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|=[a= R=l} Qy OwU w VwQi `@=wD 'xr�Ut |=yQ}eDt w =yQDt=Q=Bh} QaD R=TB
"OwW|t |iQat xQ}HvR

|r}Uv=Qi}O |R=@ QO |ov}y@ \}=QW "4"3
sRq \wQW R= xDUO wO O}=@ '|R=@ pw] QO u=vm} R=@ |xv}y@ |=y|SD=QDU= uDi=} |=Q@
"s}yO|t K}[wD Q=YDN=x@ =Q \wQW u}= R= l} Qy xt=O= QO xm 'OvwW xOQw;Q@ |i=m w
l} Qy |=Q@ |R=@ R= pY=L |=yOt=}B =} CN=OQB `@=wD 'sRq \}=QW R=QL= |=Q@
|x@DQt |ov}y@ \}=QW um} R=@ u=ty s}tYD |=yQ}eDt x@ C@Uv O}=@ u=vm} R=@ R=
C=kDWt w pw= C=kDWt p=ta= =@ ?}DQDx@ xm Ovvm R=QL= =Q swO |x@DQt u}vJty w pw=
um} R=@ Qy s}tYD |=yQ}eDt x@ C@Uv �|�RH C=kDWt T} QD=t p}mWD� swO x@DQt

[38]"CU= |UQQ@ p@=k OwN CN=OQB `@=D QO
C=kDWtp}Uv=Qi}OCqO=at x=oDUOpL =@ =y|SD=QDU=|ov}y@ |=Q@|i=m\}=QW
u}= "OwW|t pY=L 11�HJB� utr@ |@ wm =S uwDr}t=y CqO=at x=oDUO s=vx@ |�RH
|=yC}OwOLt sDU}U x=Qty x@ u=vm} R=@ CN=OQB `@=wD R= pmWDt CqO=at x=oDUO
|=y|SD=QDU= |=Q@ xv}y@ |v=tR Q}Ut 'u; pL =@ xm CU= |r}Uv=Qi}O |R=@ |m}t=v}O
uDi=} x@ QHvt 'utr@ |@ wm =S uwDr}t=y CqO=at x=oDUO pL "OwW|t u}}aD u=vm} R=@

"OwW|t |R=@ QO u=vm} R=@ s}tYD |=yQ}eDt |=Q@ |v=tR xv}y@ |=yQ}Ut
ZQi =@ w xOw@ 12wQTB VwQ x@ utr@ |@ wm =S uwDr}t=y CqO=at x=oDUO pL
"OQ}o|t CQwY |R=UpOt |v=tR xQwO |=yDv= QO 13Q=Okt `@=D s=vx@ |a@=D |ov}y@
xQwO |=yDv= R= CWoR=@ Q}Ut QO w u=tR R= x_LrQy QO xr�Ut |ov}y@ 'ZQi u}= =@
x=Qty x@ p}Uv=Qi}O CqO=at x=oDUO u}= pL "OwW|t u}t[D |v=tR xQwO |=OD@= x@
\}=QW ẁtHt QO 'u=vm} R=@ CN=OQB `@=wD |ov}y@ swO x@DQt w pw= x@DQt \}=QW

"Ovm|t sy=Qi u=vm} R=@ |=y|SD=QDU= |=Q@ =Q |i=m w sRq |ov}y@

|R=UpOt w xr�Ut h} QaD "4
"O} Q}o@ Q_v QO =Q VwQixOQN l} w xOvvmO}rwD l} =@ |L]UwO u}t-=D |xQ}HvR l}
xOvvmO}rwD OvQ@ |t=vVwNV}=Ri= x@ QHvt xOvvmO}rwD |QU=QU C=e}r@D xQ}HvR u}= QO
x@ QHvt u}= w xOW q=m hQYt x@ u=oOvvmhQYt p}=tD V}=Ri= ?Hwt xH}DvQO w
QO sy w xOvvmO}rwD OwU QO sy C=e}r@D ẁv u}= "OW Oy=wN hQYt Q=R=@ VQDUo
C@Ft Q}F-=D Ovm|t x�=Q= |WwQixOQN pw=ODt p=v=m QO =Q q=m xm VwQixOQN OwU
p=v=m QO VwQi sHL V}=Ri= Qw_vtx@ VwQixOQN Qo}O hQ] R= "CW=O Oy=wN
R}v \NQ@ p=v=m QO u}vJty "Ovm|t s=Ok= |rLt C=e}r@D R= |tHL s=Hv= x@ pw=ODt
|rLt C=e}r@D x@ VwQi sHL V}=Ri= |=Q@ '|R=Ht xOvWwQi l} u=wvax@ xOvvmO}rwD
K]U QO VwQixOQN w xOvvmO}rwD u}@ C@=kQ O=H}= x@ QHvt u}= xm Ovm|t s=Ok=
xOvvmO}rwD C=e}r@D w pw=ODt p=v=m QO VwQixOQN C=e}r@D "OW Oy=wN |WwQixOQN

"Ovvm|t u}}aD =Q |rai Q=R=@ R= VwQixOQN w xOvvmO}rwD syU '\NQ@ p=v=m QO
[39]u=Q=mty w nv=wy \UwD =} wB |=ypOt |Ov@s}UkD x@ xtOkt VN@ QO
xHwD =@ u=wD|t =Q =} wB |=ypOt x@ \w@ Qt C=ar=]t |Ov@s}UkD u}= QO "OW xQ=W=
w wqQv |twta pOt %OQm u=}@ xDUO VW QO 'xOW xDiQo Q=m x@ |=[=kD pOt x@
=@ =} wB |D@=kQ |=ypOt w |Q=WDv= |=ypOt 'QDUJvq pOt 'hrw w p=O} w pOt 'wQ;
xOWKQ]t |=ypOt x@ '|D@=kQ |=ypOt R= xDUO u} QDnQR@ w u}rw= "=y|oS} w Q}=U
w |rLt C=e}r@D Cw=iDt C=QF= =ypOt R= xDUO u}= "OQ=O xQ=W= [40]wQ; w wqQv \UwD
woR=@ =} wB |=ypOt Q}=U R= QDy@ =Q u=tR x@ xDU@=w |=yQ}eDt Q}=U u}vJty w |QU=QU
|=[a= |r}Uv=Qi}O |=y|R=@ C=ar=]t QO xO=iDU= OQwt pOt u} QD|twta w xOQm

[41]"OvDUy u}t-=D |xQ}HvR
Q[=L |xr=kt QO xr�Ut |m}t=v}O CqO=at |R=UpOt |=Q@ xOWx�=Q= pOt

83



"""|
Q=Po

Ct
}kw

C=e
}r@D

|=Q@
Vv

|O
QwN

R=@p
O=aD3 =D 1 \@=wQ uDiQo Q_v QO =@ VwQixOQN w xOvvmO}rwD xOW p} RvD OwU `@=wD

%R= Ov=CQ=@a ?}DQD x@

Vm(t)= max
am;ao;po

Z 1
0
e��t

0BB@ (w � c)Sr(t)
+ (po(t)� c)So(t)
� � m2 a2

m(t) +  o2 a
2
o(t)

�
1CCA dt (6)

Vr(t) = max
ar;pr

Z 1
0

e��t
�

(pr(t)� w)Sr(t)�  r

2 a2
r(t)

�
dt (7)

xH}DvQO wCt}k 'C=e}r@D |R=Uxv}y@ x@ u=tRsy Qw]x@ |R=@u}= QO u=vm} R=@ R=l} Qy
=@ '|r}Uv=Qi}O |R=@ u}= QO Vv pO=aD "Ovvm|t s=Ok= OwN VwQi R= pY=L OwU
CqO=at u}= "OwW|t pY=L [43]utr@ � |@ wm =H � uwDr}t=y CqO=at u=tRsy pL

%R= Ov=CQ=@a

�Vm(t)= max
am;ao;po

8>><>>:
0BB@ (w � c)Sr(t)+

(po(t)� c)So(t)�� m2 a2
m(t) +  o2 a

2
o(t)

�
1CCA+ @Vm

@G
_G(t)

9>>=>>;
(8)

�Vr(t) = max
ar;pr

��
(pr(t)� w)Sr(t)�  r

2 a2
r(t)

�
+ @Vr
@G

_G(t)
�

(9)

\QW wO \UwD u=vm} R=@ s}tYD |=yQ}eDt R= pY=L |v=tR |=yQ}Ut |ov}y@
%R= Ov=CQ=@a \wQW u}= "OwW|t xOQw;Q@ |vt[ \QW l} u}vJty w |U=U=

&pw= x@DQt sRq \QW �
&swO x@DQt sRq \QW �

"C}=yv}@ |v=tR ji= =@ p�=Ut QO |OL \}=QW �
� uwDr}t=yCqO=atCU=QCtUCQ=@a|R=Uxv}W}@ |=Q@ pw=|x@DQt sRq\QW
x=oDUO pL x@ 'u=vm} R=@ R= l} Qy s}tYD |=yQ}eDt x@ C@Uv 9 w 8 utr@ � |@ wm =S

%OwW|t QHvt 14 =D 10 CqO=at
'm

@Vm(t)
@G(t)

�  mam(t) = 0 (10)

�o (po(t)� c)� 
r (w � c)�  oao(t) = 0 (11)

�o + �oao(t)� 
oar(t)� �o (2po(t)� c) + �oG(t) = 0 (12)

�r (pr(t)� w)�  rar(t) = 0 (13)

�r + �rar(t)� 
rao(t)� �r (2pr(t)� w) + �rG(t) = 0 (14)

"OvyO|t p}mWD =Q s}tYD |=yQ}eDt R=|]N CqO=at sDU}Ul} 14 =D 10\@=wQ
pL QwDUO R= s}tYD |=yQ}eDt R= l} Qy x@ \w@ Qt 14MU=B u} QDy@ `@=wD u}}aD |=Q@
CqO=at sDU}U pL =@ "OW xO=iDU= Mathematica 9 0 Q=Ri=sQv QO 15|]N
Q=Okt `@=wD C=kDWt u}vJty w Cr=L Q}eDt ?ULQ@ s}tYD |=yQ}eDt 'jwi |]N

"OW pY=L @Vm(t)
@G(t) w @Vr(t)

@G(t)

|=yT} QD=t 'pQDvm |=yQ}eDt |=Q@ |R=Uxv}W}@ \}=QW pwYL |=Q@ w xt=O= QO
|Q=QkQ@ |=Q@ VwQixOQN w xOvvmO}rwD |=Q@CU=QCtU |=yCQ=@a x@ \w@ Qt u}Uy
xOvvmO}rwD x@ \w@ Qt u}Uy T} QD=t wQu}=R= "OvW=@ |ivt u}at O}=@ swO x@DQt \}=QW

|m}t=v}O pOt "3"1"4
hQat xm xOW xO=O u=Wv G(t) =@ t |x_Lr QO OvQ@ |t=vVwN sHL'pOt u}= QO
u}vJ OvQ@ |t=vVwN |m}t=v}O |xrO=at "CU= |m}t=v}O sDU}U Cr=L Q}eDt

%OwW|t h} QaD
_G(t) = 'mam � �G(t); G(0) = G0 (1)

'[35]Qwm =R w uUvoQw} \UwD xOWx�=Q= wQ; wqQv |twta pOt |m}t=v}O C}OwOLt QO
QO =t= xOW xDiQo Q_v QO OL=w Q=Okt OvQ@ |t=vVwN C=Q}}eD QO C=e}r@D QF= ?} Q[
`=wv= x@ xDU@ xm CU= u}= Q@ ZQi w xOw@v OL=w ,=t=Rr= ?} Q[ u}= Q[=L Q=DWwv
|t=vVwN sHL C=Q}}eD CaQU Q@ u; R= |Dw=iDt C=QF= 'C=e}r@D |Q=PoQF= ?D=Qt
Q_v QO l} QDt=Q=B sQi x@ ?} Q[ u}= 'QDW}@ h=]av= |=Q@ wQu}=R= "CU= ?DQDt OvQ@

"CU= xOW xDiQo

VwQi `@=wD "2"4
'Ct}k w C=e}r@D Q@ |vD@t |r}Uv=Qi}O |=y|R=@ QO 'VwQi Vvm =w =} =[=kD `@=D
w u=vm} R=@ pQDvm |=yQ}eDt x@ xHwD =@ =Q xOvvmhQYt |=[=kD u=ty =} VwQi sHL

[3]"Ovm|t woR=@ pOt Cr=L Q}eDt u}vJty
\NQ@ p=v=m QO VwQi K]U Qou=}@ ?}DQDx@ Sr(t) w So(t) xm ZQi u}= =@
|=yp=v=m R= l} Qy QO VwQi `@=wD |=Q@ 'OvW=@ pw=ODt p=v=m QO VwQi K]U w

%s} Q=O u}t-=D |xQ}HvR
So(t) = �o + �oao(t)� 
oar(t)� �opo(t) + �oG(t) (2)

Sr(t) = �r + �rar(t)� 
rao(t)� �rpr(t) + �rG(t) (3)

C=e}r@D |[Q=aD C=QF= 'C=e}r@D sHL s}kDUt QF= 'x}=B VwQi QDt=Q=B 'pOt u}= QO
COtOvr@ QF= u}vJty w Ct}k s}kDUt QF= '?}kQ VwQi `@=D Q@ xQ}HvR |=[a=

"CU= xOy=Wt p@=k VwQi `@=D wO Qy Q@ |QU=QU C=e}r@D
QO u=vm} R=@ R= s=OmQy OwU `@=D 'O=YDk= QO OwU CqO=at |=ypOt x@ xHwD =@
R= l} Qy Q@ xOW p}tLD |=yxv} Ry |=yvt VwQi R= pY=L Ot;QO =@ Q@=Q@ x_LrQy
QF-=Dt =yvD u}t-=D |xQ}HvR |=[a= R= l} Qy |=yxv} Ry xr=kt u}= QO "CU= u=vm} R=@
`@=wD |=Q@ u}=Q@=v@ "CU= xOW xDiQo Q_v QO =yu; \UwD xOW s=Hv= C=e}r@D sHL R=

%s} Q=O ?}DQDx@ VwQixOQN w xOvvmO}rwD xv} Ry
Cm(t) =  m

2 a2
m(t) +  a

2 a2
o(t) (4)

Cr(t) =  r
2 a2

r(t) (5)

|=yxv} Ry xm CU= u}= Q@ ZQi 'u}t-=D |xQ}HvR Q=DN=U x@ xHwD =@ pOt u}= QO
"OwW|t xDN=OQB xOvvmO}rwD \UwD \NQ@ p=v=m QO C=e}r@D

Vv |OQwNR=@ pO=aD "3"4
=Q OwN xOW p} RvD OwU Ovy=wN|t VwQixOQN w xOvvmO}rwD xm CU= u; Q@ ZQi
CQOk R= VwQixOQN w xOvvmO}rwD R}v w 'Ovvm QFm =OL OwOLt=v |v=tR xQwO l} QO
`@=D |R=Uxv}W}@ x@ ?}kQ u=wvax@ l} Qy w OvQ=OQwNQ@ |Q}os}tYD QO |v=Um}
w |QU=QU C=e}r@D C}y=t x@ xHwD =@ xm Cw=iD u}= =@ "Ovm|t s=Ok= OwN OwU
xOW xDiQo Q_v QO xOvvmO}rwD |QU=QU C=e}r@D R= QF-=Dt \ki OvQ@ |t=vVwN '|rLt

"CU= Q=PoQF= OwN VwQi V}=Ri= x@ |rLt C=e}r@D s=Hv= =@ \ki VwQixOQN w
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1|

xQ=t
W'

33
�1

|xQ
wO'

�13
96

u=DU
tR�

h}
QW

C}
Q}Ot

w`}
=vY

|U
Ovyt G}=Dv VN@ QO p=Ft l} R= xO=iDU= =@ |r}Uv=Qi}O |R=@ u}= |OOa pL

Q=Ri=sQv \}Lt QO C=@U=Lt |x}rm xm CU= QmP x@ sRq "CU= xOW xOQw; |OOa
xOW s=Hv= 8 1 |xNUv =@ |D}@ 64 RwOv} w \}Lt QO w Mathematica 9 0
s=Ok= [27]u}r w wS |xr=kt x@=Wt |OOa G}=Dv |UQQ@ w C}U=UL p}rLD QO "CU=

"CU= xOW

nQ@rmDU= pOt =@ |HvUQ=@Da= "4"4
u}t-=D |xQ}HvR |=Q@ Vv |R=@ R= pY=L G}=Dv |HvUQ=@Da= Qw_vtx@ 'VN@ u}= QO
|UQQ@ R}v nQ@rmDU= x=oO}O R= |r}Uv=Qi}O pOt u}= 'Q[=L |xr=kt QO xOWKQ]t
"s} R=OQB|t xOvvmO}rwD � nQ@rmDU= x=oO}O R= pOt pL x@VN@ u}= QO =Pr "CU= xOW
'OW xQ=W= u; x@ nQ@rmDU= |R=@ h} QaD QO |r@k VN@ QO xm u=vJ 'x=oO}O u}= QO
xOvvmO}rwD C=t}tYD x@ C@Uv =Q OwN Vvm =w u} QDy@ 'wQ}B u=wvax@ VwQixOQN
Vvm =w R= pt=m C=aq]= uDW=O =@ xOvvmO}rwD TBU "Ovm|t ?=NDv= Q@yQ u=wvax@
=Q ?U=vt |=y|SD=QDU= 'OwN |O=YDk= `i=vt |R=Uxv}W}@ Qw_vtx@ w VwQixOQN

[27]"Ovm|t P=ND=
6 \@=wQ QO VwQixOQN w xOvvmO}rwD |xOW p} RvD OwU `@=wD uDiQo Q_vQO =@
CU=Q CtU QO VwQixOQN s}tYD |=yQ}eDt |=Q@ pw= |x@DQt sRq \}=QW '7 w
|]N CqO=at x=oDUO "OW p=ta= 9 w 8 |x]@=Q QO VwQixOQN HJB |xrO=at
|=yQ}eDt x@ \w@ Qt Vvm =w `@=wD u} QDy@ u}}aD |=Q@ 14 w 13 \@=wQ R= pmWDt
|=yQ}eDt ?ULQ@ CqO=at x=oDUO u}= pL =@ "OwW|t pY=L VwQixOQN s}tYD

%OW pY=L Q} R l} QDt=Q=B |=ysQi QO =yQ}eDt u}= 'VwQixOQN pQDvm

a�r(t)=
�
�r (��r + 
oao + �r)

�2
r � 2�r r

�
�
�

�r�r
�2
r � 2�r r

�
G(t) (24)

p�r(t)=
�
w�2

r � (�r � 
oao + w�r) r
�2
r � 2�r r

�
�
�

 r�r
�2
r�2�r r

�
G(t)

(25)

18 w 17 \@=wQ j@=]t 25 w 24 |rQDvm |=yQ}eDt |=Q@ swO x@DQt |ov}y@ \}=QW
"CU=

xOvvmO}rwD HJB |xrO=at QO a�r(t) w p�r(t) |xv}y@ Q}O=kt |Q=Po}=H =@
pQDvm |=yQ}eDt |=Q@ |ov}y@ pw= |x@DQt \}=QW p=ta= 'TBU w 20 |x]@=Q QO
|ov}y@\}=QW "OwW|t pY=L 12 =D 10\@=wQ j@=]t CqO=at x=oDUO 'xOvvmO}rwD
|xrO=atCU=QCtU |=yCQ=@a x@ \w@ Qt u}UyT} QD=t p}mWD =@ R}v swO |x@DQt

"OwW|t |UQQ@ T} QD=t u}= |=Q@ u}at |ivt \QW p=ta= w xOvvmO}rwD HJB

Hm=

2664 � m 0 0
0 � o �o �

�
�r
r
o
�2
r�2�r r

�
0 �o �

�
�r
r
o
�2
r�2�r r

� �2�o

3775 (26)

Q} R \QW 'xOvvmO}rwD � nQ@rmDU= |R=@ QO xOvvmO}rwD pQDvm |=yQ}eDt |ov}y@ |=Q@
%CU= Q=QkQ@ xQ=wty 17 \}=QW x=Qty x@

2�o m �
�
�2
r�o
r
o � �r
r
o � �o�r r

�2
r � 2�r r

�2
> 0 (27)

\@=wQ QO xm p�r(t) w a�r(t) VwQixOQN |rQDvm |=yQ}eDt Q}O=kt |Q=Po}=H R= TB
pL =@ '12 =D 10 CqO=at x=oDUO QO =yu; |Q=Po}=H w 'xOW XNWt 25 w 24

%CU= xOW xO=O V}=tv 16 w 15 |U} QD=t |=ysQi x@ VwQixOQN w

Hm =

2664 � m 0 0
0 � o �o
0 �o �2�o

3775 (15)

Hr =

" � r �r
�r �2�r

#
(16)

s=OmQy OwU `@=wD QO OwHwt ?}=Q[ R= pmWDt xm 18 w 17 CqO=at=v '?}DQD u}O@
%OW=@ Q=QkQ@ xQ=wty O}=@ 'CU= xQ}HvR |=[a= R=

 i > 0; i 2 fm; r; og (17)

2�i i � �2
i > 0; i 2 fo; rg (18)

MU=B `@=wD '18 w 17 \wQW R}v w '14 w 10 |]N CqO=at sDU}U uDiQo Q_v QO =@
R= "OvOW u}}aD xQ}HvR |=[a= s}tYD |=yQ}eDt |xv}y@ Q}O=kt Qo}O CQ=@a x@ =}
=@ Q=YDN=x@ w xOW |Q=OOwN =yu;V}=tv R= 'OvQ=O |t}HL\@=wQ Q}O=kt u}= xm =Hv;
Q}O=kt |Q=Po}=H =@ "Ov=xOW xO=O V}=tv p�r(t) w p�o(t) 'a�r(t) 'a�o(t) 'a�m(t)

'9 w 8 \@=wQ QO @Vm(t)
@G(t) w @Vr(t)

@G(t) 'G(t) ?ULQ@ s}tYD |=yQ}eDt |xv}y@
%OwW|t pY=L 20 w 19 CqO=at

�Vr(t) =
�

(p�r(t)� w)S�r (t)�  r

2 (a�r (t))2
�

+ @Vr
@G

_G(t) (19)

�Vm(t) =

0BB@ (w � c)S�r (t)+

(p�o(t)� c)S�o (t)��
 m2 (a�m(t))2 +  o2 (a�o(t))2�

1CCA+ @Vm
@G

_G(t) (20)

p}mWD =Q |D=m} Q p}Uv=Qi}O CqO=at x=oDUO l} 20 w 19 u=tRsy CqO=at
CqO=at x=oDUO u}= pL QO Q=Okt `@=wD |=Q@ |YwYN |=y?=wH [35]"OvyO|t

[27]%R= Ov=CQ=@a
Vm(G) = m1

2 G 2 +m2G+m3 (21)

Vr(G) = r1
2 G

2 + r2G+ r3 (22)
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