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%Ovvm

&Q=R=@ |=[=kD `@=D %D(Aij ; ai; bi)

&1 VwQixOQN Q=R=@ syU %�ij
&xOvvmO}rwD OwU %�mj(i;j)

"2 w 1 VwQixOQN OwU %�1j(i;j);�2j(i;j)

C@=kQ xQ}HvR|v}}=BK]U QO =yVwQixOQN 'u; QO xm Ov=xOQm xar=]tVwQixOQN wO w
� nQ@rmDU= %CU= xDiQo Q=Qk |UQQ@ OQwt =yv; |xr=kt QO |R=@ Q=DN=U Q=yJ "OvQ=O
CU=}U 'xr�Ut |R=UpOt =@ "hqD�= � Vv w wvQwm � Vv 'hqD�= � nQ@rmDU= 'wvQwm
C}=yv QO "Ov=xOW xU}=kt xOWO=} |=yw} Q=vU QO =[a= OwU w |DmQ=Wt C=e}r@D
x@ |@=}CUO |=Q@ xv} Ry l =QDW= O=OQ=Qk l} w RmQtDt |Q}os}tYD pOt l} =yv;

"Ov=xO=O O=yvW}B xQ}HvR pt=m |ovy=ty
w xOw@ [26]u=Q=mty w nvw |xr=kt x@=Wt xQ}HvR Q=DN=U R}v Q[=L Q=DWwv QO
Q[=L |xr=kt |U=U= Cw=iD "CU= wvQwm � nQ@rmDU= x@=Wt xOW xar=]t |w} Q=vU
C=@U=Lt w xr�Ut p}rLD |xwLv xm CU= |D=e}r@D |=yxv} Ro OwHw QO xr=kt u}= =@

"OvQ=O Cw=iD sy =@ R}v xr=kt wO |=[=kD `@=wD u}vJty "Ovm|t QDxO}J}B =Q u;
|}xr�Ut [27]u=Q=mty w RwUr=t '|D=e}r@D |=yxv} Ro |wQ|Q=Pox}=tQU|xRwL QO
|D=e}r@D |xv} Ro u}OvJ u=}t R= 'C@=kQ |=Q@ |DmQW O}=@ u; QO xm Ov=xOQm |UQQ@ =Q
"OQ=O |Dw=iDt |}x}W=L |xv} Ry |D=e}r@D |xv} Ro Qy "Ovm ?=NDv= =Q xv} Ro l}
[28]u=Q=mty w uwU} Qi "Ov=xOQm pL =Q xr�Ut OwU uOQm xv}W}@ hOy =@ =yu;
'=yxt=vRwQ 'CqHt 'w}O=Q 'uw} R} wrD Ovv=t hrDNt |=yxv=UQ xm Ovvm|t =aO=
sy x@ C@Uv |Dw=iDt COtOvr@ w COtx=Dwm |Q=PoQ}F-=D xQ}e w =tv}U '=yOQw@r}@
|D=e}r@D |xRQ=@t XwYNQO [29]xOW s=Hv= C=ar=]t R= |m} R= pY=L G}=Dv "OvQ=O
|=yQv@ '=yxt=vRwQ 'CqHt 'w}O=Q 'uw} R} wrD xv=UQ VW pt=W �� =ywQOwN |=Q@
xiQY |} w}O=Q C=e}r@D xm OyO|t u=Wv �� |D}=tL |=ywHwCUH w |DvQDv}=
Q=Qk |Oa@ |=yxOQ QO R}v CqHt w uw} R} wrD '=yxt=vRwQ &OQ=O |QDW}@ |O=YDk=

"OvQ=O
C=k}kLD |t=tD QO xm OW XNWt |DmQ=Wt C=e}r@D O=OQ=Qk C=}@O= QwQt =@
|wQ =yv; Q}F-=D w xOW xDiQo Q_v QO w[a Qy |=Q@ C=e}r@D ẁv l} =yvD 'xOWs=Hv=
C=}@O= QO |y@=Wt |xar=]t u}=Q@=v@ "OwW|t u}}aD C=e}r@D K]U |xr}Uwx@ =[=kD
Cw=iDt 'ODi=|t j=iD= C}ak=w QO xm xJv; xm CU= |r=L QO u}= "CU}v OwHwt
R= Qo}O |m} "CU=[=kD u=R}t |wQ QF-wt pt=wa R= |m} =yvD C=e}r@D K]U "CU=
ẁv u}OvJ C=QF= '|ak=w |=}vO QO?re= "CU= xOW ?=NDv= C=e}r@D ẁv 'QF-wt pt=wa
|WwBsWJ xr�Ut QO |D=e}r@D |=yxv} Ro Q}F-=D R= Qo = CU= K[=w "CU= Cw=iDt d}r@D

"OwW xv}y@ Q} R |=y?=wH x@ QHvt Ov=wD|t 'OwW

pOt h}YwD "3
xr�Ut KQW "1"3

K]U QO xm OQ}o|t Q=Qk |UQQ@ OQwt |L]UwO u}t-=D |xQ}HvR l} j}kLD u}= QO
VwQi x@ swO K]U QO VwQixOQN wO j} Q] R= =Q pwYLt l} |}xOvvmO}rwD u; pw=
|=[a= R= l} Qy C=e}r@D R= QF-=Dt w xOw@ |a]k (D) Q=R=@ |=[=kD `@=D "Ov=UQ|t
w xOQDUo CQwYx@ OwN pwYLt |Q=HD s=v G} wQD |=Q@ xOvvmO}rwD "CU= xQ}HvR
x@ |@=}CUO Qw_vtx@ VwQixOQN wO xm |r=L QO 'Ovm|t d}r@D (Aij) |QU=QU
OvvR|t |rLt C=e}r@D x@ CUO Q=R=@ R= |QDW}@ syU ?Um w COtx=Dwm VwQi
VwQixOQN Qy w CU= |rLt C=e}r@D |=yxv} Ro T}Ov= j w i u; QO xm 'bj w ai�
u}= R= l} Qy xm Ovm ?=NDv= =Q |m} umtt |D=e}r@D |xv} Ro J u}@ R= Ov=wD|t
|D=e}r@D |xv} Ro GwR xm |DQwY QO "�OvQ=O Q=R=@ syU u}}aD QO |Dw=iDt Q}F-=D =yxv} Ro
syU w �ij Q@=Q@ 1 VwQixOQN Q=R=@ syU 'OwW ?=NDv= =yVwQixOQN \UwD (i; j)

"OwW|t ZQi 1� �ij Q@=Q@ 2 VwQixOQN Q=R=@
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xO=iDU= OQwt C=}@O= QO |DmQ=Wt C=e}r@D |xr�Ut p}rLD |=Q@ ,=twta xm |WwQ
xQ}HvR |=[a= Q=DiQ xr=kt u}= QO [12]"CU= �|R=@ |x} Q_v� 'CU= xDiQo Q=Qk
R= l} Qy '|DmQ=WtQ}e |=y|R=@ QO "OwW|t xar=]t 9|DmQ=WtQ}e |=y|R=@ =@
=Q OwN C=t}tYD 'OwN OwU uOQm xv}W}@ hOy =@ w pkDUt CQwYx@ u=vm} R=@
pO=aD 'OW=@ u=tRty CQwYx@ u=vm} R=@ |Q}os}tYD xm |DQwY QO "Ovvm|t P=ND=
|@}DQD CQwYx@ =yv; CmQL xm |DQwY QO w Ovm|t pY=L =Q |R=@ ?=wH 10Vv

"OwW|t p}rLD 11nQ@rmDU= |R=@ R= xO=iDU= =@ 'OW=@
=Q OwN C=t}tYD 'OvW=@ |Q@=Q@ CQOk |=Q=O xQ}HvR R= |}=[a= xm |v=tR
u}= QO "Ovvm|t u}}aD OwN h=Oy= uOQmxv}y@ hOy =@ u=tRty w pkDUt CQwYx@
l}I}y 'Cr=L u}= QO [32]"Ovm|t pY=L =Q xr�Ut ?=wH '|R=@ Vv pO=aD \}=QW

"OQ=Ov C} wrw= |Qo}O Q@ |Q}os}tYD QO =[a= R=
s}UkD 14wQ}B w 13Q@yQ |xDUO wO x@ u=vm} R=@ '12nQ@rmDU= |Q@yQ |R=@ QO
OQ}o|t pmW |v=tR ,qwtat w CU= |@}DQD |Q}os}tYD T=U=Q@ |R=@ u}= "OvwW|t
CmQL pw= OyO xR=H= =yv; x@ xm OvW=@ xDW=O |Y=N R=}Dt= u=vm} R=@ R= |NQ@ xm
"OQ}o|t Q=Qk Q@yQ x=o}=H QO OQ=O |QDW}@ CQOk xm |w[a 'xQ}HvR l} QO "Ovvm
OwN |SD=QDU= |R=@ Q@yQ =OD@= xm CQwY u}= x@ 'OwW|t s=Hv= xrLQt wO QO |R=@ u}=
XNWt =Q OwN |SD=QDU= 'Q@yQ OQmrta x@ xHwD =@ |R=@ wQ}B TBU 'Ovm|t u}}aD =Q
?=NDv= R= p@k Q@yQ u=vm} R=@ xm CU= u}= Q@ ZQi nQ@rmDU= |R=@ QO [33]"Ovm|t
xm Ovv=O|t R}v w OvQ=O |y=o ; wQ}B u=vm} R=@ Q@ OwN pta xH}Dv R= 'OwN |SD=QDU=
QO xOWs=Hv= C=ar=]t QFm = QO "CU= xOy=Wt p@=k wQ}B u=vm} R=@ \UwD =yv; pta
xOvvmO}rwD 'xOW xO=iDU= nQ@rmDU= OQm} wQ R= u; QO xm |DmQ=Wt C=e}r@D |xv}tR

[11]"Ov=xOW ^=Lr |R=@ wQ}B Vkv QO �=y�VwQixOQN w '|R=@ Q@yQ x=o}=H QO

xQ}HvR QO |Q}os}tYD |r=wD w =yO=ONQ |r=wD "1"4
ẁv u}}aD w |Q}os}tYD |r=wD u}}aD QO |}=RUx@ Q}F-=D xr�Ut u}= QO =yO=ONQ |r=wD

%R= CU= CQ=@a |r=wD u}= "OQ=O xQ}HvR |=[a= u}@ |R=@
|=yMQv x=Qtyx@ =Q |QU=QU C=e}r@D QO OwN |Q=Pox}=tQU u=R}t xOvvmO}rwD ��
=yVwQixOQN x@(A; t1; t2)|}=DxUu}=Q@=v@ "Ovm|tsqa= =yVwQixOQN x@CmQ=Wt

"OwW|t O=yvW}B
OwN MU=B u} QDy@ =OD@= 'xOvvmO}rwD |xOW sqa= Q}O=kt x@ xHwD =@ =yVwQixOQN ��
|O}=a T=U=Q@ w xOQw; CUO x@ =Q (i; j) |D=e}r@D |xv} Ro GwR Qy QO (ai; bj)

x@ sRq "Ovvm|t ?=NDv= =Q (i�; j�)|D=e}r@D |xv} Ro GwR u} QDy@ 's=OmQy QO OwN
CQwYx@ R}v xQ}HvR |v}}=B K]U QO =yVwQixOQN |Q}os}tYD xm CU= K}[wD
|D=e}r@D |xv} Ro GwR CU= sRq =OD@= xm ?}DQD u}= x@ "OQ}o|t s=Hv= |L]UwO
|R=Uxv}W}@ j} Q] R= xv} Ro Qy QO |Q=Pox}=tQU u=R}t TBU 'OwW ?=NDv=

"OwW XNWt
xmCU= xOW x�=Q= 2 pmW QO xr�Ut R= xOvv=wN QDy@ lQO |=Q@ |R=@ |DNQO sQi
VwQixOQN w 1 VwQixOQN 'xOvvmO}rwD |xOvyOu=Wv ?}DQDx@ r2 w r1 'M u; QO
|D=e}r@D |=yxv} Ro j3 w j2 'j1 &1 VwQixOQN |D=e}r@D |=yxv} Ro i3 w i2 'i1 &2
u=Wv =yv; s}tYD |=yxQo QO R}v w[a Qy |xDUw}B |=yQ}eDt "OvDUy 2 VwQixOQN

"CU= xOW xO=O

s}tYD |=yQ}eDt "2"2"3
&xOvvmO}rwD |QU=QU C=e}r@D u=R}t %Aij

&i |D=e}r@D |xv} Ro QO 1 VwQixOQN |rLt C=e}r@D u=R}t %aij(i;j)
&j |D=e}r@D |xv} Ro QO 2 VwQixOQN |rLt C=e}r@D u=R}t %bjj(i;j)

"=yVwQixOQN C=e}r@D QO xOvvmO}rwD CmQ=Wt MQv %tij1 ; tij2

Q=R=@ |=[=kD `@=D "3"3
xOvvmO}rwD |QU=QU C=e}r@D w =yVwQixOQN |rLt C=e}r@D R= QF-=Dt Q=R=@ |=[=kD `@=D
`@=D QO Ct}k Q}F-=D R= 'j}kLD u}= QO xar=]t OQwt pOt QO "OwW|t xDiQo Q_v QO
ZQi "OwW|tv ^=Lr xr�Ut QO |Q=PoCt}k C=t}tYD w xOW |WwBsWJ =[=kD
|xv} Ro GwR Qy xJv=vJ "CU= xDiQo Q=Qk Q_v Ot [31w30'1]R}v |Qo}O C=ar=]tQO jwi
1 |x]@=Q R= Q=R=@ |=[=kD `@=D 'OwW ?=NDv= VwQixOQN wO \UwD (i; j) |D=e}r@D

"O};|t CUO x@
D (ai; bj ; Aij j(i; j)2
)=ki

paij(i;j) + kj
q
bjj(i;j) + km

p
Aij
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=yVwQixOQN |=Q@ x@v=HwO C@=kQ Cr=L QO [15]QJw@ w CU; \UwD 1 |=[=kD `@=D
QO "OwW|tv |D=e}r@D |=yxv} Ro pt=W =yv; pOt xD@r= &CU= xDiQo Q=Qk xO=iDU= OQwt
=yv; xm =QJ 'OwW|t xDiQo Q_v QO u=Um} =yVwQixOQN C=e}r@D |}=Q=m R}v j}kLD u}=
"=yVwQixOQN Q=DiQ =D OQ=O |oDU@ u=} QDWt |Q}PB Q}F-=D x@ QDW}@ QDt=Q=B u}= OvOkDat

xQ}HvR |=[a= hOy `@=wD "4"3
VwQixOQN Qy |=Q@ TQDUO QO |D=e}r@D |=yxv} Ro O=OaD 'OW u=}@ QDV}B xm u=vJ
OwU "OvQ=O =Q =yv; R= |m} ?=NDv= jL =yvD =yVwQixOQN R= l} Qy xm CU= J Q@=Q@
OQ=O VwQixOQN u; Q=R=@ syU x@ |oDU@ =yVwQixOQN R= l} Qy VwQi R= pY=L
"CU= ?}kQ VwQixOQN |D=e}r@D |xv} Ro w OwN |D=e}r@D |xv} Ro x@ xDU@=w sy u; xm
QDt=Q=B 'OwW|t ?=NDv= VwQixOQN wO\UwD xm (i; j)|D=e}r@D |xv} Ro GwR Qy |=Q@
syU ,=Da}@] w CU= 1 VwQixOQN Q=R=@ syU |xOvyOu=Wv xm OwW|t h} QaD �ij
h} QaD |=[=kD `@=D x@ xHwD =@ p=L "Ow@ Oy=wN 1� �ij Q@=Q@ 2 VwQixOQN Q=R=@
"CWwv =Q xQ}HvR |=[a= R= l} Qy OwU `@=D u=wD|t =yVwQixOQN Q=R=@ syU w xOW
2 VwQixOQN w 1 VwQixOQN 'xOvvmO}rwD OwU `@=wD hQat ?}DQDx@ 4 =D 2 \@=wQ

"OvDUy
�mj(i;j) =�m

�
ki
paij(i;j) + kj

q
bjj(i;j) + km

p
Aij
�

� tij1 ciaij(i;j) � tij2 cjbjj(i;j) � CAij (2)

�1j(i;j) =�1�ij
�
ki
paij(i;j) + kj

q
bjj(i;j) + km

p
Aij
�

� (1� tij1 )ciaij(i;j) (3)

�2j(i;j) =�2 (1� �ij)
�
ki
paij(i;j) + kj

q
bjj(i;j) + km

p
Aij
�

� (1� tij2 )cjbjj(i;j) (4)

swU w swO CQ=@a 'VwQi R= pY=L OwU |xOvyOu=Wv pw= CQ=@a 2 |x]@=Q QO
sQ=yJ CQ=@a '2 w 1 VwQixOQN C=e}r@D QO CmQ=Wt |=yxv} Ry |xOv}=tv ?}DQDx@
|xOvyOu=Wv pw= C=Q=@a R}v 4 w 3\@=wQ QO "CU= |QU=QU C=e}r@D |xv} Ry Qou=Wv
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Ovyt %OwW|t pY=L 6 w 5 \@=wQ CQwYx@ bjj(i;j) w aij(i;j) |=yQ}eDt
@�1j(i;j)
@aij(i;j)

= 0) �1�ij
�

ki
2paij(i;j)

�
� (1� tij1 )ci = 0 (5)

@�2j(i;j)
@bjj(i;j)

= 0) �2 (1� �ij)
 

kj
2pbjj(i;j)

!
� (1� tij2 )cj = 0

(6)

%s}UQ|t 1 |x}[k x@ jwi |xrO=at wO pL =@
C=e}r@D x=wNrO Q}O=kt w (i; j) 2 
 |D=e}r@D |xv} Ro GwR Qy |=R=x@ "1 |x}[k
CQ=@a =yVwQixOQN MU=B u} QDy@ 'tij2 w tij1 CmQ=Wt |=yMQv w Aij |QU=QU

%R= Ow@ Oy=wN

aij(i;j) =

 
�1�ijki

2ci(1� tij1 )

!2

bjj(i;j) =

 
�2 (1� �ij) kj
2cj(1� tij2 )
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x@ C@Uv ?}DQDx@ 2 VwQixOQN w 1 VwQixOQN hOy `@=wD xm CU= QmP x@ sRq
%=Q} R 'OvQakt bjj(i;j) w aij(i;j) |=yQ}eDt

@2�1j(i;j)
@a2

ij(i;j)
= � �1�ijki

4qa3
ij(i;j)

< 0 (7)

@2�2j(i;j)
@b2jj(i;j)

= ��2 (1� �ij) kj
4qb3jj(i;j) < 0 (8)

swO |xrLQt "2"2"4
u}vJty w OwN |D=e}r@D |Q=Pox}=tQU |xv}y@ Q=Okt O}=@ xOvvmO}rwD xrLQt u}= QO
=@ u}vJty w j w i |D=e}r@D |=yxv} Ro T=U=Q@ =Q CmQ=Wt |=yMQv |xv}y@ Q}O=kt
|xr�Ut u}=Q@=v@ "Ovm u}}aD 1 x}[k QO =yVwQixOQN MU=B u} QDy@ uDiQo Q_v QO

%R= Ow@ Oy=wN CQ=@a 1 |x}[k w 2 |x]@=Q x@ xHwD =@ xOvvmO}rwD |R=Uxv}W}@
max
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�mj(i;j) = �m
�
ki
paij(i;j) + kj

q
bjj(i;j) + km

p
Aij
�

�tij1 ciaij(i;j) � tij2 cjbjj(i;j) � CAij 0
s:t:

aij(i;j) =

 
�1�ijki

2ci(1� tij1 )

!2

bjj(i;j) =

 
�2 (1� �ij) kj
2cj(1� tij2 )
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u=wD|t |DL=Qx@ xm CU=yVwQixOQN MU=B u} QDy@ xr�Ut |=yC}OwOLt u; QO xm
|Q}ojDWt =@ jwi `@=D |ov}y@ |=Q@ sRq \}=QW "OQm u} Ro}=H hOy `@=D QO =Q =yv;
u}}aD tij2 w tij1 CmQ=Wt |=yMQv w Aij |QU=QU C=e}r@D |=yQ}eDt x@ C@Uv u; R=

%OwW|t
@�mj(i;j)
@Aij

= 0) �mkm
2pAij � C = 0 (10)
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OQm} wQ =@ O}=@ |R=@ pO=aD '�g9 =D g1 |=y|R=@� |R=@ Q} R 9 |=Q@ "CU= |R=@ pm
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'xOvvmO}rwD hOy `@=D QO =yVwQixOQN MU=B u} QDy@ |Q=Po}=H =@ �swO |xrLQt
xm =QJ &O};|t CUO x@ CmQ=Wt |=yMQv w |QU=QU C=e}r@D |xv}y@ Q=Okt
O=yvW}B =Q (A; t1; t2) Q}O=kt '=yVwQixOQN MU=B u} QDy@ x@ sra =@ xOvvmO}rwD
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|Q}os}tYD |D=e}r@D |xv} Ro ?=NDv= =@ x]@=Q QO u=tRty CQwYx@ VwQixOQN
VwQixOQN wOu}@ u=tRtyCmQL 'R}v (i�; j�) GwR?=NDv= |xrLQt QO "Ovvm|t

"OQ}o|t CQwY
QO w OwW s=Hv= O}=@ g9 =D g1 |=y|R=@ Q} R R= l} Qy |=Q@ swO w pw= |xrLQt
pL pL=Qt R= l} Qy 'xt=O= QO "OwW|t =QH= swU |xrLQt '|R=@ pm |=Q@ C}=yv

"OwW|t u=}@ xr�Ut
pw= |xrLQt "1"2"4

'j w i |D=e}r@D |=yxv} Ro ?}DQDx@ 2 w 1 VwQixOQN OwW|t ZQi xrLQt u}= QO
C=e}r@D Q=Okt xOvvmO}rwD xm OwW|t ZQi u}vJty "Ovvm ?=NDv= =Q ((i; j) 2 
)

"CU= xOQm sqa= tij2 w tij1 Q@=Q@ =Q CmQ=Wt |=yMQv w Aij Q@=Q@ =Q OwN |QU=QU
|Q}ohOy 'ZQi wO u}= x@ xHwD =@ VwQixOQN Qy MU=B u} QDy@ uDi=} =Hv}= QO
x@ C@Uv ?}DQDx@ 4 w 3 \@=wQ R= |Q}ojDWt =@ sRq \}=QW u}=Q@=v@ "CU= xOW

133



"""O
wHw

=@|
DmQ=W

tC
=e}r@

D|
xr�U

tp
}rLDR= u}=Q@=v@ 'Ci=} CUO |Q=O=vat Q}UiD x@ u=wD|tv w CU= xO}J}B swU |xrLQt QO

=Q �ij Q=R=@ syU u=wD@ xm u}= |=Q@ "OwW|t xO=iDU= xr�Ut p}rLD |=Q@ |OOa p=Ft
%s}vm|t h} QaD =Q 14 |x]@=Q 'OQm p}rLD xr�Ut QO |DL=Qx@

�ij = ri
ri + rj

(14)

Q=R=@ syU QO j w i |rLt C=e}r@D |=yxv} Ro |}=Q=m ?}=Q[ r2 w r1 u; QO xm
Q}F-=D j w i |rLt d}r@D R= xm |v=} QDWt u=R}t u=wvax@ u=wD|t =Q =yQDt=Q=B u}= "OvDUy
1 pwOH QO u; |QDt=Q=B C=aq]= xm |r=Ft =@ xr�Ut p}rLD "OQm Q}@aD 'OvQ}PB|t
u}@ R= Ovv=wD|t =yVwQixOQN R= l} Qy 'p=Ft u}= QO "OwW|t R=e; 'xOW h}YwD
|=yQDt=Q=B =@ x]@=Q QO R}v p}P |k]vt ZQi "Ovvm ?=NDv= '|D=e}r@D |xv} Ro xU
C@Uv swU |xv} Ro xm OvDUy |Qw] |D=e}r@D |=yxv} Ro %OwW|t xDiQo Q_v QO xr�Ut
syU QO |}=Q=m ?} Q[ |=Q=O pw= |xv} Ro x@ C@Uv swO |xv} Ro w 'swO |xv} Ro x@

"OvDUy (r1 < r2 < r3) |QDq=@ Q=R=@
xOW xYqN 2 pwOH QO xr�Ut |=yQ}eDt Q}O=kt x=Qtyx@ |R=@ Ot=}B pwOH
u}= x@ 'CU= xOy=Wt p@=k OOa 8 '(i; j) |D=e}r@D |xv} Ro GwR Qy |=Q@ "CU=
pt=W CU=Q x@ AJ R= pw= Q]U '(i; j) |D=e}r@D |xv} Ro GwR Qy |=Q@ xm CQwY
R= swO Q]U &xOvvmO}rwD w 2 VwQixOQN '1 VwQixOQN |D=e}r@D |Q=Pox}=tQU Q=Okt
swU Q]U w &xOvvmO}rwD w 2 VwQixOQN '1 VwQixOQN OwU pt=W CU=Q x@ AJ
w 1 VwQixOQN C=e}r@D QO xOvvmO}rwD CmQ=Wt MQv xOvyOu=Wv CU=Q x@ AJ R=

"CU= 2
VwQixOQN wO OwU Q}O=kt 'CU= sRq Vv pO=aD |x]kv u}}aD |=Q@ xm xJv;
XNWt 2 pwOH QO (i; j) |D=e}r@D |xv} Ro GwR Qy |=Q@ xQ}D nvQ =@ xm CU=
MU=B u} QDy@ 'Ovm ?=NDv= =Q |}xv} Ro Qy 1 VwQixOQN xm CU= K[=w "CU= xOW
x@ 1 VwQixOQN MU=B u} QDy@ u}vJty "CU= swU |D=e}r@D |xv} Ro '2 VwQixOQN
CQ=@a |R=@ pO=aD u}=Q@=v@ "CU= swU |xv} Ro ?=NDv= '2 VwQixOQN s}tYD Qy
pO=aD Q@ xwqa xm Ci=} QO u=wD|t pwOH QO CkO =@ "(i�; j�) = (3; 3) R= CU=
|QDW}@ OwUVwQixOQN wO Qy |=Q@ xm CU= OwHwt R}v hqD�= |SD=QDU= wO 'xOW O=}
xwqa '|SD=QDU= wO u}= "(ic; jc) = (2; 2) w (ic; jc) = (1; 1) %OQ=O x=Qty x@

"CUy R}v xOvvmO}rwD `iv x@ '=yVwQixOQN Q@

QO |rLt C=e}r@D |}=Q=m ?}=Q[ x@ C@Uv C}U=UL p}rLD "2"5
Q=R=@ syU

QO |rLt C=e}r@D |=yxv} Ro |}=Q=m ?}=Q[ xm OW ZQi x}=B |xr�Ut |=yxO=O QO
?=wH C=Q}}eD p}rLD |=Q@ "CU= r1 = 1 w r2 = 3 'r3 = 5 CQwYx@ Q=R=@ syU

"x}=B |xr�Ut C=aq]= ?wJQ=J "1 pwOH
=yQDt=Q=B Q}O=kt

C = 5
c1 = 2; c2 = 4; c3 = 7

km = 150
k1 = 100; k2 = 120; k3 = 130

�m = 7
�1 = 3; �2 = 3

r1 = 1; r2 = 3; r3 = 5

@�mj(i;j)
@tij1

=0) �mki
1� tij1

�1�ijki
2ci(1� tij1 )

� ci
 

�1�ijki
2ci(1� tij1 )

!2 1 + tij1
1� tij1

!
= 0 (11)

@�mj(i;j)
@tij2

=0) �mkj
1� tij2

�2 (1� �ij) kj
2cj(1� tij2 )

� cj
 
�2 (1� �ij) kj
2cj(1� tij2 )

!2 1 + tij2
1� tij2

!
= 0 (12)

|Q=Po}=H =@ w OwW|t u}}aD =yQ}eDt Q}O=kt 'jwi CqO=at x=oDUO u=tRsy pL =@
XNWt R}v |rLt C=e}r@D Q}O=kt '1 |x}[k QO =yVwQixOQN MU=B u} QDy@ QO =yv;

"OyO|t u=Wv =Q G}=Dv xYqN 2 |x}[k "OwW|t
j w i |D=e}r@D |=yxv} Ro ?}DQDx@ 2 w 1 VwQixOQN xm |DQwY QO "2 |x}[k
CQ=@a |R=@ pO=aD QO sDU}U |=yQ}eDt Q}O=kt '(i; j) 2 
 xm Ovvm ?=NDv= =Q

%R= Ow@ Oy=wN
tij1 = 2�m � �1�ij

2�m + �1�ij

tij2 = 2�m � �2 (1� �ij)
2�m + �2 (1� �ij)

Aij =
�
�mkm
2C

�2

aij(i;j) =
�
ki
4ci (2�m + �1�ij)

�2

bjj(i;j) =
�
kj
4cj (2�m + �2 (1� �ij))

�2

"CU= xOt; xr=kt |=yDv= �CUw}B� QO jwi ?=wH |ov}y@ |=Q@ |i=m \}=QW
swU |xrLQt "3"2"4

|O}=a x@ xHwD =@ w OwN ?}kQ |D=e}r@D |SD=QDU= uDiQo Q_v QO =@ VwQixOQN Qy
wO xm =Hv; R= "Ovm|t s=Ok= OwN |D=e}r@D |xv} Ro ?=NDv= x@ C@Uv ?}kQ w OwN
C@Uv pkDUt w u=tRty CQwYx@ 'OvQ=O |Q}os}tYD QO |v=Um} CQOk VwQixOQN
R= |@=NDv= |D=e}r@D |xv} Ro GwR u}=Q@=v@ "Ovvm|t s=Ok= OwN |SD=QDU= ?=NDv= x@

"OwW u}}aD Ov=wD|t Vv pO=aD j} Q]
|=y|SD=QDU= xawtHt xm xQivwO |R=@ l} QO 'Vv pO=aD |x} Q_v x@ xHwD =@
xDW=O Qo = 'OvyO|t Vv pO=aD p}mWD (i�; j�) |=y|SD=QDU= 'CU= J um} R=@ Qy

%s}W=@
�lj(i�;j�) = max

i2J �lj(i;j�) 8l = 1; 2 (13)

'Ovm ?=NDv= =Q a Ovv=t |YwYNx@ |xv} Ro 1 VwQixOQN Qo = 'QDxO=U u=@ Rx@
u} QDW}@ 'Qo}O |=yxv} Ro |t=tD u}@ xm Ovm|t ?=NDv= =Q |}xv} Ro 2 VwQixOQN

"Ovm|t Q=DiQ CQwY u}tyx@ R}v 1 VwQixOQN "OW=@ xDW=O =Q |O}=a

xr�Ut |OOa p}rLD "5
x}=B p=Ft "1"5

(i; j)|D=e}r@D |xv} Ro GwR |=R=x@ sDU}U |xv}y@ |=yQ}eDt '2 w 1 pL=Qt QO xJQo =
=yVwQixOQN |O}=a |xU}=kt xm u}= x@ xHwD =@ |rw 'OvOW u}}aD |r}rLD CQwYx@
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39
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=DUt
R�h

}QW
C}

Q}Ot
w`}

=vY
|U

Ovyt "xQ}HvR |=[a= OwU w =yQ}eDt pt=W x}=B |xr�Ut |=Q@ |R=@ Ot=}B "2 pwOH
(j) 2 VwQixOQN |D=e}r@D |xv} Ro

3 2 1
35156 5869 32852 35156 14854 33994 35156 37539 37539

1

(i
)

1V
wQix

OQN
|D=

e}r@
D|

xv}R
o

114659 97136 17386 135277 93375 29695 158031 67219 67219
0 7 0 93 0 72 0 9 0 81 0 81

35156 5432 12868 35156 13514 13514 35156 33994 14854
297375 64038 36155 115988 55013 55013 135277 29695 93375

0 76 0 85 0 81 0 81 0 9 0 72

35156 5179 5179 35156 12868 5432 35156 32852 5869
380379 44675 44675 97375 36155 64038 114659 17386 97136

0 81 0 81 0 85 0 76 0 93 0 7

"r2 x@ C@Uv 1 VwQixOQN OwU C=Q}}eD "3 pmW

"r2 x@ C@Uv 2 VwQixOQN OwU C=Q}}eD "4 pmW

O=OQ=Qk uDiQ}PB |=Q@ sRq |xR}ov= 'Ovm|t =O}B V}=Ri= u=WOwU xm u}= x@ xHwD =@ R}v
"CW=O Ovy=wN =Q

"CU= xOW x�=Q= xr�Ut pO=aD QO sDU}U |=yQ}eDt C=Q}}eD R}v 4 pwOH QO
Ovvm|tv |Q}}eD |R=@ pO=aD Q}}eD =@ xOvvmO}rwD |=yQ}eDt 'OwW|t x_Lqt xm xmv=vJ

"Ovm|t Q}}eD =yVwQixOQN |rLt C=e}r@D u=R}t |rw

|}=Q=m ?} Q[ C=Q}}eD x@ C@Uv |R=@ pO=aD w hqD�= |=y|SD=QDU= "3 pwOH
"Q=R=@ syU QO swO |xv} Ro

r2
(i; j)5 4 5 4 3 5 3 2 5 2 1 5 1

C C C C C C C C C (1; 1)

C C (1; 2)

(1; 3)

C C (2; 1)

N N C C C C C C C (2; 2)

(2; 3)

(3; 1)

(3; 2)

N N N N N N N (3; 3)

"hqD�= |SD=QDU= %C &|R=@ pO=aD %N

xO=O Q}}eD 5 =D 1 R= r2 Q=Okt w xDiQo |r@k Q}O=kt u=ty Q@=Q@ =Q r2 w r1 Q}O=kt
3 pwOH QO |R=@ pO=aD w hqD�= |=y|SD=QDU= x@ \w@ Qt C=Q}}eD G}=Dv "OwW|t
hqD�= |=y|SD=QDU= hQat C w |R=@ pO=aD |xOvyOu=Wv N %CU= xOW xYqN
w 'OQ=O OwHw hqD�= |SD=QDU= 4 w pO=aD l} r2 = 1 |=Q@ p=Ft u=wvax@ "CU=
?}DQDx@ 5 =D 3 |=ypmW QO "hqD�= |SD=QDU= l} w pO=aD l} r2 = 4 5 |=Q@
w hqD�= |=y|SD=QDU= |=Q@ xOvvmO}rwD w 2 VwQixOQN '1 VwQixOQN OwU Q}O=kt

"CU= xOW xO=O u=Wv r2 C=Q}}eD |=R=x@ '|R=@ pO=aD
'xQ}HvR |=[a= |t=tD |=Q@ xm Ci=} QO u=wD|t =ypmW u}= x@ xHwD =@
Qo}O CQ=@ax@ "OvQ=O |R=@ pO=aD x@ C@Uv |QDW}@ OwU xQ=wty hqD�= |=y|SD=QDU=
xU Qy |=Q@ xOvQ@ � xOvQ@ Cr=L x@ QHvt xm OQ=O OwHw hqD�= |SD=QDU= l} xQ=wty
=yVwQixOQN xm OW}Ov=}@ |D=O}ytD Ov=wD|t xOvvmO}rwD u}=Q@=v@ "OwW xQ}HvR w[a
Qw_vt u}= |=Q@ "Ovv} RoQ@ =Q hqD�= |=y|SD=QDU= R= |m} '|R=@ pO=aD ?=NDv= |=Hx@
=yVwQixOQN w Ovm xO=iDU= |R=Unvy=ty |=yO=OQ=Qk R= xOvvmO}rwD CU= umtt
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}rLD=yVwQixOQNC=e}r@D |=yxv} Ry R= |OYQO xOvvmO}rwD Q=mwR=Uu}= QO "OQ=O Q}F-=D Q=R=@

%CU= |Qw;wv |=Q=O CyH xU R= xr=kt u}= QO xar=]t OQwt |xr�Ut "Ovm|t p@kD =Q
=yVwQixOQN |rLt C=e}r@D |=Q@ |D=e}r@D |xv} Ro u}OvJ 'xr�Ut u}= QO xm u}= pw=
QDW}@ Q=R=@ syU ?Um |=Q@ =yVwQixOQN C@=kQ 'swO &CU= xOW xDiQo Q_v QO
xOW s=Hv= |}xrLQtxU |R=@ l} CQwYx@ pOt p}rLD 'swU w xDiQo Q=Qk Q_v Ot
|=yxv} Ro R= |}xawtHt =@ OwN |rLt C=e}r@D |=Q@ =yVwQixOQN R= l} Qy "CU=
"OQ=O Q}F-=D =yv; R= l} Qy Q=R=@ syU Q@ ,=t}kDUt =yxv} Ro u}= xm Ov=xH=wt C=e}r@D
C=e}r@D |=Q@ |D=e}r@D |xv} Ro l} =yvD xm Ovvm|t ZQi |r@k C=k}kLD |t=tD
d}r@D hrDNt `=wv= QF= |ak=w |=}vO QO xm |r=L QO "CU= TQDUO QO =yVwQixOQN

"CU= |Qo}O R= Cw=iDt �OQw@r}@ w |} w}O=Q '|vw} R} wrD�
sy =@ xQ}HvR swO K]U QO Q=R=@ R= |QDW}@ syU ?Um |=Q@ =yVwQixOQN
"Ovvm ?=NDv= |rLt C=e}r@D hrDNt |=yxv} Ro u}@ R= Ovv=wD|t w Ovvm|t C@=kQ
xrLQt xU |] QO |R=@ |x} Q_v R= xO=iDU= =@ |DmQ=WtQ}e ?r=k QO jwi |xr�Ut
p}rLD w |OOa p=Ft =@ hqD�= |=y|SD=QDU= w pt=m |R=@ Q} R pO=aD w xOW p}rLD
=yVwQixOQN R= l} Qy =@ xOvvmO}rwD u}@ \=@DQ= Qw_vt u}= |=Q@ "OW x�=Q= C}U=UL
u}vJty w xOW xDiQo Q_v QO xOvvmO}rwD |Q@yQ � nQ@rmDU= |R=@ R= xO=iDU= =@
u}}aD u}vJty w |D=e}r@D |xv} Ro ?=NDv= |=Q@ xQ}HvR |v}}=B K]U QO =yVwQixOQN
R= xO=iDU= =@ "Ovvm|t pta u=tRty CQwYx@ C=e}r@D QO =yv; |Q=Pox}=tQU Q=Okt
|R=@ Q} R pO=aD w OW |UQQ@ pOt R= pY=L G}=Dv 'C}U=UL p}rLD w |OOa p=Ft
OyO|t u=Wv |OOa G}=Dv "OW u}}aD =yVwQixOQN |=Q@ hqD�= |=y|SD=QDU= w pt=m
xwqa Ovv} RoQ@ =Q hqD�= �|=y�|SD=QDU= '|R=@ pO=aD |=Hx@ =yVwQixOQN Qo = xm
|=Q@ "O@=}|t V}=Ri= |yHwD p@=k u=R}t x@ R}v xOvvmO}rwD OwU 'u=WOwU Ow@y@ Q@
|R=UpOt OQ=w =Q xQ}HvR pN=O 16C=aq]= uQ=kD sOa u=wD|t j}kLD |xaUwD
=Q O=OQ=Qk w xOQm |UQQ@ R}v =Q O=OQ=Qk uwO@ Cr=L u=wD|t u}= Q@ xwqa "OQm xr�Ut
u}vJty "OwW xOvQ@ � xOvQ@ Cr=L x@ QHvt =[a= |t=tD |=Q@ xm OQm |L=Q] |Qw]
|xty xm OQm |L=Q] |Q=mwR=U w O=O xaUwD xiOyOvJ Cr=L x@ =Q xr�Ut u=wD|t

[34]"Ovvm =O}B Ow@y@ h=Oy=
"CU= xOW xDiQo xO}O=v |DmQ=Wt C=e}r@D O=OQ=Qk C=}@O= QO ?re= ẁ[wt u}=
u}= QO xJQo = OQm pOt u}= OQ=w R}v =Q |Q=PoCt}k C=t}tYD u=wD|t C}=yv QO

"OW=@v Q}PBu=mt= xDU@ sQi CQwYx@ xr�Ut |=yQ}eDt u}}aD CU= umtt Cr=L

"r2 x@ C@Uv xOvvmO}rwD OwU C=Q}}eD "5 pmW
|}=Q=m ?} Q[ C=Q}}eD x@ C@Uv |R=@ pO=aD QO sDU}U |=yQ}eDt Q}O=kt "4 pwOH

"Q=R=@ syU QO swO |xv} Ro
bN aN AN tN2 tN1 N r2

5179 5179 11025 0 81 0 81 (3; 3) 1
5179 5179 11025 0 81 0 81 (3; 3) 1 5
5179 5179 11025 0 81 0 81 (3; 3) 2
5179 5179 11025 0 81 0 81 (3; 3) 2 5
5179 5179 11025 0 81 0 81 (3; 3) 3
5179 5179 11025 0 81 0 81 (3; 3) 3 5
5179 5179 11025 0 81 0 81 (3; 3) 4
13514 13514 11025 0 81 0 81 (2; 2) 4 5
13514 13514 11025 0 81 0 81 (2; 2) 5

|Q}oxH}Dv "6
wO w xOvvmO}rwD l} pt=W |}xQ}HvR QO |DmQ=Wt C=e}r@D |xr�Ut xr=kt u}= QO
R= |WR}ov= Q=mwR=U l} |DmQ=Wt C=e}r@D |xt=vQ@ "CU= xOW xar=]t VwQixOQN
|rLt C=e}r@D |wQ |QDW}@ |Q=Pox}=tQU =yVwQixOQN =D CU=yxOvvmO}rwD hQ]
pm |=[=kD |wQ ,=t}kDUt xQ}HvR |=[a= R= l} Qy C=e}r@D |=yxv} Ry xm =QJ "Ovvm

=yCWwv=B
1. participation rate
2. GE
3. Intel
4. IBM
5. Apple
6. www.Co-opsourcebook.com
7. http://adage.com/article/adage-encyclopedia/retail-

advertising/98854/
8. vertical cooperative advertising
9. non cooperative games
10. Nash
11. Von Stackelberg

12. leadership Stackelberg game
13. leader
14. follower
15. backward induction
16. information asymmetry

�References� `@=vt
1. Huang, Z. and Li, S.X. \Co-op advertising models in

manufacturer-retailer supply chains: A game theory ap-
proach", European Journal of Operational Research,
135(3), pp. 527-544 (2001).

136



2/
1|

xQ=t
W'

33
�1

xQwO
'�1

39
6u

=DUt
R�h

}QW
C}

Q}Ot
w`}

=vY
|U

Ovyt 2. Bergen, M. and John, G. \Understanding cooperative
advertising participation rates in conventional chan-
nels", Journal of Marketing Research, 34(3), pp. 357-369
(1997).

3. Hutchins, M.S., Cooperative Advertising: The Way to
Make It Pay, 1st Edition, The Ronald Press (1953).

4. Herrington, J.D. and Dempsey, W.A. \Comparing the
current e�ects and carryover of national-, regional- and
local-sponsor advertising", Journal of Advertising Re-
search, 45(01), pp. 60-72 (2005).

5. Somers, T.M., Gupta, Y.P. and Harriot, S.R. \Analy-
sis of cooperative advertising expenditures: A transfer-
function modeling approach", Journal of Advertising Re-
search, 30(5), pp. 35-49 (1990).

6. Young, R.F. and Greyser, S.A., Managing Cooperative
Advertising: A Strategic Approach, 1st Edition, Lexing-
ton Books, MA (1983).

7. Elkin, T., Intel Inside at 10. Advertising Age, 72: 4 and
31 (2001).

8. Brennan, L. \How retailers are putting it all together?"
Sales and Marketing Management, 5, pp. 62-65 (1988).

9. Clark, S. \Dual destiny", Adweek, 41, pp. 60-66 (2000).

10. Nagler, M.G. \An exploratory analysis of the deter-
minants of cooperative advertising participation rates",
Marketing Letters, 17(2), pp. 91-102 (2006).

11. Aust, G. and Buscher, U. \Cooperative advertising mod-
els in supply chain management: A review", European
Journal of Operational Research, 234, pp. 1-14 (2014).

12. J�rgensen, S. and Zaccour, G. \A survey of game-
theoretic models of cooperative advertising", European
Journal of Operational Research, 237, pp. 1-14 (2014).

13. Agha Mohammad Ali Kermani, M., Aliahmadi, A., Sala-
mat, V.R., Barzinpour, F. and Hadiyan, E. \Supplier se-
lection in a single-echelon supply chain with horizontal
competition using Imperialist competitive algorithm",
International Journal of Computer Integrated Manufac-
turing, 28(6), pp. 628-638 (2015).

14. Chutani, A. and Sethi, S.P. \Cooperative advertising in
a dynamic retail market oligopoly", Dynamic Games and
Applications, 2(4), pp. 347-375 (2012).

15. Aust, G. and Buscher, U. \Vertical cooperative adver-
tising in a retailer duopoly", Computers and Industrial
Engineering, 72, pp. 247-254 (2014).

16. Giri, B.C. and Sharma, S. \Manufacturer's pricing strat-
egy in a two-level supply chain with competing retail-
ers and advertising cost dependent demand", Economic
Modelling, 38, pp .102-111 (2014).

17. J�rgensen, S. and Zaccour, G. \A di�erential game of
retailer promotions", Automatica, 39(7), pp. 1145-1155
(2003).

18. Sigu�e, S.P. and Chintagunta, P. \Advertising strategies
in a franchise system", European Journal of Operational
Research, 198(2), pp. 655-665 (2009).

19. Alaei, S., Alaei, R. and Salimi, P. \A game theo-
retical study of cooperative advertising in a single-
manufacturer-two-retailers supply chain", The Interna-
tional Journal of Advanced Manufacturing Technology,
74(1-4), pp. 101-111 (2014).

20. Zhang, J. and Xie, J. \A game theoretical study of coop-
erative advertising with multiple retailers in a distribu-
tion channel", Journal of Systems Science and Systems
Engineering, 21(1), pp. 37-55 (2012).

21. He, X., Krishnamoorthy, A., Prasad, A. and Sethi, S.P.
\Retail competition and cooperative advertising", Oper-
ations Research Letters, 39(1), pp. 11-16 (2011).

22. Chutani, A. and Sethi, S.P. \Optimal advertising and
pricing in a dynamic durable goods supply chain", Jour-
nal of Optimization Theory and Applications, 154(2),
pp. 615-643 (2012).

23. Ghadimi, S., Szidarovszky, F., Farahani, R.Z. and Khia-
bani, A.Y. \Coordination of advertising in supply chain
management with cooperating manufacturer and retail-
ers", IMA Journal of Management Mathematics, 24(1),
pp. 1-19 (2013).

24. He, X., Krishnamoorthy, A., Prasad, A. and Sethi, S.P.
\Co-op advertising in dynamic retail oligopolies", Deci-
sion Sciences, 43(1), pp. 73-106 (2012).

25. He, Y., Gou, Q., Wu, C. and Yue, X. \Cooperative ad-
vertising in a supply chain with horizontal competition",
Mathematical Problems in Engineering (2013).
http://dx.doi.org/10.1155/2013/607184

26. Wang, S.D., Zhou, Y.W., Min, J. and Zhong, Y.G. \Co-
ordination of cooperative advertising models in a one-
manufacturer two-retailer supply chain system", Com-
puters & Industrial Engineering, 61(4), pp. 1053-1071
(2011).

27. Malthouse, E.C., Qiu, D. and Xu, J. \Optimal selection
of media vehicles using customer databases", Expert Sys-
tems with Applications, 39(17), pp. 13035-13045 (2012).

28. Frison, S., Dekimpe, M.G., Croux, C. and De Maeyer, P.
\Billboard and cinema advertising: Missed opportunity
or spoiled arms?" International Journal of Research in
Marketing, 31(4), pp. 425-433 (2014).

29. Naik, P.A. and Peters, K. \A hierarchical marketing
communications model of online and o�ine media syner-
gies", Journal of Interactive Marketing, 23(4), pp. 288-
299 (2009).

30. Li, S.X., Huang, Z., Zhu, J. and Chau, P.Y.K. \Coopera-
tive advertising, game theory and manufacturer-retailer
supply chains", Omega, 30(5), pp. 347-357 (2002).

31. Yang, J., Xie, J., Deng, X. and Xiong, H. \Coopera-
tive advertising in a distribution channel with fairness
concerns", European Journal of Operational Research,
227(2), pp. 401-407 (2013).

32. Nash, J.F. \The bargaining problem", Econometrica,
18(2), pp. 155-162 (1950).

33. von Stackelberg, H., Marktform und Gleichgewicht, 1st
Edition, Springer (1934).

34. Alaei, S. and Setak, M. \Multi objective coordination of
a supply chain with routing and service level consider-
ation", International Journal of Production Economics,
167, pp. 271-281 (2015).

137



"""O
wHw

=@|
DmQ=W

tC
=e}r@

D|
xr�U

tp
}rLD

CU= xOW QiYQ}e T} QD=t u}= |rY= Q]k =yvD 'Ot; CUO x@ xm |]@=wQ x@ xHwD =@
|i=m T} QD=t uOw@ |ivt u}at C=@F= |=Q@ "CU= QiY T} QD=t QY=va |x}k@ w
xQ=wty hr= 2 |x]@=Q "CU= |ivt |rY= Q]k |=yx}=QO R= l} Qy OwW C@=F CU=

:CU= |ivt Q} R \}=QW CLD R}v hr= 3 |x]@=Q w CU= |ivt
tij1 > t

0ij
1 = 2�m � 2�1�ij

2�m + �1�ij
(hr= 8)

:CU= |ivt Q} R \}=QW CLD w x@=Wt Qw]x@ R}v hr= 4 |x]@=Q

tij2 > t
0ij
2 = 2�m � 2�2 (1� �ij)

2�m + �2 (1� �ij) (hr= 9)

|a]k Q_v Q=y_= u=wD|tv jwi \}=QW =@ x]@=Q QO "Ov=xv=DU; Q}O=kt t0ij2 w t0ij1 Q}O=kt
\}=QW 2 |x}[k QO CmQ=Wt |=yMQv Q}O=kt xm CU= XNWt Kw[wx@ |rw OQm
u=wD|tv xOvvmO}rwD hOy `@=D QakD =@ x]@=Q QO xJQo = u}=Q@=v@ "Ovvm|t =[Q= =Q jwi
QO xOt; CUO x@ ?=wH h=Q]= QO `@=D u}= xm OW C@=F 'OQm Q_v Q=y_= C}a]k =@

"CU= Qakt 2 |x}[k

CUw}B
tij2 w tij1 'Aij |=yQ}eDt x@ C@Uv xOvvmO}rwD hOy `@=D OwW C@=F xm u}= |=Q@

.CU= |ivt u}at �hr= 1� u}W}y T} QD=t OwW C@=F CU= |i=m 'CU= Qakt

H =

266664
@2�mj(i;j)
@A2

ij

@2�mj(i;j)
@Aij@t1

@2�mj(i;j)
@Aij@t2

@2�mj(i;j)
@t1@Aij

@2�mj(i;j)
@t21

@2�mj(i;j)
@t1@t2

@2�mj(i;j)
@t2@Aij

@2�mj(i;j)
@t2@t1

@2�mj(i;j)
@t22

377775 (hr= 1)

Q=m |DL=Q |=Q@ tij2 w tij1 |=yQ}eDt T} wvq=@ 'jwi |x]@=Q QO xm CU= QmP x@ sRq
swO |x@DQt |�RH C=kDWt 12 =D 10 \@=wQ R= xO=iDU= =@ p=L "CU= xOW hPL

:OwW|t ?=UL
@2�mj(i;j)
@A2

ij
= � �mkm

4
q
A3
ij

(hr= 2)

@2�mj(i;j)
@t21

= �1�ijk2
i

ci(1� t1)4 �
�
(1� t1) �m �

�2 + t1
2

�
�1�ij

�
(hr= 3)

@2�mj(i;j)
@t22

=
�2(1��ij)k2

j

cj(1�t2)4 �
�
(1�t2)�m�

�2 + t2
2
�
�2(1��ij)

�
(hr= 4)

@2�mj(i;j)
@Aij@t1

= 0 (hr= 5)

138

@2�mj(i;j)
@Aij@t2

= 0 (hr= 6)

@2�mj(i;j)
@t1@t2

= 0 (hr= 7)


