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hOy =@ pOt u}= "CU= xOW xDiQo Q_vQO xOvWwQi \UwD |OwHwt C} Q}Ot CU=}U

|=[a= OwU |R=Uxv}W}@ |=Q@ |Q=PoCt}k w |OwHwt C=t}tYD u=tRsy |R=Uxv}y@
Ct}k ?=NDv= =@ VwQixOQN 'CU=}U u}= CLD "CU= xOW xrwtQi u}t-=D |xQ}HvR
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Ow@tm w Xk=v O}rwD Ov}=Qi u}vJty "Ovm|t p=UQ= VwQixOQN |=Q@ QDlJwm |=yxDW=@v=
pO=aD uDi=} |=Q@ 'pL Ov}=Qi "CU= R=Ht pt=m Ci=TB CQwYx@ VwQixOQN C}=U QO

p=Ft l} 'C}=yv QO "CU= xOW x�=Q= =yQ}eDt |xv}y@ K]U u}}aD Qw_vtx@ nQ@rm =DU= |R=@
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xr�Ut pL |=Q@ =yu; "OvO=O xaUwD Q@=Q@=v |R=UQB R=@ |=yxrY=i uDiQo Q_v QO =@ =Q

[6]"OvDUH xQy@ l}DUQw}y VwQ l} R=
Ct}k x@ xDU@=w |=[=kD |Q}oQ_vQO '|OwHwt |=ypOt |xaUwD O=a@= R= |m}
QO u}kkLt "O@=}|t Vy=m |}=yv |q=m |=Q@ =[=kD 'Ct}k V}=Ri= =@ u; QO xm CU=
QO [7]"OvOQm O=yvW}B =Q Ct}k x@ xDU@=w |=[=kD =@ |OwHwt pOt u}rw= 1995 p=U
x@ xDU@=w |=[=kD uDiQo Q_vQO =@ '|Q=PoCt}k � |OwHwt pOt l} '2001 p=U
'2008 p=U QO TBU [8]"OW x�=Q= |}xQ=B Ci= TB CQwYx@ Ow@tm w VwQi Ct}k

u}t-=D |xQ}HvR C}ty= w Vkv R= |y=o ; '|v=yH |=yQ=R=@ QO C@=kQ V}=Ri= =@
OQwt 'CiQW}B pt=a u} QDxDUHQ@ u=wvax@u; |R=Uxv}y@ |=Q@ VqD w xDi=} V}=Ri=
CU= u}t-=D |xQ}HvR C} Q}Ot O=a@= R= |m} |OwHwt C} Q}Ot "CU= xDiQo Q=Qk xHwD
Q}N= |=yp=U QO "Ovm|t =i}= xQ}HvR |=[a= u}@ |ovy=ty O=H}= QO |tyt Vkv xm
xOt; OwHwx@ u}t-=D |xQ}HvR QO |OwHwt C} Q}Ot |xv}tR QO |O}OH |=yOQm} wQ
|OwHwt C} Q}Ot |x]}L |=y|Q}os}tYD C}rw�Ut p=kDv= =yu; |rY= |xO}= xm
u} wv |}xw}W xOvWwQi \UwD |OwHwt C} Q}Ot "CU= QDq=@ |xkrL x@ xkrL Qy
w pQDvm C}rw�Ut xOvvmu}t-=D u; QO xm CU= u}t-=D |xQ}HvR |R=UxJQ=Bm} QO
C} Q}Ot |x}rw= |twyit Q=DN=U [1]"OQ=O xOyaQ@ =Q VwQixOQN |OwHwt |R=UQB R=@
pQDvm C}rw�Ut O}=@ |Um xJ� %OW KQ]t 1958 p=U QO xOvWwQi \UwD |OwHwt
Vy=m w T} wQU K]U V}=Ri= |rm Qw]x@ [2]�#OW=@ xDW=O xOya Q@ =Q =y|OwHwt
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pw�Ut xOvU} wv �
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"CU= xOW x�=Q= |}=yv |Q}oxH}Dv R}v |v=}=B VN@

C=}[Qi w =yO=tv "2
=yQDt=Q=B "1"2

&|WwQixOQN Ct}k R= |]N |a@=D CQwYx@ =[=kD MQv %D (�)

&=[=kD `@=D <=O@t R= ZQa %a
&=[=kD `@=D ?}W %b

&xOvvmO}rwD C}=U QO O}rwD MQv %P
&|R=Ov=x=Q Q=@ Qy QO xOvvmO}rwD |R=UxO=t; |xv} Ry %AS
&VQ=iU Qy QO VwQixOQN |yOVQ=iU |xv} Ry %AB

&p} wLD Q=@ Qy QO ptL |xv} Ry %F
&pwYLt OL=w Qy O}rwD |xv} Ry %CS

&VwQixOQN |=Q@ pwYLt OL=w Qy |OwHwt |xv} Ry %!
&xOvvmO}rwD OL=w ORv u=tR OL=w QO pwYLt OL=w Qy |Q=Oxov |xv} Ry %hS

&VwQixOQN OL=w ORv u=tR OL=w QO sr=U pwYLt OL=w Qy |Q=Oxov |xv} Ry %hB1
&VwQixOQN OL=w ORv u=tR OL=w QO?w}at pwYLt OL=w Qy|Q=Oxov |xv} Ry %hB2

&(hB2 < hB1)
&VwQixOQN OL=w ORv u=tR OL=w QO pwYLt OL=w Qy Ci=TB Ow@tm |xv} Ry %�

&(0 � y < 1) 'Q |xR=Ov= =@ xDW=@v= Qy QO ?w}at sqk= OYQO %y
&(x > D) u=tR OL=w QO |UQR=@ MQv %x
&pwYLt R= OL=w Qy |UQR=@ |xv} Ry %s

&C=a}=[ R= OL=w Qy `iO |xv} Ry %d
&xOvvmO}rwD pm OwU %TPS

"VwQixOQN pm OwU %TPB

s}tYD |=yQ}eDt "2"2
&|R=UQB R=@ Qy QO xDW=@v= xR=Ov= %Q

&O}rwD |xNQJ Qy QO |r=UQ= |xrwtLt O=OaD %n
&|WwQixOQN Ct}k %�
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"pwYLt OL=w Qy Ci=TB CQwYx@ Ow@tm Q=Okt %B

pOt |=yx}[Qi "3"2
VMI O=OQ=Qk CLD VwQixOQN l} =@ pwYLt l} u}t-=D |=Q@ xOvvmO}rwD l} "1
VwQixOQN 'CU= u}t-=D |xQ}HvR pw�Ut xOvvmO}rwD xm =Hv;R= "CU= \=@DQ= QO

"Ovm|t CN=OQB R=@ xOvvmO}rwD x@ =Q |OwHwt |xv} Ry '=[=kD MQv x@ xHwD =@
ẁv R= w |WwQixOQN Ct}k R= |a@=D CQwYx@ w |a]k '|}=yv |QDWt |=[=kD "2

"CU= 1|W}=Ri= |=[=kD
"Ovm|t|wQ}B |OwHwt s�=O QwQtCU=}UR=|OwHwtC} Q}Ot Qw_vtx@ xOvvmO}rwD "3
xR=Ov=sy|xrwtLtCU=}U� R=VwQixOQNC}=U x@ xrwtLt p=kDv= |=Q@u}vJty
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Ct}k l} 'pw= pOt QO [9]&OW x�=Q= Ct}k x@ xDU@=w |=[=kD =@ |OwHwt pOt wO
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|Q}oQ_vQO =@ 'OwW|t x�=Q= xv}y@ |L]UwOu}t-=D |xQ}HvR |xJQ=Bm} OwU u; QO xm
'xOW |R=UpOt Ct}k x@ xDU@=w |=[=kD w |w=Ut |=yxR=Ov= =@ p=UQ= CU=}U

[10]"CU= xOW xO=O xaUwD u; |=Q@ |k}kO pL
'OvwW|t ZQi sr=U,qt=m xOWO}rwDCqwYLt '|OwHwtl}Uqm |=ypOt QO
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Oyt =Q u=tR OL=w QO xOvvmO}rwD OwU `@=D "CU= (C2) s}kDUtQ}e |xv} Ry w (C1)

%OQm |R=UpOt u}vJ u=wD|t

Max TPS(Q;n;CB ; B) = r � C1 � C2

S:t: Q > 0
CB > 0
n integer (2)

xOvvmO}rwD Ot;QO �hr=
|OwHwt |xv} Ry '=[=kD MQv x@ xHwD =@ VwQixOQN 'xr�Ut |=yZQi x@ xHwD =@
VwQi R= pY=L Ot;QO pt=W xOvvmO}rwD Ot;QO "Ovm|t CN=OQB R=@ xOvvmO}rwD x@ =Q
VMI O=OQ=Qk j@] |OwHwt |xv} Ry CN=OQB R=@ Ci=} QO w VwQixOQN x@ sqk=

"CU=[=kD MQv =@ ?U=vDt xm CU= u}t-=D xQ}HvR |=[a= u}@
r = (CB + !)D(�) (3)

xOvvmO}rwD s}kDUt |OwHwt |xv} Ry �?
xOvvmO}rwD C}=U QO =yxv} Ry |xOvQ}oQ@ QO 'xOvvmO}rwD s}kDUt |OwHwt |xv} Ry
C}=U QO |OwHwt |Q=Oxov |xv} Ry 'O}rwD |xv} Ry '|R=Ov=x=Q |xv} Ry pt=W ��
|}=tW 1 pmW QO "CU= �� ?w}at sqk= `iO |xv} Ry w 'ptL |xv} Ry 'xOvvmO}rwD

"CU= xOW xO=O u=Wv xOvvmO}rwD C}=U QO |OwHwt K]U C=Q}}eD R=
%R= CU= CQ=@a xOvvmO}rwD s}kDUt |OwHwt |xv} Ry |=RH= |x@U=Lt j} Q]
pO=at xOvvmO}rwD |=Q@ O}rwD sDU}U |R=Ov=x=Q Q=@ Qy |xv} Ry %|R=Ov=x=Q |xv} Ry ��
x@U=Lt p@=k AS

nT x]@=Q R= u=tR OL=w QO |R=Ov=x=Q |xv} Ry u}=Q@=v@ "CU= AS
"CU=

nQ pO=at O}rwD |xNQJ Qy QO xOvvmO}rwD |xDW=@v= |xR=Ov= %O}rwD |xv} Ry ��
O}rwD pm |xv} Ry 'pwYLt OL=w Qy O}rwD |=Q@ CS |xv} Ry x@ xHwD =@ "CU=

"Ow@ Oy=wN CSQ
T u=tR OL=w QO

QO xOvvmO}rwD |atHD |OwHwt 1 pmW x@ xHwD =@ %|OwHwt |Q=Oxov |xv} Ry ��
%OwW|t x@U=Lt u}vJ O}rwD |xNQJ pw]

[SABCE � SADE � T [Q+ 2Q+ :::+ (n� 1)Q]] (4)

"xOvvmO}rwD C}=U QO |OwHwt "1 pmW

VQ=iU |x]kv x@ VwQixOQN C}=U QO |OwHwt xm Q=@ Qy w Ovm|t O}rwD nQ
"OyO|t Q=Qk VwQi xOQN Q=}DN= QO Q u=Um} |xR=Ov= =@ |}xDW=@v= Q=Okt OUQ@
w C@=F OYQO =@ ?w}at sqk= |=Q=O w Xk=v 'xOvvmO}rwD C}=U QO O}rwD Ov}=Qi "4

"CU= (y) u}at
u=tR pw] QO x MQv =@ 'VwQixOQN C}=U QO Q |xR=Ov= =@ |Di=} QO |xDW=@v= "5

"OwW|t |UQR=@ t = Q=x

|WN@ 'pt=mCi=TB CQwYx@ VwQixOQNC}=U QO Ow@tm uOw@ R=Ht ZQi =@ "6
xO=iDU= OQwt p@k |xQwO u=} QDWt |=[=kD x@ |} woMU=B |=Q@ sr=U sqk= R=

"OQ}o|t Q=Qk
R= O}=@ xDW=@v= Qy O}rwD u=tR 'xOvvmO}rwD C}=U QO Ow@tm uOw@v R=Ht p}rOx@ "7
"OW=@ Q=QkQ@ R}v D (�) < P (1� y) |x]@=Q w QDlJwm |R=UQB R=@ |xNQJ
VwQixOQN Q=@v= QO |R=UQB R=@ |xNQJ u=}=B =D ?w}at sqk= '|UQR=@ Ov}=Qi R= Oa@ "8
"OwW|t xOv=OQoR=@ xOvvmO}rwD x@ OOHt |R=UQB R=@ u=tR QO w 'xOW |Q=Oxov

|Q=Oxov |xv} Ry R= QDnQR@ VwQixOQN C}=U QO sr=U sqk= |Q=Oxov |xv} Ry "9
"CU= xOvvmO}rwD C}=U QO

CQwYx@ |WwQixOQN w |WwQixOta Ct}k 'O}rwD |xv} Ry |x]@=Q "10
"CU= CS < CB < �

"CU= OwOLt=v |R} Qxt=vQ@ |xQwO "11
=Q OwN Vkv |WwQixOQN Ct}k ?=NDv= =@ VwQixOQN 'VMI O=OQ=Qk CLD "12
'|R=UQB R=@ C=aiO '|R=UQB R=@ Q=Okt xOvvmO}rwD w Ovm|t ^iL |Q}os}tYD QO

"Ovm|t u}}aD =Q |WwQixOta Ct}k w Ow@tm Q=Okt
|R=@ R= pOt pL |=Q@ 'xar=]t OQwt u}t-=D |xQ}HvR uOw@ RmQtDtQ}e x@ xHwD =@ "13

"OwW|t xO=iDU= nQ@rm =DU=

xr�Ut |R=UpOt "3
VwQixOQN |OwHwt pOt "1"3

�|OwHwt |xv} Ry 'pwYLt O} QN |xv} Ry� =yxv} Ry ẁtHt QUm =@ VwQixOQN OwU
u}= Q@ =t ZQi "O};|t CUOx@ u=} QDWt x@ pwYLt VwQi R= pY=L Ot;QO R=
'D(�) > 0 xm u}= x@ xHwD =@ "CU= |WwQixOQN Ct}k R= |a@=D =[=kD xm CU=
u=wD|t =Q u=tR OL=w QO VwQixOQN OwU `@=D "CU= a=b VwQi Ct}k xv}W}@

%OQm x@U=Lt 1 |x]@=Q j@=]t

Max TPB(�) = [� � (CB + !)]D(�)

S:t: D(�) = a� b�
� < a=b (1)

xOvvmO}rwD |OwHwt pOt "2"3
x@ pwYLt VwQi R= pY=L Ot;QO R= =yxv} Ry ẁtHt QUm =@ xOvvmO}rwD OwU
s}kDUt |xv} Ry VN@ wO pt=W xOvvmO}rwD |=yxv} Ry &O};|t CUO x@ VwQixOQN
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wDCQwYx@ u=tR OL=w QO |yOVQ=iU |xv} Ry u}=Q@=v@ "OQ}o|t Q=Qk VwQixOQN
"CU= x@U=Lt p@=k AB

T

QO VwQixOQN C}=U QO pwYLt OL=w Qy |UQR=@ |xv} Ry %|UQR=@ |xv} Ry ��
u=tR OL=w QO |UQR=@ |xv} Ry u}=Q@=v@ "CU= S pO=at |R=UQB R=@ |xNQJ Qy

"CU= x@U=Lt p@=k SQ
T x]@=Q R=

pwYLt OL=w Qy Ow@tm |xv} Ry '|R=UQB R=@ |xNQJ Qy QO %Ow@tm |xv} Ry ��
|x]@=Q R= u=tR OL=w QO Ow@tm |xv} Ry u}=Q@=v@ "CU= B Ow@tm Q=Okt w � pO=at

"CU= x@U=Lt p@=k � n:B:t22 = �:B2
2Q(1�y)

2 pmW x@ xHwD =@ %VwQixOQN C}=U QO ?w}at w sr=U sqk= |Q=Oxov |xv} Ry ��
C}=U QO ?w}at sqk= |Q=Oxov |xv} Ry w sr=U sqk= |Q=Oxov |xv} Ry u=wD|t

%OQm x@U=Lt u}vJ =Q u=tR OL=w QO VwQixOQN
p}rOx@ %|R=UQB R=@ xNQJ u=}=B =D sr=U sqk= |Q=Oxov |xv} Ry �hr=
sr=U sqk= R= |WN@ =yvD 'pt=m Ci=TB CQwYx@ Ow@tm uOw@ R=Ht
xO=iDU= OQwt |rai xQwO |=[=kD x@ |} woMU=B |=Q@ (Q(1 � y) � B)

sr=U CqwYLt Q=@v= QO pwYLt OL=w Qy |Q=Oxov |xv} Ry w OQ}o|t Q=Qk
QO sr=U sqk= |Q=Oxov |xv} Ry u}=Q@=v@ "CU= hB1 pO=at u=tR OL=w QO

%OwW|t x@U=Lt 7 |x]@=Q R= |R=UQB R=@ |xNQJ pw]
nhB1
nT

�1
2 (Q(1�y)�B)(t1)

�
= hB1(

(Q(1�y)�B)2

2Q(1�y)
)

(7)

sqk= O=OaD %|R=UQB R=@ xNQJ u=}=B =D ?w}at sqk= |Q=Oxov |xv} Ry �?
QO pwYLt OL=w Qy |Q=Oxov |xv} Ry w Q:y pO=at xDW=@v= Qy QO ?w}at
|UQR=@ u=tR QO ?w}at sqk= "CU= hB2 pO=at u=tR OL=w QO C=a}=[ Q=@v=
w 'OwW|t |Q=Oxov C=a}=[ Q=@v= QO u; R= TB w 'sr=U CqwYLt Q=@v= QO
|xv} Ry u}=Q@=v@ "OwW|t xOv=OQoR=@ xOvvmO}rwD x@ OOHt |R=UQB R=@ u=tR QO

%OwW|t x@U=Lt u}vJ ?w}at sqk= |Q=Oxov
nhB1
nT

�1
2 (Qy)(t)

�
+ nhB2

nT

�
QyT � 1

2 (Qy)(t)
�

=

hB1(
D(�)Qy

2x(1� y)
) + hB2(Qy � D(�)Qy

2x(1� y)
) (8)

CU= CQ=@a u=tR OL=w QO xOvvmO}rwD s}kDUtQ}e |OwHwt |xv} Ry xH}DvQO
%R=

C2 =D(�)AB
Q(1�y)

+ SD(�)
(1�y)

+ �:B2

2Q(1�y)

+ hB1(
(Q(1�y)�B)2

2Q(1�y)
+ D(�)Qy

2x(1�y)
)

+ hB2(Qy� D(�)Qy
2x(1�y)

) (9)

pOt pL "4
nQ@rm =DU= |R=@ "1"4

|=yQ}eDt '4wQxr=@vO MU=B u} QDy@ uDUv=O R=}Dt= =@ 3wQW}B 'nQ@rm =DU= |R=@ QO
xOW x@U=Lt Q}O=kt uDiQo Q_vQO =@ wQxr=@vO 'TBU w Ovm|t u}}aD =Q OwN s}tYD

w hS xOvvmO}rwD C}=U QO u=tR OL=w QO pwYLt OL=w Qy |Q=Oxov |xv} Ry
|Q=Oxov |xv} Ry u}=Q@=v@ 'CU= nT = n(1� y)Q=D O}rwD |xNQJ pw]
5 |x]@=Q j@=]t =Q xOvvmO}rwD C}=U QO u=tR OL=w QO xOvvmO}rwD |OwHwt

%s}vm|t x@U=Lt
[SABCE � SADE � T [Q+ 2Q+ :::+ (n� 1)Q]]hS

nT
=0@ h

nQ(QP + (n� 1) (1�y)Q
D )� n2Q2

2P
i

� (1�y)Q
D [Q+ 2Q+ :::+ (n� 1)Q]

1AhS

n(1�y)Q
D

=

hSQ
2
�
n(1� D(�)

P (1� y)
)�1+ 2D(�)

P (1� y)

�
(5)

|R=UQB R=@ |xNQJ Qy QO VwQixOQN x@xDW=@v= p=UQ= |xv} Ry %ptL |xv} Ry ��
x@U=Lt p@=k F=T x]@=Q R= u=tR OL=w QO ptL |xv} Ry u}=Q@=v@ "CU= F pO=at

"CU=
QO VwQixOQN \UwD |DWoR=@ |@ w}at sqk= O=OaD %?w}at sqk= `iO |xv} Ry ��
QO ?w}at sqk= `iO |xv} Ry u}=Q@=v@ "CU= Q:y pO=at '|R=UQB R=@ |xNQJ Qy
|OwHwt |xv} Ry T=U= u}= Q@ "Ow@ Oy=wN (dQy)=T CQwYx@ u=tR OL=w

%OwW|t x@U=Lt 6 |x]@=Q j@=]t u=tR OL=w QO xOvvmO}rwD s}kDUt

C1 = D(�)AS
nQ(1� y)

+ CSD(�)
(1� y)

+ D(�)F
Q(1� y)

+ D(�)dy
(1� y)

+ hSQ
2
�
n(1� D(�)

P (1� y)
)� 1 + 2D(�)

P (1� y)

�
(6)

xOvvmO}rwD s}kDUtQ}e |OwHwt |xv} Ry �G
|xv} Ry pt=W �� xOvvmO}rwD\UwD VwQixOQN |OwHwtC} Q}Ot R= |W=v xv} Ry u}=
w sr=U sqk= |Q=Oxov |xv} Ry w Ow@tm |xv} Ry '|UQR=@ |xv} Ry '|yOVQ=iU
2 pmW QO VwQixOQNC}=U QOCUO QO |OwHwt K]U C=Q}}eD "CU= �� ?w}at

"CU= xOW xO=O u=Wv
CU= CQ=@a xOvvmO}rwD s}kDUtQ}e |OwHwt |xv} Ry |=RH= |x@U=Lt VwQ

%R=
AB pO=at |R=UQB R=@ |xNQJ Qy QO VQ=iU |xv} Ry %|yOVQ=iU |xv} Ry ��
Q=}DN= QO xR=Ov=sy |xDW=@v= n QO 'O}rwD |xNQJ Qy QO |O}rwD |xDW=@v= "CU=

"VwQixOQN C}=U QO |OwHwt "2 pmW
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|U} wvR=@ u}vJ VwQixOQN Vvm =w `@=D u} QDy@ |v} Ro}=H =@ =Q xOvvmO}rwD pOt
%s}vm|t

Max TPS (Q;n;CB ; B) = (CB + !)D(��(CB))

� D(��(CB))AS
nQ(1� y)

� CSD(��(CB))
(1� y)

� D(��(CB))F
Q(1� y)

� dyD(��(CB))
(1� y)

� hSQ
2
�
n(1� D(��(CB))

P (1� y)
)� 1

+2D(��(CB))
P (1� y)

�
� D(��(CB))AB

Q(1� y)
� SD(��(CB))

(1� y)

� �B2

2Q(1� y)
� hB1(

(Q(1� y)�B)2

2Q(1� y)

+ D(��(CB))Qy
2x(1� y)

)� hB2(Qy � D(��(CB))Qy
2x(1� y)

)

S:t: Q > 0
CB > 0
B > 0
n integer (15)

%s} Q}o|t jDWt Q=@ wO B x@ C@Uv hOy `@=D R=
@2TPS(Q;n;CB ; B)

@B2 = � (hB1 + �)
Q(1� y)

< 0 (16)

xv}y@ Q=Okt xH}Dv QO 'CU= Qakt Ci=TB Ow@tm Q=Okt x@ C@Uv xOvvmO}rwD OwU `@=D
%OQm x@U=Lt u}vJ u=wD|t =Q

@TPS(Q;n;CB ; B)
@B

= 0 (17)

B� = hB1Q(1� y)
hB1 + �

(18)

|=Q@ TBU w s}yO|t Q=Qk xOvvmO}rwD hOy `@=DQO =Q Ow@tm |xv}y@ Q=Okt xt=O= QO
wO Q x@ C@Uv hOy `@=D R= =OD@= |r=UQ= |xDW=@v= xR=Ov= |xv}y@ Q=Okt |x@U=Lt

%s} Q}o|t jDWt Q=@
@2TPS(Q;n;CB)

@Q2 =� 2D(��(CB))AS
nQ3(1� y)

� 2D(��(CB))F
Q3(1� y)

� 2D(��(CB))AB
Q2(1� y)

< 0 (19)

xv}y@ Q=Okt 'CU= Qakt xDW=@v= xR=Ov= x@ C@Uv xOvvmO}rwD OwU `@=D xm u}=x@ xHwD =@
%OQm x@U=Lt u}vJ u=wD|t =Q

@TPS(Q;n;CB)
@Q

= 0 (20)

Q� =

s
2D(��(CB))

(1�y) [ASn +AB + F ]
G

G =hS
�
n(1�D(��(CB))

P (1�y)
)�1+2D(��(CB))

P (1�y)

�
� hB1(

�2(1� y)
(hB1 + �)2 +

D(��(CB))y
x(1�y)

)

� hB2(2y�D(��(CB))y
x(1�y)

)� �h2
B1(1� y)

(hB1 + �)2 (21)

CQwY u}= QO "Ovm|t x@U=Lt OwU |R=Uxv}W}@ |=Q@ =Q OwN s}tYD Q}eDt Q=Okt
|R=Uxv}W}@ |=Q@ w wQxr=@vO MU=B u} QDy@ x@ xHwD =@ wQW}B 'wQxr=@vO s}tYD Q}}eD =@
wQV}B xm O@=}|t xt=O= |}=H =D x} wQ u}= "O=O Oy=wN Q}}eD =Q =yQ}eDt Q}O=kt 'VOwU
QO "O}UQ Ovy=wN nQ@rm =DU= pO=aD x@ xH}DvQO w 'OyO V}=Ri= =Q OwN OwU Ov=wDv
u} QDW}@ pO=aD |x]kv =Q} R 'Ow@ Ovy=wNv \}=QW Q}}eD x@ p}=t l} I}y 'pO=aD Cr=L
|R=@ QO VwQixOQN � xOvvmO}rwD |x]@=Q [21]"Ovm|t O=H}= l} Qy |=Q@ =Q OwU

%OQm |Ov@xrwtQi u}vJ u=wD|t =Q nQ@rm =DU=

Max TPS (Q;n;CB ; B) = (CB+!)D(�)� D(�)AS
nQ(1�y)

� CSD(�)
(1�y)

� D(�)F
Q(1�y)

� dyD(�)
(1�y)

� hSQ
2
�
n(1� D(�)

P (1�y)
)� 1+ 2D(�)

P (1�y)

�
� D(�)AB
Q(1�y)

� SD(�)
(1�y)

� �B2

2Q(1�y)

� hB1(
(Q(1�y)�B)2

2Q(1�y)
+ D(�)Qy

2x(1�y)
)

� hB2(Qy� D(�)Qy
2x(1�y)

)

S:t: Q > 0
CB > 0
B > 0
n integer

Max TPB (�) = (� � CB � !)D(�)

S:t: D(�) = a� b�
� < a=b (10)

pOt pL Ov}=Qi "2"4
VwQixOQN Vvm =w u} QDy@ "1"2"4

%s}yO|t Q=Qk hOy `@=D QO =Q D (�) = a� b� Q=Okt

Max TPB(�) = (� � CB � !)(a� b�) (11)

%s} Q}o|t jDWt Q=@ wO � x@ C@Uv VwQixOQN hOy `@=D R= TBU

@2TPB(�)
@�2 = �2b < 0 (12)

'CU= Qakt |WwQixOQN Ct}k x@ C@Uv VwQixOQN OwU `@=D xm u}= x@ xHwD =@
%OQm x@U=Lt u}vJ u=wD |t =Q VwQixOQN Vvm =w `@=D u} QDy@

@TPB(�)
@�

= 0 (13)

�� = a
2b + (CB + !)

2 (14)
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wD%Qo = "2
V > 0) [Z(n+ 1)� Z(n)]� [Z(n)� Z(n� 1)] > 0

(28)

%xm |wLv x@
[Z(n+ 1)� Z(n)]� [Z(n)� Z(n� 1)] = 2ASV

n(n� 1)
(29)

n� w Ow@ Oy=wN ?OLt n x@ C@Uv Z(n) 'V > 0 \}=QW |Q=QkQ@ =@
"Ow@ Oy=wN Z(n) |xv}tm |x]kv

p=UQ= C=aiO O=OaD '|WwQixOtaCt}k R= Q=Okt Qy |=Q@ u=wD|t xYqN Qw]x@
%OQm x@U=Lt 30 |x]@=Q R= =Q xv}y@8><>:n

�(n��1)< ASV

[AB+F ]hS(1�D(��(CB))
P (1�y) )

�n�(n�+1) V > 0
n� = 1 V � 0

(30)

TPS(n;CB) xmu}= x@ xHwD =@ '|WwQixOtaCt}k|xv}y@ Q=Okt|x@U=Lt|=Q@p=L
=@ 'OQ=O OwHw u; |xv}W}@ Q=Okt u}vJty w CU= CB x@ C@Uv xDUw}B `@=D l}
\}=QW j@=]t =Q CB |xv}y@ Q=Okt 'VQ=iU p=UQ= C=aiO O=OaD uDiQo Q_vQO C@=F

%s}vm|t x@U=Lt Q} R
@TPS(CB)

@CB
= 0 (31)

C}OwOLt xm OW=@|}xvwox@ O}=@C�B Q=Okt 'CU= xDU@=wC�B x@ �� xm u}= x@ xHwD =@
%OR=U xOQw;Q@ =Q � < a=b

�� < a=b) a
2b + C�B + !

2 < a
b
) C�B < (a

b
� !) (32)

`@=D l} Q=O} QN OwU `@=D ' @TP�b (CB)
@CB

< 0 |x]@=Q T=U=Q@ xm CU= QmP x@ sRq
|WwQixOta Ct}k |=Q@ |v=QL@ |x]kv wO Qo = u}=Q@=v@ "CU= CB x@ C@Uv |Wy=m
u=wvax@ VMI O=OQ=Qk CLD xOvvmO}rwD 'O}; CUOx@ C�B1 > C�B2 CQwYx@
?rH QO |aU uwJ w 'CU= x=o ; TP �b (C�B1) < TP �b (C�B2) |x]@=Q R= 'wQW}B
"OQm Oy=wN ?=NDv= |}=yv |xv}y@ ?=wH u=wvax@ =Q C�B2 'OQ=O VwQixOQN C}=[Q

"OQw= s}y=wN CUOx@ =Q OL=w nQ@rm =DU= pO=aD u}=Q@=v@

pL sD} Qwor= "3"4
Q=Okt u}}aD Qw_vtx@ OL=w nQ@rm =DU= pO=aD |x]kv |x@U=Lt |=Q@ pOt u}= QO

%OwW|t xO=iDU= Q} R VwQ R= s}tYD |=yQ}eDt |xv}y@
'O}vm u}}aD 31 |xrO=at pL R= =Q CB Q=Okt 'n = 1 uDiQo Q_vQO =@ %1 s=o
CQ=@a QO =Q xOW x@U=Lt CB Q=Okt "OR=U xOQw;Q@ =Q 32 C}OwOLt xm|Qw]x@
x@ w CU= xOt; CUOx@ C�B w n� Q}O=kt Ovm jOY u; QO Qo = 'O}yO Q=Qk 26

"O} wQ@ swO s=o x@ CQwYu}= Q}e QO O} wQ@ sQ=yJ s=o
'O}vm u}}aD 31 |xrO=at pL =@ =Q CB Q=Okt 'n = 2 uDiQo Q_vQO =@ %2 s=o
CQ=@a QO =Q xOt;CUO x@CB Q}O=kt "OR=U xOQw;Q@ =Q 32C}OwOLt xm |Qw]x@
x@ w CU= xOt; CUOx@ C�B w n� Q}O=kt Ovm jOY u; QO Qo = &O}yO Q=Qk 28

"O} wQ@ swU s=o x@ CQwY u}= Q}e QO 'O} wQ@ sQ=yJ s=o

Q} R CQwYx@ =Q pOt w s}yO|t Q=Qk xOvvmO}rwD hOy `@=D QO =Q xv}y@ Q=Okt xt=O= QO
%s}vm|t |U} wvR=@

Max TPS (n;CB) = (CB + !)D(��(CB))� CSD(��(CB))
(1� y)

�dyD(��(CB))
(1�y)

� SD(��(CB))
(1�y)

�
s

2D(��(CB))
(1�y)

r
[AS
n

+AB + F ]G (22)

|WwQixOta Ct}k s}tYD |=yQ}eDt =yvD 22 |x]@=Q T=U=Q@ xm CW=O xHwD O}=@
|x@U=Lt VwQ xt=O= QO xm Ov=xOv=t |k=@ (n) xDW=@v= p=UQ= C=aiO O=OaD w (CB)

%CU= xOW u=}@ =yu;
p=UQ= C=aiO |xv}y@ Q=Okt '|WwQixOta Ct}k uDiQoQ_v QO C@=F =@ =OD@=
OwU |R=Uxv}W}@ |=Q@ '\}=QW u}= CLD "OwW|t x@U=Lt Q} R \}=QW j@=]t xDW=@v=

%OQm xv}tm =Q p=m}O=Q Q} R CQ=@a u=wD|t xOvvmO}rwD
Min [AB + F ][hS

�
�1+

2D(��(CB))
P (1�y)

�
� �h2

B1(1� y)
(hB1 + �)2

�hB1(
�2(1� y)
(hB1 + �)2 +

D(��(CB))y
x(1�y)

)� hB2(2y

�D(��(CB))y
x(1�y)

)] +AShS(1�D(��(CB))
P (1�y)

) + Z(n)

(23)

%xm
Z(n) = [AB + F ]hSn(1� D(��(CB))

P (1� y)
) + AS

n
V (24)

%xm|wLvx@
V =hS

�
�1+

2D(��(CB))
P (1�y)

�
� hB1(

�2(1� y)
(hB1 + �)2

+
D(��(CB))y
x(1�y)

)� hB2(2y�D(��(CB))y
x(1�y)

)� �h2
B1(1� y)

(hB1 + �)2

(25)

|R=Uxv}W}@ u}=Q@=v@ 'CU= n Q}eDt |=Q=O Z(n) CQ=@a =yvD CU= QmP x@ sRq
n xm u}= x@ xHwD =@ "OW=@ Z(n) CQ=@a |R=Uxv}tm pO=at Ov=wD|t xOvvmO}rwD OwU
swyit R= u; |xv}y@ Q=Okt |x@U=Lt |=Q@ 'CU= xDUUo |Q=Okt w K}LY |OOa

%O};|t OwHw x@ Cr=L wO CQwY u}= QO "s}vm|t xO=iDU= jDWt
%Qo = "1

V � 0) Z(n+ 1)� Z(n) < 0 (26)

%xm|wLvx@
Z(n+ 1)� Z(n) =[AB + F ]hSn(1� D(��(CB))

P (1� y)
)

� ASV
n(n+ 1)

(27)

CQ=@a pw= VN@ 'xOvvmO}rwD C}=U QO Ow@tm uOw@v R=Ht ZQi x@ xHwD =@
Z(n) 'V � 0 \}=QW |Q=QkQ@ =@ "Ow@ Oy=wN C@Ft Ctqa =@ |}xH}Dv |=Q=O
C=aiO O=OaD |=Q@ xv}y@ ?=wH w Ow@ Oy=wN n x@ C@Uv |W}=Ri= `@=D l}

"CU= n� = 1 p=UQ=
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kQ@h
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"b C=Q}}eD x@ C@Uv xQ}HvR |=[a= OwU C=Q}}eD "3 pmW

QO "O@=}|t V}=Ri= �60 R= V}@ u=R}tx@ VwQixOQN w xOvvmO}rwD OwU 'b QDt=Q=B
xOvvmO}rwD OwU '|WwQixOQN Ct}k x@ |QDWt |=[=kD C}U=UL Vy=m =@ Ck}kL
=@ \@DQt QDt=Q=B V}=Ri= =@ u}vJty "O@=}|t V}=Ri= |Q}osWJ Qw]x@ VwQixOQN w

"O@=}|t Vy=m s}tYD |xv}y@ Q}O=kt 'Q=R=@

y ?w}at sqk= OYQO QDt=Q=B C}U=UL p}rLD "2"5
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