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|Ov@x@DQ w |R=i C=@U=Lt '|R=i |@D=QtxrUrU p}rLD Ov}=Qi p�=Ut pL QO |rY= Vr=J
QO xm =Hv; R= "OQ=O OwHw Q=m u}= |=Q@ xm CU= |irDNt |=yVwQ R= xO=iDU= =@ |R=i O=Oa=
|R=i |i=[= C=@U=Lt x@ R=}v 'OwW|t G=QNDU= QY=va j}kO |=yuRw M=Qi p}rLD VwQ
OQ@ Q=m |O=} R Q=}U@ C=k}kLD QO uwvm =D VwQ u}= "OwQ|t u}@ R= |R=i O=Oa= |Ov@x@DQ w

"CU}v K}LY VwQ u}= |=yuRw xm OwW|t xO=O u=Wv Q[=L Q=DWwv QO =t= CU= xDW=O
Q@ |vD@t O}OH VwQ l} Q=DWwv u}= QO 'M=Qi p}rLD VwQ Xkv `iQ Qw_vtx@

|HwR C=U}=kt |=yT} QD=t R= j}kO |=yuRw G=QNDU= |=Q@ |Q=mD@==Qi |=ysD} Qwor=
Q=yJ =@ VwQ u}= '|O=yvW}B VwQ Q=@Da= uO=Ou=Wv |=Q@ u}vJty "OwW|t |iQat |R=i
|q=@ Q=@Da= |xOvyOu=Wv xrY=L G}=Dv xm xOW xU}=kt ẁ[wt C=}@O= QO OwHwt VwQ
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'xQ=}atOvJ |Q}os}tYD 'uRw Q=OQ@ '|@D=QtxrUrU p}rLD Ov}=Qi %|O}rm u=oS=w
"|Q=mD@==Qi |=ysD} Qwor=

xtOkt "1
VwQ l} Xkv u}= KqY= |=Q@ xm [5]Ovm|t ?} QND =Q =yuRw |ov}y@ |R=i
Twmatxt}v |xDi=}s}taD OQm} wQ l} 'xt=O= QO "OW x�=Q= xOW Q_vO}OHD |R=Up=tQv
|R=i LLSM VwQ l} |Oa@ C=ar=]t QO [7w6]"OW x�=Q= |R=i LLSM pL |=Q@
Cw=[k |=[i QO xrY=i XN=W l} Q@ |vD@t xOW x�=Q= VwQ =t= [8]'OW |iQat
|UO}rk= |xrY=i p=QoDv= u=wvax@ xOWO=} |xar=]t QO xrY=i XN=W "Ow@ |R=i
LLSM VwQ 'u}=Q@=v@ "Ow@ xOW h} QaD |R=i OOa wO � K]U |=yxawHt u}@
|NQ@ "Ovm|t Q=m � K]U Qy |=Q@ |}xrY=i |=yCw=[k =@ `k=w QO xOW x�=Q= |R=i
=Q xrY=L O=Oa= |R=Up=tQv w =yCw=[k |UOvy u}ov=}t Q@ |vD@t VwQ u}kkLt R=
G=QNDU= |=Q@ |R=i C=L}HQD |R} Qxt=vQ@ VwQl} [10]Qo}O |}xOa [9]"OvOQm KQ]t
|xU}=kt T} QD=t R= QY=va uRw G=QNDU= |=Q@ VwQ u}= "OvOQm x�=Q= j}kO |=yuRw
xm CU= � VQ@ hrDNt Kw]U QO |]N |[=} Q pOt pL OvtR=}v '|R=i |HwR
l} hrDNt |=yuRw pwYL x@ QHvt ?re= xmr@ 'CU= Q}oCkw Q=}U@ =yvDxv Qt= u}=
|=yQDt=Q=B R= QwmPt |[=} Q pOt QO u}vJty "OwW|t �hrDNt Kw]U QO QYva
'X=N � K]U l} QO |DL QDt=Q=B u}= Q}}eD =@ xm OwW|t xO=iDU= dk Tv=QrwD
ha[ \=kv Vy=m |=Q@ u}kkLt u}= "O};|t CUO x@ QY=va R= |irDNt |=yuRw
|R=i |Ov@C} wrw= s=vx@ |Qo}O VwQ OwN |xr=kt QO '|R=i K}HQD |R} Qxt=vQ@ VwQ
|R=i O=Oa= |=Q@ xm CU= u; VwQ u}= |rY= ha[ x]kv =t= OvOQm x�=Q= |]NQ}e
|irDNt `=wv= =@ p�=Ut pL |=Q@ |}q=@ C}at=H R= u}=Q@=v@ w xOW |L=Q] |FrFt
u; uOw@ |]N Q}e VwQ u}= Qo}O ha[ x]kv "CU}v Q=OQwNQ@ |R=i O=Oa= R=

Ow@y@ w |iQat =y|Q}os}tYD |R=UpOt |=Q@ |irDNt |=yQ=R@= 'xDWPo |=yp=U QO
h=Oy= xm |}=y|Q}os}tYD QO xQ=}atOvJ |Q}os}tYD |=yOQm} wQ w CU= xDi=}
hrDNt |=yVwQ u=}t R= "CU= xOW xDN=vW O}it Q=}U@ 'OvQ=O O=[Dt w hrDNt
|}=yVwQ xrtH R= [1]�AHP� |@D=QtxrUrU p}rLD Ov}=Qi 'xRwL u}= QO xOW x�=Q=
=@ |O=} R Q=}U@ p�=Ut w xOQm ?rH OwN x@ =Q u}kkLt R= |Q=}U@ xHwD xm CU=
[2]OwHwt C=ar=]t QO AHP |rY= |=}=Rt "CU= xOW |UQQ@ VwQ u}= R= xO=iDU=

"CU= xOW u=wva p}YiD x@
|=yCw=[k OvtR=}v 'xDW=O|O=} R Q=}U@ OQ@ Q=m uwvm =D xmAHP|x}rw= |xNUv
'|ak=w |Q}os}tYD p�=Ut QO u=v}t]= sOa w |oO}J}B x@ xHwD =@ =t= "CU= j}kO
Qo = u}=Q@=v@ "Ovm|t xwrH umttQ}e |DL =} |ak=wQ}e ,=@r=e j}kO |=yCw=[k |x�=Q=
R= 'j}kO |=yCw=[k |=Hx@ =D O=O Q=Qk xOvQ}os}tYD Q=}DN= QO =Q u=mt= u}= u=wD@
QD|rta w xv=}=Qo`k=w Q=}U@ OQ}o@ xQy@ |R=i j]vt R= xO=iDU= =@ j}kOQ}e |=yCw=[k
|R=i |HwR C=U}=kt |=yT} QD=t =@ |} wQ=} wQ |=Q@ |irDNt |=yVwQ [3]"CU=
|R=i |tD} Q=or C=a@ Qt u} QDsm VwQ R= xO=iDU= =@ 'p=Ft |=Q@ "CU= xOW KQ]t
|FrFt |R=i |HwR C=U}=kt |=yT} QD=t R= |FrFt |R=i |=yuRw '1�LLSM�
LLSM |R=Up=tQv VwQ xm O}t=Hv= xH}Dv u}= x@ Qo}O C=ar=]t [4]"OW G=QNDU=
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@|oO=U p}rOx@ u}vJty w |R=i |HwR C=U}=kt |=yT} QD=t R= |a]k |=yuRw

|=Q@ VwQ u}= =t= [21]"CU= xDiQo Q=Qk u}kkLt R= |Q=}U@ xHwD OQwt u; C=@U=Lt
?U=vt |a]k |DL w |R=i |HwR C=U}=kt |=yT} QD=t R= QY=va uRw G=QNDU=
Q=DWwv hOy u}=Q@=v@ "OwW|t |rm w |@Uv K}LY=v |=yuRw |x�=Q= x@ QHvt wCU}v
|=yT} QD=t R= j}kO |=yuRw |x�=Q= x@ QO=k xm CU= |WwQ |x�=Q= ,qw= 'Q[=L
|R=i O=Oa= |Q}oQ_vQOC}r@=k R= |Q=OQwNQ@ ut[,=}v=F &OW=@ |R=i |HwR C=U}=kt
QO hrDNt |R=i O=Oa= ?}mQD w |}xR=@ '|}xkvRwPx@W '|FrFtx@W '|}xkvRwP '|FrFt

"Ovm hQ]Q@ |OL =D R}v =Q |r@k |=yVwQ Cq=mW= 'xr�Ut l}
xOWO=H}= |=]N 2 VN@ QO %CU= xOW |yOu=tR=U u}vJ xr=kt u}= Q=DN=U
x�=Q= |a]k |=yVwQ R= xDiQoQ@ |R=i |HwR C=U}=kt |=yT} QD=t uDN=U QF= Q@
|R=Uxv}y@ pOt 4VN@ QO "OR=OQB|t M=Qip}rLDVwQ|QovR=@ x@ 3VN@ "OwW|t
6 VN@ "OwW|t O=yvW}B |R=i O=Oa= |R=Ux}@W |=Q@ |WwQ 5 VN@ QO w |R=i
|=yp=Ft 7 VN@ QO w xDi=} X=YDN= uRw G=QNDU= |O=yvW}B sD} Qwor= K} QWD x@
x@ R}v 8 VN@ "CU= xOW x�=Q= |O=yvW}B sD} Qwor= OQmrta uO=Ou=Wv |=Q@ |OOa

"OQ=O X=YDN= VywSB u}= |rm |Q}oxH}Dv

|R=i |HwR C=U}=kt |=yT} QD=t "2
|=yVwQ R= xDiQoQ@ xm Twmat |=yx}=QO =@ |R=i |=yT} QD=t uDN=U OQm} wQ
OQm} wQ u}= [10]"OwW|t QHvt Cq=mW= |NQ@ RwQ@ x@ 'CU= |a]k |Ov@C} wrw=
|=Q@ "OQwN|t sWJ x@ 'M=Qi p}rLD VwQ Q}_v 'u}W}B |=yVwQ R= |Q=}U@ QO
|k}kL OOa xU \UwD xm O} Q}o@ Q_v QO =Q |FrFt |R=i OOa l} xr�Ut u}= K} QWD
C=YNWt =@ � ~N(x) |xDUw}B C} w[a `@=D |=Q=O w xOW h} QaD a � b � c

%CU= Q} R
&CU= [0; 1] |xDU@ xR=@ Q@ < |xDUw}B CW=ov l} |=Q=O "1

&x 2 [c;+1] |t=tD |=Q@ w x 2 [�1; a] |t=tD |=Q@ � ~N(x) = 0 "2
&CU= |rwRv ,=O}m = [b; c] xR=@ QO w '|OwaY ,=O}m = [a; b] xR=@ QO "3

"x = b |=Q@ � ~N(x) = 1 "4
QO =Q w = (w1; w2; :::; wn)T swrat=v C} wrw= n =@ |Ov@C} wrw= |xr�Ut
|FrFt |R=i O=Oa= \UwD |HwR |}xU}=kt |=yCw=[k xm |Qw]x@ 'O} Q}o@ Q_v
OW KQ]t QDV}B xm |}=yVwQ R= |Q=}U@ "OW=@ xOW u=}@ aij = (lij ;mij ; uij)

OvtR=}v xQ}e w M=Qi p}rLD VwQ '|R=i LLSM |=yQ_v O}OHD '|R=i LLSM Ovv=t
|xU}=kt T} QD=t uDN=U |=Q@ Cw=[k m = n(n � 1)=2 pt=m |xawtHt

%OvDUy ~A = f~aijg |HwR

~A =

26666664
1 ~a12 : : : ~a1n

~a21 1 � � � ~a2n
...

...
. . .

...

~an1 ~an2 � � � 1

37777775 (1)

CN=U VwQ u}= "~aji = 1=~aij = (1=uij ; 1=mij ; 1=lij) xm |Qw]x@
'CU= |a]k |Ov@C} wrw= |=yVwQ R= xDiQoQ@ xm |HwR |xU}=kt pt=m T} QD=t

"OwW|t p�=Ut |NQ@ RwQ@ x@ QHvt

\@=wQ '|]N Q}e |R=i |Ov@C} wrw= VwQ QO xOW x�=Q= pOt QO xm =Hv; R= "CU=
pL 'CU}v ?OLt ,=twRr ?=wH |=[i w OQ=O OwHw =yC}OwOLt QO |]N Q}e
|rLt |xv}y@ |=y?=wH uOQw; CUO x@ u=mt= w CU}v Q}PBu=mt= |oO=Ux@ pOt

"CU= O=} R Q=}U@ �|QU=DQU |xv}y@ ?=wH |=Hx@�
[11]'C=QP s=LOR=|R=Uxv}y@sD} Qwor= R= xO=iDU= =@ uRwG=QNDU=|O=yvW}BVwQ
=Q |FrFt ,=iQY |R=i |HwR C=U}=kt |=yT} QD=t R= QY=va uRw G=QNDU= C}r@=k
|NQ@ C=ar=]t QO xm [4]u}W}B |xOWx�=Q= |=yVwQ [3]'|Oa@ C=k}kLD QO "OQ=O
xm OvDi=} QO u}kkLt '|QovR=@ u}= QO "OW |QovR=@ [5]Ow@ xOW KqY= u}kkLt R=
pL O}kt=v |R=Uxv}y@ pOt l} CQwYx@ xW}ty Ov=wD|tv |R=i LLSM VwQ
V}q=@ OL R= QDnQR@ Q=HvyQ}e |R=i uRw l} u}}=B OL xm |t=ovy u}vJty "OwW
G=QNDU= |=Q@ xm |WwQ "CU}v |@U=vt VwQ xOW KQ]t uOQm|Q=Hvy VwQ 'OW=@
|R} Qxt=vQ@ pOt OvJ Q@ |vD@t [12]OW x�=Q= |}xR=@ C=L}HQD R= |}xR=@ |=yuRw
R= "OW|t x@U=Lt |}xR=@ |=yuRw '|]N |R} Qxt=vQ@ |=ypOt pL =@ w Ow@ |]N
|=Q@ |O}OH OQm} wQ 'Q}PB`tH |R=i C=L}HQD \@=wQ h} QaD |=v@tQ@ Qo}O |wU
|R} Qxt=vQ@ |=ypOt |NQ@ Qw_vtu}O@ [13]"OW x�=Q= uRw |=yQ=OQ@ uOQw; CUO x@
Q}PB`tH |R=i C=L}HQD Q=oR=U=v =} Q=oR=U\@=wQ R=|}xR=@ |=yuRw O}rwD |=Q@|]N
|x]@=Q l} |Q=oR=U sOa =} |Q=oR=U x@ uOQ@ |B |=Q@ xm |OQm} wQ QO "OW O=yvW}B
\@=wQ R= |}xR=@ uRw Q=OQ@ G=QNDU= |=Q@ |WwQ [14]OW x�=Q= |}xR=@ |R=i K}HQD
u}@ \@=wQ u}kkLt R= |NQ@ "CU= xOW x�=Q= R}v |}xR=@ |R=i C=L}HQD Q=oR=U
[15]"OvOQm x�=Q= =Q |atH |}xR=@ |R=i C=L}HQD w |@ Q[ |}xR=@ |R=i C=L}HQD
C=L}HQD p}O@D \UwD |}xR=@ |=yuRw G=QNDU= |=Q@ =yv; 'O}OH \@=wQ T=U=Q@
Q=oR=U C=aq]= |Qw;`tH '|atH |}xR=@ |R=i C=L}HQD x@ |@ Q[ |}xR=@ |R=i
|}xR=@ |=yuRw |x@U=Lt R}v w '|@ Q[ Q=oR=U C=aq]= x@ OOHt p}O@D '|atH

"OvOQm x�=Q= O}OH |WwQ
Q=Qk |UQQ@ OQwt |}xR=@ |R=i K}HQD \@=wQ |Q=oR=U Qo}O |}xar=]t QO
s=tD |R=Uxv}tm Q@ |vD@t wO xHQO |R} Qxt=vQ@ pOt l} =OD@= Qw_vtu}O@ [16]"CiQo
uDN=U |=Q@ OQm} wQ wOTBU "OW x�=Q= ?=wH R=|}xR=@ |R=i K}HQD\@=wQ C=i=QLv=
|OQi |Q=oR=U u}@ |x]@=Q w 'x�=Q= |atH w |@ Q[ |}xR=@ |R=i K}HQD \@=wQ
"OW KQ]t |}xR=@ |R=i K}HQD \@=wQ |atH |Q=oR=U w |}xR=@ |R=i K}HQD \@=wQ
|v=@ R K}HQD \@=wQ R= '|Q=oR=U=v Vy=m Qw_vtx@ u}kkLt [17]Qo}O |}xar=]t QO
|=Q@ |WwQ w OvOQm xO=iDU= |HwR |xU}=kt T} QD=t l} CN=U Qw_vtx@ |R=i

"OvOQm x�=Q= uRw G=QNDU=
|=yT} QD=t |=Q@ 'xOW KQ]t |=yVwQ ?re= QO OwW|t xOy=Wt xm u=vJ
C=}rta R=TB w Ovvm|t s=Ok= |R=i|=yuRwG=QNDU= x@C@Uv |R=i|HwRC=U}=kt
|R=i |=yxawtHt =} |R=i OOa CQwYx@ u=vJty =yw}D=vQDr; |}=yv |=yuRw '`}tHD
O=Oa= s}UkD w ?Q[ '`tH C=}rta R= |O=} R sHL p}rOx@ "Ov=t Ovy=wN |k=@
'u}= Q@ uwRi= "OvQ=O Qo}Om} =@ |O=} R |v=WwBsy ?re= |}=yv |R=i |=yuRw '|R=i
x@ |DL CU= umtt OQ=O OQ@ Q=m =yVwQ u}= R= |NQ@ QO xm |R=i |R=Up=tQv VwQ
\Uw OL R= xOW p=tQv |q=@ OL xm |Qw]x@ 'Ot=Hv}@ |k]vtQ}e |}=yv |=yR=}Dt=
|=yVwQ [18w5]"OW=@ QDsm u}}=B OL R= xOW p=tQv \Uw OL w 'QDsm xOW p=tQv
OvtR=}v =yw}D=vQDr; |}=yv |Ov@x@DQ uOQm XNWt |=Q@ q=@ QO xOWKQ]t |Ov@C} wrw=
hrDNt |=yVwQ =t= 'OvDUy |R=i |}=yv |=yuRw |Ov@x@DQ |i=[= |=yVwQ

[19]"OwW hrDNt |=y|Ov@x@DQ x@ QHvt CU= umtt |R=i O=Oa= |Ov@x@DQ
|=yuRw G=QNDU= Qw_vtx@ M=Qi p}rLD VwQ 'xOW KQ]t Xk=wv Q@ x@re |=Q@
G=QNDU= p}rOx@ xm [20]OW x�=Q= |FrFt |R=i |HwR C=U}=kt |=yT} QD=t R= |a]k
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|tW
DLt

|ra Q@H C=}rta R= xO=iDU= =@ =Q ~A |R=i |HwR |xU}=kt T} QD=t Q]U Qy �hr=
%O}vm |Q@H `tH '|R=i

RSi =
nX
j=1

~aij =

 
nX
j=1

lij ;
nX
j=1

mij ;
nX
j=1

uij

!
; i = 1; :::; n

(3)

%O}vm Q=Hvyx@ =Q jwi |Q]U `tH �?

~Si = RSi
nP
j=1

RSj
=

0BB@
nP
j=1

lij

nP
k=1

nP
j=1

ukj
;

nP
j=1

mij

nP
k=1

nP
j=1

mkj

;

nP
j=1

uij

nP
k=1

nP
j=1

lkj

1CCA
(4)

%O}vm x@U=Lt 5 |x]@=Q R= xO=iDU= =@ =Q ~Si � ~Sj |Q}PBu=mt= |xHQO �G
V ( ~Si � ~Sj) =8>>>><>>>>:

1; if mi � mj ;
ui�lj

(ui�mi)+(mj�lj) ; if lj � ui;
0; others;

i; j = 1; 2; :::; n

(5)

|xHQO h} QaD " ~Sj = (lj ;mj ; uj) w ~Si = (li;mi; ui) xm |Qw]x@
"CU= xOW xO=O u=Wv 1 pmW QO |Q}PBu=mt=

|R=i OOa (n� 1) |xty |w=Ut =} QDnQR@ ~Si xm u}= |Q}PBu=mt= |xHQO �O
%O}vm x@U=Lt =Q OW=@ Qo}O

V
�

~Si � ~Sj jj = 1; :::; n; j 6= i
�

= min
j2f1;:::;ng;j 6=iV ( ~Si � ~Sj);

i = 1; :::; n (6)

|xU}=kt T} QD=t |=Q@ w = (w1; w2; :::; wn)T uRw Q=OQ@ C}=yv QO ��y
%O}vm x@U=Lt =Q ~A |R=i |HwR

wi =
V
�

~Si � ~Sj jj = 1; :::; n; j 6= i
�

nP
k=1

V
�

~Sk � ~Sj jj = 1; :::; n; j 6= k
� ; i = 1; :::; n

(7)

M=Qi p}rLD VwQ \UwD K}LY=v |=y|Q}os}tYD w =yuRw "1"3
=yvD u; QO xm O} Q}o@ Q_v QO =Q |Oa@ wO Q=oR=U ,qt=m |Ov@C} wrw= |xr�Ut l}
x@ pw= QYva K}HQD xOvQ}os}tYD O}vm ZQi "OwW|t xU}=kt Qo}Om} =@ QYva wO
l} xr�Ut u}= xm =Hv; R= "a12 = 2 s} Q=O TB Ov=O|t QDW}@ Q=@ wO ,=k}kO =Q swO
|a]k VwQ Qy R= xO=iDU= =@ =Q swO w pw= QY=va uRw 'CU= Q=oR=U ,qt=m |xr�Ut
ZQi Qo = p=L "w2 = 0 333 w w1 = 0 667 CW=O s}y=wN s}vm x@U=Lt
u=wD|t 'Ov=O@ QDW}@ Q=@ wO ,=@} QkD =Q swO x@ pw= QYva K}HQD xOvQ}os}tYD s}vm
QY=va uRw "OQm u=}@ ~a12 = (1; 2; 3) |FrFt |R=i OOa ?r=k QO =Q K}HQD u}=

"1 p=Ft "1"2
=yvD u; QO xm O} Q}o@ Q_v QO =Q |Oa@ wO Q=oR=U ,qt=m |Ov@C} wrw= |xr�Ut l}
=Q swO x@ pw= QYva K}HQD xOvQ}os}tYD "OvwW|t xU}=kt Qo}Om} =@ QYva wO
|FrFt |R=i OOa \UwD Ov=wD|t K}HQD u}= u}=Q@=v@ 'Ov=O|t QDW}@ Q=@GvB ,=@} QkD
w ~w1 > 0 xr�Ut u}= |=Q@ xOt; CUO x@ |=yuRw "OwW u=}@ ~a12 = (4; 5; 6)

=[Q= ,=@} QkD =Q x}rw= Cw=[k =yv; C@Uv xm OwW x@U=Lt |}xvwox@ O}=@ ~w2 > 0
uOw@|Q=Hvy C}OwOLt u}vJty "~r12 = ~w1= ~w2 � ~a12 Qo}O CQ=@ax@ &Ovm
OwHwt |=yVwQ R= |NQ@ R= xO=iDU= |=Q@ "OwW =[Q= O}=@ R}v ~w1 + ~w2 = ~1
x@ &OwW xDN=U 1 |R=i |HwR |xU}=kt T} QD=t O}=@ �� M=Qi p}rLD VwQ Q}_v ��
|R=i OOa OwW|t xOy=Wt xm u=vJ "~a21 = (1 6; 1 5; 1 4) s} Q=O Qw_vt u}=
,qt=m ~a12 = (4; 5; 6) |x}rw= Cw=[k xm |r=L QO 'CU}v uQ=kDt xOW Twmat
'|R=i |xU}=kt T} QD=t QO Twmat |=yCw=[k uQ=kD sOa u}= "CU= uQ=kDt
u}ov=}t VwQ R= xO=iDU= =@ p=Ft |=Q@ "OwW|t uQ=kDt Q}e |}=yv |=yuRw x@ QHvt

%R= Ow@ Oy=wN CQ=@a |}=yv |=yuRw [9]'|UOvy
~w1 = (0 678; 0 833; 1 017);

~w2 = (0 138; 0 167; 0 208)

%CW=O s}y=wN |R=i s}UkD Qorta R= xO=iDU= =@
~r12 = ~w1= ~w2 = (3 266; 5; 7 348)

"OQ=O ~a12 = (4; 5; 6) |x}rw= Cw=[k =@ |tm Cy=@W ~r12 xm OwW|t xOy=Wt
"CU= |O=} R |orwJ |=Q=O x}rw= Cw=[k hqNQ@ xOt; CUO x@ C@Uv 'xwqax@
|=yT} QD=t CN=U w Twmat QY=va |Q}oQ_vQO xm CiQo xH}Dv u=wD|t u}=Q@=v@
w |R=i LLSM 'M=Qi p}rLD uwJ |}=yVwQ QO xm |R=i |HwR |xU}=kt pt=m

"OwW |}=yv G}=Dv CLY sOa x@ QHvt Ov=wD|t OwW|t s=Hv= xQ}e

|R=i AHP QO M=Qi p}rLD VwQ |QovR=@ "3
%O} Q}o@ Q_v QO =Q Q} R |FrFt |R=i T} QD=t

~A = (~aij)n�n =26666664
(1; 1; 1) (l12;m12; u12) � � � (l1n;m1n; u1n)

(l21;m21; u21) (1; 1; 1) � � � (l2n;m2n; u2n)
...

...
...

...

(ln1;mn1; un1) (ln2;mn2; un2) � � � (1; 1; 1)

37777775
(2)

%xm |Qw]x@
~aij = (lij ;mij ; uij) = ~a�1

ji = (1=uji; 1=mji; 1=lji)
i; j = 1; 2; :::; n; i 6= j

M=Qi p}rLD VwQ l} '2 |R=i |HwR |xU}=kt T} QD=t uRw Q=OQ@ |x@U=Lt |=Q@
%R= CU= CQ=@a xYqN CQwYx@ xm [20]OW x�=Q=
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=Qip
}rLD

Vw
Q|

UQQ
@

"~a |R=i OOa C}w[a `@=D |vLvt w |}xr}t Q=Owtv "1 pmW

"CU}v Q}PBu=mt= CU= |R=i OOa l} xm ~aij sD} Q=or j}kO Q=Okt |x@U=Lt xm
|R=Ux}@W Q@ |vD@t |Q=mD@= |O=yvW}B VwQ l} '8 hOy `@=D |x@U=Lt |=Q@
|R=Ux}@W |O=yvW}B VwQ 'u}= Q@ uwRi= "CU= xOW x�=Q= 6 VN@ QO |R=i O=Oa=

"CU= xOW x�=Q= 5 VN@ QO pkDUt CQwYx@ |R=i O=Oa=
uRw ẁtHt xm CU= u}= uRw Q=OQ@ G=QNDU= QO |rY= |=yC}OwOLt R= |m}
=Q xOt; CUO x@ uRw Q=OQ@ uOw@ |Q=Hvy 9 |x]@=Q u}=Q@=v@ &OW=@ 1 Q@=Q@ QY=va
|vD@t ?wJQ=yJl} R= |O=yvW}B |[=} Q pOt pL |=Q@ xm =Hv; R= "Ovm|t u}t[D
O}rwD |=Q@ |Q=mD@= VwQ l} 6 VN@ QO 'OW Oy=wN xO=iDU= l}DvS sD} Qwor= Q@
"CU= xOW x�=Q= 1 ẁtHt =@ (w1; w2; :::; wn)T QY=va uRw |iO=YD O=Oa=
Ovm jOY R}v 10 |x]@=Q QO O}=@ (w1; w2; :::; wn)T uRw Q=OQ@ Qo}O hQ] R=
QDlJwm |xOvyOu=Wv R}v ~� Ctqa "i 6= j 'wj > 0 'wi > 0 xm |Qw]x@
Q_v QO =Q |R=i Cw=[k m � n(n � 1)=2 |xawtHt "CU= |R=i |w=Ut =}
xO=O u=Wv uij w lij =@ ?}DQDx@ |R=i O=Oa= |q=@ w u}}=B OL u; QO xm O} Q}o@
|=[Q= |=Q@ |OOaDt uRw |=yQ=OQ@ 'OvQ=oR=U |R=i |=yCw=[k |Dkw "OwW|t
I}y 'OvW=@ Q=oR=U=v =yCw=[k Qo = "OQ=O OwHw lij � wi=wj � uij |xrO=at=v
u}vJ QO O}=@ =t= 'OQ=Ov OwHw =yCw=[k s=tD u=tRty |=[Q= |=Q@ |vRw Q=OQ@
CQ=@ax@ "Ovm =[Q= u=mt= OL =D =Q =yCw=[k s=tD xm Ci=} =Q |vRw Q=OQ@ |]}=QW
=} 'Ovm|t xOQw;Q@ ,=@} QkD =Q =yCw=[k s=tD ?wN C}=im OL QO ?=wH l} Qo}O
|=[Q= |=Q@ |Q=mD@= VwQ l} 6 VN@ QO "lij ~�wi=wj ~�uij Qo}O CQ=@ax@

"CU= xOW x�=Q= u}}=B w q=@ OwOL R= h=QLv= u} QDsm =@ C}OwOLt u}=
Q}e \@=wQ "CU= O}kt |]N Q}e pOt l} '|O=yvW}B |R=i |R=Uxv}y@ pOt
xr�Ut u}= pL |=Q@ '=Pr w OQ=O OwHw =yC}OwOLt QO sy w hOy `@=D QO sy |]N
|vD@t|@ wJQ=J '|O=yvW}B pOt pL |=Q@ "OQm xO=iDU= pwtat |=yVwQ R= u=wD|tv

"CU= xOW x�=Q= 6 VN@ QO l}DvS sD} Qwor= Q@

|R=i O=Oa= |R=Ux}@W |O=yvW}B VwQ "5
|HwR C=U}=kt |=yT} QD=t R= uRw G=QNDU= |O=yvW}B sD} Qwor= K}[wD R= p@k
sD} Qwor= QO xm |R=i O=Oa= |R=Ux}@W |=Q@ |WwQ VN@ u}= QO '�6 VN@� |R=i
VwQ xm CU= K}[wD x@ sRq "OwW|t O=yvW}B OQ=O OQ@ Q=m uRw G=QNDU= |O=yvW}B
O=Oa= R= ẁv Qy '|R=i |R=Uxv}y@ pOt QO xm OQw;|t sy=Qi =Q u=mt= u}= |O=yvW}B
|O=yvW}B VwQ |}=QH= |=ys=o "CiQo Q_v QO u=wD@ C} w[a `@=D sQi Qy =@ =Q |R=i

%R= CU= CQ=@a |R=i O=Oa= |R=Ux}@W

"w2 = 0 w w1 = 1 R= CU= CQ=@a M=Qi p}rLD VwQ R= xO=iDU= =@ wO w l}
Oy=wN QF=|@ |Q}os}tYD Ov}=Qi QO w xOW QiY Q@=Q@ swO QYva uRw Qo}O CQ=@ax@
uRw 'a12 = 2 |Q}oQ_v QO =@ xm OW xO=O u=Wv QDV}B xm CU= |r=L QO u}= 'Ow@
hQ] R= "CU= w2 = 0 333 w w1 = 0 667 Q@=Q@ ?}DQDx@ swO w pw= QYva
OwW|t xOy=Wt =t= OQ}o Q=Qk [1; 3] xR=@ QO O}=@ w2 x@ w1 s}UkD pY=L Qo}O
u}vJty "Ovm|t p}t C}=yv|@ CtU x@ w2 = 0 w w1 = 1 |=Q@ C@Uv u}= xm
OwW|t xOy=Wt =t= 'OQ}o Q=Qk [0 33; 1] xR=@ QO O}=@ w1 x@ w2 s}UkD pY=L
u=wD|t |rm Qw]x@ TB "CU= QiY Q@=Q@ w2 = 0 w w1 = 1 |=Q@ C@Uv u}= xm
QYva l} uRw uOW QiY x@ ,=y=@DW= CU= umtt M=Qi p}rLD VwQ xm OQm u=wva
XN=W l} x@ CU= umtt M=Qi p}rLD VwQ xwqax@ "�jwi p=Ft Ovv=t� Ot=Hv}@

"OwW |Q}os}tYD QO XN=W u}= hPL x@ QHvt w xO=O QiY uRw |Q}os}tYD
|}=yv O=Oa= xm CU= xOW xO=O u=Wv |}=yp=Ft x�=Q= =@ =yQ=DWwv R= |NQ@ QO
|=Q@ CU= |YN=W ,=iQY 'M=Qi p}rLD VwQ R= pY=L �|Q}PBu=mt= |xHQO�

[21]"QY=va |@Uv C}ty= |x@U=Lt xv w |FrFt |R=i OOa wO |xU}=kt

|O=yvW}B |R=i |R=Uxv}y@ pOt "4
|Qw]x@ OwW xO=O u=Wv ~aij R= xO=iDU= =@ j QYva Q@ i QYva K}HQD O}vm ZQi
|]NQ}e C} w[a `@=D =@ LR '|}xkvRwP '|FrFt |R=i OOa l} Ov=wD|t ~aij xm
pOt "OwW xO=O u=Wv uij w lij =@ ?}DQDx@ u; |q=@ w u}}=B OL w 'OW=@ xQ}e w

%R= CU= CQ=@a |a]k |=yuRw G=QNDU= |=Q@ |O=yvW}B |R=i |R=Uxv}y@
min J =

nX
i=1

nX
j=1

�
ln
�
wi
wj

�
� ln (~aij)

�2
(8)

subject to
nX
k=1

wk = 1 (9)

lij ~�wi
wj

~�uij (10)

wk > 0; k = 1; 2; :::; n (11)

`@=D "CU= O}kt |]N Q}e |R=Uxv}y@ pOt l} 'jwi |O=yvW}B |R=Uxv}y@ pOt
x@U=Lt |wLvx@ =Q |a]k |=yuRw 'xOW x�=Q= 8 |x]@=Q QO xm |R=Uxv}y@ pOt hOy
CkO x@ xHwD =@ "OwW xv}tm x}rw= |=yCw=[k R= =yuRw C@Uv h=QLv= xm Ovm|t
|r=L QO CU= Q}PBu=mt= wi=wj |a}@] sD} Q=or |x@U=Lt 'wj w wi Q}O=kt O=} R
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|tW
DLt

|ra

"~b |R=i OOa C}w[a `@=D |vLvt w |}xr}t Q=Owtv "2 pmW

u}@ CN=wvm} |iO=YD OOa l} x=ov; � � �C w � > �C�1 Qo = ��
"O}vm O}rwD [N l + (C � 1)�;N l + C:�]

"OwW|t |R=Ux}@W ~N |R=i OOa 'O=} R O=OaD x@ 7 s=o Q=QmD =@ "8 s=o

|R=i O=Oa= |R=Ux}@W |O=yvW}B VwQ CLY |UQQ@ "1"5
|R=i OOa wO '|R=i O=Oa= |R=Ux}@W |O=yvW}B VwQ |}=v=wD uO=O u=Wv |=Q@
Q_v QO =Q ~b = (3; 8; 12; 15) w ~a = (1; 2; 3) |}xkvRwP w |FrFt ?}DQDx@
QO "Ov=xOW |R=Ux}@W |O=yvW}B VwQ R= xO=iDU= =@ |R=i OOa wO u}= "O} Q}o@
Q=Owtv "CU= xOW xO=O u=Wv |R=i O=Oa= |R=Ux}@W u}= G}=Dv 2 w 1 |=ypmW
xk@] Qy QO xOWO}rwD O=Oa= |}xr}t Q=Owtv |xOvyOu=Wv =ypmW u}= QO AJ CtU
`@=D |vLvt |xOvyOu=Wv CU=Q CtU Q=Owtv w '~b w ~a ?}DQDx@ |R=i O=Oa= |=Q@
CU=Q CtU |=yQ=Owtv |xU}=kt =@ "CU= ~b w ~a ?}DQDx@ |R=i O=Oa= C} w[a
`@=D |vLvt R= xOW |R=Ux}@W O=Oa= |wor= xm OwW|t xOy=Wt 'pmW Qy AJ w
O=Oa= |R=Ux}@W x@ QO=k 5 VN@ |O=yvW}B VwQ u}=Q@=v@ 'Ovm|t |wQ}B C} w[a

"CUq=@ CkO =@ |R=i

uRw G=QNDU= |O=yvW}B sD} Qwor= "6
C}r@=k �� l}DvS sD} Qwor= xS} wx@ �� |Q=mD@==Qi |=ysD} Qwor= xm CU= xOW C@=F
u}= R= |O=} R u}kkLt "OvQ=O =Q xO}J}B |R=Uxv}y@ p�=Ut R= |a}Uw h}] =@ j}@]D
l}DvS sD} Qwor= |rY= hOy [27�22]"Ov=xOQ@ xQy@ hrDNt p�=Ut pL |=Q@ sD} Qwor=
QO "CU= xv}y@ l}ORv/xv}y@ |x]kv uDi=} |=Q@ xHwt |xk]vt s=tD |wHwCUH
QO "CU= xOW xDiQo Q_v QO |k}kL O=Oa= =@ =yswRwtwQm |=yuS Q}O=kt Q=DWwv u}=

%OQ=O |irDNt |=}=Rt =yuS Q}O=kt |=Q@ |k}kL O=Oa= uDiQo Q_v
&|OOa |R=Uxv}y@ p�=Ut =@ QDy@ j}@]D �hr=

&sD} Qwor= CaQU V}=Ri= �?
|wHwCUH |=yVwQ =@ sD} Qwor= j}irD |=yOQm} wQ |xaUwD uOW QDxO=U �G

[28]"|rLt
|HwR C=U}=kt |=yT} QD=t R= |a]k |=yuRw G=QNDU= |O=yvW}B sD} Qwor=
w |R=i O=Oa= |R=Ux}@W '|O=yvW}B |R=Uxv}y@ |[=} Q pOt Q@ |vD@t xm |R=i
u}vJty "CU= xOW QmP �CUw}B� QO Om x@W CQwYx@ CU= l}DvS sD} Qwor=

"CU= xOW x�=Q= "6"6 =D "1"6 |=yVN@ QO |O=yvW}B sD} Qwor= C=L}[wD

"OvW=@ ~N |R=i OOa |q=@ w u}}=B OL ?}DQDx@ Nu w N l O}vm ZQi "1 s=o
%O}vm |Ov@xk@] vxk@] |xrY=i =@ xk@] C x@ =Q [N l; Nu] xDU@ xR=@ "2 s=oh
N l; N l + �

i| {z }
Class 1

;
h
N l + �;N l + 2�

i| {z }
Class 2

; ::::;

24N l + (C � 1)�;N l + C:�| {z }
Nu

35| {z }
ClassC

(12)

%O}vm x@U=Lt =Q xk@] Qy |OL \=kv C} w[a |xHQO "3 s=oh
�N (N l); �N (N l + �)

i
;
h
�N (N l + �); �N (N l + 2�)

i
; :::;h

�N (N l + (C � 1)�); �N (N l + C:�)
i

(13)

%O}vm x@U=Lt =Q 13 |x]@=Q |OL \=kv |@=UL u}ov=}t "4 s=o
�1 = 1

2 (�N (N l) + �N (N l + �));

�2 = 1
2 (�N (N l + �) + �N (N l + 2�)); :::;

�c = 1
2 (�N (N l + (C � 1)�) + �N (N l + C:�)) (14)

"O}vm Q=Hvyx@ =Q �1; �2; :::; �C Q}O=kt "5 s=o

 1 = �1=
CX
i=1

�i;  2 = �2=
CX
i=1

�i; :::;  C = �C=
CX
i=1

�i (15)

"CU= �i |xOWQ=Hvy Q}O=kt |xOvyOu=Wv  i
%O}vm x@U=Lt =Q  i |atHD Q}O=kt "6 s=o

�1 =  1; �2 =  1 +  2; :::; �C =
CX
i=1

 i (16)

"� 2 [0; 1] xm |Qw]x@ O}vm O}rwD � CN=wvm} |iO=YD OOa l} "7 s=o
O}rwD �N l; N l + �

� u}@ CN=wvm} |iO=YD OOa l} x=ov; � � �1 Qo = ��
"O}vm

[N l + u}@ CN=wvm} |iO=YD OOa l} x=ov; � � �2 w � > �1 Qo = ��
"O}vm O}rwD �;N l + 2�]

...
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UQQ
@OyO|t xR=H= sD} Qwor= 'Ovm =[Q= =yCw=[k s=tD |=Q@ =Q lij � wci =wcj � uij

Q=Okt l} 'Qw_vt u}= |=Q@ "Ovvm |]ND uij w lij R= |mOv= C} wrw= |=yQ=OQ@ xm
O}OH swRwtwQm l} '�L28� xOW xO=O Q=Qk step QO QiY R= QDnQR@ "lJwm Q=}U@
pw= swRwtwQm =}; xm Ovm|t |UQQ@ sD} Qwor= w �L32� xOW pw= swRwtwQm u} Ro}=H
|=Q@ step = " |=R=x@ =Q lij � step � wci =wcj � uij + step CqO=at=v
=Q QwmPt CqO=at=v pw= swRwtwQm Qo = "�L33� Q}N =} Ovm|t =[Q= =yCw=[k s=tD
swRwtwQm w Ovm|t swRwtwQm u}= u} Ro}=H O}OH swRwtwQm l} sD} Qwor= 'Ovmv =[Q=
swRwtwQm Qo = ,=OOHt "Q}N =} Ovm|t =[Q= =Q CqO=at=v =}; xm Ovm|t |UQQ@ =Q O}OH
u} Ro}=H O}OH swRwtwQm =@ swRwtwQm u}= 'Ovmv =[Q= =Q CqO=at=v xOWu} Ro}=H
OwW Ci=} |D} wrw= Q=OQ@ =D OwW|t s=Hv= Q=@ � QFm =OL |=Q@ C=}rta u}= "OwW|t

"Ovm =[Q= =Q CqO=at=v s=tD xm
|D} wrw= Q=OQ@ sD} Qwor= Qo = 'O}OH swRwtwQm l} =@ swRwtwQm |v} Ro}=H Q=@ � QO
|=Q@ =Q lij � step � wci =wcj � uij + step CqO=at=v s=tD xm Ovmv =O}B
QiY R= QDnQR@ " lJwm Q=Okt l} 'Ovm =[Q= step = " |=R=x@ =yCw=[k s=tD
xm Ovm =O}B |twRwtwQm Ovm|t |aU sD} Qwor= w �L28� OwW|t xi=[= step x@
=[Q= step O}OH Q=Okt =@ =Q lij � step � wci =wcj � uij + step CqO=at=v
" uOQm xi=[= =@ '`k=w QO "�CU= 2" =@ Q@=Q@ step Q=Okt uwvm = xm OwW xHwD� Ovm
=yswRwtwQm x@ =Qlij � wci =wcj � uij R= |QDW}@ |]ND xR=H= sD} Qwor= 'stepx@

"OyO|t �C} wrw= |=yQ=OQ@�
=O}BC} wrw= Q=OQ@l} 'step Q=Oktl}|=R=x@ xm|}=H =D OwW|t Q=QmDC=}rtau}=
=yCw=[k s=tD |=Q@ =Q lij�step � wci =wcj � uij +stepCqO=at=v xm OwW
x}rw= |=yCw=[k R= u=Rw= |=yC@Uvh=QLv= 'OW=@ QDW}@ step Q=Okt xJQy "Ovm =[Q=
xm OwW|t =O}B step umtt Q=Okt u} QDsm 'sD} Qwor= u}= s=Hv= =@ "Ow@ Oy=wN QDW}@
"OwW|t lij � wci =wcj � uij CqO=at=v R= =yswRwtwQm|]ND uOW xv}tm x@ QHvt
|=yQ=OQ@ sD} Qwor= w OwW|t u}}aD step Q=Okt u} QDsm xrLQt u}= QO xm =Hv; R=
=Q lij � step � wci =wcj � uij + step CqO=at=v xm Ovm|t =O}B =Q |D} wrw=
step Q=Okt u}= "Ovm|t =[Q= stepXNWt Q=Oktl} |=R=x@ =yCw=[k s=tD |=Q@
�VyH w `]=kD� sD} Qwor= pL=Qt |x}k@ QO w CU= C@=F =yswRwtwQm |x}k@ |=Q@
Q=@l} \ki step Q=Okt u} QDsm uDi=} Ov}=Qi xm =Hv; R= "OQ}o|t Q=Qk xO=iDU= OQwt
nQR@ Q=}U@ Q=Okt l} sD} Qwor= |=OD@= QO CU= QDy@ 'OwW|t s=Hv= sD} Qwor= pm QO
u} QDlJwm xr}Uw u}O@ =D OwW u}}aD " |=Q@ lJwm Q=}U@ Q=Okt l} w � |=Q@

"OwW Ci=} step |=Q@ umtt Q=Okt
QO =yvD 'x}rw= |=yCw=[k |=[Q= |UQQ@ ẁQW QO xm CU= K}[wD x@ sRq
u}rw= xm OwW|t step umtt Q=Okt u} QDsm u}}aD Ov}=Qi OQ=w sD} Qwor= |DQwY
=yCw=[k s=tD |=R=x@ =Q lij � wci =wcj � uij CqO=at=v Ov=wDvC}atH swRwtwQm
lij � wci =wcj � uij CqO=at=v pw= swRwtwQm xJv=vJ Qo}O CQ=@ax@ "Ovm =[Q=
|=yQ=OQ@ Ov=wD|t xm OwW|t xHwDt sD} Qwor= 'Ovm =[Q= =yCw=[k s=tD |=R=x@ =Q
=[Q= =yCw=[k s=tD |=R=x@ =Q lij � wci =wcj � uij CqO=at=v xm O@=}@ =Q |D} wrw=
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|=y?=wH OwW|t xOy=Wt xm u=vJ "CU= xOW x�=Q= OwHwt VwQ Q=yJ w
=@ w OQ=O Q=Qk [9w3]|rm =@ w uwyQquw VwQ |=y?=wH xR=@ QO |O=yvW}B VwQ
u=wD|t u}=Q@=v@ "OQ=O |R}J=v hqDN= [11w10]nQ@u=wH w h=p}}=N}t |=yVwQ

"CU=mD= p@=k w |k]vt |O=yvW}B VwQ uRw Q=OQ@ xm CiQo xH}Dv
?re= x@ C@Uv |O=yvW}B VwQ Cwk \=kv R= |m} 'OW xQ=W= QDV}B xm u=vJ
|HwR C=U}=kt |=yT} QD=t R=|a]k |=yuRw uOQw;CUO x@ 'u}W}B |=yVwQ
OQwt xm [9w3]|rm =@ w uwyQquw VwQ 'OwW|t xOy=Wt xm u=vJ "CU= |R=i
|=yT} QD=t R= |a]k |=yuRw Ov=wD|tv 'CU= xOw@ |Q=}U@ u}kkLt |xO=iDU=
pmWt Q=JOp�=Ut|NQ@ QO =Q|Ov@C} wrw= Qt=u}= wOvm x�=Q=|R=i|HwRC=U}=kt
R= |a]k |=yuRw xm [11w10]nQ@u=wH w h=p}}=N}t |=yVwQ xwqax@ "OR=U|t
C=L}HQD|Q}oQ_vQOC}r@=k 'Ovvm|tG=QNDU=|R=i|HwRC=U}=kt|=yT} QD=t
|O=yvW}B VwQ =t= "OvQ=O =Q |FrFt |R=i O=Oa= ,=iQY ?r=k QO xOvQ}os}tYD
G=QNDU= =Q |R=i |HwR C=U}=kt |=yT} QD=t R= j}kO |=yuRw =yvDxv xr=kt u}=
|Q}oQ_vQO C}r@=k CU= |R=i O=Oa= |R=Ux}@W Q@ |vD@t uwJ xmr@ 'Ovm|t
'|}xkvRwP |R=i O=Oa= '|FrFt |R=i O=Oa= ?r=k QO xOvQ}os}tYD |=yCw=[k
"OQ=O =Q xQ}e w |}xkvRwP x@W |R=i O=Oa= '|FrFt x@W |R=i O=Oa= '|}xR=@ O=Oa=
C}r@=k xm CU= |}=yVwQ R= |m} M=Qi p}rLD VwQ OW QmP QDV}B xm u=vJ
QO =t= &OQ=O =Q |R=i |HwR C=U}=kt |=yT} QD=t R= |a]k |=yuRw G=QNDU=
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|ra "5 p=Ft |=Q@ uRw Q=OQ@ "5 pwOH
|O=yvW}B VwQ [11] [10] [9] [3]

0 3493 0 3514 0 3391 (0 163; 0 3628; 0 7112) (0 261; 0 3627; 0 4206) w1
0 2793 0 2571 0 2858 (0 1308; 0 2692; 0 5576) (0 2111; 0 2697; 0 3272) w2
0 0827 0 0878 0 089 (0 0421; 0 0765; 0 1696) (0 0692; 0 0764; 0 0976) w3
0 143 0 1275 0 1262 (0 0751; 0 1599; 0 3473) (0 118; 0 1597; 0 2096) w4
0 1454 0 176 0 1595 (0 0693; 0 1314; 0 2953) (0 1118; 0 1313; 0 1732) w5

"M=Qi p}rLD VwQ \UwD |Q}os}tYD |=yxv} Ro |}=yv uRw "6 pwOH
Q=}at H QM QS

uRw 0 0 1
Q=}at Q} R HM HSP HSV VM CoM CaM TM BSP ST CP PS uRw

uRw 0 7 0 15 0 15 0 19 0 05 0 76 0 0 0 99 0 0 01 |}=yv
Durusu 0 66 0 0 0 0 87 0 0 1 0 05 0 86 0 0 050
Mertol 0 0 0 0 97 0 31 0 0 0 64 0 0 0 634
A�yetle 0 34 1 1 0 03 0 13 0 69 1 0 0 31 0 14 1 0 317

"|O=yvW}B VwQ \UwD |Q}os}tYD |=yxv} Ro |}=yv uRw "7 pwOH
Q=}at H QM QS

uRw 0 20 0 24 0 55
Q=}at Q} R HM HSP HSV VM CoM CaM TM BSP ST CP PS uRw

uRw 0 49 0 24 0 25 0 22 0 20 0 47 0 09 0 14 0 52 0 08 0 24 |}=yv
Durusu 0 52 0 16 0 20 0 2 0 47 0 12 0 34 0 64 0 28 0 50 0 17 0 311
Mertol 0 14 0 24 0 24 0 45 0 20 0 28 0 16 0 17 0 45 0 16 0 19 0 290
A�yetle 0 31 0 58 0 55 0 34 0 31 0 59 0 49 0 19 0 26 0 32 0 63 0 398

|R=i O=Oa= |Ov@x@DQ u}vJty w |R=i C=@U=Lt |=Q@ xm =Hv; R= 'xwqax@
|Ov@x@DQ x@ u=wD|tv p�=Ut |NQ@ QO 'OQm xO=iDU= |irDNt |=yVwQ R= u=wD|t
hQ]Q@ |=Q@ xLwQ]t |=yVwQ R= |m} wQ u}= R= "Ci=} CUO |OQi x@ QYLvt
C=U}=kt |=yT} QD=t QY=va |=Q@ xm CU= �M=Qi p}rLD VwQ� Xkv u}= uOQm
|i=[= C=@U=Lt CQwQ[ w Ovm|t x@U=Lt =Q j}kO |=yuRw '|FrFt |R=i |HwR

"OQ@|t u}@ R= =Q |R=i O=Oa= |Ov@x@DQ w |R=i
xr=kt u}= QO =t= 'CU= xOW xO=iDU= |O=} R Q=}U@ C=k}kLD QO uwvm =D VwQ u}= R=
|=y|Ov@x@DQ x@ QHvt Qt= u}= w CU}v K}LY VwQ u}= |=yuRw xm OW xO=O u=Wv
QO M=Qi p}rLD VwQ Xkv `iQ |=Q@ "CU= xOW C=k}kLD R= |Q=}U@ QO x=@DW=
xr=kt u}= QO '|R=i |HwR C=U}=kt |=yT} QD=t R= j}kO |=yuRw x@ |@=}CUO
|vD@t |@ wJQ=J w |R=i O=Oa= |R=Ux}@W |Q=mD@= VwQ Q@ |vD@t |O}OH VwQ
'|O=yvW}B VwQ Q=@Da= uO=O u=Wv |=Q@ u}vJty "OW |iQat l}DvS sD} Qwor= Q@
G}=Dv xm CiQo Q=Qk xU}=kt OQwt ẁ[wt C=}@O= QO OwHwt VwQ Q=yJ =@ VwQ u}=

"CU= |O=yvW}B VwQ |q=@ Q=@Da= |xOvyOu=Wv
C}r@=k [9w3]|rm =@ w uwyQquw VwQ 'OW xOy=Wt |OOa |=yp=Ft QO xm u=vJ
u}= w OQ=Ov =Q |R=i |HwR C=U}=kt |=yT} QD=t R= |a]k |=yuRw uOQw; CUO x@
|irDNt |=yVwQ xm =QJ OR=U|t pmWt Q=JO p�=Ut |NQ@ QO =Q |Ov@C} wrw= Qt=
xwqax@ "Ovvm|t x�=Q= =Q |irDNt G}=Dv ,=[a@ xm OQ=O OwHw |R=i O=Oa= |Ov@x@DQ |=Q@
R= |a]k |=yuRw xm [11w10]nQ@u=wH w h=p}}=N}t |=yVwQ w M=Qi p}rLD VwQ

CU= umtt M=Qi p}rLD VwQ xm OQm u=wva u=wD|t |rm CQwYx@ u}=Q@=v@ "CU=
C=t}tYD x@ QHvt xv} Ro u} QDy@ u=wvax@ xv} Ro u} QDO@ |iQat =@ p�=Ut |NQ@ QO
xmCU= u}= xr�Ut u}= QO M=Qi p}rLD VwQ x=@DW= |Q}os}tYD p}rO "OwW x=@DW=
Qo}O |rY=XN=W wO x@ w 1 OOa C=tONC}i}mXN=W x@ M=Qi p}rLD VwQ
R= Ov=CQ=@a xm pOt Qo}O XN=W wO u}=Q@=v@ &CU= xO=O X}YND QiY OOa
|}=yv uRw Q=OQ@ Q@ |QF=I}y w Ov=xOWhPLC=@U=Ltpm R= =PeC}i}m wCW=Oy@
'=Pe C}i}m w CW=Oy@ |=yXN=W uRw uOW QiY =@ Qo}O hQ] R= "Ov=xDW=Ov
|Wkv wOv=xOWxO=iDU=q@ R}v =yXN=Wu}= =@\@DQt|HwRC=U}=kt|=yT} QD=t
"CU}vK}LY |Q}os}tYDp�=Ut xvwou}= QO Qt= u}= xm Ov=xDW=Ov |Q}os}tYD QO

|Q}oxH}Dv "8
VwQ QO u=oOvQ}os}tYD j}kOQ}e |=yCw=[k =@ |} wQ=} wQ |=Q@ |irDNt |=yVwQ
|Q}oQ_v QO u=mt= xm |}=yVwQ ?re= "CU= xOW x�=Q= |@D=QtxrUrU p}rLD Ov}=Qi
|@Uv |=yuRw 'OvyO|t Qop}rLD x@ |R=i O=Oa= ?r=k QO =Q j}kO Q}e |=yCw=[k
C=@U=Lt Qt= u}= xm 'Ovvm|t x�=Q= w x@U=Lt |R=i O=Oa= ?r=k QO =Q QY=va |}=yv w
|}=yv |R=i |=yuRw u}vJty "OQ=O p=@vO x@ =Q |R=i O=Oa= |Ov@x@DQ w |R=i |i=[=

"CW=O Ovy=wN Qo}Om} =@ |O=} R |v=WwBsy ,=@r=e =yw}D=vQDr;
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|=yCw=[k |Q}oQ_vQO C}r@=k 'CU= |R=i O=Oa= |R=Ux}@W Q@ |vD@t uwJ xmr@
'|}xR=@ O=Oa= '|}xkvRwP |R=i O=Oa= '|FrFt |R=i O=Oa= ?r=k QO xOvQ}os}tYD
"OQ=O =Q |R=i O=Oa= R= |@}mQD =} |}xkvRwP x@W |R=i O=Oa= '|FrFt x@W |R=i O=Oa=

|Q}oQ_vQO C}r@=k ,=iQY 'Ovvm|t G=QNDU= =Q |R=i |HwR C=U}=kt |=yT} QD=t
u}= |O=yvW}B VwQ =t= "OvQ=O =Q |FrFt |R=i O=Oa= ?r=k QO xOvQ}os}tYD C=L}HQD
'Ovm|t G=QNDU= |R=i |HwR C=U}=kt |=yT} QD=t R= j}kO |=yuRw =yvDxv xr=kt

CWwv=B
1. Logarithmic Least Squares Method
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L29 : counter1 0
L30 : end if

L31 : end if

L32 : generate a new priority vector

L33 : if (lij � step � wc
i =w

c
j � uij + step) then go to

the next c

L34 : else :L35 : counter 1
L36 : counter1 counter1 + 1
L37 : loop until(counter 0)

L38 : next c

L39 : for t 1to a maximum number of iterations

L40 : \Fitness calculation of parents"

L41 : for f  1 to�

L42 : aijf  a random number using proposed fuzzy

number simulating

L43 : next f

L44 : for c 1 to population size

L45 : sum�tc  0
L46 : for f  1 to�

L47 : �tnessc
f  

nX
i=1

nX
j=1

 �
ln(wci =wcj)� ln(aijf )

�2 +�
ln(wcj=wci )� ln(1=aijf )

�2 !
L48 : sum�tc  sum�tc + �tnessc

f

L49 : next f

L50 : �tnessc  (1=�) � sum�tc

L51 : next c

L52 : \Selection"

L53 : perform selection by tournament strategy

L54 : \Crossover"

L55 : perform single� point crossover at rate of crossover rate

and generate o�springs

CUw}B
%|O=yvW}B sD} Qwor= Om x@W

L1 : \Initialize population"

L2 : for c  1 to population size

L3 : counter 0
L4 : wc1  a random number 2 [0; 1]

L5 : do

L6 : counter counter + 1
L7 : upper limit 0
L8 : for k 1 to counter

L9 : upper limit wc
k + upper limit

L10 : next k

L11 : wc
k+1  a random number 2 [0; 1� upper limit]

L12 : loop until (counter n� 2)

L13 : upper limit 0
L14 : for k 1 to counter + 1
L15 : upper limit wc

k + upper limit

L16 : next k

L17 : wc
n  1� upper limitL18 : next c

L19 : \Satisfaction of initial judgments"

L20 : step 0
L21 : for c 1 to population size

L22 : if (lij � wc
i =w

c
j � uij) then go to the next c

L23 : else :

L24 : do

L25 : counter 0
L26 : if c 1then

L27 : if(counter1 �) then

L28 : step step + "
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L57 : for c 1 to population size

L58 : if(lij � step � wc
i =w

c
j � uij + step) then go to the

next c

L59 : else :

L60 : do

L61 : counter 0
L62 : generate a new priority vector

L63 : if (lij � step wc
i =w

c
j � uij + step) then go to

the next c

L64 : else :

L65 : counter 1
L66 : loop until (counter 0)

L67; next c

L68 : \Mutation"

L69 : for c 1 to population size

L70 : swap the amounts of two random genes at rate of

mutation rate

L71 : if (lij � step � wc
i =w

c
j � uij + step) then go to the

next c

L72 : else :

L73 : do

L74 : counter 0
L75 : generate a new priority vector

L76 : if(lij � step � wc
i =w

c
j � uij + step) then go to the

next c

L77 : else :

L78 : counter 1
L79 : loop until (counter 0)

L80 : next c

L81 : \Fitness calculation of o�springs"

L82 : calculate �tness for o�springs and choose the best

priority vector

L83 : \Replacement"

L84 : reproduct the new population by tournament

L85 : next t

L86 : repeat iterations until a satisfactory solution been

found
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L56 : if

 
nX

k=1
wc

k 6= 1
!

then normalize priority vector




