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%Qo}O u=}@ x@
u=tR �=y|Ov@xQm}B s=tD |=Q@� ,=t=Rr= OwWv C}=aQ Qo = u=tR u} QDOwR u}}=B OL �

"CiQo Oy=wN Q=Qk Q}F-=D CLD xSwQB ẁQW
l} |=Q@ pk=OL� CU= umtt OwWv C}=aQ Qo = u=tR u} QDOwR |q=@ OL �

"OQ}o Q=Qk Q}F-=D CLD xSwQB ẁQW u=tR �|Ov@xQm}B
w t l3 = max tl3(
) = 7 |x]@=Q K2 w O2 |=y|Ov@xQm}B u}vJty
"OvyO|t xH}Dv =Q tl3 = min tl3(
) = 4 |x]@=Q �y2 w hr=2 |=y|Ov@xQm}B
u=wD|tv ,qw= xm OQm xOy=Wt |DL=Qx@ u=wD|t 'xOW x�=Q= |=y|Ov@xQm}B QO CkO =@
u} QDlJwm ,=}v=F 'ODi}@ j=iD= 7 u=tR R= Oa@ 3 O=O} wQ xm OQm =O}B |Ov@xQm}B xvwoI}y

"|}xR=@ |=yu=tR =@ xO=U |xm@W l} "1 pmW

9xSwQB pm s=Hv= u=tR COt ~T xH}DvQO 'x�ij = 1 s} Q=O =yv; |=Q@ xv}y@ ?=wH QO
\N |wQ =yC}r=ai s=Hv= |R=i |=yu=tR COt `tH R= |R=i OOa l} CQwYx@

"O};|t CUO x@ |v=QL@
R}v =Q xm@W |=yO=O} wQ ẁkw |=yu=tR u=wD|t 1 pOt u=owO R= xO=iDU= =@

[18]%R= CU= CQ=@a xr�Ut u}= u=owO pOt "OQm x@U=Lt
min yn � y1

s:t: yj � yi � ~dij ; (i; j) 2 E
yi free in sign (2)

Qy pOt u}= QO "CU= s=i O=O} wQ ẁkw u=tR Qou=Wv w s}tYD Q}eDt yi u; QO xm
V}=tv =Q =yC}r=ai u}@ R=}vV}B \@=wQ w CU= C}r=ai l} x@ xDU@=w C}OwOLt
Ovm|t u=}@ i� j C}r=ai |=Q@ yj � yi � ~dij C}OwOLt Qo}O u=}@ x@ "OyO|t

"OwW `k=w yi + ~dij u=tR R= QDOwR Ov=wD|tv s=j O=O} wQ xm
QiY pO=at xm@W u} R=e; O=O} wQ ẁkw u=tR y1 xm u}= ZQi =@ jwi pOt QO
ZQi "OvDUy QiY |w=Ut QDnQR@ R}v =yyi |x}rm xm CiQo xH}Dv u=wD|t OW=@
=Q} R OQ=Ov jwi pOt OQmrta Q@ |Q}F-=D I}y 'O=O} wQ u}rw= ẁkw u=tR uOw@ QiY
s}tYD |xv}y@ |=yQ}eDt w xv}y@ ?=wH x=ov; OW=@ �QiYhr=Nt� k Q@=Q@ y1 xJv=vJ
3 pOt R= xOt; CUO x@ Q}O=kt R= l} Qy x@ k Q=Okt uOQm xi=[= =@ 2 pOt QO
'OwWv QmP C}OwOLt l} u=wvax@ y1 = 0 ZQi xJv=vJ xD@r= "O};|t CUO x@
"O=O Ovy=wN xH}Dv =Q ZQi u}= hOy `@=D Q=Okt uOQm xv}tm |=Q@ =yC}OwOLt Q}=U

%CWwv u}vJ =Q jwi pOt u=wD|t u}=Q@=v@
min yn

s:t: yj � yi � ~dij ; (i; j) 2 E
yi � 0; 8i = 1; :::; n (3)

hOy `@=D R= y1 hPL ?@U R}v 1 pOt QO pw= C}OwOLt uDiQo Q_v QO O}=R xD@r=
"OwW|t 2 pOt

|iO=YD CQwYx@ jwi pOt QO =yO=O} wQ ẁkw |=Q@ xOt; CUO x@ |=yu=tR
xv}tm u}=Q@=v@ "OQ}o|t Q=Qk umtt u=tR u} QDQ}O w umtt u=tR u} QDOwR u}@ xR=@ QO
pOt QO xv=oOvJ |xv}y@ |=y?=wH =@ Q_=vDt s}tYD |=yQ}eDt Q}O=kt �xv}W}@ =}�
u=tR �u} QDQ}O =}� u} QDOwR Ov=wD|t ' (li = max y�i ) ei = min y�i |va} 'jwi
|oO=Ux@ |R=i |R} Qxt=vQ@ |=ypOt pL =t= "OyO xH}Dv =Q xm@W |=yO=O} wQ ẁkw
|=Q@ |rL x=Q |Oa@ |=yVN@ QO u}=Q@=v@ w 'CU}v |R} Qxt=vQ@ |O=a |=ypOt pL

"OW Oy=wN O=yvW}B |[=} Q |R} Qxt=vQ@ pOt l}|x�=Q=

|}xR=@ O=Oa= Qw[L =@ xSwQB |Ov@u=tR "3
s=Hv= u=tR COt QO u=v}t]= sOaV}=tv |=Q@ |}xR=@ |=yxm@W QO OW xDio xm u=vJ
d ij � 0 u; QO xm OwW|t xO=iDU= ~dij = [d ij ; dij ] pFt |}xR=@ R= =yC}r=ai
10|Ov@xQm}B s=vx@ O}OH swyit l} h} QaD |}xR=@ |=yxm@W p}rLD |=Q@ "CU=
x@ &CU= |}xR=@ |xm@W l} R= |a]k |kkLD 
 |Ov@xQm}B [19]"CU= |QwQ[
|a]k |Ov@u=tR |=Q@ pwtat |=yVwQ |x}rm u}=Q@=v@ "dij(
) 2 ~dij Qo}O u=}@
1 |=ypOt XwYNx@ "OQ@ Q=m x@ R}v |Ov@xQm}B l} |=Q@ u=wD|t =Q xSwQB |=yxm@W
"OQm pL xO=U|]N |R} Qxt=vQ@l} u=wvax@ u=wD|t dij(
) x@ ~dij p}O@D =@ =Q 3 w
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"""u
}QDQ}

O|
xr�U

t|
=Q@|

]N
|R}

Qxt=
vQ@p

Ot|
x�=Q=

"xvwtv |xSwQB |xm@W |=Q@ hrDNt |=y|Ov@xQm}B "2 pmW

QO VN@ u}= QO xOWx�=Q= s}y=it "OwW|t x�=Q= Q}O=kt u}= uDi=} |=Q@ |O=yvW}B
"Ovvm|t =i}= |O}rm Vkv |[=} Q |=ypOt |x�=Q=

=yO=O}wQ u=tR u} QDOwR |=Q@ |O=yvW}B |=ypOt "1"3
=yC}r=ai s=Hv= u=tR COt |=Q@ umtt |=y|Ov@xQm}B |t=tD R= |}xawtHt ! Qo =
|Ov@xQm}B w 11xv=v}@O@ |Ov@xQm}B di(
) = di =@ 
 2 ! |Ov@xQm}B x=ov; 'OW=@
"OwW|t h} QaD 12xv=v}@VwN |Ov@xQm}B u=wvax@ di(
) = d i =@ 
 2 !

=Q xSwQB |xtD=N u=tR u} QDOwR xv=v}@VwN |Ov@xQm}B xm OQm C@=F u=wD|t |DL=Qx@
[20]"Ovm|t xv}W}@ =Q xSwQB |xtD=N u=tR u} QDOwR xv=v}@O@ |Ov@xQm}B w xOQm xv}tm

4 u=tR OwW ẁQW QDQ}O u; R= Ov=wDv 3 O=O} wQ xm |Ov@xQm}B l} pk=OL QO u=tR
%CU= h} QaD p@=k O=O} wQ ẁkw u=tR u} QDQ}O |=Q@ R}v Q} R s}y=it u}=Q@=v@ "CU=

u=tR �=y|Ov@xQm}B s=tD |=Q@� ,=t=Rr= OwWv C}=aQ Qo = u=tR u} QDQ}O |q=@ OL �
"CiQo Oy=wN Q=Qk Q}F-=D CLD xSwQB |xtD=N

l} |=Q@ sm CUO� CU= umtt OwWv C}=aQ Qo = u=tR u} QDQ}O u}}=B OL �
"OQ}o Q=Qk Q}F-=D CLD xSwQB |xtD=N u=tR �|Ov@xQm}B

|=y|Ov@xQm}B |q=@ O=OaD p}rOx@ =y|Ov@xQm}B pt=m VQ=tW VwQ *|R=UxO=}B
|[=} Q |=ypOt Oa@ VN@ QO "CU= Q@u=tR Q=}U@ '|ak=w p�=Ut QO umtt
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"""w
|�=k

;xr=
O@a

'Q=O
Cw

Qt=
[Q =yO=O}wQ u=tR u} QDQ}O |=Q@ |O=yvW}B |=ypOt "2"3

[16w14]xDWPo C=ar=]t QO xOW x�=Q= |=yVwQ 'OW xQ=W= u}= R= V}B xm u=vJ
=@ xm@W l} |=yO=O} wQ ẁkw u=tR u} QDQ}O |q=@ w u}}=B OwOL |xr�Ut OvQO=k
|R} Qxt=vQ@ OvtR=}v w OvQ=wWO Q=}U@ =yVwQ u}= =t= 'OvvmpL =Q|a]kQ}e |=yC}r=ai
CkO w VqD sRrDUt =yv; OQmrta syi xm OvDUy |}xO}J}B |}xv=}=Q |=ysD} Qwor=
pL |=Q@ |]NQ}e |[=} Q |R} Qxt=vQ@ pOt =OD@= 'VN@ u}= QO "CU= u=w=Qi
|R} Qxt=vQ@ |x}=B Vv=O =@ u}kkLt |=Q@ u; lQO xm xOWx�=Q= jwi p�=Ut R= l} Qy
'|[=} Q |R} Qxt=vQ@ ?U=vt |=yl}vmD OQ@ Q=m =@ TBU &CU= xO=U Q=}U@ |[=} Q
QiY |]N |R} Qxt=vQ@ pOt x@ |]NQ}e K}LY OOa \rDNt |R} Qxt=vQ@ pOt
pL p@=k C=}rta QO j}kLD |=yQ=Ri=sQv \UwD |oO=Ux@ xm OwW|t p}O@D 1 w

"CU=
=yO=O} wQ u=tR u} QDQ}O |q=@ OL u}}aD pOt "1"2"3

|t=tD QO xm CU= |t=ovy O=O} wQ l} ẁkw u=tR u} QDQ}O |q=@ OL 'h} QaD j@]
Q}e QO 'OwWv EO=L QDQ}O X=N u=tR u; R= QwmPt O=O} wQ 'umtt |=y|Ov@xQm}B
Oy=wN xSwQB s=tD= u=tR u} QDQ}O |q=@ OL R= QDW}@ xSwQB |xtD=N u=tR CQwYu}=
p=@vO x@ O=O} wQ l} ẁkw u=tR u} QDQ}O |q=@ OL uDi=} |=Q@ 'Qo}O u=}@ x@ "OW
|=Q@ pk=OL xm |Qw]x@ 'OwW `k=w Ov=wD|t O=O} wQ u; xm s}DUy |v=tR u} QDQ}O
`k=w tlm R= Oa@ m O=O} wQ Qo = |va} "O@=}v V}=Ri= xSwQB s=tD= u=tR |Ov@xQm}B l}
Oy=wN V=x]w@ Qt |Ov@xQm}B QO xSwQB u=}=B u=tR R= V}@ =Q xSwQB pw] ,=v�t]t 'OwW

"OQm
V}=tv �ij = dij � d ij =@ =Q =yC}r=ai s=Hv= u=tR COt xR=@ pw] Qo =
xO=iDU= =@ u=wD|t =Q |Ov@xQm}B l} QO C}r=ai l} s=Hv= u=tR COt 's}yO
Q}O=kt Ov=wD|t zij Q}eDt� OQm u=}@ dij(
) = d ij + �ijzij |x]@=Q R=
u}}=B OL zij uOw@ QiY CQwY QO '|OL Q}O=kt QO "�Ovm Q=}DN= =Q 1 =D QiY
xD@r= "OwW|t xH}Dv C}r=ai s=Hv= u=tR COt |q=@ OL uOw@ 1 CQwY QO w
~dij u}}=B =} q=@ OL wO R= |m} QO \ki xv}y@ ?=wH xOW C=@F= xm u=vJ
"Ow@ Oy=wN 1 w QiY xv}y@ ?=wH QO zij Q}eDt pta QO =Pr w 'ODi=|t j=iD=
Oy=wNv O=H}= xr�Ut |=Q@ xHwtQ}e |=y?=wH R}v 1 w QiY u}@ Q}O=kt OvJQy

"OQm
|=yO=O} wQ ẁkw u=tR u} QDQ}O |q=@ OL |x@U=Lt |=Q@ jwi OQ=wt x@ xHwD =@
u}a QO w OyO xH}Dv =Q ym u} QDnQR@ xm s}W=@ |Ov@xQm}B l} p=@vO x@ O}=@ xm@W

"OW=@ C@=F '|Ov@xQm}B u}= QO xSwQB u=}=B u=tR =@ |w=Ut yn p=L
max ym

s:t: yj � yi � d ij + �ijzij ; (i; j) 2 E
yn � T (
z�);

0 � zij � 1; (i; j) 2 E
yi � 0; i = 1; :::; n (8)

|Ov@xQm}B xm CU= xr�Ut pL R= pY=L zij |xawtHt Q@=Q@ z� pOt u}= QO
|Ov@xQm}B u}= x@ xHwD =@ xSwQB |xtD=N u=tR T (
z�) w OyO|t p}mWD =Q 
z�
xHwD =@ xSwQB s=tD= u=tR Q}F-=D CLD w CU}v O=R; ym V}=Ri= 'pOt u}= QO "CU=
Q@=Q@ yn xm OwW|t nQR@ |}=H =D ym `k=w QO "CU= u; |xOvR=U |Ov@xQm}B x@

"OwW C}=aQ T (
z�)

=}� yn O=O} wQ |=Q@ ,=v�t]t xv=v}@VwN |Ov@xQm}B |=Q@ 3 pOt s}kDUt pL
|twRr =t= 'OQm Oy=wN x@U=Lt =Q umtt OL u} QDu}}=B �xSwQB |xtD=N u=tR u=ty
'Ck}kL QO "OvW=@ xDW=O =Q OwN OL u} QDu}}=B R}v xm@W |=yO=O} wQ Q}=U xm OQ=Ov
|OOa Qy 'OwN |Qw=vW u=tR x@ xDU@ Ov=wD|t �QN; w pw= O=O} wQ RHx@� i O=O} wQ
|=Q@ "OW=@ xDW=O xv=v}@VwN |Ov@xQm}B QO =Q tei(
) + fi(
) w tei(
) u}@
'OvQ}o|t Q=Qk umtt OL u} QDu}}=B QO R}v xm@W |=yO=O} wQ Q}=U xm u}= R= u=v}t]=

%s}vm|t x�=Q= =Q 4 pOt
min

Xn�1
i=1 yi

min yn

s:t: yj � yi � d ij ; (i; j) 2 E
yi � 0; i = 1; :::; n (4)

|R=Uxv}y@C} wrw= u; QO xmCU= 13|]N|xiOywO|R} Qxt=vQ@ |xr�Utl} 4 pOt
|x]@=Q� nQR@ M VwQ OQ@ Q=m =@ =Q u; u=wD|t Qw_vtu}O@ "CU= yn uOQmxv}tm =@

%OQm |U} wvR=@ �5
min Myn +

Xn�1
i=1 yi

s:t: yj � yi � d ij ; (i; j) 2 E
yi � 0; i = 1; :::; n (5)

'yn |R=U xv}tm Q@ xwqa pOt u}= "CU= nQR@ |i=m |xR=Ov=x@ |OOaM u; QO xm
"OyO|t Q=Qk OwN OL u} QDsm QO R}v =Q =yO=O} wQ Q}=U Q}O=kt
"OW=@ n |w=Ut =} QDnQR@ O}=@ M Q=Okt 5 pOt QO "1 sr

|=Q@ yn � yi |x]@=Q '=yO=O} wQ |Q=PoxQ=tW |xwLv x@ xHwD =@ %C=@F=Pn�1
i=1 yi Q=Okt xm CU= K[=w xH}DvQO "CU= Q=QkQ@ xQ=wty i = 2; :::; n� 1

\rUD |=Q@ xm CU= |y}O@ TB "Ow@ Oy=wN (n�1)yn |w=Ut =} QDlJwm xQ=wty
|oO=U |=Q@ xm OW=@ n � 1 R= QDW}@ ,=O}m = O}=@ M Q=Okt 'Pn�1

i=1 yi Q@ Myn
�"OwW|t ?=NDv= n Q=Okt

ẁkw u=tR u} QDOwR u}}=B OL |x@U=Lt |=Q@ |]N |R} Qxt=vQ@ pOt u}=Q@=v@
%R= Ow@ Oy=wN CQ=@a xm@W |=yO=O} wQ

min nyn +
Xn�1

i=1 yi

s:t: yj � yi � d ij ; (i; j) 2 E
yi � 0; i = 1; :::; n (6)

pw] 3 pOt QO CU= |i=m R}v xm@W |=yu=tR u} QDOwR |q=@ OL uOQm =O}B |=Q@
|R} Qxt=vQ@ pOt u}=Q@=v@ "s}yO Q=Qk (dij) umtt u=tR u} QDW}@ Q@=Q@ =Q =yC}r=ai
CU= CQ=@a xm@W |=yO=O} wQ ẁkw u=tR u} QDOwR |q=@ OL |x@U=Lt |=Q@ |]N

%R=
min nyn +

Xn�1
i=1 yi

s:t: yj � yi � dij ; (i; j) 2 E
yi � 0; i = 1; :::; n (7)

ẁkw u=tR u} QDOwR u}}=B w q=@ OwOL |t=tD |oO=Ux@ 7 w 6 |=ypOt |Q}oQ=mx@ =@
"OwW|t x@U=Lt xm@W |=yO=O} wQ
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"""u
}QDQ}

O|
xr�U

t|
=Q@|

]N
|R}

Qxt=
vQ@p

Ot|
x�=Q=�ij � 1� zij ;


ij � zij ;
�ij ; 
ij � 0 (12)

Ovv=wD|t 
ij w �ij |=yQ}eDt OW=@v QiY xij Qo = xm OQ=O|t u=}@ swO Q]U
�ij uDiQo Q=Okt xm Ovm|t K} QYD sQ=yJ w swU Q]U "OvQ}o@ 1 Q=Okt ,=awtHt
x]w@ Qt C}r=ai |xR=@ pw] |q=@ OL w u}}=B OL ?=NDv= |=vatx@ ?}DQDx@ 
ij w
uOw@ 1 |w=Ut =} QDlJwm \QW |vt[ CQwYx@ jwi CqO=at u}vJty "CU=
xawtHt |v} Ro}=H w xi=[= =@ "Ovvm|t u}t-=D =Q 
ij w �ij 'zij |=yQ}eDt Q=Okt
u=tR u} QDQ}O |q=@ OL |xr�Ut 1 w QiY |]N pOt '11 pOt QO jwi CqO=at

%Ot; Oy=wN CUO x@ =yO=O} wQ ẁkw
max M:ym + yn

s:t: yj � yi � dij ��ijzij ; (i; j) 2 E
yn =

X
(i;j)2E d ij�ij + dij
ij

�ij + 
ij = xij ; (i; j) 2 E
�ij � 1� zij ; (i; j) 2 E

ij � zij ; (i; j) 2 EX

(i;j)2E x1j = 1X
(i;k)2E xik =

X
(k;j)2E xkj ; k = 2; :::; n� 1

xij 2 f0; 1g; (i; j) 2 E
yi � 0; i = 1; :::; n
�ij ; 
ij ; zij � 0; (i; j) 2 E (13)

=yO=O}wQ u=tR u} QDQ}O u}}=B OL u}}aD pOt "2"2"3
O=O} wQ Qo = u; QO xm Ci=} xm@W |=Q@ |Ov@xQm}B l} pk=OL u=wD|t 'h} QaD j@]
|Ov@xQm}B u; QO xSwQB |xtD=N u=tR R= QDW}@ xSwQB pw] 'OwW EO=L tlm R= Oa@m
CU= umtt 'OwW ẁQW tlm R= Oa@ m C}r=ai Qo = Qo}O CQ=@ax@ "OwW@ X=N

"O@=}@ V}=Ri= xO=O MQ |Ov@xQm}B x@ xHwD =@ xSwQB pw]
R}v xSwQB |=yQ}Ut R= |a@=D \UwD u=wD|t =Q O=O} wQ l} ẁkw u=tR u} QDQ}O
w OW=@ QN; O=O} wQ =D pw= O=O} wQ R= xm@W |=yQ}Ut xawtHt P Qo = "O=O V}=tv
u=tR u} QDQ}O x=ov; 'OW=@ QN; O=O} wQ =D m O=O} wQ |=yQ}Ut xawtHt R}v Pm;n
u} QD|vqw] pw] Cw=iD =@ Ow@ Oy=wN Q@=Q@ 14 |x]@=Q x@ xHwD =@ s=m O=O} wQ ẁkw
%QN; O=O} wQ =D s=m O=O} wQ Q}Ut u} QD|vqw] pw] w QN; O=O} wQ =D pw= O=O} wQ Q}Ut

tli(
) = max
p2P Wp(
)� max

p2Pm;nWp(
) (14)

AJ CtU CQ=@a Q=Okt xm CU= K[=w "CU= p Q}Ut pw] Wp(
) u; QO xm
|wU R= "CU= yn(
) Q@=Q@ max

p2P Wp(
) |va} jwi |x]@=Q QO �=yvt R= p@k�
O=O} wQ R= ,=tDL xm =Q xSwQB QN; O=O} wQ =D pw= O=O} wQ Q}Ut u} QD|vqw] Qo = Qo}O
CW=O s}y=wN q=@ CQ=@a CU=Q CtU |=Q@ 's}yO V}=tv Pm =@ OQPo|t m
max
p2P1;m

Wp(
) u; QO xm 'Pm(
) = max
p2P1;m

Wp(
) + max
p2Pm;nWp(
)

Q}O=kt Ov=wD|t CU= 1 pOt |xDi=}xaUwD xm 15 pOt "Ow@ Oy=wN ym(
) =@ Q@=Q@

|]NQ}e pOt R= xO=iDU= =@ w 
z� |Ov@xQm}B x@ xHwD =@ R}v xSwQB s=tD= u=tR
%CU= x@U=Lt p@=k 9

max T (
z�) =
X

(i;j)2E(d ij + �ijz�ij)xij

s:t:
X

(i;j)2E x1j = 1X
(i;k)2E xik =

X
(k;j)2E xkj ; k = 2; :::; n� 1

xij � 0; (i; j) 2 E (9)

%OQw; CUO x@ =Q 10 |xiOywO pOt '9 w 8 pOt wO s=eO= =@ u=wD|t '?}DQD u}O@
max yn

max ym

s:t: yj � yi � d ij + �ijzij ; (i; j) 2 E
yn =

X
(i;j)2E(d ij + �ijzij)xijX

(i;j)2E x1j = 1X
(i;k)2E xik =

X
(k;j)2E xkj ; k = 2; :::; n� 1

xij � 0; (i; j) 2 E
yi � 0; i = 1; :::; n
0 � zij � 1; (i; j) 2 E (10)

'CU= umtt OL =D yn V}=Ri= p=@vO x@ OwN max ym hOy `@=D xm u}= x@ xHwD =@
%CU= u=}@ p@=k Q} R pmWx@ pOt w CU}v max yn hOy `@=D p=ta= x@ |R=}v

max ym

s:t: yj � yi � d ij + �ijzij ; (i; j) 2 E
yn =

X
(i;j)2E(d ij + �ijzij)xijX

(i;j)2E x1j = 1X
(i;k)2E xik =

X
(k;j)2E xkj ; k = 2; :::; n� 1

xij � 0; (i; j) 2 E
yi � 0; i = 1; :::; n
0 � zij � 1; (i; j) 2 E (11)

u=tR u} QDQ}O |q=@ OL jwi pOt pL R= pY=L xv}y@ ym Q=Okt
|q=@ OL |x@U=Lt C}r@=k 11 pOt xJQo = "CU= t lm =} m O=O} wQ ẁkw
|xrO=at OwHw u; R=UpmWt VN@ 'OQ=O =Q xSwQB |=yO=O} wQ ẁkw u=tR u} QDQ}O
|=yQ}eDt xJv=vJ "CU= yn =

P
(i;j)2E(d ij + �ijzij)xij |]NQ}e

Q=Okt (i; j) 2 E |=Q@ s}v=wD|t 'OvW=@ xDW=O 1 =} QiY Q@=Q@ |Q}O=kt xij
%s}vm |U} wvR=@ 12 CqO=at xawtHt j} Q] R= =Q �ij = (d ij + �ijzij)xij

�ij = d ij�ij + dij
ij ;

�ij + 
ij = xij ;
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|�=k

;xr=
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'Q=O
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Qt=
[Q �ij � 1� zij ; (i; j) 2 E

yij � zij ; (i; j) 2 EX
i:(i;m)2E xim = 1;X
j:(1;j)2E x1j = 1;X
(i;k)2E xik =

X
(k;j)2E xkj ; k = 2; :::; n� 1

xij 2 f0; 1g; (i; j) 2 E
yi � 0; i = 1; :::; n
�ij ; 
ij ; zij � 0; (i; j) 2 E (18)

|O=yvW}B |=ypOt |=QH= R= pY=L MU=B |OOa p=Ft l} |x�=Q= =@ Oa@ VN@ QO
"s}vm|t |UQQ@ =Q

|OOa p=Ft "3"3
[14]|}xvwtv |xSwQB '|O=yvW}B VwQ R= xOt; CUO x@ G}=Dv |Q=PoxLY Qw_vtx@
|q=@ w u}}=B OL x@ \w@ Qt Q}O=kt |O=yvW}B VwQ R= xO=iDU= =@ w xDiQo Q_v QO =Q

"s}vm|t x@U=Lt =Q =yu=tR u} QDQ}O
C}r=ai Qy |v=tR |=yxR=@ x=Qtyx@ QwmPt xSwQB AOA |xm@W 3 pmW QO
pw] |v=tR OL=w 10 `]k Qw]x@ 1"4 C}r=ai xSwQB u}= QO "CU= xOW xO=O V}=tv
=yC}r=ai pm O=OaD "CU= QiY pw] x@ |R=Ht C}r=ai l} 3"4 C}r=ai w xO}Wm
p=} |wQ C}r=ai Qy |}xR=@ pw] w xOw@ OOa 10 �|R=Ht C}r=ai ?=UDL= uwO@�

"CU= xOW xO=O V}=tv x]w@ Qt
w xr�Ut u}= |=Q@ 13 pOt pL =@ %O=O} wQ u=tR u} QDQ}O |q=@ OL |x@U=Lt
|v=tR OL=w 16 Q@=Q@ u=tR u} QDQ}O |q=@ OL swO O=O} wQ |=Q@ '4 pmW x@ xHwD =@
xm Ci=} u=wD|tv |Ov@xQm}B xvwoI}y xm OQ=O|t u=}@ OOa u}= "OwW|t x@U=Lt
QO� xSwQB pw] w OW=@ OL=w 16 R= V}@ swO O=O} wQ u=tR u} QDQ}O |q=@ OL u; QO
Q@ xr�Ut u}= |=Q@ xv}y@ |Ov@xQm}B "O@=}v V}=Ri= u; |x]U=wx@ �x]w@ Qt |Ov@xQm}B
xO=O V}=tv CWQO \N \UwD |Ov@xQm}B u}= QO xSwQB |v=QL@ Q}Ut w =yp=} |wQ
xOW x@U=Lt |v=tR OL=w 25 Q@=Q@ xSwQB u=}=B u=tR u} QDQ}O |q=@ OL "CU= xOW

"CU=

"|}xR=@ |=yu=tR =@ xvwtv xSwQB |xm@W "3 pmW

"13 pOt \UwD pL R= TB xvwtv xSwQB |xm@W "4 pmW

%Ovm x@U=Lt =Q Pm |xv}y@
max Pm =

X
(i;j)2E(d ij + �ijzij)xij

s:t:
X

i:(i;m)2E xim = 1X
j:(1;j)2E x1j = 1X
(i;k)2E xik =

X
(k;j)2E xkj ; k = 2; :::; n� 1

xij � 0; (i; j) 2 E (15)

u=wD|t =Q 14 |x]@=Q u}=Q@=v@ "Ovm|t u}}aD =Q 
 |Ov@xQm}B zij Q}O=kt jwi pOt QO
%OQm |U} wvR=@ u}vJ

tlm(
) = yn(
)� (Pm(
)� ym(
)) (16)

xH}Dv tlm(
) |=Q@ =Q Q=Okt u} QDsm xm CU= |Ov@xQm}B l} uDi=} hOy xm =Hv; R=
OL uDi=} |=Q@ =Q 17 pOt u=wD|t 15 w 3 pOt |=yC}OwOLt x@ xHwD =@ 'OyO

"OQm x�=Q= xm@W |=yO=O} wQ ẁkw u=tR u} QDQ}O u}}=B
min tlm = yn + ym � Pm
s:t: yj � yi � d ij + �ijzij ; (i; j) 2 E

Pm =
X

(i;j)2E(d ij + �ijzij)xij ;X
i:(i;m)2E xim = 1;X
j:(1;j)2E x1j = 1;X
(i;k)2E xik =

X
(k;j)2E xkj ; k = 2; :::; n� 1

0 � zij � 1; (i; j) 2 E
xij � 0; (i; j) 2 E
yi � 0; i = 1; :::; n (17)

x@ xHwD =@ w CU= R=}vV}B \@=wQ x@ \w@ Qt pw= C}OwOLt 'jwi pOt QO
C}OwOLt "Ovm|t u}}aD yn w ym |=Q@ =Q xv}tm Q}O=kt �|Ov@xQm}B� =yzij
Qou=Wv swU C}OwOLt w 'Ovm|t Qw@a m O=O} wQ R= xm CU= |Q}Ut pw] swO
u} QDQ}O u}}=B OL Q=Okt 'jwi pOt pL =@ "CU= O=O} wQ u}= R= Qw@a s=Rr=
CUO x@ tlm = ym + yn � Pm |xrO=at j@] m O=O} wQ ẁQW u=tR

"O};|t
u} QDQ}O |q=@ OL |R=U|]N |xr�Ut QO xOW x�=Q= C=L}[wD x@ xHwD =@
u}}=B OL uDi=} |]N pOt u=wD|t 'OW 13 pOt |x�=Q= x@ QHvt xm =yO=O} wQ u=tR

%OQm x�=Q= =Q =yO=O} wQ u=tR u} QDQ}O
min tlm = yn + ym � Pm

s:t: yj � yi � d ij + �ijzij ; (i; j) 2 E
Pm =

X
(i;j)2E d ij�ij + dij
ij ;

�ij + 
ij = xij ; (i; j) 2 E
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]N
|R}

Qxt=
vQ@p

Ot|
x�=Q=u=wD|t u}=Q@=v@ "CU= 
 |Ov@xQm}B |wQ |@}mQD u=mt= `} RwD `@=D �(
) u; QO xm

%OQm x�=Q= u}vJ =Q k O=O} wQ u=tR u} QDQ}O u=mt= `} RwD `@=D
�~tlk

(x) = Poss(tlk = x) = sup

:x=tlk(
)

�(
) (20)

OQ@ Q=m =@ "CU= 
 |Ov@xQm}B QO k O=O} wQ u=tR u} QDQ}O tlk(
) u; QO xm
|}xR=@ O=Oa= R= |}xawtHt x@ =Q |R=i OOa l} u=wD|t '=ir; |=yVQ@ l}vmD
xv}W}@ '=yvt '`tH |=yQorta R= =yvD xm@W CqO=at QO xm =Hv; R= "OQm p}O@D
|=ir; |=yVQ@ |wQ ,=t}kDUt u=wD|t =Q =yQorta u}= 'OwW|t xO=iDU= xv}tm w
?=wH |R=i Q}O=kt |=ir; |=yVQ@ x@ =D OQm p=ta= =yC}r=ai s=Hv= u=tR COt
Q@=Q@ |}xR=@ |=yC}r=ai pw] =@ |}xm@W |=Q@ =Q =yT lk(�) ?}DQDu}O@ "s}@=}@ CUO
'sy |wQ =yT lk(�) uO}J =@TBU w xOQm x@U=Lt ~dij(�) = [d ij(�); dij(�)]

|=yVQ@ OQm} wQ "s} Qw;|t CUO x@ =Q �~tlk
(x) =yO=O} wQ u=tR u} QDQ}O `} RwD `@=D

"CU=xOW xDiQo Q=m x@ R}v [16w14]xOW x�=Q= |=ysD} Qwor= QO =ir;

|Q}oxH}Dv "5
=@ 'xSwQB |=yC}r=ai w =yO=O} wQ u=tR u} QDQ}O w u} QDOwR u}}=B w q=@ OL uDi=} |=Q@
xOW x�=Q= xRwL u}= u}kkLt \UwD |vwo =vwo |=yxw}W '`@=vt C}OwOLt sOa ZQi
syi w xOw@ |}xv=}=Q |=ysD} Qwor= |x}=B Q@ uwvm =D xOW x�=Q= |=yOQm} wQ |rw "CU=

"CU= xO}J}B w Q@u=tR |Qt= =yv; |R=UxO=}B w
u}}=B OL uDi=} |=Q@ |]N |[=} Q |R} Qxt=vQ@ pOt wO =OD@= Q=DWwv u}= QO
R= xO=iDU= =@ TBU "OW O=yvW}B xm@W |=yO=O} wQ ẁkw u=tR u} QDOwR |q=@ w
u} QDQ}O |q=@ OL |x@U=Lt |=Q@ |rOt u; u=owO w Q}Ut u} QD|vqw] pOt ?}mQD
pOt l} x@ pOt u}= 'xm@W s}y=it R= xO=iDU= =@ w OW x�=Q= xSwQB |=yO=O} wQ u=tR
|=yQ}Ut |Q}oQ=mx@ =@ u}vJty "OW p}O@D 1 w QiY |]N |[=} Q |R} Qxt=vQ@
|=yO=O} wQ u=tR u} QDQ}O u}}=B OL |x@U=Lt |=Q@ R}v |O}OH pOt xm@W hrDNt
|=ypOt ' ẁ[wt u}= QO xOW x�=Q= |=ysD} Qwor= Q}=U =@ xU}=kt QO "OW x�=Q= xSwQB
|=yQ=Ri=sQv |x}rm R= xO=iDU= =@ =Q =yv; u=wD|t =Q} R OvQ=O |QDW}@ |}=Q=m |O=yvW}B
|=ysD} Qwor= |R=UxO=}B w |U} wvxt=vQ@ x@ |R=}v w OQm pL C=}rta QO j}kLD swUQt

"CU}v xO}J}B
|Qw=vW u=tR |q=@ w u}}=B OwOL uDi=} |=Q@ u=wD|t '|D; C=k}kLD |=Q@
C}OwOLt uOQ@ u=}t R= u}vJty "O=O x�=Q= |[=} Q |=ypOt =yC}r=ai w =yO=O} wQ
|Q}otWJ Q}F-=D =ypOt pL CaQU V}=Ri= QO Ov=wD|t 's}tYD |=yQ}eDt 1 w QiY

"OW=@ xDW=O

"18 pOt \UwD pL R= TB xvwtv xSwQB |xm@W "5 pmW

u} QDOwR u}}=B OL '18 pOt pL =@ %O=O} wQ u=tR u} QDQ}O u}}=B OL |x@U=Lt
22 Q@=Q@ xOW Qw_vt |Ov@xQm}B QO xSwQB u=}=B u=tR 'OL=w 3 Q@=Q@ swO O=O} wQ u=tR
"OwW|t x@U=Lt |v=tR OL=w 5 Q@=Q@ swO O=O} wQ u=tR u} QDQ}O u}}=B OL w 'OL=w
QO xm OQm =O}B xSwQB |=Q@ |Ov@xQm}B l} sm CUO u=wD|t xm OQ=O|t u=}@ OOa u}=
X=N |Ov@xQm}B u; QO xSwQB pw] 'OwW EO=L 5 u=tR R= Oa@ swO O=O} wQ Qo = u;
5 pmW QO |v=QL@ Q}Ut x=Qtyx@ pOt R= pY=L |Ov@xQm}B "Ci=} Oy=wN V}=Ri=

"CU= xOy=Wt p@=k
G}=Dv =@ =yxQo |t=tD |=Q@ pOt wOQy pL QO xOt; CUO x@ G}=Dv CU= |vDio

"OQ=O j@=]D ẁ[wt C=}@O= QO OwHwt |=yOQm} wQ R= pY=L

|=yu=tR =@ xm@W QO =yO=O} wQ ẁkw u=tR u} QDQ}O "4
|R=i

QO xm |Dr=L x@ =Q xOW x�=Q= OQm} wQ u=wD|t '|}xR=@ Cr=L uOQm KQ]t R= TB
|xm@W QY=va |t=tD O}vm ZQi "O=O s}taD OvDUy |R=i =yC}r=ai u=tR u;
|R=i O=Oa= pmWx@ xm =yC}r=ai u=tR R= Q}ex@ OvDUy |}xR=@ Cr=L Ovv=ty G
CQwYx@ 14|v=mt= `} RwD l} ~dij OOa "Ov=xOW xO=O V}=tv ~dij ; (i; j) 2 E
|Ov@xQm}B l} 
 Qo = "OR=U|t =}yt C}r=ai pw] |=Q@ �(dij) = � ~dij(dij)

pqkDU= ZQi =@ 'OW=@ dij 2 <+; (i; j) 2 E pw]x@ |}=yC}r=ai =@ umtt
%s} Q=O Qo}Om} R= =yC}r=ai pw]

�(
) = min(i;j)2E � ~dij(dij) (19)

=yCWwv=B
1. Critical Path Method
2. Program evalution review techniqe
3. � - cut
4. fuzzy extended operators
5. activity on arc
6. interval numbers

7. trapezoidal fuzzy numbers
8. shortest path problem
9. make span
10. con�guration
11. pessimistic con�guration
12. optimistic con�guration
13. bi-objective linear mathematical model
14. possibility distribution
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