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�OWQ= |U=vWQ� |wHWv=O� �|Owt xtHv

�Q=}O=DU=� M}W =[Q
OwQy=W |DavY x=oWv=O 'C} Q}Ot w `}=vY |UOvyt |xOmWv=O

OQwt xm CU= sDU}U |L=Q] QO Ovts=_v w |tra |WwQ 'C=}y}O@ Q@ |vD@t |xw}W
C}rw@kt u}= "CU= xOW `k=w |tra hrDNt |=yxDWQ QO u}kkLt w u=OvtWv=O p=@kDU=
Vr=J u} QDsyt =t= "CU= |L=Q] QO C=aq]=w pqkDU= pY= wO |Q}oQ=mx@ R= |W=v

seQ|ra 'xOW |L=Q] hrDNt |=ysDU}U u}@ R= sDU}U u} QDy@ ?=NDv= |ovwoJ u=Q}Ot
QO O=Qi= |x@ QHD w XYND w Vv=O "CU= C=}y}O@ Q@ |vD@t |L=Q]|xw}W R= xO=iDU=

"CU= xOW Cw=iDt |};Q=m w C}@ wr]t =@ |}=yKQ] O=H}= ?Hwt |L=Q] pwY= |Q}oQ=mx@
w C=aq]= pY= w pqkDU= pY= |=yXN=W T=U=Q@ xOW s=Hv= |=y|L=Q] C}@ wr]t

E@mt |xw}W R= "OwW|t u}}aD �C}at=H pY=� s=vx@ xOW |iQat O}OH XN=W
|yOR=}Dt= w xOW xO=iDU= sDU}U Q=DN=U C}@ wr]t |Q}oxR=Ov= |=Q@ |Q=R@= u=wvax@
"CU= xOW s=Hv= M-MACBETH Q=Ri=sQv ltm =@ R}v j}kLD |OQwt |xar=]t

najmehmoodi@gmail.com
resheikh@shahroodut.ac.ir "xQ=}atOvJ |Q}os}tYD 'E@mt 'C=}y}O@ Q@ |vD@t |L=Q] %|O}rm u=oS=w

xtOkt "1
xr�Ut u=}@ "2

|L=Q] QO Ovts=_v w |tra |WwQ u=wvax@ C=}y}O@ Q@ |vD@t |xw}W C}rw@kt
CU= |L=Q] QO C=aq]= pY= w pqkDU= pY= wO |Q}oQ=mx@ R= |W=v sDU}U
u} QDsyt =t= "CU= xOQm O=H}= |L=Q] |=yxw}W Q}=U =@ =Q |Q=O=vat Cw=iD xm
Q}=U u}@ R= |y}O@ pwY= OwHw =@ =Q KQ] u} QDy@ xvwoJ xm CU= u}= u=Q}Ot Vr=J
|L=Q] pwY= |Q}oQ=mx@ QO O=Qi= |x@ QHD w XYND w Vv=O "Ovvm ?=NDv= =yKQ]
VHvU |=Q@ =Pr "OwW O=H}= Cw=iDt |};Q=m w C}@ wr]t =@ |}=yKQ] =D xOW ?Hwt
pY= s=vx@ |twU XN=W R= '|y}O@ pY= wO Q@ xwqa |L=Q] Q=@Da= w C}@ wr]t
OwHwt |Q=oR=U=v '|@=} RQ= Qt= QO Qo}O |=yVr=J R= "CU= xOW xO=iDU= C}at=H
"OwW|t xO=iDU= E@mt |xw}W R= u; hPL |=Q@ xm CU= u=U=vWQ=m Cw=[k QO

C=}y}O@ Q@ |vD@t |L=Q] "1"2
|U=U= h=Oy= |D "|; "s= x=oWv=O R= C=}y}O@ Q@ |vD@t |L=Q] Q=Pou=}v@ wU"|B"sv
|=v@tQ@ |O=}v@ |x} Q_v l} w |L=Q] |=Q@ sra O=H}= =Q C=}y}O@ Q@ |vD@t |L=Q]
%CU= xOQm ẁQW p=-wU u}= =@ =Q V=xt=vQ@ Ow@y@ w= "OQm u=}@ Ovts=_v |=yOv}=Qi
'X=N pwYLt l} |=Q@ XNWt |D=}rta |=yR=}v R= |}xawtHt Qw[L QO =};�
CN=U pL=Qt R= s=oQy QO C=t}tYD V=xH}Dv xm OvQ=O OwHw |OQ@ Q=m p@=k C=}y}O@

�#OW=@

=yR=}v jkLD |=Q@ CU= |vyP |WWwm 'xOw@ QW@ |=yQ=m u} QD|t}Ok R= xm |L=Q]
|=yxRwL |xty ,=@} QkD xm CU= |UOvyt C}r=ai |awv R}v w 'umtt xHw u} QDy@ x@
=yCmQW w O=Qi= Q@ =Q |O=} R |=yxv} Ry h}a[ |L=Q] "OQ}o|t Q@ QO =Q QW@ |oOvR
XwYNQO wQ u}= R= "OW=@ Ov}=WwN=v Q=}U@ u; C=QF= CU= umtt w Ovm|t p}tLD
|irDNt |=yxw}W 'Ovm Ovts=_v =Q |L=Q] Ov}=Qi xm |wLvx@ '|SwrwODt |xaUwD
'X=wN |wHwCUH '|U=vWpmW 'CU}rlJ '1lQw Qo} QD |xw}W Q}_v ��
u}v=wk R= 'Ov=|tD} Qwor= =yxw}W u}= "CU= xOW x�=Q= �� |Qmi u=iw] w '2u)OQwo
pwY= Ok=i 'Ovvm|t C}a@D X=N |=yC}akwt QO |L=Q] |Ov@xk@] |=yVwQ =}

"OvDU}v Q}PBs}taD w Ov=|U=U=
u=tr; QO 1850 p=U QO |UOvyt |L=Q] XwYNQO Ovts=_v j}kLD u}rw=
|}=yx} Q_v '|L=Q] |=yxw}W |UQQ@ =@ u=OvtWv=O Oa@ |=yp=U QO "CiQo CQwY
w CN=OQB |L=Q] |=yxw}W `=wv= |UQQ@ x@ |k}kLD |] 3u=t pQ=O "OvO=O x�=Q=
|xw}W wO OQwtQO "O=O s=Hv= C=}y}O@ Q@ |vD@t |L=Q] w R} QD VwQ u}@ |D=U}=kt
|wovwy '4nv=}|=m \UwD R}v |Qo}O xU}=kt 'C=}y}O@ Q@ |vD@t |L=Q] w R} QD
w '7u}=wCr=}= x=oWv=O R=nv=} |=m 'OQwi|v=Btm R= 6wywD}t "CU= xOW s=Hv= 5nvS
|L=Q] |=yxw}W |xar=]t x@ R}v |}=m} Qt; xOvvmx[Qa |xUU-wt R= 8|Wwo =D u}W

[2w1]"Ov=xDN=OQB C=}y}O@ Q@ |vD@t |L=Q] w R} QD

pw�Ut xOvU} wv �
"1392 4 5 VQ}PB '1392 3 8 x}LqY= '1391 11 3 Ci=} QO %M} Q=D
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|}=yOQmrta xDU@=w KQ] xm |r=L QO 'Ovm|t <=[Q= =Q 1 |xy}O@ pkDUt KQ]
|=Q@ 'p=Ft u=wvax@ "Ovm|t Zkv =Q 1 |xy}O@ w xOQw;O}OB =yOQmrta Q}=U Q@ |vD@t
�u=} QH CaQU pQDvm pta� |Owta |=Q@ wO uDiQo Q_v QO =@ ?; Q}W l} |L=Q]

"OwW|t s=Hv= �=tO pQDvm � |ki= CmQL w
C=aq]= |xy}O@ �?

|xOvvm<=[Q= |=y|L=Q] s=tD u}@ QO xm OQ=O|t u=}@ �C=aq]=� 2 |xy}O@
u} QDy@ '|D=aq]= |=wDLt u} QDsm |w=L KQ] '�l} |xy}O@� pqkDU= |xy}O@
|=yQ=R@= u=L=Q] CU= |QwQ[ swO pY= uDN=U jkLt Qw_vtx@ "CU= |L=Q]

[10w3'1]"OvW=@ xDW=O Q=}DN= QO R}v =Q |D=aq]= |wDLt |x@U=Lt w |Q}oxR=Ov=
C}at=H pY= �G

xO=iDU= |@ wN x@ C=aq]= w pqkDU= |xy}O@ wO R= |L=Q] QO K=Q] CU= umtt
=yKQ] uOw@ pt=m w `t=H |xvt=O '|w C}kqN w Vv=O ?U=vD x@ =t= OW=@ xOQm
VHvU QO O}OH |YN=W u=wvax@ C}at=H pY= j}kLD u}= QO "CU= Cw=iDt
uDiQo Q_vQO =@ ?; Q}W |L=Q] |=Q@ p=Ft u=wvax@ "CU= xOW |iQat C}@ wr]t
�� �=tO pQDvm � |ki= CmQL w �u=} QH CaQU pQDvm pta� |Owta |=Q@ �� =Q@ wO
"Ovm xO=iDU= xOv} wW O=wt u=} QH s}_vD |=Q@ ?Qwt CmQL R= K=Q] CU= umtt
C}at=H pY= OQ@ Q=m =@ u=L=Q] Q}=U x@ C@Uv 'K=Q] Qw;wv w jqN uyP |@=} RQ=

"OwW|t s=Hv=
'C=}y}O@ Q@|vD@t|L=Q]|xw}W|xr}Uwx@ xOW|L=Q]|=ysDU}U|@=} RQ= QO
=wDLt |}=wQ u=wvax@ C=aq]= pY= 'xR=U |}=wQ XN=W |xOvvmpkDUt pY= O}=@

"O=O Q=Qk Q_v Ot =Q |mqt |}=wQ u=wvax@ C}at=H pY= w

|xw}W |=v@tQ@ |}xk@] C}@=PH |Q}oxR=Ov=� 9E@mt |xw}W "2"2
�|@=} RQ=

w xQ@N O=Qi= Q_v R= xO=iDU= 'xQ=}atOvJ |=yxw}W QO =yQ=}at u} QD|rY= R= |m}
Zk=vD Q=JO Cw=[k u}L QO CU= umtt xQ@N O=Qi= C=Q_v "CU= u=U=vWQ=m
Zk=vD x@ PROMTHEE, ELECTRE Q}_v =yxw}W R= |Q=}U@ QO "OwW
"Ov@r]|t =Q |OOa T=}kt ,=t}kDUt w xOWv |yHwD T=vWQ=m O=Qi= Cw=[k QO
|UQQ@ w |HwR C=U}=kt x@ xHwD =@ xm CU= |}=yxw}W xrtHR= AHP |xw}W
'|Q=oR=U MQv "CU= xOW Q=OQwNQ@ |O=} R p=@kDU= R= Cw=[k |Q=oR=U MQv
\UwD xOW s=Hv= |=yxU}=kt xm u}= R= uO}WN@ u=v}t]= |=Q@ CU= |Q=mwR=U
|Q=oR=U MQv xm |DQwY QO "CU= Q=OQwNQ@ |}=}=B w |Q=oR=U R= xwQo O=Qi=
VwQ QO "CiQ}PB =Q =yxU}=kt |Q=oR=U u=wD|t OW=@ 0 10 |w=Ut =} QDsm
w xOw@ Qo}Om} =@ =yxO}OB lDlD \@=wQ T=U=Q@ |Q=oR=U MQv |UQQ@ AHP

OwHw Qo}Om} x@ C@Uv =yxO}OB u}@ |Q@H \@=wQ QO |Q=oR=U=v |UQQ@ u=mt=
"OQ=Ov

|iQat l}vU}=w w =DU=m =v=@ \UwD 1990 |xyO QO xm E@mt |xw}W
|=y|Qw=O T=U=Q@ \ki xm CU= xQ=}atOvJ |Q}os}tYD p}rLD OQm} wQ l} xOW
=D Ovm|t ltm xOvQ}os}tYD x@ =yVRQ= Cw=iD |xQ=@ QO �|ywQo � |OQi� |i}m
w xOw@ xOwRi= VRQ= T=U=Q@ pOt u}= OQm} wQ "OQw; CUOx@ =Q =yxv} Ro C}@ wr]t
|=Q@ xr�Ut |@=} RQ= QO xOW u=}@ C=Q_v |xQ=@ QO p@=kDt C=Q}F-=D =@ xr@=kt u; hOy

"|Q}os}tYD wQtrk Q=yJ CW=ov "1 pmW

CU= ?wr]t xm xJv; u}@ xDUw}B |rt=aD R= CU= CQ=@a h} QaD x@=v@ |L=Q]
O}=@ C=}y}O@ Q@ |vD@t |L=Q] sDU}U l} |L=Q] QO [1]"u; x@ |@=}CUO |xwLv w

%�1 pmW� O=O Q=Qk p}rLD w x} RHD OQwt xRwL Q=yJ QO =Q xSwQB
XNWt =yv; |=y|oS} w =} u=} QDWt |=yR=}v xRwL u}= QO %u=} QDWt |xRwL "1

"OwW|t
h} QaD� =} �#CU}J KQ] hOy =} OYkt� p=-wU xRwL u}= QO %|OQmrta |xRwL "2

"OwW|t KQ]t �hOy `@=D
xRwL QO hOy `@=D <=[Q= ?Hwt xm |L=Q] |=yQDt=Q=B %|m} R}i |xRwL "3

"OwW|t u}}aD |m} R}i |xRwL QO OvwW|t |OQmrta
|@=}xv}y@ =@ xm Ov=s}tYD |=yQ}eDt u=ty |Ov}=Qi |=yQ}eDt %|Ov}=Qi |xRwL "4

[5w4w3]"OwW|t xv}y@ hOy `@=D =yv;
OwHwt |y}O@ pwY= "CU= xOW xO=iDU= |y}O@ pY= wO R= sDU}U |L=Q] QO
u=L=Q] w O=Qi= QO |r}rLD |OQm} wQ w VQovCk}kLQO C=}y}O@ Q@ |vD@t |L=Q] QO
C}=aQ "Ovvm ?=NDv= =Q |L=Q] QDt=Q=B w hOy `@=D u} QDy@ Ovv=wD@ xm Ovm|t O=H}=
\@=wQ ẁv w xOW =yC}r=ai uDiQo xO}O=v u=mt= |R=Uxv}tm ?Hwt |y}O@ pwY=

[9�6]"OR=U|t h} QaD w xOy=Wt p@=k |DL=Qx@ =Q <=RH= u}@
%|y}O@ pwY=

"O}vm u}t-=D =Q |OQmrta |=yR=}v pqkDU= %pqkDU= |xy}O@ "1
"O}vm xv}tm =Q |L=Q] C=aq]= |=wDLt %C=aq]= |xy}O@ "2

pqkDU= |xy}O@ �hr=
R= CmQL =@ '|L=Q] Ov}=Qi pw] QO xm OQ=O|t u=}@ �pqkDU= |xy}O@� 1 |xy}O@
|=yR=}v u}@ \=@DQ= '|L=Q] |=yQDt=Q=B x@ |D=}rta wQtrk QO |OQmrta |=yR=}v
|=yQDt=Q=B QO lJwm |i=QLv= xm OW=@ |}xvwox@ O}=@ |L=Q] |=yQDt=Q=B w |OQmrta
x@ =Q |L=Q] "OW=@ Q=PoQ}F-=D u; x@ \w@ Qt |OQmrta |=yR=}v Q@ =yvD X=N |L=Q]
pkDUtxt}v |L=Q] w xDU@=w |L=Q] 'pkDUt |L=Q] %O=O s=Hv= u=wD|t CQwY xU
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%CQwY u; QO &OW=@ P |wQ |vQ=kDtQ}e
(x; y)P e(z; w)) �att(x; y) > �att(z; w)

\QW |Q=QkQ@ Q@ xwqa x=ov; 'OW=@ Q=QkQ@ P; I; ?; P e |x]@=Q =yxv} Ro u}@ xJv=vJ
"OW=@ Q=QkQ@ R}v 2 \QW O}=@ '1

Condition 2 : 8x; y; z 2 X; [(x; y)P e(z; w)! �(x)� �(y)

> �(z)� �(w)]

"Cw=[k QO |Q=oR=U |UQQ@ %swU s=o
Qy |xQ=@ QO =Q OwN |=yCw=[k w C=Q_v xOvQ}os}tYD O=Qi= xm u}= R= TB
C=Q_v u}@ OwHwt |Q=oR=U uOQmXNWt 'OvOQm u=}@ xr�Ut QO OwHwt |xv} Ro GwR

%OQ}o|t CQwY xrLQt wO QO C=Q_v QO |Q=oR=U |UQQ@ "OQ=O CQwQ[
C=Q_v QO xkrL OwHw sOa uwtR; �hr=

Cw=[k QO xm OyO|t u=Wv 1 |xQ=Ro OwHw '|L}HQD C=aq]= uwtR;V}B T=U=Q@
"CU= xO=Di= j=iD= xkrL u=U=vWQ=m

X� � X; if 8x 2 X�;9 yX� such thatxPy; then 9
x1; x2; :::; xp 2 X� such that x1P x2P:::Px1(cycle):

'' : N1;n ! N1;n CWo}=H l} |wHwCUH QO uwtR;V}B `k=wQO %1xQ=Ro
%xm |Qw]x@

8i; j 2 N1;n;[i > j ) a'(i)(not P )a'(j)]: (1)

OwHw w �2 x]@=Q� xOW s=Hv= PRETEST sD} Qwor= \UwD X QY=va CWo}=H
"OwW|t XNWt pm}U

PRETEST :

1: s n;

2: among a1; a2; ::::; as �nd ai which is not preferred over

any other :

if ai exists; go to 3:;
if not; return FALSE (Sc1 = '; according to property 1);

�nish:

3: permute ai and as;

4: s s� 1 :

if s = 1; return TRUE; �nish:

if not; go to 2: (2)

|Q=oR=U=v uwtR; �?
fP; I; ?g 1 ẁv C=aq]= "CU= Cw=iDt 1�2 w 1 ẁv C=aq]= |=Q@ uwtR; u}=

%X |xQ=@ QO
&Sc1 = (X;P; I) 6= �; %OW=@v|yD QY=vau}@ |x]@=Q xm|v=tRCU= Q=oR=U ��
"Sc1 = (X;P; I) = �; %OW=@ |yD QY=va u}@ x]@=Q xm|v=tR CU= Q=oR=U=v ��

w |Ov@C} wrw= =Q Q_v OQwt |=yxv} Ro Ovv=wD@ |DL=Qx@ =D 'CU=yxv} Ro |Ov@C} wrw=
[12w11]"Ovvm ?=NDv=

w |v=Uv= |xv=kqN |=yOQm} wQ |QUl} \UwD E@mt |xw}W |iQ] R=
CUOx@ |i}m |=yxO=O xm Ovm O=H}= |]}=QW Ov=wD|t |Q=DN=U w |rt=aD |=yVwQ
QO j@=]D sOa RwQ@ CQwYQO xwqax@ "OQw;QO |tm pOt l} CQwYx@ =Q xOt;
=D OQm x�=Q= |Q=oR=U \}=QW w u}v=wk R= xO=iDU= =@ =Q |D=O=yvW}B u=wD|t =yCw=[k
|}xw}W 'E@mt |xw}W �1996� |vwDO Q_v j@] "O}; CUO x@ ?wr]t |xH}Dv
=yO}OB u}@ |Q@H \@=wQ |xQ=@ QO xOW |Ov@xk@] |=yCw=[k R= xm CU= |rt=aD
T=U=Q@ |OOa |=yT=}kt O}rwD |}=v=wD u; |Qw;wv u} QDsyt w Ovm|t xO=iDU=
u}= "OwW|t pY=L =yxv} Ro |=yC}@=PH QO Cw=iD R= xm CU= |i}m |xU}=kt
xr�Ut QO Cw=[k x@ C@Uv |QDy@ lQO =D Ovm|t ltm �|QDWt� O=Qi= x@ xw}W
=@ xU}=kt QO w 10QDOvUB Q@ Q=m E@mt |xw}W =@ xOWs=Hv= |y=wNQ_v "OvW=@ xDW=O

[13]"CU= QD`t=H OwHwt |=yxw}W Qo}O

[14]E@mt |xw}W |D=@U=Lt sD} Qwor= "3
"Cw=[k |=yQ=}at u}}aD w |@=} RQ= OQwt |=yxv} Ro |}=U=vW %pw= s=o

"u=oOvvmCw=[k R= |L}HQD C=aq]= Ci=} QO %swO s=o
C=aq]= w 1 ẁv C=aq]= CQwYx@ u=oOvvm Cw=[k R= |Di=} QO C=aq]=

"CU= 1�2 ẁv

1 ẁv C=aq]= "1"3
|} woMU=B QO xOvQ}os}tYD xm OQ=O |L}HQD C=aq]= x@ xQ=W= C=aq]= ẁv u}=
3 x@ p=-wU u}= x@ MU=B "Ovm|t u=}@ �#OQ=O |QDQ@ Y Q@ X |xv} Ro =};� p=-wU x@

"OwW|t u=}@ (P ) |QDQ@ w (I) |Q@=Q@ (?) |aq]=|@ Cr=L
P = f(x; y) 2 X �X : x is more attractive than yg
I = f(x; y) 2 X �X : x is not more attractive than y and y is

not more attractive than x; orx = yg
? = f(x; y) 2 X �X : x and y are not compatible in terms of

their attractivenessg
|=Q@ 1 C}a[w x=ov; OW=@ Q=QkQ@ P; I |x]@=Q =yxv} Ro u}@ xm|DQwYQO %3 h} QaD

"OwW|t h} QaD u;
Condition 1 :8x; y 2 X; [xPy ! �(x) > �(y)] and

[xIy ! �(x) = �(y)]

1�2 ẁv C=aq]= "2"3
,qwtat "CU= CQwY xJ x@ |QDQ@ u}= xm O}vm XNWt 'OW=@ y R= QDQ@ x Qo =
Q=}U@ '14|wk '13pO=aDt '12h}a[ '11h}a[ |r}N� xR=@ l} QO C=Q_v u}=

"OwW|t u=}@ �15|wk
|Qw]x@ 'CU= fP; I; ?; P eg Q=DN=U |=Q=O X xR=@ QO 1�2 ẁv C=aq]=
|x]@=Q |=Q=O P e w OvDUy X xR=@ QO 1 ẁv C=aq]= uwJty fP; I; ?g xm
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minx1

subject to

xp � xr = 0 8(ap; ar) 2 I with p < r

�j + 1
2 � xp � xr
8i; j 2 N1;Q with i � j; 8(ap; ar) 2 Ci;j

xp � xr � �j+1 � 1
2

8i; j 2 N1;Q�1 with i � j; 8(ap; ar) 2 Ci;j
�1 = 1

2
�i�1 + 1 � �i 8i 2 N2;Q

xi � 0 8i 2 N1;n

�i � 0 8i 2 N1;Q (6)

OwW p}O@D OQ=Ov=DU= T=}kt x@ =D OQ=O CQwQ[ 'E@mt xR=@ uOw@ Q}eDt x@ xHwD =@
T=}kt p}O@D u}= �0� u}}=B OL w �100� q=@ OL Q=Ri=sQv ZQiV}B |xvt=O QO xm

"CU= xOW xYqN 7 |x]@=Q QO |rm CQwYx@ E@mt pL=Qt "OQ}o|t CQwY
Step 1: solution of LP�MACBETH

! optimal solution x1; x2; ::::; xn

! �(a1) = x1; �(an) = xn = 0
(remark : �(a1) is unique)

Step 2: for i = 2 to n� 1

to solve max xi under

8<:Smacx1 = �(a1); :::; xi�1 = �(ai�1)

! optimal solution x1; x2; :::; xn

! xmax = xi

to solve min xi under

8<:Smacx1 = �(a1); :::; xi�1 = �(ai�1)

! optimal solution x1; x2; ::::; xn

! xmin = xi

! optimal solution x1; x2; ::::; xn

! xmin = xi

�(ai) = xmin +xmax
2

thus; (7)

|OQwt |xar=]t "4
|L=Q] |xv}tR QO xOW x�=Q= KQ] GvB u}@ R= KQ] u} QDy@ ?=NDv= j}kLD u}= hOy
xr�Ut pL |=Q@ "CU= C=}y}O@ Q@ |vD@t |xw}W T=U=Q@ ?=v |O}rwD sDU}U

C=aq]=|Q=oR=U|}=U=vW|=Q@CU= sRq '\@=wQ|oO}J}B w|oOQDUo x@ xHwD =@
(x1; x2; :::; xn) |=yQ}eDt =@ �3 x]@=Q� LP-test1 |]N |R} Qxt=vQ@ R= 1 ẁv

"OwW xO=iDU=
minx1

subject to

xi � xj � dmin 8(ai; aj) 2 P
xi � xj = 0 8(ai; aj) 2 I with i 6= j

xi � 0 8i 2 N1;n (3)

%X |xQ=@ QO fP; I; ?; P eg 1�2 ẁv C=aq]=
%OW=@v |yD QY=va u}@ |x]@=Q xm |v=tR CU= Q=oR=U ��

&Sc1+2 = (X;P; I; P e) 6= �;
%OW=@ |yD QY=va u}@ |x]@=Q xm |v=tR CU= Q=oR=U=v ��

"Sc1+2 = (X;P; I; P e) = �;
|x]@=Q� LP-Test1+2 |xt=vQ@ R= 1�2 ẁv C=aq]= |Q=oR=U |}=U=vW |=Q@
xO=iDU= X1(= �(a1)); :::; Xn(= �(an)); �1; :::; �n |=yQ}eDt =@ �4

"OwW|t
minx1

subject to

xp � xr = 0 8(ap; ar) 2 I with p < r

�j + dmin � xp � xr
8i; j 2 N1;Q with i � j; 8(ap; ar) 2 Ci;j

xp � xr � �j+1 � dmin

8i; j 2 N1;Q�1 with i � j; 8(ap; ar) 2 Ci;j
dmin � �1

�i�1 + dmin � �i 8i 2 N2;Q

xi � 0 8i 2 N1;n

�i � 0 8i 2 N1;Q (4)

"|Q=oR=U=v OwHw CQwYQO |Q=oR=U O=H}= |=Q@ |D=O=yvW}B |x�=Q= %sQ=yJ s=o
|Q=QkQ@ |=Q@ =Q C=O=yvW}B u} QDsmE@mt Q=oR=U=v |=yC}OwOLt|UQQ@ R=TB

"OyO|t x�=Q= |Q=oR=U
C=aq]= |Q=oR=U R= u=v}t]= R= Oa@ "|Di=} QO C=aq]= |OOa VRQ= %sHvB s=o
VRQ= "�5 |x]@=Q� OwW|t XNWt |UQQ@ OQwt |xv} Ro |OOa VRQ= |Di=} QO
x@U=Lt xOwRi= VRQ= pOt T=U=Q@ u; C}ty= ?} Q[ x@ xHwD =@ xv} Ro Qy |}=yv

"OwW|t

�(aj) =
nX
i=1

wi�i(gi(aj)) (5)

s=v =@ 6 |x]@=Q j@=]t |]N |R} Qxt=vQ@ R= gi(aj); � |=yQDt=Q=B Q}O=kt
"�6 |x]@=Q� OwW|t xO=iDU= =yxv} Ro|F@mt T=}kt u=}@ |=Q@ LP-MACBETH
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xtH
v

"=yT=}kt pwOH w |D=DUwtQD CQwYx@ |@=} RQ= |xH}Dv "3 Q=Owtv

"=RHt Qw]x@ XN=W Qy T=U=Q@ =yxv} Ro |Ov@ x@DQ "4 Q=Owtv

"CU= Q=OQwNQ@ |QDq=@ Q=@Da= R= �O� KQ] 'C}at=H pY= w C=aq]= pY=
� = (0 45� 100) + (0 45� 100) + (0 09� 200) = 109 10
"OwW|t xO=O V}=tv 3 Q=Owtv |m}i=Qo Q=Owtv CQwYx@ u; |HwQN 'x@U=Lt R= TB
xO=O V}=tv 4 Q=Owtv QO R}v =RHt CQwYx@ XN=W Qy T=U=Q@ KQ] Qy |Ov@x@DQ
QO w C=aq]= pY= �O� KQ] QO 'pqkDU= pY= �O� w �G� |=yKQ] QO "CU= xOW
"CU= xOQm ?Um =Q R=}Dt= u} QDq=@ =yKQ] Q}=U x@ C@Uv C}at=H pY= ��y� KQ]

|Q}oxH}Dv "5
'xOW s=Hv= |=y|L=Q] u} QDy@ ?=NDv= |=Q@ u} wv |OQm} wQ |x�=Q= xr=kt u}= hOy
|}=wQ R= O}=@ ?wr]t |L=Q] "CU= C=}y}O@ Q@ |vD@t |L=Q] |xw}W T=U=Q@
pqkDU= pY= j}kLD u}= QO "OW=@ Q=OQwNQ@ |mqt |}=wQ w =wDLt |}=wQ 'xR=U
w '=wDLt |}=wQ |Q}oxR=Ov= |=Q@ C=aq]= pY= &CU= xR=U |}=wQ |xOvyOu=Wv
xO=iDU=|mqt|}=wQ |Q}oxR=Ov= |=Q@ �C}at=H pY=� s=vx@ xOW|iQat ,=O}OH pY=
pL |=yxv} Ro w =yR=}v u}@ CW=ov C}i}m |@=} RQ= |=Q@ pqkDU= pY= "CU= xOW

w |@=} RQ= QO xrLQt u}rw= "CU= xOW xO=iDU= M-MACBETH Q=Ri=sQv R=
CU= |Q}os}tYD |=yxv} Ro w �=yXN=W� =yQ=}at u}}aD w |}=U=vW '=yKQ] |UQQ@

"�1 Q=Owtv�
C=U}=kt Q@ xwqa =Q |L}HQD C=aq]= |OwQw Q=Ri=sQv u}= xm CU= QmP x@ sRq
Ci=} QO =yXN=W R=l} Qy |=Q@|tm w|i}m Cw=[k CQwYx@ =yxv} Ro u}@|HwR
\w@ Qt C=aq]= '|i}m CQwYx@ pqkDU= pY= x@ \w@ Qt C=aq]= =Pr "Ovm|t
CQwYx@ C}at=H pY= x@ \w@ Qt C=aq]= w '|tm CQwYx@ C=aq]= pY= x@
pY= |=Q@ |L}HQD C=aq]= |OwQw xvwtv u=wvax@ "OwW|t u=}@ |HwR C=U}=kt

"CU= 2 Q=Owtv CQwYx@ C}at=H
|=y|Q=oR=U=vLP-test1+2 wLP-test1 |]N|R} Qxt=vQ@ |=ypOt|=QH= =@
T=U=Q@ =yxv} Ro|}=yv |OOa VRQ= w OwW|t `iDQt w|}=U=vW =yCw=[k QO OwHwt

%OwW|t x@U=Lt Q} R `@=D

�(aj) =
nX
i=1

wi�i(gi(aj))

'pqkDU= pY= XN=W xU R=}Dt= ẁtHt x@ xHwD =@ w 'xOW s=Hv= C=@U=Lt j@]

"C}@wr]t VHvU |=yQ=}at "1 Q=Owtv

"C}at=H XN=W u}@ \@=wQ "2 Q=Owtv
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xm CU= CNU Q=}U@ C}ak=w QO w CU= xOW pO@ CO=a x@ O=Oa= R= xO=iDU=
"OwW =yCw=[k R= |OwOLt |=yCW=OQ@

pwY= T=U=Q@ w 'E@mt Q=Ri=sQv R= xO=iDU= =@ |L=Q] C}@ wr]t |UQQ@ R= TB
KQ] C}=yv QO w xOW |Ov@x@DQ =yKQ] 'C}at=H pY= w C=}y}O@ Q@ |vD@t |L=Q]
C@Uv xv}tR u}= QO R}v E@mt |xw}W |iQ] R= "CU= xOW XNWt u; |}=wQ w QDy@

"CU= QDy@ w QD;Q=m xQ=}atOvJ |Q}os}tYD |=yxw}W Q}=U x@

=ypL x=Q |=Q@ u} Ro}=H ?=NDv=\UwD xv}y@ pL |}=U=vW QO C=aq]= pY= "CU=
xDW=O =Q C=aq]= u} QDsm xm CU= |rY= 'C=aq]= pY= `k=w QO "OQ=O OQ@ Q=m
sRq Vv=O O}=@ K=Q] OQ=O|t u=}@ xm CU= C}at=H pY= 'R}v swU pY= "OW=@
xOQm ^=Lr =Q R=}v OQwt |=yDP w FR |t=tD w OW=@ xDW=O =Q |L=Q] |xRwL QO
w OQ=O OQ@ Q=m =yxv} Ro u}@ Cw=iD |Q}oxR=Ov= |=Q@ xm CU= |OQm} wQ E@mt "OW=@
xmCU= |i}m |xU}=kt T=U=Q@ |OOa |=yT=}kt O}rwD |}=v=wD u; |Qw;wv u} QDsyt
u=}@ u=oOvQ}os}tYD |=Q@|iQ] R= "O};|tCUO x@ =yxv} Ro |=yC}@=PH QO Cw=iD R=

=yCWwv=B
1. Trigger work
2. Gordon
3. Darrell Mann
4. Kai Yang
5. Hangwei Zhang
6. Matthew Hu
7. Wayne state university
8. Shin Taguchi
9. measuring attractiveness category by evaluation technique
10. user friendly
11. very weak
12. weak
13. moderate
14. strong
15. very strong
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