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l@U |vD@ lwr@ \qDN= |=yQDt=Q=B
�Q=}Wv=O� =}rw= Kr=YOtLt

�OWQ= T=vWQ� � �|ywm =W xv=RQi
�Q=}Wv=O� |OQHQyt Q̀=R |}L}
�Q=}O=DU=� O=SvKqi Q@=YOtLt

OR} x=oWv=O '`}=vY |UOvyt |xOmWv=O

|=Q@ |L=Q] |SwrwODt |=v@tQ@ w pwYLt |L=Q] s=a VwQ s} Q=O OYk Q[=L j}kLD QO
'u=v}t]= C}r@=k Q@ |vD@t |R=Uxv}y@ swyit xU s=eO= 'xOWx�=Q= VwQ QO "s}yO x�=Q= =Q 6�

'|Ov@pwtQi %OQ}PB|t CQwY xrLQt Q=yJ QO xiOyOvJ |R=Uxv}y@ w |wk |L=Q]
|vD@ lwr@ \qDN= KQ] u} QDy@ u}}aD QO QwmPt VwQ "?=NDv= w |R=Ux}@W '|R=Uxv}y@
"OW p=ta= s=mLDU= w xv} Ry 'uRw |xRwL xU QO |QDWt |=yR=}v uDiQoQ_v QO =@ l@U
x@ xHwD =@ w |rt=aD |xiOyOvJ sD} Qwor= =@ lwr@ |[=} Q |R=UpOt R= Oa@ Qw_vtu}O@
C}=[Q p=tDL= ^iL |=DU=Q QO wDQ=B |xv}y@ ?=wH xOR=wO 'xOvQ}os}tYD C=L}HQD
C=Q}}eD ?} Q[ 'C}@ wr]t |xHQO Q=}at xU x@ xHwD =@ TBU "OW O}rwD C}OwOLt

Qy QO� 1� K]U QO \qDN= KQ] u} QDy@ x}=B ?=wH x@ C@Uv |} wHxiQY w '�s=mLDU=�
8 8 swi w sQowr}m 12 14 T}r}U 'sQowr}m 1 4 h=}r= 'sQowr}m 409 u=t}U %?amt QDt

"OW ?=NDv= |R=UxO=}B |=Q@ �QD}r

owliams@yazd.ac.ir
farzaneh.shakouhi@gmail.com
yazm2000@yahoo.com
fallahnezhad@yazd.ac.ir

lwr@ 'u=v}t]= C}r@=k '|R=Uxv}y@ '|wk |L=Q] '6� |=Q@ |L=Q] %|O}rm u=oS=w
"l@U |vD@

xtOkt "1
CLD hrDNt CqwYLt O}rwD |=Q@ R}v =Q sDU}U |Q}PB Q=QmD xmr@ 'CU= \@DQt
'|wk |L=Q] =@ x=Qty xDi=}CN=U OQm} wQ l} R= xO=iDU= =@ "OyO|t Q=Qk Q}F-=D
xH}DvQO w CU=m Q=R=@ x@ pwYLt |x[Qa |=Q@ sRq u=tR COt R= u=wD|t
QO xm 6� |=Q@ |L=Q] |=yVwQ s=eO= 'u}=Q@=v@ [3]"O=O V}=Ri= =Q u=tR=U `i=vt
Ov}=Qi w pwYLt |xaUwD |=yx} wQ w OvDiQo Q=Qk xO=iDU= OQwt |L=Q] |xrLQt
|Q=}U@ |UOvyt C=Q}}eD u; QO xm OW Oy=wN |wk KQ] l} |x�=Q= x@ QHvt
Q=O}=B |D@=kQ C} Rt O=H}= w C@=kQ |xvLY QO uOv=t |=Q@ xm |Qw]x@ 'xOW ^=Lr
QO 6� |=Q@ |L=Q] |=QH= C}kiwt R= u=v}t]= |=Q@ "CU= |QwQ[ |R=}v 'u=tR=U
xJv=vJ "OwW|t ?wULt x}rw= R=}vV}B l} pwYLt |xaUwD Ov}=Qi OwHw u=tR=U
'u; |HwQN w Ovm O=H}= Q=O}=B |Ov}=Qi 'u=tR=U QO |Q=H C}i}m C} Q}Ot sDU}U
w xDiQ}PB CQwY sRq |R=UQDU@ Cio u=wD|t x=ov; 'OW=@ Xkvsm |DqwYLt
|=yxSwQB |=QH= |=Q@ sRq |oO=t; R= |}=yu=tR=U u}vJ "OQm ẁQW =Q Q=m u=wD|t
R}t;C}kiwt =yu=tR=U u}= QO 6� |=Q@ |L=Q] |xSwQB |=QH= w OvQ=OQwNQ@ 6�

[4]"Ow@ Oy=wN
|=v@tQ@ w pwYLt |L=Q] |=Q@ |twta |WwQ s} Q=O OYk Q[=L j}kLD QO
|R=Uxv}y@ swyit xU s=eO= x@ xOWx�=Q= VwQ "s}yO x�=Q= 6� |=Q@ |L=Q] |SwrwODt
|=Q=O w xDN=OQB xiOyOvJ |R=Uxv}y@ w |wk |L=Q] 'u=v}t]= C}r@=k Q@ |vD@t

w =yOQm} wQ uDW=O hw]at u; w Ov=xDW=O l =QDW= x]kv l} QO R=@ Q}O R= =yu=tR=U
C} Rt O=H}= x@ xm |H}=Dv &CU= G}=Dv x@ |@=}CUO CyH QO =yVqD s=tD RmQtD
QF-wt QDW}@ Ot;QO ?Um xrtHR= u=tR=U OQmrta |=yXN=W QO w OwW QHvt |D@=kQ
'|R=Ov=x=Q QO Q}N-=D 'pwYLt |=yxv} Ry V}=Ri= uwJ |r�=Ut [1]"OW=@ xOvvmu}}aD w
w =yQQ[ p@k R= V}@ xm |rtaQ}e |=yKQ] w Q=R=@ |=yCYQi uDiQ CUO R=
xm xOW Ea=@ Qo}O |=yVr=J Q=vm QO OvQ=O x=Qty x@ =Q |QDnQR@ |=yxt} QH
u=}t u}= QO [2]"OW=@ xiQY x@ uwQkt w |D=}L R=}vl} �Q=@u}rw= QO?U=vt |L=Q]�
pwYLt |L=Q] QO Q=oOv=t |D@=kQ C} Rt w C}i}m Ow@y@ |=Q@ |awvDt |=yVwQ

"CU=yu; R= |m} �6� |=Q@ |L=Q]� xm xOt; OwHw x@
Q=tW x@ C=tON w CqwYLt |xaUwD |=Q@ |wk |OQm} wQ 6� |=Q@ |L=Q]
pwYLt O}rwD R= p@k =Q |QDWt |=yR=}v =D OR=U|t QO=k =Q |Ov}=Qi Qy xm OwQ|t
'|L=Q] R=i QO w pwYLt |xaUwD QO xDiQ Q=m x@ s}y=it w =yVwQ "OR=U xOQw;Q@
5� OQmrta K]U R= CmQL =} 5� x@ 4� OQmrta K]U R= CmQL C=twRrt
`@=vt R= QF-wt |xO=iDU= w Ov}=Qi |HwQN x@ =yvDxv w OQw;|t sy=Qi =Q 6� x@

pw�Ut xOvU} wv �
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VRQ= |=Q=O xD@r= xm OQ=O OwHw Q_v OQwt xr�Ut |=Q@ ?=wH l} R= V}@ xm Ovm|t
VwQ '|UQQ@ OQwt |xr�Ut x@ CU= xDU@=w ?=wH u} QDy@ h} QaD "OvDU}v |v=Um}
Q@ R}v xr�Ut |Ov@pwtQi |xwLv u}=Q@=v@ "u; R=Ht |=]N u=R}t u}vJty w pL

"OQ=O s}kDUt Q}F-=D ?=wH u} QDy@ h} QaD |ovwoJ
xiOyOvJ |R=Uxv}y@ "1"2"2

=@ h=Oy= u}= CU= umtt xm Ov=xiOyOvJ |D}y=t |=Q=O ?re= |L=Q] p�=Ut
w O=[Dt |L=Q] |=yhOy u}= u}@ CqO=@D |UQQ@ Qw_vtx@ "OvW=@ O=[D QO sy
`@=wD =@ |R=Uxv}y@ p�=Ut uOQmxrwtQi OvtR=}v 'TQDUO QO |L=Q] |=y|oS} w u=}@
|Q}os}tYD |=yQ}eDt 'hQ=aDt |xiOyOvJ |R=Uxv}y@ |xr�Ut QO "s}DUy xv=oOvJ
F (x) = ff1(x); f2(x); :::; fM (x)g hOy `@=D Q=OQ@ l} R=Uxv}y@ xm �� X
|xOvvmu}}aD =yQ}eDt u}= "OwW|t xDi=} |L=Q] umtt |=[i QU=QU QO �� CU=
u=}t VR=U x@|@=}CUO |=Q@ �wDQ=B |xv}y@� s=vx@ ?wret=v |=y?=wH R=|}xawtHt
|R=Uxv}y@ |xr�Ut l} |=Q@ OQ=Ov=DU= |Ov@pwtQi "OvDUy hrDNt hOy u}OvJ

[11]%R= CU= CQ=@a hOy `@=D M =@
Min F (x) = ff1(x); f2(x); :::; fM (x)g
subject to g(x) � 0

h(x) = 0
XL � X � XU (1)

&OvDUy =yC}OwOLt |Q@=Q@=v w |Q@=Q@ `@=wD |xOv}=tv g(x) w h(x) u; QO xm
QO "OvDUy =yu; |q=@ w u}}=B u=Qm w |L=Q] Q}eDt |=yQ=OQ@ ?}DQDx@X;XL; XU

|WR=U |=y?=wH R= |}xawtHt xm OwW|t |aU xiOyOvJ |R=Uxv}y@ |=yVwQ
u}= R= |m} xOvQ}os}tYD Q_v x@ xHwD =@ xm OwW O}rwD �wDQ=B xv}y@ |=y?=wH�
Ov=wDv |iOy I}y 'Qo = Ovt=v|t wDQ=B |xv}y@ =Q ?=wH l} "OwW|t ?=NDv= =y?=wH
|xr�Ut |=Q@ wDQ=B |xv}y@ swyit "OwW xO=O Ow@y@ Qo}O h=Oy= uOQm|v=@ Qk uwO@
I}y Qo = =yvD w Qo = CUwDQ=B |xv}y@ xo Q=OQ@ %OwW|t h} QaD u}vJ |R=Uxv}tm
%s}W=@ xDW=O =ym |t=tD |=Q@ xm |Qw]x@ OwWv =O}B x Ovv=ty |Qo}O |vOW Q=OQ@

[12]"fm(x) � fm(xo);m = 1; :::;M
C}a]k sOa CLD |R=Uxv}y@ "2"2"2

u=v}t]= p@=k p=L u}a QO w xv}y@ =y|L=Q] xm xDmv u}= 'RwQt= |D@=kQ Q=R=@ QO
sOa |=Q@ =Q |R=Uxv}y@ xm |SwrwODt wO "CU= Q=OQwNQ@ |}=RUx@ C}ty= R= OvW=@

%R= Ov=CQ=@a Ovm|t x@U=Lt C}a]k
C}i}m Ow@y@ |=Q@CU=|WwQ w xOW x�=Q=|Jwo =D\UwD ODtu}= "|wk|L=Q] "1
|R=Uxv}y@ uOQmu=tRty |x]U=wx@� |oOvm =QB C=QF= uOQmxv}tm =@ pwYLt
QO "u; pra hPL uwO@ �OQmrta |oOvm =QB |R=Uxv}tm w u}ov=}t OQmrta
OQmrta u}ov=}t w Tv=} Q=w |@=} RQ= x@ C}a]k sOa Q=WDv= =@ |wk |L=Q]
|wk |L=Q] |xv=oOvJ |=yx@vH [13]xOW s=Hv= C=ar=]t T=U=Q@ "s} R=OQB|t
^=Lr |wk |L=Q] |Ov@pwtQi x@ hQ=aDt |R=Uxv}y@ |xr�Ut p}O@D j} Q] R=

%R= CU= CQ=@a hQ=aDt |xr�Ut "OwW|t
Min f(x)

subject to Cq(x) � 0; q = 1; :::; Q
XL � X � XU

QO VwQ u}= R= "?=NDv= w |R=Ux}@W '|R=Uxv}y@ '|Ov@pwtQi %CU= xrLQt Q=yJ
xU QO |QDWt |=yR=}v uDiQoQ_v QO =@ l@U |vD@ lwr@ \qDN= KQ] u} QDy@ u}}aD

"OW xO=iDU= l@U |vD@ lwr@ s=mLDU= w xv} Ry 'uRw |xRwL
xv}W}B w |Q_v |v=@t |iQat x@ swO VN@ QO 'Q=DWwv u}= ?r=]t xt=O= QO
QO "s} R=OQB|t 6� |=Q@ |L=Q] VwQ OQ@ Q=m OQ=wt R= |}=yxvwtv QmP R}v w ẁ[wt
|iQat j}kLD u}= QO xO=iDU= OQwt Q=Ri=sQv w K} QWD j}kLD |SwrwODt swU VN@
|vD@ lwr@ \qDN= KQ] u} QDy@ u}}aD |=Q@ sRq pL=Qt sQ=yJ VN@ QO "OwW|t
R}v w xOt; CUO x@ G}=Dv |Ov@`tH sHvB VN@ QO ,=D}=yv w xOW |UQQ@ l@U

"CU= xOW x�=Q= |D; C=k}kLD |=Q@ sRq C=O=yvW}B

ẁ[wt C=}@O= "2
6� |=Q@ |L=Q] "1"2

CU= ?U=vt |v=tR Ov}=Qi =} pwYLt OOHt |L=Q] [6w5]u}kkLt R= |NQ@ Qw=@ x@
Vm} SD=QDU= h=Oy= x@ uO}UQ QO =Q u=tR=U 'O}OH pwYLt =} Ov}=Qi u}= xm
pL x=Q u=wvax@ |v=tR =D �6� |=Q@ |L=Q]� R= =yu=tR=U`k=w QO "Ovm ltm
"Ov@=}v =yv; uOQm hQ]Q@ w =yXkv uDi=} |=Q@ |v=U; x=Q xm Ovvm|t xO=iDU=
|=Q@ |L=Q] x@ OvQ=O Q=Qk 5� =} 4� K]U QO OQmrta ^=Lr R= xm |}=yCmQW
X=YDN= |L=Q] x@ =Q u=WxHOw@ OYQO 5 =yvD =yCmQW ?re= [7]"OvOvtR=}v 6�
R= OYQO 80 w O}rwD |=yxv} Ry R= OYQO 70 =@ |L=Q] xm |r=LQO 'OvyO|t
|=yxv} Ry hQY =@ h}a[ C}i}m |=yxv} Ry "CU= \=@DQ= QO |D}i}m CqmWt
|=yx=Q hWm p=@vO x@ VwQ u}= [8]"OwW|t u=Q@H CqmWt KqY= |=Q@ QDW}@
|R=Uxv}y@ w CU= |QDWt C=Q=_Dv= w R=}v R= V}@ w VN@C}=[Q |xv=QmD@t
xOWu}}aD C=t=Rr= j@=]D |UQQ@ u; R= TB w CtON/pwYLt |L=Q] R= OQmrta
|m} |R=Uxv}y@ `k=w QO [9]"Ovm|t ?}kaD =Q CtON/pwYLt =@ u=} QDWt \UwD
6� |=Q@ |L=Q] u=} QHt x@ Ov=wD|t xm CU= 6�|=Q@ |L=Q] QO QF-wt |=yQ=R@= R=
R= TB |Q=mxQ=@ wO w Xkv u} QDsm 'Q=R=@ x@ pwYLt `} QU u=tR Vy=m Q@ x}mD =@

[10]"�1 pmW� Ovm ltm |L=Q]

|R=Uxv}y@ "2"2
XwYNQO =yVUQB R= |Q=}U@ MU=B uDi=} |=Q@ xmCU= |[=} Q |Q=R@= |R=Uxv}y@
u} QDy@ uDi=} R= |R=Uxv}y@ QO [11]"OwQ|t Q=m x@ hrDNt p�=Ut pL |ovwoJ
u=}@ |vt[ Qw]x@ u} QDy@ ^ir &O};|t u=}t x@ C@LY xr�Ut l} |=Q@ ?=wH

"6� |=yC}r=ai ẁkw u=mt "1 pmW
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"6� |=Q@ |L=Q] pOt =@ j@=]t sD} Qwor= CQ=Jwri "2 pmW
C=}@O= |UQQ@ x@ xHwD =@ [14]"CU= pw=ODt 6� |=Q@ |L=Q] |R=Uxv}y@ p�=Ut pL
j}kLD p�=Ut |t=tD "CU= xOW xO=O u=Wv 2 pmW QO |SwrwODt CQ=Jwri 'OwHwt

"CU= xOW pL uwQ=@ QopL w 22 Rto Q=Ri=sQv =@ Q[=L VywSB C=}rta QO

p}rLD w x} RHD "4
w pwYLt |R=UpOt x@ 'xar=]t OQwt u=tR=U QYDNt |iQat R= TB pYi u}= QO

"s} R=OQB|t xOW K} QWD sD} Qwor= s=o x@ s=o |=QH=

|OQwt |xar=]t |xv}tRV}B "1"4
|=yxv}tR QO xDiQo CQwY |=yCiQW}B x@ xHwD =@ w |RwQt= |xDiQW}B |=}vO QO
pY=L R}v l@U uD@ O}rwD "CU= xOW pwLD Q=JO R}v uD@ CavY '|tra hrDNt
QwWm QO |Oq}t 1924 p=U QO pNrNDt uD@ =} l@U uD@ "CU=yCiQW}B u}ty
Q@ xOQ=w |wQ}v R= u=tDN=U |xOQt Q=@ Vy=m Q@ xwqa uD@ u}= &OW `=QDN= O�wU
Vy=m pY=L Q=w; uRw R}v ?} QND CQwY QO w Oy=m|t xrRrR ?=DW QF= QO xR=U
x@ xHwD =@ l@U uD@ "OvU=vW|t �uQk uD@� u=wva=@ =Q uD@ u}= xRwQt= "O@=}|t
Ctw=kt w XwYNt uRw ?ULQ@ xm CU= |irDNt |=yOQ@ Q=m |=Q=O V}=y|oS} w

"OwW|t l}miD u; |Q=Wi
|=yxR=Ov= QO =wy |=y?=@L O=H}= =@ xm CU= l@U uD@ `=wv= R= |m} CLC

CQwY wqmwD=Q}e VwQ=@ uD@ ẁv u}= O}rwD "OwW|t O=H}= uD@ uwQO QO 'hrDNt
|m} R}i hrDNt VwQ wO R= |m} x@ =yuD@ ẁv u}= QO =wy ?=@L O=H}= "OQ}o|t
pwYLt u}= 'p=Ft u=wvax@ "OQ}o|t CQwY |}=}t}W |vOwRi= O=wt R= xO=iDU= =}
hm |xOvvmO}rwD |}=}t}W |xO=t w ?; '|O=@ |xU=t 'u=t}U ?}mQD R= Ov=wD|t

"OwW p}mWD

|}=U=vW "2"4
|xSwQB "s} R=OQB|t l@U |vD@ lwr@ |L=Q] C=t=Rr= w xSwQB |iQat x@ R=i u}= QO
w uRw Vy=m hOy =@ l@U uD@ \qDN= KQ] u} QDy@ u}}aD |=DU=Q QO Q_v OQwt
u}= K}LY |=QH= "OwW|t =QH= |Q=Wi Ctw=kt V}=Ri= uDiQo Q_v QO w xv} Ry
uRw EL@ l@U |=ylwr@ QO "CU= |vi T=vWQ=m =@ sw=Ot Cqt=aD sRrDUt xSwQB

%Ovv=t &OwW|t h} QaD xiOywO |L=Q] |xr�Ut l} u=wvax@ |wk |L=Q]
Min [�f ; �f ]

subject to Cq(x) � 0; q = 1; :::; Q
XL � X � XU

"CU= f(x) hOy `@=D R= Q=}at h=QLv= u}ov=}t �f w �f u; QO xm
Q@ |vD@t |L=Q] |R=Uxv}y@ w |HvUu=mt= � |R=UpOt |=yVwQ "2
|L=Q] x@ |@=}CUO =yvDxv '|wk |L=Q] QO "1�RBDO� u=v}t]=C}r@=k
C}ty= R= R}vC}a]k sOaCLD|L=Q] uOw@|vOW^iL xmr@CU= syt |wk
'xiOywO |L=Q] xr�Ut QO uOw@|vOW C}=aQ |=Q@ "CU= Q=OQwNQ@ |Y=N

[13]%OW xO=iDU= umtt Cr=L u} QDO@ R}r=v; R=
Min [�f ; �f ]

subject to Cq(x) + kq
nX
i=1

����@cq@xi

�����xi � 0; q = 1; 2; :::; Q

XL + �x � X � XU ��x (2)

xt} QHpt=wa R= s=OmQy x@ xt} QH uOQmxi=[= j} Q] R=|rY= |=yC}OwOLt xm
"OW Oy=wN KqY= (kq; q = 1; 2; :::; Q) OwW|t u}}aD K=Q] \UwD xm
|HvUu=mt= � |R=UpOt |=yVwQ uOQm|r=tDL= `k=w QO RBDO |R=Uxv}y@
|=Q@ |a]k |Ov@pwtQi R= =yC}OwOLt 'RBDO hQ=aDt |Ov@pwtQi QO "CU=
OQmrta |=yQ=}at xm u}= u}t[D w|L=Q] |=yQ}eDt QO �C}a]k sOa� R=C_i=Lt
C}OwOLt 'p=Ft |=Q@ "OwW|t p}O@D �|r=tDL= x@� OvwW|t xOQw;Q@ ?wr]t Qw]x@
'CU= C}OwOLt u}= |=Q@ |}xOWOwOLt Q=Okt ĝ u; QO xm gi(x) � ĝ |a]k

%OwW|t |r=tDL= C}OwOLt l} x@ p}O@D
Gi(x) � ĝ � gi(x) (3)

%O=O u=Wv u}vJ u=wD|t =Q |r=tDL= C}OwOLt l}
P [Gi(x) � 0] � Ri (4)

j} Q] R= |r=tDL= C}OwOLt w CU= Q_v OQwt u=v}t]= C}r@=k K]U Ri u; QO xm
h}YwD 'CU= CUmW Qou=Wv xm Gi(x) � 0 x=Qtyx@ Gi(x) OQmrta `@=D

"OwW|t
Q=yJ QO 6� |=Q@ |L=Q] xm xOW xOy=Wt 'OwHwt C=}@O= |xar=]t R= TB
|L=Q] '=yxv=NQ=m |D@=kQ C} Rt ?Um QO CavY �? [15w14]&swyit �hr= %VN@
'|R=UwQOwN |=yCmQW QO =yOv}=Qi |R=UxO=U w O}rwD QO C=a}=[Vy=m 'pwYLt
x@ u; |xtHQD w |QDWt |=OY |}=U=vW QO C=tON �G [19�16]&|R=Uxv}y@ w
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