt u}= |=Q@ "OwW|t G=QNDU= D xawtHt |=y?=wH
xOW xDN=OQB =yR=i u}= R= l} Qy K}[wD x@ xt=O= QO "CU= xOW xO=iDU= |]N

"CU=

R�=L Q=}U@ 'Ovmv =O}B Vy=m |v}at OL R= 'OL R= V}@ hkwD QF= QO |QoxDN} Q
|xrLQt QO uOW Ov}=Qi CyH s=i SQ=W Q=_Dv= u=R}t Qw_vt u}ty x@ "CU= C}ty=
'xOW xO=O u=Wv mw =@ C}OwOLt u}= QO xm |YNWt Q=Okt R= xDUw}B |QoxDN} Q
R= w SQ=W |=tO Vy=m Ea=@ 'OL R= V}@ hkwD CQwYu}= Q}e QO "Ovm Rw=HD O}=@v
u; |QoxDN} Q u=mt= xm |}xvwox@ &xOW SQ=W |}=}t}W w |m} R}i X=wN uDiQ u}@
x@ =Q?U=vt |=tO =D OOQoR=@ p@k pL=Qt x@ =OOHt '|QoxDN} Q |=Q@ O}=@ w OQ=Ov OwHw
C}OwOLt "OQ}o Q=Qk |UQQ@ OQwt =OOHt R}v u; |}=}t}W C=YNWt w xOQw; CUO
|R=UOqwi |O}rwD sDU}U QO SQ=W Q=_Dv= u=tR ẁtHt C}OwOLt x@ xQ=W= '�6�
x]U=w x@ hQ] l} R= |O}rwD sDU}U QO SQ=W Q=_Dv= "OQ=O xDUw}B |QoxDN} Q w
Q@xv} Ry x]U=w x@ Qo}O hQ] R= w SQ=W |}=}t}W w |m} R}i C=YNWt QO Q}}eD
?U=vt &OQ}o|t Q=Qk sDU}U QO xm |Om =Q x}=tQU w C=WQ=iU p} wLD QO Q}N=D uOw@
u}}aD u=R}t R= |O}rwD pL=Qt x}rm QO i SQ=W Q=_Dv= u=tR ẁtHt u}=Q@=v@ "CU}v
'xrLQt Qy QO xm Ovm|t u}t[D '�7� C}OwOLt "Ovm Rw=HD O}=@v (mtw) xOW
xm OyO|t u=Wv C}OwOLt u}= Qo}O CQ=@a x@ "OQ}o@ CQwY =tDL SQ=W l} Ov}=Qi
C}OwOLt "OQ}o|t CQwY u}W=t l} \UwD =tDL s=j |xrLQt QO s=i SQ=W Ov}=Qi
|wQ Q@ s=j |xrLQtQO s=i SQ=W Ov}=Qi xm |DQwY QO xm OQ=O xQ=W= xDmv u}= x@ �8�
Ov}=Qi u}= s=Hv= |=Q@ ẁQW u=tR �OW=@ l} =@ Q@=Q@ xijk� OQ}o CQwY s=k u}W=t
u=tR w xOW QiY xijk CQwYu}= Q}e QO �OQ}o|t Q=Okt stijk� OwW|t h} QaD
"�OwW|t QiY =@ Q@=Q@ stijk� OwW|tv u}}aD Q_v OQwt SQ=W Ov}=Qi |=Q@ |awQW
C}OwOLt "CU= xOW h} QaD nQR@ OOa l} u=wvax@ M OOa C}OwOLt u}= QO
R= |}xawtHt 'OW xQ=W= R}v ,q@k xm u=vJ "OQ=O xQ=W= =ySQ=W |Ov@xDUO x@ �9�
xDUOl} QO OvDUy |}=}t}W w |m} R}i Q_v R= |y@=Wt C=YNWt |=Q=O xm =ySQ=W
|QoxDN} Q QO "OvwW|t xDN=vW �xDN} Q� l} u=wva CLD w OvQ}o|t Q=Qk xwQo =}
&OvQ}o s=Hv= hkwD uwO@ w |r=wDt Qw]x@ O}=@ xDN} Q l} QO OwHwt |=ySQ=W 'xDUw}B
Z} waD w OOHt |R=UxO=t; Q@ |v@t |}q=@ Q=}U@ |=yxv} Ry CQwYu}= Q}e QO
|=ySQ=W |QoxDN} Q u}@ O}=@ Qw_vt u}= |=Q@ "OW Oy=wN p}tLD sDU}U x@ V}Ov=D
SQ=W u}t=p ẁQW u=tR Qo}O CQ=@a x@ "OwWv O=H}= |}xikw xDUO l} QO OwHwt
"OW=@ Q@=Q@ s=g xwQo QO OwHwt SQ=W u}t= �p-1�xtD=N u=tR =@ O}=@ s=g xDN} Q QO
C}OwOLt C}=yv QO "CU=yxijk uOw@ l} w QiY |xOvyOu=Wv �10� C}OwOLt
u=tR Qo}O CQ=@a x@ =} stijk |=yQ}eDt xm CU= ?r]t u}= xOvvm u=}@ �11�
QiY |w=Ut QDnQR@ Q}O=kt j |xrLQt QO k u}W=t |wQ s=i SQ=W Ov}=Qi ẁQW

"OvQ}o|t
18�MZONLP�l} w QiY|=yQ}eDt =@|@}mQD|]NQ}e|R} Qxt=vQ@l}jwipOt
xOW xO=O xaUwD pOt p}O@D 'pL uOW QDxO=U |=Q@ Oa@ VN@ QO xt=O= QO "CU=
Oy=wN K} QWD 19�MZOLP� l} w QiY |=yQ}eDt =@ |@}mQD |]N pOt l} x@

"OW

xOW xO=O xaUwD pOt |R=U |]N "3
pOt QDxO=U w QD`} QU pL u=mt= 'xOW xO=O xaUwD pOt uOQm |]N =@ CU= |y}O@
w hOy `@=wD "1 %pt=a wO x]U=w x@ xOW x�=Q= pOt uOw@ |]NQ}e "OwW|t QU}t
|]N CyH pt=a wO u}= R= l} Qy |UQQ@ x@ wQu}= R= "CU= pw= C}OwOLt "2

"s} R=OQB|t =yu; uOQm
|mtm |=yQ}eDt |R=Uu}Wv=H =@ 'hOy `@=D uOw@ |]NQ}e |va} pw= pt=a
`@=wD Cr=L u}= QO "OwW|t hQ]Q@ 'hOy `@=wD Max C=Q=@a |=H x@ q2i wq1i
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=Q=|=Q@ Q_v OQwt |xrLQt QO xm CU= |iOy `@=wD Q}O=kt |xOvyOu=Wv Z2 w Z1 �
"CU= xOW x@U=Lt xr�Ut

u=wvax@ |UQQ@ OQwt |xrLQt =D xm CU= |}=y?=wH |xOvQ}oQ@ QOD |xawtHt �
"Ov=xOW |}=U=vW \rUt Q}e |=y?=wH

D xawtHt |=[a= x@ \w@ Qt |=yZ2 w =yZ1 Q=Okt Qou=Wv Z2D w Z1D �
"CU=

u=Qm w |Ov@xN=W sD} Qwor= |=ys=o jwi QO xOW h} QaD |=yQDt=Q=B x@ xHwD =@
x�=Q= xt=O= QO xDUw}B |QoxDN} Q w |R=UOqwi |Ov@u=tR |xr�Ut |=Q@ xOW |L=Q]

%CU= xOW
|=yQ}eDt x}rm w |yD =Q S1 w S0 |xawtHt xrLQt u}= QO %|D=tOkt |xrLQt "1
Q=Okt u}vJty xrLQt u}= QO "s}yO|t Q=Qk S� |xawtHt QO =Q 1 w QiY
w Z1 |x}rw= Q=Okt xm u}= x@ xHwD =@ "OwW u}}aD O}=@ R}v Z2 w Z1 |x}rw=
u}= |x}rw= Q=Okt QOkQy xm CU= |y}O@ 'CU= sD} Qwor= u}= |q=@ OL Z2
"Ow@ Oy=wN |QDsm u=tR hQY sRrDUt xr�Ut pL 'OW=@ QDlJwm =yQDt=Q=B
Vkv sD} Qwor= |}=Q=m QO x}rw= |q=@ OL u}}aD |=Q@ |Q=my=Q |x�=Q= u}=Q@=v@
sD} Qwor= l} |x�=Q= =@ �"1"1"4 VN@ QO� xt=O= QO xm OQm Oy=wN =i}= =Q |tyt

"OwW|t u}}aD Q=Okt u}= |Q=mD@=
LP (S0; S1; S�) |]N |xr�Ut %xOW xO=U |xr�Ut ?=wH uOQw; CUO x@ "2
`@=wD R= l} Qy |=Q@ =RHt CQwYx@ |]N |R} Qxt=vQ@ pL |=yVwQ ltmx@
|vOWv hOy `@=wD R= |m} |=Q@ xOt; CUO x@ ?=wH Qo = "OwW|t pL hOy
QO sy =@ �S1 w S0 |=[a=� xijk xOW C@=F Q}O=kt ?}mQD Cr=L u}= QO 'OW=@
EL@ OQwt xQo wQu}= R= "OW Oy=wNv |vDUUo ?=wH x@ QHvt RoQy w xOw@ O=[D
sD} Qwor= wQu}= R= "CU}v sRq xrLQt u}= R= QDW}@ |xN=W w xO}UQ jta x@
l} Qy |=Q@ u}}=B OL l} CQwYu}= Q}e QO "OW Oy=wN pkDvt sHvB s=o x@
xOW pY=L xDUw}B |QoxDN} Q w |R=UOqwi |Ov@u=tR |xr�Ut hOy `@=wD R=

"CU=
pL R= xOt; CUO x@ ?=wH |}xrLQt QO Qo = %xrLQt l} uO}UQ jta x@ uwtR; "3
|xawtHt |=yZ1 Q=Okt R= pw= hOy `@=D |=Q@ LP (S0; S1; S�) |xr�Ut
xOt; CUO x@ ?=wH |}xrLQt QO =} 'OW=@ |w=Ut =} QDnQR@ (Z1D) D

|=yZ2 Q=Okt R= swO hOy `@=D |=Q@ LP (S0; S1; S�) |xr�Ut pL R=
C@=F Q}O=kt R= |rai ?}mQD 'OW=@ |w=Ut =} QDnQR@ (Z2D) D |xawtHt
|xawtHt |=yZ2 w =yZ1 R= QDy@ ?=wH x@ QHvt RoQy S1 w S0 QO xOW
|=yQ}eDt QDW}@ uOQmC@=F Qw_vtx@ |Ov@xN=W xvwoQy wQu}= R= "OW Oy=wNv D
&OW Oy=wN Z2 w Z1 u} QDsm =@ hOy Q}O=kt x@ QHvt xijk (ijk 2 S�)
wQu}= R= "Ow@ Oy=wNv QDsm D |xawtHt |=yZ2 w=yZ1 R= ,=a]k Q=Okt u}=
"CiQ Oy=wN sQ=yJ s=o x@ sD} Qwor= CQwYu}= Q}e QO "CiQ sHvB s=o x@ O}=@
w xOW C@=F =yxijk s=tD x=ov; 'OW=@ xOv=tv |k=@ S� QO |Q}eDt Qo = %|Ov@xN=W "4
R= pY=L Z2 w Z1 CQwY u}= QO "CU= xOt; CUO x@ ?U=vt |vOW ?=wH
|xawtHt w xQ}NP x]w@ Qt |=yQ}eDt Q}O=kt w xi=[=D |xawtHt x@ xrLQt u}=
|}=[a= xm CU=vat u}O@ D |xawtHt uOW RwQx@ "OW Oy=wN RwQx@ R}v D
hPL xawtHt u}= R= OvwW|t ?wret Z2 w Z1 \UwD xm D |xawtHt R=
u}@ R= CQwYu}= Q}e QO "O@=}|t xt=O= sHvB s=o =@ sD} Qwor= TBU "OW Oy=wN
Q=Qk 1 =@ Q@=Q@ xijk w ?=NDv= =yijk R= |m} S� |xawtHt x@ jraDt |=yijk

sD} Qwor= ltmx@ \rUt Q}e |=y?=wH |wHwCUH %pw= R=i "1"4
u=Qm w xN=W |x}=B Q@ |Q=mD@=

|] xm CUwHwCUH |x} wQ l} �� O}OLD w ?=aWv= �� u=Qm w xN=W sD} Qwor=
K}LY OOa |R} Qxt=vQ@ |xr�Ut Qy |]N |R} Qxt=vQ@ x@ \w@ Qt xHwt |xk]vt 'u;
OOa |=y?=wH OwHw u=mt= w xOW s}UkD QDlJwm j]=vt x@ |B QO |B Qw]x@
sD} Qwor=l} u=Qm w xN=W sD} Qwor=Ck}kLQO "OwW|t|UQQ@ j]=vt u; QO K}LY
O}=@ xm =Q |}=yxQo O=OaD u}}=B u=Qm w q=@ u=Qm j} Q] R= xm CU= |vt[ VQ=tW
xt=O= QO w R=e; |�RH ?=wH l} =@ sD} Qwor= "Ovm|t pQDvm OvQ}o Q=Qk |UQQ@ OQwt
QO =D Ovm|t p}tmD =Q pY=L ?=wH xrLQt Qy QO �|vRxN=W� ?=aWv= l}vmD =@
x@ =yxQo |t=tD xm CU= |v=tR sD} Qwor= hkwD "O@=} CUO ?U=vt ?=wH x@ C}=yv

[16]"OvW=@ xDi=} CUO pt=m ?=wH x@ =} xO}UQ jta
�|R=Uxv}tm p�=Ut QO� u}}=B u=Qm l} xrLQt Qy QO xOt; CUO x@ ?=wH
'Ot; Oy=wN OwHw x@ ?=aWv= l}vmD =@ xt=O= QO xm |r�=Ut =Q} R 'CU= xr�Ut |=Q@
?=wH wQu}= R= "OQ=O xrLQt u}= QO xOt;CUO x@ ?=wH x@C@Uv |QDW}@C}OwOLt
q=@ u=Qm [18]"CW=O Oy=wN |QDW}@ Q=Okt |DQ=@a x@ =} QDO@ =yu; |=Q@ xOt; CUO x@
"CU= xOt; CUO x@ sD} Qwor= R= xrLQt u; =D xm CU= |vOW ?=wH u} QDy@ Qou=}@
uOw@ K}LY OOa |=yC}OwOLt xOt; CUO x@ ?=wH |}xrLQt QO Qo = Ck}kL QO
xO=O VWwB ,=t=tD R}v =Q �=yQ}eDt uOw@ 1 w QiY 'EL@ OQwt |xr�Ut QO� =yQ}eDt
u} QDy@ R= ?=wH u}= xm |DQwY QO "CU= xOW pY=L |vOW ?=wH l} &OW=@
CUO x@ ?=wH =@ q=@ OL OW=@ QDy@ �q=@ OL� xrLQt u}= =D xOt; CUO x@ ?=wH
|vRxN=W |xt=O= QO xm |vOW |=y?=wH Qo}O CQ=@ax@ "OW Oy=wN RwQ x@ xOt;
'OvW=@ �QDlJwm � QDy@ xOt; CUO x@ |q=@ OL R= xm |DQwY QO OW Oy=wN pY=L

[17]"OW Ovy=wN u} Ro}=H O}OH |q=@ OL u=wvax@ w xDiQ}PB
OL=w |Ov@u=tR |xiOyOvJ pOt pL |=Q@ |O=yvW}B |SwrwODt |x�=Q= Qw_vtx@

%CU= xOW h} QaD Q} R |=yQDt=Q=B 'pw= R=i QO xDUw}B |QoxDN} Q w |R=UOqwi
S0 = fijkjxi;j;k is fixed to 0g �
S1 = fijkjxi;j;k is fixed to 1g �

S� = fijkjxi;j;k is still undecidedg �
|=Q@ xOW x�=Q= pOt x@ \w@ Qt |22xOWxO=U |xr�Ut LP (S0; S1; S�)

%OyO|t u=Wv =Q xDUw}B |QoxDN} Q w |R=UOqwi |Ov@u=tR
min Z1(sti;j;k; xi;j;k)

min Z2(sti;j;k; xi;j;k)

s:t :

(x; st) 2 c
st � 0
xi;j;k = 0; (ijk 2 S0)

xi;j;k = 1; (ijk 2 S1)

0 � xi;j;k � 1; (ijk 2 S�)
pL xm OyO|t u=Wv =Q xiOyOvJ |]N |R} Qxt=vQ@ l} jwi |R} Qxt=vQ@ |xr�Ut
|R} Qxt=vQ@ G}=Q |=yVwQ ltmx@ '=RHt CQwYx@ hOy `@=wD R= l} Qy |=Q@ u;

"CU=QH= p@=k |]N
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"OwW|t ^=Lr =yu; |=Q@ QiY Q=Okt TBU 'OvQ}o|t 1 Q=Okt =OD@= =yQ}eDt xOW
"OwW ?=NDv= Ov=wD|t R}v 1 TBU w QiY =OD@= 'Qo}O |}=yQ=my=Q QO xJQo =

23j}ta pw= |wHwCUH CQwYx@ xOW x�=Q= sD} Qwor= xm u}= x@ xHwD =@ ��
OwW|t Q=QkQ@ |v=tR |O=yvW}B sD} Qwor= QO hkwD \QW u}=Q@=v@ Ovm|t pta
|}xN=W xm |v=tR Ck}kL QO "OvW=@ w[a R= |r=N S0 w S1 |=yxawtHt xm
C=}rta u}= xJv=vJ "OwW|t s=Hv= CWoQ@ C=}rta sD} Qwor= QO OUQ@ jta x@
|t=tD xm s}@=}|tQO 'OwW S0 w S1 |=yxawtHt uOW |r=N x@ QHvt CWoQ@

"CU= xDiQo Q=Qk |UQQ@ OQwt sRq |=yCr=L
xOW x�=Q= sD} Qwor= |=Q@ ?U=vt |24x}rw= |q=@ OL l} |x�=Q= "1"1"4

x@ =yxN=W xm |}=yx=Q R= |m} xmCU= u; QO?U=vt |x}rw= |q=@ OL |x�=Q=C}ty=
|xr�Ut QO "CUq=@ OL R= xrLQt u; QO pY=L ?=wH uOW QDnQR@ 'OvUQ|t jta
QOkQy xm CU= |y}O@ 'Ov=xOW |R=Uxv}tm hOy `@=wD xm u}= x@ xHwD =@ EL@ OQwt
|QDsm C=@=aWv= 'xH}Dv QO w OvUQ|t jta x@ QDOwR =yxN=W 'OW=@ QDlJwm OL u}=
"OW Oy=wN |QDx=Dwm pL u=tR x@ QHvt QDsm C=@=aWv= C}=yv QO w OQ}o|t CQwY
VwQ l} T=U=Q@ �x}rw= Z2 w Z1� x}rw= |q=@ OL '|O=yvW}B sD} Qwor= QO
Twk |xQwm pL=Qt QO OwHwt |=yu}W=t |wQ =ySQ=W |oOvm =QB� Q@ |vD@t |Q=mD@=
|QoxDN} Q |va} |}=yv |xrLQt |wQ =yxDUO |oOvm =QB w swU |xrLQt =D |m} QDmr=
C=YNWt T=U=Q@ |Q=mD@= VwQ u}= |L=Q] x@ xHwD =@ "CU= xOW |L=Q] �xDUw}B
x@ ?=wH uOw@ |vOW 'xDUw}B |QoxDN} Q w |R=UOqwi |Ov@u=tR |xr�Ut X=N
|}=yv |xrLQt |=yu}W=t |wQ =yxDUO |R=UxOvm =QB "OwW|t u}t[D xOt; CUO
|xrLQt =D |m} QDmr= Twk |xQwm pL=Qt |=yu}W=t |wQ =ySQ=W |R=UxOvm =QB w
|Q=mD@= VwQ Ck}kL QO "Ovm|t u}t-=D =Q xDi=} xaUwD pOt |=yC}OwOLt 'swU
uOw@ |vOW =yvDxv 'R=i u}= QO xOW |L=Q] sD} Qwor= |=Q@ x}rw= |q=@ OL |x@U=Lt
QO |aU 'hOy `@=wD uDiQo Q_v QO =@ xmr@ Ovm|t u}t[D =Q xOt; CUO x@ ?=wH
x@ ?=wH QOkQy xm =QJ "OQ=O |ov}y@ Q_v x]kv R= ?U=vt ?=wH uOQw; CUO x@
uO}UQ |=Q@ xm |rL=Qt O=OaD xm CU= |y}O@ 'OW=@ QDl}ORv xv}y@ x@ xOt; CUO

[16]"Ow@ Oy=wN QDsm OQ}o CQwY O}=@ xv}y@ ?=wH x@
Qy QO xm CU= u=vJ xrLQt Qy QO OwHwt |=yu}W=t |wQ =ySQ=W |oOvm =QB
"OQ}o|t CQwY xrLQt u; QO OwHwt |=yu}W=t x@?}DQDx@ =ySQ=WX}YND xrLQt
|wQ ?}DQDx@ =ySQ=W 'OW=@ QDW}@ =yu}W=t O=OaD R= =ySQ=W O=OaD xm |DQwY QO
R= ,=OOHt |Oa@ SQ=W TBU "OvwW QB =yu}W=t |xty =D OvwW|t xOvm =QB =yu}W=t
j = 1; 2; 3 |=Q@ Qw_vt u}= |=Q@ xOW x�=Q= sD} Qwor= "OwW|t ẁQW pw= u}W=t

%R= CU= CQ=@a
x@ O}=@ xm OwW|t xDiQo Q_v QO |}=ySQ=W R= pmWDt U |xawtHt %1 s=o
u=W|r=wD T=U=Q@ xawtHt u}= QO =ySQ=W "Ov@=} X}YND j |xrLQt |=yu}W=t

"OwW|t ^=Lr k = 1 u}vJty "OvwW|t QkDUt
"O@=}|t X}YND s=k u}W=t x@ U |xawtHt SQ=W u}rw= %2 s=o

"OwW|t hPL U |xawtHt R= xDi=} X}YND SQ=W %3 s=o
sD} Qwor= 'k � k(j) Qo = "(k = k + 1) OwW|t xi=[= k x@ OL=w l} %4 s=o
k(j)� OwQ|t �5 s=o � |Oa@ s=o x@ sD} Qwor= CQwYu}= Q}e QO OwQ|t 2 s=o x@

"�CU= s=j |xrLQt |=yu}W=t O=OaD Qou=Wv
"OwW|t x@U=Lt s=k u}W=t |=Q@ �k = 1; :::; k(j) u; QO xm � CkQDt=Q=B %5 s=o

u}= |}=Q=m Q@ R}v uOWxN=W CyH ?U=vt Q}eDt ?=NDv= |xwLv "OwW|t xO=O
QO "OW Oy=wN xO=O K}[wD �"3"1"4 VN@ QO� xt=O= QO xm OQ=O Q}F-=D sD} Qwor=
"OwW|t pkDvt S1 |xawtHt x@ S� |xawtHt R= xOW ?=NDv= Q}eDt Ck}kL

"Ci=} Oy=wN xt=O= swO s=o =@ sD} Qwor= TBU
"OwW|t xDiQo Q_v QO 'xrLQt u} QN; QO xOW C@=F xijk Q}eDt %CWoR=@ "5

u}= 'OvW=@ |r=N S1 w S0 |va} OW=@ xDW=Ov OwHw Q}eDt u}= xm |DQwY QO �
"CU= xDiQo Q=Qk |UQQ@ OQwt =yCr=L |t=tD Ck}kL QO xm CU=vat u=O@
u=Wv =Q \rUt Q}e |=y?=wH D |xawtHt w xDi=} xtD=N sD} Qwor= u}=Q@=v@

"OwW|t hkwDt sD} Qwor= u}=Q@=v@ "O=O Oy=wN
OW=@ 1 =@ Q@=Q@ u; Q=Okt Qo = 'OW=@ xDW=O OwHw xijk Q}eDt xm |Dr=L QO =t= �
x@ S1 R= ijk Qo}O CQ=@ax@ "O@=}|t Q}}eD QiY x@ Q=Okt u}= (ijk 2 S1)
Q}eDt Q=Okt Qo = =t= "O@=}|t xt=O= sD} Qwor= swO s=o =@ w OwW|t pkDvt S0
OQwt Q}eDt |=Q@ 1 w QiY Cr=L wO Qy (ijk 2 S0) OW=@ QiY =@ Q@=Q@
ẁQW 1 =@ sD} Qwor= u}= QO Q}eDt |yOQ=Okt =Q} R &CU= xOW |UQQ@ EL@

R= ijk |va} O@=}|t Q}}eD Q=Okt uwO@ Cr=L x@ Q}eDt u}= wQ u}= R= "OwW|t
"OwW|t Q=QmD ,=OOHt sHvB s=o w OwW|t pkDvt S� x@ S0

O}=@ xOW x�=Q= pOt pL Qw_vtx@ jwi |=ys=o |Q}oQ=mx@ QO xm |D=mv xrtH R=
%x@ CW=O xQ=W= u=wD|t CiQo Q_v QO

|=Q@ xOt; CUO x@ Q=Okt CU= umtt LP (S0; S1; S�) |xr�Ut pL s=ovy ��
CU=vat u}O@ Cr=L u}= ẁkw "OW=@ 1 =} QiY Q=Okt ,=k}kO ijk 2 S� |t=tD
Cr=L u}= QO "CU= xOW pY=L xDi=} xaUwD pOt |=Q@ |vOW ?=wH l} xm
u}= QO sD} Qwor= w CU}v sRq xrLQt u}= |=Q@ sQ=yJ s=o ltmx@ |Ov@xN=W
xrLQt u}= QO xOt; CUO x@ Z2 w Z1 Ck}kL QO "CU= xO}UQ jta x@ xrLQt
R}v D |xawtHt w xQ}NP x]w@ Qt |=yQ}eDt Q}O=kt w xi=[= D |xawtHt x@

"OQ}o|t CQwY CWoR=@ pta sHvB s=o j} Q] R= w OW Oy=wN RwQx@
hOy `@=D Qy |=Q@� xiOylD|]N |R} Qxt=vQ@ wO wHwCUHCNQO R= xQo Qy QO ��
|=Q@ xiOylD |]N |R} Qxt=vQ@ |xr�Ut pL |=R=x@ "OwW|t pL �=RHt Qw]x@
Qw]u}ty w OwW|t x@U=Lt (Z2) swO hOy `@=D Q=Okt (Z1) pw= hOy `@=D
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Intel(R) xOvR=OQB C=YNWt =@ |}xv=}=Q R= xO=iDU= =@ w ?rDt \}Lt QO xOW
s=Hv= x_i=LC}=@ =o}o 7 w 7 RwOv} w 'RDQy=o}o 2 4 'Core(TM) i5�2430M

"CU= xOW
xOW xO=O u=Wv |vRxN=W |=Q@ xOW x�=Q= |=y|SD=QDU= u}@ xU}=kt 3 pmW QO
|QDsm |=yxQo O=OaD |UQQ@ =@ sQ=yJ |SD=QDU= OwW|t xOy=Wt xm u=vJ "CU=
Oa@ "CU= xOW |L=Q] =yOv}=Qi u=tR T=U=Q@ |SD=QDU= u}= "OUQ|t ?=wH x@
|Ov@u=tR |xiOyOvJ pOt pL |=Q@ |Oa@ ?U=vt |SD=QDU= 'sQ=yJ |SD=QDU= R=
|SD=QDU=� =yxDUO w =ySQ=W |oOvm =QB |SD=QDU= u=ty xDUw}B |QoxDN} Q w |R=UOqwi

"CU= �sHvB
�3 pmW� |QD?U=vt OQmrta R= |vRxN=W sQ=yJ |SD=QDU= xm u}= x@ xHwD =@
xO=iDU= |SD=QDU= u}= R= xOW pL |=yp=Ft QO xt=O= QO wQu}= R= 'CU= Q=OQwNQ@
\rUtQ}e |=y?=wH |x@U=Lt QO xOW |UQQ@ |=yxQo O=OaD 1 pwOH "CU= xOW
QO u=Qm w xN=W Q@ |vD@t xOW x�=Q= |SwrwODt R= xO=iDU= =@ =Q xOW xQ=W= |=yp=Ft
|=Q@ xOW x@U=Lt |=yxQo O=OaD 'xOt; pwOH u}= QO xm u=vJ "OyO|t u=Wv 'pw= R=i
|xOvyOu=Wv ?r]t u}= w 'CU= sm Q=}U@ \rUt Q}e |=y?=wH uOQw; CUO x@
Q}e |=y?=wH uOQw; CUO x@ |=Q@ R=i u}= QO |O=yvW}B sD} Qwor= ?U=vt OQmrta
pL u=tR OW=@ QDsm |D=@U=Lt |=yxQo O=OaD xJQy xm CU= |y}O@ "CU= \rUt

"Ci=} Oy=wN Vy=m xr�Ut
CUO x@ |=Q@ |O=yvW}B sD} Qwor= OQmrta O};|tQ@ R}v 1 pwOH R= xm u=vJ
"CU=?U=vt Q=}U@ |D=@U=Lt |=yxQo O=OaD x@ xHwD =@\rUtQ}e |=y?=wH uOQw;
QO xOW x�=Q= sD} Qwor= T=U=Q@ 1 pwOH QO |D=@U=Lt |=yxQo O=OaD Ck}kL QO
n� CU= (2n+1 � 2) =@ Q@=Q@ xm wHwCUH CNQO QO =yxQo pm O=OaD =@ xU}=kt
OQmrta Qou=Wv xmCU= |R}J=v Q=}U@ Q=Okt �CU= 1 w QiY |=yQ}eDt O=OaD Qou=Wv
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"pw= R=i QO |O=yvW}B |SwrwODt R= pY=L G}=Dv "1 pwOH
=@ =y?=wH |Ov@x@DQ x@ \rUt Q}e |=y?=wH xawtHt sD} Qwor= pL u=tR pL u=tR |=yxQo O=OaD =yu}W=t O=OaD O=OaD xQ=tW
swO R=i R= xO=iDU= (Z1; Z2) pw= R=i R= xOt; CUO �x}v=F� |O=yvW}B �x}v=F� Lingo xOW |UQQ@ xrLQt Qy QO =ySQ=W xr�Ut

(A2; A1)
(0 0000e+ 008; 1 8566e+ 008); 0 77 4 00 34 2 5 1
(1 8101e+ 008; 0 0000e+ 008)

(A2; A1)
(0 0000e+ 008; 1 7649e+ 008); 3 21 17 01 98 3 5 2
(2 3695e+ 008; 0 0000e+ 008)

(A2; A1)
(0 0000e+ 008; 2 2465e+ 008); 7 33 37 38 286 4 5 3
(2 1946e+ 008; 0 0000e+ 008)

(A2; A1)
(0 0000e+ 008; 2 7244e+ 008); 9 47 58 71 358 2 6 4
(4 7788e+ 008; 0 0000e+ 008)

(A2; A1; A5; A3; A4)

(1 9362e� 011; 2 3585e+ 008);

9 13 59 35 404 3 6 5
(4 1395e+ 008; 1 0193e� 016);

(5 5478e� 016; 3 9333e+ 008);

(2 9164e+ 008; 2 4125e� 012);

(2 9765e+ 008; 2 1887e� 013)

(A2; A1)
(0 0000e+ 008; 2 8009e+ 008); 19 14 132 07 802 4 6 6
(3 9004e+ 008; 0 0000e+ 008)

(A4; A1; A2; A3)

(6 8297e� 018; 7 3394e+ 008);

20 36 187 31 848 2 7 7(1 3396e+ 009; 6 4881e� 015);

(1 9077e� 012; 6 7237e+ 008);

(1 4732e+ 009; 1 4567e� 018);

(A2; A1; A3)

(4 7036e� 013; 3 8082e+ 008);

21 75 206 63 910 3 7 8(3 7302e+ 008; 5 9832e� 017);

(1 3135e� 016; 6 7397e+ 008);

(A2; A1)
(0 0000e+ 008; 5 1469e+ 008); 23 31 230 77 978 4 7 9
(6 6486e+ 008; 0 0000e+ 008)

(A2; A1)
(0 0000e+ 008; 6 4648e+ 008); 23 82 242 96 1054 2 8 10
(3 9148e+ 008; 0 0000e+ 008)

(A1; A2; A3)

(1 2726e� 016; 8 1163e+ 008);

105 94 1112 37 4688 3 8 11(6 3143e+ 008; 5 2156e� 012);

(8 8892e+ 008; 1 3356e� 017)

(A2; A1)
(0 0000e+ 012; 1 9455e+ 012); 115 73 1261 46 5121 4 8 12
(7 7104e+ 008; 0 0000e+ 009)

(A2; A1)
(0 0000e+ 008; 8 0470e+ 008) 106 28 1509 18 4703 2 9 13
(0 1152e+ 012; 0 0000e+ 012)

(A2; A1)
(0 0000e+ 010; 5 9862e+ 010); 119 8 1737 1 5257 3 9 14
(6 0445e+ 010; 0 0000e+ 010)

(A2; A1)
(0 0000e+ 010; 8 3057e+ 010); 104 78 1561 22 4552 4 9 15
(4 3106e+ 010; 0 0000e+ 010)

(A2; A1)
(0 0000e+ 011; 3 8065e+ 011); 96 27 1944 65 4239 2 10 16
(2 7403e+ 011; 0 0000e+ 011)

(A2; A1)
(0 0000e+ 012; 1 4605e+ 012); 107 63 2217 18 4680 3 10 17
(0 1144e+ 012; 0 0000e+ 012)

(A2; A1)
(0 0000e+ 011; 0 9992e+ 011); 104 18 2166 94 4709 4 10 18
(5 1760e+ 011; 0 0000e+ 011)
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(w2 = 0 5; w1 = 0 5)hOy `@=wD R=l} Qy|=Q@ xOW xDiQo Q_v QO uRw x@ xHwD =@
%OW Oy=wN p}mWD u}vJ jwi pwOH T=U=Q@ `HQt T} QD=t0BBBBBBB@

0 0 5 0 0 5 0
0 5 0 0 0 0 5
0 5 0 0 0 0 5
0 0 1 0 0
0 0 5 0 0 5 0

1CCCCCCCA
%Q} R |]N |R} Qxt=vQ@ ltmx@ =y?=wH |Ov@x@DQ %swU s=o

Max (0 5h12 + 0 5h13 + 0 5h21 + 0 5h25 + 0 5h31 + 0 5h35

+ h43 + 0 5h52 + 0 5h54)

s:t :

h11 + h12 + h13 + h14 + h15 = 1
h21 + h22 + h23 + h24 + h25 = 1
h31 + h32 + h33 + h34 + h35 = 1
h41 + h42 + h43 + h44 + h45 = 1
h51 + h52 + h53 + h54 + h55 = 1
h11 + h21 + h31 + h41 + h51 = 1
h12 + h22 + h32 + h42 + h52 = 1
h13 + h23 + h33 + h43 + h53 = 1
h14 + h24 + h34 + h44 + h54 = 1
h15 + h25 + h35 + h45 + h55 = 1
hik = 0 or 1; i = 1; :: 5; k = 1; :::; 5

%O};|t CUO x@ u}vJ H� T} QD=t jwi |]N |R} Qxt=vQ@ pL =@

H� =

0BBBBBBB@
0 1 0 0 0
1 0 0 0 0
0 0 0 0 1
0 0 1 0 0
0 0 0 1 0

1CCCCCCCA
%O};|t CUO x@ \rUt Q}e |=y?=wH |x@DQ A w H� T} QD=t wO ?Q[ =@

H�:A =

0BBBBBBB@
0 1 0 0 0
1 0 0 0 0
0 0 0 0 1
0 0 1 0 0
0 0 0 1 0

1CCCCCCCA �
0BBBBBBB@

A1
A2
A3
A4
A5

1CCCCCCCA
= (A2; A1; A5; A3; A4)

CU= CQ=@a Ovm ?=NDv= O}=@ xOvQ}os}tYD xm |QDQ@ ?=wH jwi |Ov@x@DQ x@ xHwD =@
%R=

A2 = (4 1395e+ 008; 1 0193e� 016)

CQwY |=y|Ov@u=tR R= |m} |=Q@ 'pw= R=i QO |O=yvW}B sD} Qwor= ltmx@ xr�Ut
Q=DiQ xm CU= SQ=W 5 =@ p=Ft x@ \w@ Qt |Ov@u=tR u}= "CU= xOW xO=O u=Wv xDiQo
wHwCUH CNQO |=yxQo |DQ=@ax@ =} =yQ=QmD R= l} Qy QO =Q swO w pw= hOy `@=wD

"OyO|t u=Wv
swO R=i ltmx@ xm =Q \rUtQ}e |=y?=wH |Ov@x@DQ '1 pwOH QN; uwDU
R}v ,q@k xm u=vJ Qw_vt u}= |=Q@ "OyO|t u=Wv xOt; CUO x@ |O=yvW}B |SwrwODt
OQi =OD@= Qw_vt u}= |=Q@ "CU= xOW xO=iDU= |]N X}YND l}vmD R= OW xQ=W=
x@ hOy `@=wD R= s=OmQy uRw |DQ=@ax@ =} C}ty= xm Ovm XNWt O}=@ xOvQ}os}tYD
ZQi xDiQo CQwY |OQwt |xar=]t x@ xHwD =@ Qw_vt u}= |=Q@ "CU= u=R}t xJ
C}ty=� w1 wQu}= R= "OvQ=OQwNQ@ |v=Um} C}ty= xHQO R= hOy `@=D wO Qy xm xOW
xDiQo Q_v QO 0 5 =@ Q@=Q@ wO Qy �swO hOy `@=D C}ty=� w2 R}v w �pw= hOy `@=D

"CU= xOW
xt=O= QO 'swO R=i QO |O=yvW}B sD} Qwor= OQmrta |xwLv uOW QDuWwQ |=Q@
xOW xQ=W= xvwtv |=Q@ l}miD x@ sHvB p=Ft QO QDQ@ ?=wH uOt; CUO x@ |=ys=o
u}W=t 3 pL=Qt R= l} Qy QO xm |Dr=L QO SQ=W 6 |Ov@u=tR p=Ft u}= QO "CU=
CU= xk}kO 1440 u=tR SQ=W 6 u}= p} wLD Oawt "CU= Q_v Ot OW=@ xDW=O OwHw
xDN} Q wO QO SQ=W 6 u}= "Ovm|t XNWt =Q |Q=m RwQ l} |=yDv= C}kLQO xm
'4 |=ySQ=W w pw= |xDN} Q QO 3 w 2 '1 |=ySQ=W xm |}xvwox@ Ov=xOW |Ov@xDUO

"Ov=xDiQo Q=Qk swO |xDN} Q QO 6 w 5
w OQmOwR hOy `@=wD Q_vx]kv R= \rUtQ}e |=y?=wH R= l} Qy |x@DQ %pw= s=o

"OwW|t u}}aD Q} R CQwYx@ OQmQ}O
OQmQ}O hOy `@=D OQmOwR hOy `@=D

A2 A3 x@DQ u}rw=
A5 A1 x@DQ u}twO
A4 A4 x@DQ u}twU
A1 A5 x@DQ u}tQ=yJ
A3 A2 x@DQ u}tHvB

%u; QO xm
A1 = (1 9362e� 011; 2 3585e+ 008);

A2 = (4 1395e+ 008; 1 0193e� 016);

A3 = (5 5478e� 016; 3 9333e+ 008);

A4 = (2 9164e+ 008; 2 4125e� 012);

A5 = (2 9765e+ 008; 2 1887e� 013)

%pw= s=o C=aq]= x@ xHwD =@ `HQt T} QD=t p}mWD %swO s=o
x@DQ

sHvB sQ=yJ swU swO pw=
0 1 0 1 0 A1
1 0 0 0 1 A2
1 0 0 0 1 A3
0 0 2 0 0 A4
0 1 0 1 0 A5
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v x@ xHwD =@ Q=DWwv u}= "OyO|t u=Wv =Q Oqwi O}rwD Ov}=Qi ẁQW w u} R=e; s=o xm

w �swr@� |O}rwD CqwYLt `kwtx@ p} wLD Qw_vtx@ u; |Ov@u=tR x@ OL=w u}= C}ty=
|Ov@u=tR |xiOyOvJ pOt Qw_vt u}= |=Q@ "CU= xDN=OQB =yxv} Ry Vy=m xH}DvQO
hOy `@=wD "CU= xOW xO=O xaUwD |]NQ}e |[=} Q pOt l} CQwYx@ OL=w u}=
&OQmOwR |xv} Ry |R=Uxv}tm "1 %`@=D wO pt=W pOt u}= QO xOW xDiQo Q_v QO
\=@DQ= '=ySQ=W u}@ \=@DQ= |=yC}OwOLt "CU= OQmQ}O |xv} Ry |R=Uxv}tm "2
|xrLQt QO =ySQ=W uOw@ |}xDUO w p=kDv= |=yu=tR 'Q=_Dv= |=yu=tR 'pL=Qt u}@
=@ "CU= xDi=} xaUwD pOt QO xOW ^=Lr |=yC}OwOLt xrtHR= xDUw}B |QoxDN} Q
OQmQ}O |=yxv} Ry pt=W |O}rwD |=yxv} Ry �OQmQ}O� w �OQmOwR� Q=}at wO |R=Uxv}tm
C}iQ_ R= ?U=vt |xO=iDU= w sDU}U QO Q=_Dv= |=yxv} Ry w ',=t}kDUt OQmOwR w
uOQm ^=Lr =@ R}v O=wt |xDUw}B u=} QH u}vJty "O@=}|t Vy=m s}kDUt Q}e Qw]x@

"OwW|t u}t-=D xiOyOvJ hOy `@=D w =yC}OwOLt
l} x@ =Q xOW xO=O xaUwD |]NQ}e pOt xr=kt u}= QO xOW x�=Q= |=yQ=my=Q
xaUwD pOt uOQm |]N Vkv "Ovm|t p}O@D K}LY O=Oa= =@ |@}mQD |]N pOt
x@ xHwD =@ "CU= C}ty= R�=L Q=}U@ u; uOW pL QD`} QU w xO=U QO xOW xO=O
xaUwD pOt pL |=Q@ |@U=vt Q=my=Q xr=kt u}= QO 'xOW xO=O xaUwD pOt |oO}J}B
|L=Q] R=i wO QO xOW x�=Q= pL |SwrwODt Qw_vt u}= |=Q@ "CU= xOW x�=Q= xOW xO=O
w xN=W sD} Qwor= |x}=B Q@ \rUtQ}e |=y?=wH x@U=Lt x@ pw= R=i "CU= xOW
?U=vt |SD=QDU= |x�=Q= w C=@=aWv= Vy=m 'x}rw= |q=@ OL "OQ=O X=YDN= u=Qm
xaUwD pOt Q=DN=U x@ xHwD =@ sD} Qwor= |L=Q] |xwLv Q=vm QO �?=aWv=� |vRxN=W
"CU= R=i u}= QO xOW |L=Q] sD} Qwor= |xDUHQ@ |=y|oS} w xrtH R= 'xOW xO=O
\rUtQ}e |=y?=wH =D OwW|t sy=Qi xOvQ}os}tYD |=Q@ u=mt= u}= swO R=i QO
R=i u}= "Ovm ?=NDv= =Q QDQ@ ?=wH xH}Dv QO w |Ov@x@DQ =Q pw= R=i QO xOW x�=Q=
OyO|t u=Wv |D=@U=Lt G}=Dv "CU= xOW x�=Q= |]N X}YND l}vmD T=U=Q@
O=OaD =@ xOW xO=O xaUwD pOt pL 'pw= R=i QO xOW |L=Q] sD} Qwor= |=y|oS} w xm
|xwLv u}vJty |D=@U=Lt G}=Dv QO "OQw;|t sy=Qi =Q sm Q=}U@ |D=@U=Lt |=yxQo
=y?=wH |Ov@x@DQ "CU= xOW xO=O u=Wv R}v QDQ@ ?=wH ?=NDv= w =y?=wH |Ov@x@DQ
sDU}U |=yC}OwOLt x@ xHwD =@ Qo = =D OQw;|t sy=Qi xOvQ}os}tYD |=Q@ =Q u=mt= u}=
XNWt =y?=wH Qo}O ?=NDv=C} wrw= 'OW=@ xDW=Ov OwHw QDQ@ ?=wH ?=NDv= u=mt=

"OW=@
w |R=UOqwi R= Oa@ OL=w u=wvax@ OQwv OL=w |Ov@u=tR C=k}kLD |xt=O= QO
C}ty= R�=L j}kLD u}= QO xDiQo CQwY |Ov@u=tR x@ xHwD =@ xDUw}B |QoxDN} Q
|D; C=ar=]t QO Ov=wD|t R}v CavY u}= p}tmD OL=w |Ov@u=tR u; Q@ xwqa "CU=
CavY |=yOL=w |Ov@u=tR |R=UxJQ=Bl} |UQQ@ u}vJty "OQ}o Q=Qk |UQQ@ OQwt
|=y|SwrwODt |UQQ@ w j}kLD "CU= C}ty= QwNQO C=k}kLD xt=O= QO R}v Oqwi
C=k}kLD |xt=O= QO u=wD|t R}v =Q |Q=mD@==Qi w |Q=mD@= |=yVwQ |x}=B Q@ pL

"OQm p=@vO

"|O=yvW}B |SwrwODt ltmx@ 5 p=Ft |Ov@u=tR CQ=JCv=o "5 pmW

|=yQ}eDt "OvQ}o|t Q=Qk |Oa@ |=yC} wrw= QO?}DQDx@A4 wA3 'A5 'A1 |=y?=wH
=ySQ=W R= l} Qy ẁQW |=yu=tR |DQ=@ax@ =} ?=wH u}= x@ \w@ Qt (stijk) s}tYD
%R= Ov=CQ=@a pw= R=i C=@U=Lt T=U=Q@ (j) xrLQt Qy (k) |=yu}W=t |wQ (i)

st111 = 266; st212 = 375; st313 = 459; st411 = 872;
st512 = 988; st613 = 1089; st121 = 399; st222 = 498;
st323 = 587; st421 = 1001; st522 = 1100; st623 = 1207;
st131 = 453; st232 = 551; st333 = 645; st431 = 1053;
st532 = 1154; st633 = 1256; st141 = 507; st241 = 607;
st341 = 697; st442 = 1103; st542 = 1213; st642 = 1325
x�=Q= 5 pmW QO ?=wH u}= x@ \w@ Qt CQ=J Cv=o jwi s}tYD |=yQ}eDt x@ xHwD =@

"CU= xOW
|xv} Ry xOt; CUO x@ QDQ@ ?=wH QO 'OwW|t xOy=Wt 5 pmW QO xm u=vJ
'?r]t u}= p}rO "OwW|t p}tLD sDU}U x@ OQmOwR |xv} Ry =yvD w OQ=Ov OwHw OQmQ}O
|t=tD CQ=JCv=o u}= QO "CU= OQmOwR =@ xU}=kt QO jwi p=Ft QO OQmQ}O |q=@ xv} Ry
|=yu=tR 'pL=Qt u}@ \=@DQ= '=ySQ=W u}@ \=@DQ= C}OwOLt pt=W =yC}OwOLt
xty xDi=} xaUwD pOt QO xOW u}}aD |=yC}OwOLt Qo}O w p=kDv= |=yu=tR 'Q=_Dv=
|QoxDN} Q |xrLQt QO =ySQ=W uOw@ |}xDUO C}OwOLt u; Q@ xwqa "Ov=xOW C}=aQ
|=ySQ=W Ov}=Qi QO CQ=JCv=o u}= QO xm |}xvwox@ 'CU= xOW C}=aQ R}v xDUw}B
VR=OQB �xDUO wO� |}xDUO CQwYx@ =ySQ=W w xDW=Ov OwHw |ikwD 'xDN} Q l}

"Ov=xOW

|Q}oxH}Dv "6
R= "CU=yQwWm |DavY O=YDk= |=v@ nvU w `}=vY u} QDsyt R= |m} Oqwi CavY
CU= xDUw}B |QoxDN} Q w |R=UOqwi 'CavY u}= |=yOL=w u} QD|O}rm w u} QDsyt

=yCWwv=B
1. electric arc furnace (EAF)

2. ladeal furnace (LF)
3. vaccume degassing
4. vaccume oxygen degassing
5. continues casting (CC), ingot casting (IC)
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6. Hybrid Flow Shop (HFS)
7. Lagrangian relaxation
8. pairing selection
9. linear assignment
10. branch and bound
11. charge
12. Grade (gauge)
13. Bloom
14. cast
15. waiting time
16. breaking cast
17. lot planning level
18. mixed zero one non linear programming (MZONLP)
19. mixed zero one linear programming (MZOLP)
20. non-dominated solutions
21. pereferred solutions
22. relaxed problem
23. depth-�rst search
24. initial upper bound
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