
�13
96

u=DU
tR�

'h}
QW

C}
Q}Ot

w`}
=vY

|U
Ovyt

64
�55

"X
'2/

1|
xQ=t

W'
33

�1
|xQ

wO

O
ri

gi
na

lA
rt

ic
le|=Q@ |R=i |xiOyOvJ pOt l} |x�=Q=

C=QF= Vy=m Qw_vtx@ xOvvmu}t-=D ?=NDv=
x}rkv \}=Uw pkv w ptL |=yR=o

�OWQ= T=vWQ� � |}=RQ}t Q@m =
�Q=}O=DU=� �|t_� p[ir=w@=

u}wRk OL=w |tqU= O=R; x=oWv=O 'l}v�t w `}=vY |UOvyt |xOmWv=O

CU= xO}J}B |xiOyOvJ |Q}os}tYD |xr�Ut l} u=oOvvmu}t-=D ?=NDv= w |@=} RQ= Ov}=Qi
?=NDv= |xr�Ut |=Q@ xiOyOvJ |rOt 'xr=kt u}= QO "OQ}PB|t Q}F-=D |OOaDt pt=wa R= xm

|=yxv} Ry pt=W �� pm |xv} Ry u; |] xm CU= xOW x�=Q= q=m srk l} |xOvvmu}t-=D
pkv w ptL R= xm CU} R \}Lt |=yxOv}q; R}v w 'u=Q=O} QN |=yxv} Ry w xOvvmx[Qa

xOvvmu}t-=D ?=NDv= w |@=} RQ= QO Q=PoQ}F-=D |rt=a u=wvax@ �� OQ}o|t C-=Wv x}rkv \}=Uw
|O=yvW}B pOt |=Q@ xOW xDiQo Q_v QO h=Oy= "CU= xOW xDiQo Q_v QO |rm CQwYx@

w |yOVQ=iU pm |=yxv} Ry� u=oOvvmu}t-=D |xv} Ry pm uOQmxv}tm %R= CU= CQ=@a
uOQmxv}tm w 'p} wLD u=tR uOQmxv}tm 'u=oOvvmu}t-=D C}i}m|@ |=yq=m uOQmxv}tm '�Ow@tm

"x}rkv \}=Uw R= |W=v |]}Lt |=yxOv}q; u=R}t

mirzaei akbar14@yahoo.com
abkaazemi@gmail.com

\}Lt |=yxOv}q; 'xiOyOvJ |R=Uxv}y@ 'xOvvmu}t-=D ?=NDv= %|O}rm u=oS=w
"|R=i OQm} wQ 'x}rkv \}=Uw pkv w ptL 'CU} R

xtOkt "1
j}kLD |xv}W}B "2

xOvvmu}t-=D ?=NDv= |xr�Ut hrDNt |=RH= |@=} RQ= w |R=UpOt x@ |O=} R u}kkLt
QO '=Q xiOyOvJ pOt l} Q=@ u}rw= |=Q@ u}kkLt 2000 p=U QO "Ov=xDN=OQB
X}YND |xr�Ut l}D=tDU}U p}rLD |=Q@ 'Ov=ZQ=aD QO sy =@ h=Oy= xm |]}=QW
'O} QN |xv} Ry uOQmxv}tm hOy `@=D xU R= w OvOQm x�=Q= u=oOvvmu}t-=D x@ VQ=iU
|awHQt sqk= uOQmxv}tm w 'OvwW|t xO=O p} wLD Q}O xm |tqk= O=OaD uOQmxv}tm
|xiOyOvJ |R} Qxt=vQ@ OQm} wQ l} R= xO=iDU= =@ 2003 p=U QO [3]"OvOQm xO=iDU=
QO =yu; R= l} Qy x@ VQ=iU X}YND Q}O=kt w u=oOvvmu}t-=D 'K}LY OOa
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t1Xi � LOG1 (14)

GiMi � CAPi (15)

�90Xi � Gi � Xi (16)

Yi �XCmIm (17)

�70Xi � Yi � Xi (18)Xn

i=0 HiXi � z1 (19)Xn

i=0 DiXi � z2 (20)Xn

i=0 ZiXi � z3 (21)Xn

i=0 RiXi � z4 (22)

SiXi � Bi (23)

9 hOy `@=D "OyO|t Vy=m =Q u=oOvvmu}t-=D xJQ=Bl} |xv} Ry pm 8 hOy `@=D
Vy=m 'OW=@v =} OW=@ KqY= w s}tQD p@=k xm =Q xOW OQ ?w}at |=yq=m u=R}t
C}=yv QO "Ovm|t xv}tm =Q Q}N-=D =@ |=yq=m Ci=} QO u=R}t 10 hOy `@=D w OyO|t
|v}tR '|}=} QO '|}=wy pt=W� x}rkv\}=Uw R= xm =Q |]}Lt |=yxOv}q; u=R}t 11 `@=D
Q=Okt xm CU= u}= Qou=}@ 12 C}OwOLt "OyO|t Vy=m 'O@=}|t Q=WDv= �|r} Q w
Q@=Q@ O}=@ VQ=iU u=R}t xm OQ=O|t u=}@ 13 C}OwOLt "OW=@ =[=kD Q@=Q@ O}=@ VQ=iU
C}OwOLt Qou=}@ 14 C}OwOLt "OW=@ xOvvmu}t-=D C}iQ_ u=R}t R= QDsm pk=OL =}
16 C}OwOLt "CU= Q=@v= |=[i C}OwOLt Qou=}@ 15 C}OwOLt w 'O}rwD C}iQ_
C}OwOLt w xOvvmu}t-=D Qy VQ=iU/O}rwD |q=m Q=Okt ?ULQ@ xm OQ=O|t u=}@
Qou=}@ 17 C}OwOLt "s}vm xQ}NP =yQ=@v= QO =Q q=m Q=Okt u} QDW}@ 'Q=@v= |=[i
?ULQ@ xm OQ=O|t u=}@ 18 C}OwOLt "CU= x}rkv \}=Uw pkv w ptL C}OwOLt
u} QDW}@ O}=@ 'pkv w ptL C}OwOLt w xOvvmu}t-=D Qy VQ=iU/O}rwD |q=m Q=Okt
=@ x=Qty 'xOvvmu}t-=D Qy TQDUO QO pkv w ptL |xr}Uw ẁv x@ xHwD =@ =Q q=m Q=Okt
Vy=m |=Q@ C}OwOLt Qou=}@ 19 C}OwOLt "s}vm pkv w ptL =Q =yu; ptL C}iQ_
C}OwOLt Qou=}@ 20C}OwOLt "CU= CqwYLt Q@ |}=wy x}rkv p}=Uw |=y|oOwr;
21 C}OwOLt "CU= CqwYLt Q@ |}=} QO x}rkv p}=Uw |=y|oOwr; Vy=m |=Q@
"CU= CqwYLt Q@ |v}tR |x}rkv p}=Uw |=y|oOwr; Vy=m |=Q@ C}OwOLt Qou=}@
Q@ |r} Q |x}rkv p}=Uw |=y|oOwr; Vy=m |=Q@ C}OwOLt Qou=}@ 22 C}OwOLt
VQ=iU Q=@ Qy xHOw@ C}OwOLt Qou=}@ 23 C}OwOLt C}=yv QO w CU= CqwYLt

"CU= xOvvmu}t-=D |=Q@

|O=yvW}B pL |=yVwQ "4
Zimmermann |R=i |=yOQm} wQ R= 'xOW x�=Q= |=ypOtpL Qw_vtx@VN@u}= QO

"OwW|t xO=iDU= |v=Q@H |R=i w

Zimmermann |R=i OQm} wQ "1"4
|xr�Ut u; QO xm CU= Zimmermann |R=i OQm} wQ xO=iDU= OQwt VwQ u}rw=

[7]%CU= xOW x�=Q= 27 =D 24 \@=wQ CQwYx@ |R=i h=Oy= =@ |]N |R} Qxt=vQ@

%OQ=O|t u=}@
K(n;Q) = TCV (n;Q) + TCB(n;Q) (5)

%s}@=}|t CUO 6 |x]@=Q x@ '|R=UxO=U R= TB u; QO xm
K(n;Q) =(SV + SB)D

n(1� df)Q
+ FD

(1� df)Q

+ D [vdf + fci + d(1� f)cr]
(1� df)Q

+
�
Q
2 + (n� 2)Q

2 (1� D
(1� df)p

)
�
chv

+ Q(c+ fcr)
2 hB (6)

CQwYx@ |}=yv pOt '�2 pmW� s}vm xi=[= R}v =Q Ow@tm |xv} Ry xm |DQwY QO
"Ow@ Oy=wN x�=Q= p@=k 7 |x]@=Q

K(n;Q) =(SV + SB)D
n(1� df)Q

+ FD
(1� df)Q

+ D [vdf + fci + d(1� f)cr]
(1� df)Q

+
�
Q
2 + (n� 2)Q

2 (1� D
(1� df)p

)
�
chv

+ Q(c+ fcr)
2 hB + 1

2�D(T � t1)2 (7)

%OwW|t x�=Q= 23 =D 8 |=yx]@=Q CQwYx@ |rm pOt 'u}=Q@=v@

min z1 =
Xn

1 0

0BBBBB@
K (n;Q) = (Sv=SB)D

n(1�df)Q + FD
(1�df)Q

+D[vdf+fc1+d(1�f)c2]
(1�df)

+
n
Q
2 + (n�2)Q

2
�
1� D

(1�df)P

�o
chv

+Q(c+fc1)
2 hB + 1

2�D(T � t1)2

1CCCCCAxi

(8)

Min x2 =
Xn

i=0 qiaXi +
Xn

i=0 qibXi (9)

Min z3 =
Xn

i=0 LiXi (10)

Min z4 =
Xn

i=0 HiXi +
Xn

i=0 DiXi

+
Xn

i=0 ZiXi
Xn

i=0 RiXi (11)

S:t :

"Ow@tm OwHw =@ xOvvmu}t-=D |=Q@ |OwHwt K]U "2 pmW
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1|

xQ=t
W'

33
�1

|xQ
wO'

�13
96

u=DU
tR�

h}
QW

C}
Q}Ot

w`}
=vY

|U
Ovyt

"|ivt ẁv R= hOy `@=wD |=Q@ |]N C}w[a `@=D "3 pmW

"C@Ft ẁv R= hOy `@=wD |=Q@ |]N C}w[a `@=D "4 pmW

Q=Okt x@ Z+
k |x]kv QO C}=yv QO w xOW xDU=m |]N Qw]x@ hOy u; C} w[a `@=D

29 |x]@=Q CQwYx@ C@Ft ẁv R= h=Oy= |=Q@ |]N C} w[a `@=D "OUQ|t QiY
"CU= xOW h} QaD

�k(Zk(x)) =8>>>><>>>>:
1 for Zk(x) � Z�k
(Zk(x)�Z�k )

(Z+
k �Z�k )

for Z�k < Zk(x) < Z+
k

0 for Zk(x) � Z�k
k = (1; 2; :::; q)

(29)

4 pmW QO C@Ft ẁv R= h=Oy= |=Q@ �k(Zk(x)) |]N C} w[a `@=D u}vJty
"CU= xOW xO=O u=Wv

1 w QiY u}@ C} w[a `@=D Q=Okt xm OQm \=@vDU= u}vJ u=wD|t 4 pmW R=
x]kv u}= R= xJQy |]N CQwYx@ w CU= QiY Q=Okt |=Q=O Z�k |x]kv QO w CU=
x@ Z+

k x]kv QO ,=D}=yv =D xDi=} V}=Ri= C} w[a `@=D C}@ wr]t Q=Okt s} wW|t QDQwO
"OUQ|t 1 Q=Okt

|R=i |R} Qxt=vQ@ pOt "2"1"4
Qorta pOt� |R=i OQm} wQl} |]NC} w[a `@=wD R= xO=iDU= =@ Zimmermann

w 28 \@=wQ |=Q@ |R=i xiOyOvJ |]N |R} Qxt=vQ@ p�=Ut |=Q@ =Q �Min-Max

"CU= xOQm x�=Q= 30 |x]@=Q CQwYx@ 29

maxx mink �k(Zk(x))

S:t x 2 xd (30)

~Zk =
Xn

i=1 ckixi � � Z0
k = 1; 2; :::; q �|ivt ẁv R= `@=wD |=Q@�

(24)

~Zk =
Xn

i=1 ckixi � � Z0
k = 1; 2:::; q �C@Ft ẁv R= `@=wD |=Q@�

(25)

S:t:

gt(x) =
Xn

i=1 atixi � bt t = 1; 2; ::::; l (26)

xi � 0 i = 1; 2; :::; n (27)

u=Wv =Q |R=i \}Lt�Ctqa pOt u}= QO "Ov=|a]k Q}O=kt cki; ati; bt xm |}=H
OyO|t u=Wv w CU= � uOw@ |R=i Qou=}@ =yC}OwOLt QO �� Ctqa"OyO|t
u} QDO@� Z�k Q=Okt =D |ivt ẁv R= hOy `@=wD |=Q@ xv}y@ Q=Okt |w=Ut =} QDsm xm
�� u}vJty "QDsm C}@ wr]t =@ =t= 'CU= pw@k p@=k xOvQ}os}tYD |=Q@ sy �?=wH
=D R}v C@Ft ẁv R= h=Oy= |=Q@ xm CU= u}= |xOvyOu=Wv w � uOw@ |R=i Qou=}@
Q=Okt R= xJQy =t= CU= pw@k p@=k xOvQ}os}tYD |=Q@ �?=wH u} QDO@� Z+

k Q=Okt
"OwW|t QDl}ORv QiY x@ w OwW|t xDU=m V=C}@ wr]t R= s} wW|t QDQwO xv}y@

|R=i C}w[a `@=D u}}aD "1"1"4
pOt QO OwHwt Zk hOy Qy |=Q@ xm OQm u=}@ Zimmermann 1987 p=U QO
C} w[a `@=wD u}}aD |=Q@ w OwW|t h} QaD xv=o =OH Qw]x@ |]N C} w[a `@=D l}

[6]%OwW |] O}=@ Q} R pL=Qt |R=i
OQ}o|t Q=Qk Q_v Ot hOy l} xrLQt Qy QO 'xiOyOvJ |xr�Ut pL |=Q@ "1 s=o
wQ@ wQ xiOylD |xr�Ut l} =@ xH}Dv QO "OvwW|t xDiQo xO}O=v h=Oy= |k=@ w
Z�k � s} Qw;|t CUO x@ =Q hOy Qy |=Q@ umtt Q=Okt u} QDy@ TBU w s} wW|t
CUO x@ C@Ft ẁv R= hOy `@=wD |=Q@ Z+

k w |ivt ẁv R= hOy `@=wD |=Q@
"�O};|t

Z+
k � hOy `@=D Qy R= umtt Q=Okt u} QDO@ uOQw; CUO x@ |=Q@ =Q 1 s=o "2 s=o

"s}vm|t Q=QmD �C@Ft ẁv R= hOy `@=wD |=Q@ Z�k w |ivt ẁv R= hOy `@=wD |=Q@
`@=D u}tND |=Q@ =Q hOy `@=D Qy |=Q@ u} QDsm w u} QDV}@ pw@k p@=k Q}O=kt "3 s=o

"s}vm|t xO=iDU= hOy Qy C} w[a
h} QaD 28 |x]@=Q CQwYx@ |ivt ẁv R= h=Oy= |=Q@ |]N C} w[a `@=D

"OwW|t
�k(Zk(x)) =8>>>><>>>>:

1 for Zk(x) � Z�k
(Z+
k �Zk(x))

(Z+
k �Z�k )

for Z�k < Zk(x) < Z+
k

0 for Zk(x) � Z+
k

k = (1; 2; :::; q)

(28)

3 pmW QO |ivt ẁv R= h=Oy= |=Q@ �k(Zk(x)) |]N C} w[a `@=D u}vJty
"CU= xOW xO=O u=Wv

Z�k |x]kv QO w CU= 1 w QiY u}@ Q=Okt |=Q=O C} w[a `@=D 3 pmW QO
C}@ wr]t R= s} wW|t QDQwO x]kv u}= R= xJ Qy w CU= 1 C} w[a `@=D Q=Okt |=Q=O
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"""|
=Q@|

R=i
|xi

OyO
vJ

pOt
l}

|x�
=Q=|=Q@ =Q |v=Q@H |=Q=m COW x@ |=ypL x=Q q=@ QO xOW QmP |v=Q@H pOt 'u}=Q@=v@

"Ovm|t sy=Qi |]N |xiOyOvJ |xOvvmu}t-=D ?=NDv= |xr�Ut

w |[=} Q |R} Qxt=vQ@ |=yOQm} wQ =@ |OOa p=Ft pL "6
|R=i

X}YND w u=oOvvmu}t-=D u} QDy@ R= q=m srk l} O} QN x@ R=}v Q=O} QN p=Ft u}= QO
|=Q@ xOvvmu}t-=D xU OwW|t ZQi "OQ=O =Q u=oOvvmu}t-=D u; R= s=Om Qy x@ xv}y@ Q=Okt
u=oOvvmu}t-=D R= s=OmQy |xJQ=Bl} |xv} Ry pm =OD@= xm OQ=O OwHw Q_v OQwt pwYLt
x@ |xJQ=Bl} |=yxv} Ry u}= TBU 'O};|t CUO x@ OwHwt |=yxO=O x@ xHwD =@
|=yxO=O T=U=Q@ w OwW|t |Q=Po =H pOt QO u=oOvvmu}t-=D R= l} Qy xOt; CUO
xDiQo Q_v QO n = 3 xOvvmu}t-=D Qy |=Q@ xQwO O=OaD "OwW|t pL |rm pOt 'OwHwt
w 70000 '80000 ?}DQDx@ xOvvmu}t-=D Qy |=Q@ xOW xDiQo Q_v QO |xHOw@ w xOW
Q@=Q@ ?}DQD x@ s}DiQo Q_v QO |a]k CQwYx@ xm R}v =Q p} wLD u=tR "CU= 60000
x�=Q= Q}O=kt Kw]U xm xOW xDiQo Q_v QO 20000 sy =[=kD w CU= 20 w 18 '20
K(n;Q) xJQ=Bl} |=yxv} Ry uOQw; CUO x@ |=Q@ u=oOvvmu}t-=D R= l} Qy |xOW

"CU= xOW x�=Q= 1 pwOH QO
%CU= Q} R CQwYx@ xOvvmu}t-=D Qy (K(n;Q)) xJQ=Bl} |xv} Ry pm p=L
K1(N =3; Q) = (25 + 3)� 20000

3(1� 0 02� 0 95)� 5500
+ (4� 20000)

(1� 0 02� 0 95)� 5500
+ 20000[9�0 02�0 95�4+0 02(1�0 95)�7]

(1� 0 02� 0 95)

+
�5500

2 + (3� 2)� 5500
2

|=yxv} Ry uOQw; CUO x@ |=Q@ u=oOvvmu}t-=D R= l} Qy Q}O=kt Kw]U "1 pwOH
"xJQ=Bl}

3 2 1 u=oOvvmu}t-=D
72 70 78 C

22 20 25 SV
4 4 3 Sb
5 4 5 hv
2 2 3 hb
3 4 4 f

6 7 9 V

3 4 4 Ci
7 8 7 Cr
45 38 35 �

8 min 8 min 10 min t1
20 min 18 min 20 min T

0 03 0 05 0 02 d

0 9 0 94 0 95 f

5000 6000 5500 Q

7700 7500 7150 P

%OwW|t p}O@D 31 |x]@=Q x@ � |mtm Q}eDt l} h} QaD R= xO=iDU= =@ 30 |xrO=at
�max

S:t:

�k(Zk(x)) � � ; k = (1; 2; :::; q)
x 2 xd 0 � � � 1 (31)

|v=Q@H |R=i OQm} wQ "5
R= xO=iDU= 'xr=kt u}= QO xOW QmP |xiOyOvJ pL |=Q@ xO=iDU= OQwt VwQ u}twO
|v=Q@H |R=i OQm} wQ OQwtQO K}[wD VN@ u}= R= hOy "CU= |v=Q@H |R=i OQm} wQ
l} Oa@ VN@ QO w s} wW|t =vW; |v=Q@H |R=i |xJQ=Bl} Qorta =@ =OD@= "CU=
sD}; l} =@ xiOyOvJ xOvvmu}t-=D ?=NDv= |xr�Ut pL |=Q@ |v=Q@H |R=i OQm} wQ

"CU= xOW x�=Q=
|] QO =yu; C=}�RH x@ xm OQ=O OwHw |O=} R |R=i |xJQ=Bl} |=yQorta
|v=Q@H C}y=t |R=i OQm} wQ QO xHw u} QDsyt [12]"CU= xOW xQ=W= Q=DWwv u}=
sy=Qi =Q ?wN |oS} w u}OvJ �min� Qorta VwQ "CU= u; Qorta |v=Q@HQ}e =}
|ov}y@ w uOw@ |v=Q@H ut[Dt Qorta u}= |xr}Uw x@ xOW O}rwD pLx=Q =t= 'Ovm|t
xO=iDU= C=@U=Lt QO |oO=U p}rOx@ ,qwtat OQm} wQ u}= R= |rw [15�13]"CU}v wDQ=B

"OwW|t
'OwW|t xO=iDU= Werner |v=Q@H �fuzzy and� Qorta R= 'xr=kt u}= QO
?=NDv= |xr�Ut |=Q@ =Q wDQ=B |ov}y@ Qorta u}= |xr}Uwx@ xOWO}rwD pL x=Q xm =QJ
'1988 p=U QO '� Qorta |=v@tQ@ [16]"Ovm|t sy=Qi|]N |xiOyOvJ |xOvvmu}t-=D
\UwDt w min R= ?OLt ?}mQD xm =Q |v=Q@H �fuzzy and� Qorta Werners

[17]%OQm |iQat 32 |x]@=Q CQwYx@ 'CU= |@=UL
�and = 
mink(�k) (1� 
)

m
(
X

�k) (32)

u=Q@H |OL =D 
 2 [0; 1] Q=Okt w CU= k = 1; 2; :::; q; 0 � �k � 1 xm
Vy=m �and = min |v=Q@HQ}e x@ 32 |xrO=at 
 = 1 uO=O Q=Qk =@ "Ovm|t

"O@=}|t

xOvvmu}t-=D ?=NDv= |xr�Ut |=Q@ |v=Q@H |R=i OQm}wQ l} "1"5
�and Qorta |xr}Uwx@ xOWO}rwD pLx=Q 'OW u=}@ p@k VN@ QO xm Qw]u=ty
R= xO=iDU= =@ u}=Q@=v@ "Ovm|t u}t[D =Q wDQ=B |ov}y@ w uOw@ |v=Q@H werners'

[16]"OwW|t p}O@D 33 |x]@=Q x@ 32 |x]@=Q werners' �and Qorta
Max �and = �+ (1� 
)

k

Xq

k=1 �k

s:t :

x 2 Xk
�k(Zk(x)) � �+ �k

�+ �k � 1
�;  �k 2 [0; 1] ; k = 1; 2; :::; q

 2 [0; 1] (33)
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2/
1|

xQ=t
W'

33
�1

|xQ
wO'

�13
96

u=DU
tR�

h}
QW

C}
Q}Ot

w`}
=vY

|U
Ovyt 0 133�X2 <= 7400;

0 15�X3 <= 7700
0 5�G1 <= 75000;
0 97�X1 <= G1;

G1 <= X1;

0 4�G1 <= 32000;
0 97�X2 <= G2;

G2 <= X2;

0 6�G1 <= 50000;
0 97�X3 <= G3;

G3 <= X3;

Y1 <= 10000;

0 8� x1 <= y1;

y1 <= x1;

Y2 <= 11000;

0 8� x2 <= y2;

y2 <= x2;

Y2 <= 9000;

0 8� x3 <= y3;

y3 <= x3;

0 8� x1 + 0 3� x2 + 0 6� x3 <= 20000;

0 2� x1 + 0 3� x2 + 0 6� x3 <= 15000;

0 9� x1 + 1� x2 + 0 8� x3 <= 30000;

0 4� x1 + 0 6� x2 + 0 7� x3 <= 25000;

X1 <= 80000;

X2 <= 70000;

X3 <= 60000;

Xi � 0; Gi � 0 ; Yi � 0
i = 1; 2; 3; m = 1; 2; 3; 4

GAMS Q=Ri=sQv R= xO=iDU= =@ pOt |=yC}OwOLt |x}rm =@ w h=Oy=lDlD pL R=
QO =yu; |xH}Dv xm 'xOW xOQw; CUO x@ hOy Qy |=Q@ u}}=B w q=@ OL Q}O=kt

"CU= xOW x�=Q= 3 pwOH

"hOy Qy |=Q@ u}}=B w q=@ OL Q}O=kt "3 pwOH
Z4 Z3 Z2 Z1

50250 395400 19540 1596290 Z+
k

48570 387000 19036 1505150 Z�k

(1 20000
(1� 0 02� 0 95)� 7150 )

�
� 78� 5

+ 5500(78 + 0 95� 3)
2 � 3 + 1

2 � 35
� 20000(0 0225)2 = 34 6 + 14 6 + 238246 7
� 913107 + 667012 5 + 787 = 75 7

K2(N = 3; Q) = 92 2
K3(N = 3; Q) = 70 5
x@ xHwD =@ 'Ot; CUO x@ u=oOvvmu}t-=D R= l} Qy |xJQ=Bl} |xv} Ry xm u}= R= Oa@

"OwW|t |Q=Po =H pOt QO '2 pwOH QO xOW x�=Q= |=yQDt=Q=B Q}O=kt
%CW=O s}y=wN xiOyOvJ |R} Qxt=vQ@ pOt QO |OOa p=Ft |Q=Po =H =@ u}=Q@=v@
Objective function :

Min z1 = 75 7�X1 + 92 2�X2 + 70 5�X3;

Min z2 =(00 9�X1 + 0 85�X2 + 0 95�X3)

+ (0 01�X1 + 0 1�X2 + 0 08�X3);

Min z3 = 20� x1 + 18� x2 + 20x3;

Min z4 =(0 8� x1 + 0 5� x2 + 0 6� x3)

+ (0 2� x1 + 0 3� x2 + 0 6� x3)

+ (0 9� x1 + 1� x2 + 0 8� x3)

+ (0 4� x1 + 0 6� x2 + 0 7� x3)

S:t :

X1 +X2 +X3 = 20000;

X1 <= 8700;

X2 <= 6500;

X3 <= 9000;

0 15�X1 <= 8000;

"pOt |=yQDt=Q=B Q}O=kt "2 pwOH
3 2 1 u=oOvvmu}t-=D

70 5 92 2 75 7 (n; q)k

0 95 0 85 0 9 Qia

0 08 0 1 0 05 Qib

1 5 1 7 1 3 Hi
0 2 0 5 0 8 Di

2 2 2 8 2 5 Zi
1 3 1 1 1 2 Ri

45000 70000 24000 Bi
7000 14500 6000 Ui
3 min 5 min 4 min LOGi
9000 9000 6000 CAPi
100 150 100 Cm
6 5 7 Im
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"""|
=Q@|

R=i
|xi

OyO
vJ

pOt
l}

|x�
=Q=

Max �and = �+ (1� 
)
4 (�1 + �2 + �3 + �4) (40)

s:t :

�1(Z1(x)) =
�1596290� Z1

91140
�
� �+ �1 (41)

�2(Z2(x)) =
�19540� Z2

504
�
� �+ �2 (42)

�3(Z3(x)) =
�395400� Z3

8400
�
� �+ �3 (43)

�4(Z4(x)) =
�50250� Z4

1680
�
� �+ �4 (44)

�+ �1 � 1 (45)

�+ �2 � 1 (46)

�+ �3 � 1 (47)

�+ �4 � 1 (48)

�; �1; �2; �3; �4 � 0 k = 1; 2; :::; q
where 
 2 [0; 1] (49)

x 2 Xd;Xd = fx=g(x) � br; r = 1; 2; :::;mg (50)

R= ẁQW =@ w [0; 1] u}@ 
 uO=O Q=Qk =@ x]@=Q pL R= pY=L Q}O=kt 5 pwOH QO
"CU= xOW xO=O u=Wv 1 x]kv x@ uO}UQ =D 0 1 pY=wi =@ w QiY |x]kv

pLx=Q wO q=@ QO xOW QmP |v=Q@H pOt 's}Oy=W 5 pwOH QO xm u=vJ 'u}=Q@=v@
"OyO|t x�=Q= xr�Ut |=Q@ �2 w 1 pL x=Q� |v=Q@H |=Q=m COWx@

=Q 1 pL x=Q CU= 0 571 Q=Okt |=Q=O xm �and Qorta '
 = 1 |=Q@ "1 pL x=Q
pLx=Q u}= QO "O@=}|t xt=O= xQ=wty 
 = 0 1 =D 
 = 1 R= pL x=Q u}= "Ovm|t O}rwD
|=yxv} Ry pm uOQmxv}tm � pw= hOy `@=D <=[Q= K]U xm CU= xOW xO}O |O}rwD
uOQmxv}tm � swO hOy `@=D |=Q@ <=[Q= K]U w CU= 0 571 =@ Q@=Q@ �xJQ=Bl}
KqY= w s}tQD p@=k xm xOvvmu}t-=D x@ \w@ Qt CmQW |DWoQ@ sqk= pm R= |OYQO
Q@=Q@ �p} wLD u=tR uOQmxv}tm � swU hOy `@=D |=Q@ '0 619 Q@=Q@ '�CU}v =} CU=
Q@=Q@ �x}rkv \}=Uw |=yxOv}q; u=R}t uOQmxv}tm � sQ=yJ hOy `@=D |=Q@ w 0 4296

"CU= 0 571
u}= QO |v=Q@H pOt xm CU= 
 = 0 x@ \w} Qt xOW O}rwD pLx=Q u}twO "2 pLx=Q
hOy `@=D <=[Q= K]U xm CU= 0 75 =@ Q@=Q@ �and xm .CU= pt=m |v=Q@H Cr=L
|=Q@ <=[Q= K]U w CU= QiY =@ Q@=Q@ �xJQ=Bl} |=yxv} Ry pm uOQmxv}tm � pw=
\w@ Qt CmQW |DWoQ@ sqk= pm R= |OYQO uOQmxv}tm 'swO hOy `@=D� `@=wD |x}k@
`@=D |=Q@ <=[Q= K]U w �"CU}v =} CU= KqY= w s}tQD p@=k xm 'xOvvmu}t-=D x@
xv}tm � sQ=yJ hOy `@=D |=Q@ <=[Q= K]U w �p} wLD u=tR uOQmxv}tm � swU hOy

"CU= 1 Q@=Q@ �x}rkv \}=Uw |=yxOv}q; u=R}t uOQm

|R=i OQm}wQ w Zimmermann |R=i OQm}wQ |xU}=kt "3"6
werner |v=Q@H

w Zimmermann |R=i OQm} wQ VwQ wO =@ xm =Q |O=yvW}B pOt 'CtUk u}= QO
|OOa p=Ft R= xOt; CUO x@ Q}O=kt "OwW|t pL werner |v=Q@H |R=i OQm} wQ
x�=Q= 6 pwOH QO xrY=L G}=Dv xm xOW xU}=kt xOW QmP VwQ wO =@ |O=yvW}B pOt

"CU= xOW

|R=i OQm} wQ R= xO=iDU= =@ xOW x�=Q= pOt pL "1"6
Zimmermann

pOt QO 'xOt; CUO x@ 3 pwOH QO xm h=Oy= R= l} Qy |=Q@ C} w[a `@=D Q}O=kt
%CU= xOW xO=O xaUwD 39 =D 34\@=wQ CQwYx@ Zimmermann |R=i

Max � (34)

S:t: (35)

�1 �
�1596290� Z1

91140
�

(36)

�2 �
�19540� Z2

504
�

(37)

�3 �
�395400� Z3

8400
�

(38)

�4 �
�50250� Z4

1680
�

x 2 Xd; Xd = fx=g(x) � br; r = 1; 2; :::;mg (39)

"CU= xOW x�=Q= 4 pwOH QO Zimmermann |R=i pOt pL |xH}Dv xm
|xOvvmu}t-=D |=Q@ pwYLt R= =[=kD u} QDsm 's}DUy Oy=W 4 pwOH QO xm u=vJ
Ov=wD|t QFm =OL pw= |xOvvmu}t-=D u}vJty "CU= xDi=} X}YND OL=w 8700 pw=
xm pw= |xOvvmu}t-=D R= q=m ptL Q=Okt u}vJty "Ovm |Q=Oxov Q=@v= QO OL=w 8439
'OQ}PB|t s=Hv= �|}=} QO w |}=wy '|r} Q '|}xO=H� x}rkv |xr}Uw ẁv Q=yJ j} Q] R=
R}v swU w swO |xOvvmu}t-=D Q}O=kt "CU= OL=w 6960 =@ Q@=Q@ QFm =OL xQwO Qy QO

"CU= xOW x�=Q= 4 pwOH QO ?}DQD u}tyx@

|v=Q@H |R=i OQm} wQ R= xO=iDU= =@ xOW x�=Q= pOt pL "2"6
Zim- VwQ VN@ QO xm hOy Qy |=Q@ C} w[a `@=D R}v |v=Q@H |R=i VwQ QO
40 \@=wQ QO |v=Q@H |R=i OQm} wQ R= xO=iDU= =@ 'OW xOQw; CUO x@ mermann

"CU= xOW xDWwv 50 =D

"Zimmermann |R=i OQm}wQ R= xO=iDU= =@ pOt pL R= pY=L G}=Dv "4 pwOH
=yQDt=Q=B Q}O=kt =yQDt=Q=B =yQDt=Q=B Q}O=kt =yQDt=Q=B

3977 G2 0 57143 �

6984 G3 1544210 Z�1

6960 Y1 19228 Z�2

3280 Y2 391800 Z�3

5760 Y3 49290 Z�4

0 5906 �1Z1(x) 8700 X1

0 6191 �2Z2(x) 4100 X2

0 4286 �3Z3(x) 7200 X3

0 5714 �4Z4(x) 8439 G1
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2/
1|

xQ=t
W'

33
�1

|xQ
wO'

�13
96

u=DU
tR�

h}
QW

C}
Q}Ot

w`}
=vY

|U
Ovyt "|v=Q@H |R=i OQm} wQ R= xO=iDU= =@ pOt pL R= pY=L G}=Dv "5 pwOH


 = 1 
 = 0 9 
 = 0 8 
 = 0 7 
 = 0 6 
 = 0 5 
 = 0 4 
 = 0 3 
 = 0 2 
 = 0 1
X1 8700 8700 8700 8700 8700 8700 8700 8700 8700 8700
X2 4100 4100 4100 4100 4100 4100 4100 4100 6500 6500
X3 7200 7200 7200 7200 7200 7200 7200 7200 4800 4800
G1 8439 8439 8439 8439 8439 8439 8439 8439 8439 8439
G2 3977 3977 3977 3977 3977 3977 3977 3977 6305 6305
G3 6984 6984 6984 6984 6984 6984 6984 6984 4656 4656
Y1 6960 6960 6960 6960 6960 6960 6960 6960 6960 6960
Y2 3280 3280 3280 3280 3280 3280 3280 3280 5200 5200
Y3 5760 5760 5760 5760 5760 5760 5760 5760 3840 3840
�and 0 571 0 583 0 607 0 619 0 631 0 643 0 665 0 666 0 679 0 75

 0 571 0 571 0 571 0 571 0 571 0 571 0 571 0 571 0 571 0
�1 0 571 0 571 0 571 0 571 0 571 0 571 0 571 0 571 0 571 0
�2 0 619 0 619 0 619 0 619 0 619 0 619 0 619 0 619 0 619 1
�3 0 429 0 429 0 429 0 429 0 429 0 429 0 429 0 429 0 429 1
�4 0 571 0 571 0 571 0 571 0 571 0 571 0 571 0 571 0 571 1

QFm =OL w Ovm |R=UxQ}NP VQ=@v= QO q=m OL=w 8439 Ov=wD|t QFm =OL pw=
pk=OL swO |xOvvmu}t-=D QO |rw "Ovm pkv w ptL R}v =Q q=m OL=w 6960
x=Q QO w Zimmermann VwQ QO pw= xOvvmu}t-=D |=Q@ pwYLt |=[=kD
pL x=Q QO |rw 'CUq=m OL=w 4100 u=Um} Q=Okt |v=Q@H |R=i pw= pL
xOW xO=O X}YND OL=w 6500 Ow@ |v=Q@H ,qt=m xm |v=Q@H |R=i VwQ swO

"CU=

|Q}oxH}Dv "7
x�=Q= xOvvmu}t-=D ?=NDv= |xr�Ut |=Q@ |R=i |xiOyOvJ pOt l} Q=DWwv u}= QO
QO pwYLt =} q=m srk l} |=Q@ C=t}tYD Q_v OQwt |xr�Ut QO "CU= xOW
Q=O} QN w xOvvmu}t-=D |=Q@ xJQ=Bl} pm |xv} Ry u}vJty "CU= xOW xDiQo Q_v
|=yxv} Ry &CU= Q=O} QN pm |xv} Ry w xOvvmx[Qa pm |xv} Ry pt=W '�VwQixOQN�
|R=Ov=x=Q |xv} Ry 'pkv w ptL |xv} Ry '|Q=Oxov |xv} Ry pt=W xOvvmu}t-=D pm
pt=W Q=O} QN pm |=yxv} Ry w CU= ?w}at |=yq=m KqY= w s}tQD |xv} Ry w
|xv} Ry Q@ xwqa "CU= |UQR=@ |xv} Ry w |Q=Oxov |xv} Ry '|yOVQ=iU |xv} Ry
|]}Lt|xOv}q; u=R}t w CU= xOW xDiQo Q_v QO R}v Ow@tm |xv} Ry 'xJQ=Bl} pm
pOt QO R}v CU= �|r} Q w |v}tR '|}=} QO '|}=wy pt=W� x}rkv \}=Uw R= xm
|xv} Ry uOQmxv}tm pt=W xOW xDiQo Q_v QO h=Oy= "CU= xOW ^=Lr |O=yvW}B
�CmQW x@ Q=O} QN hQ] R=� |DWoQ@ sqk= pm R= |OYQO uOQm xv}tm 'xJQ=Bl} pm
uOQm xv}tm 'CU= uOWv =} uOW KqY= w s}tQD p@=k xm xOvvmu}t-=D x@ \w@ Qt
pt=W� x}rkv \}=Uw R= |W=v xm |]}Lt |xOv}q; u=R}t uOQm xv}tm w p} wLD u=tR

Zimmer- |R=i OQm} wQ R= xO=iDU= =@ pOt pL R= pY=L G}=Dv |xU}=kt "6 pwOH
"wrener |v=Q@H |R=i OQm}wQ w mann

Warner |v=Q@H R=i VwQ VwQ Q}O=kt
swO pL x=Q pw= pL x=Q Zimmermann =yQDt=Q=B

8700 8700 8700 X1

4100 4100 4100 X2

4800 7200 7200 X3

8439 8439 8439 G1

6305 3977 3977 G2

4656 6984 6984 G3

6960 6960 6960 Y1

5200 3280 3280 Y2

3840 5460 5760 Y3

x=Q wO |=Q=O xOW pL ,q@k xm |v=Q@H |R=i VwQ xm CU= K}[wD x@ sRq
=@ |O=yvW}B pOt pL 'u}=Q@=v@ "CU= xOW x�=Q= sy 6 pwOH QO xm Ow@ pL
Qo}O |[a@ QO w CU= u=Um} =yQDt=Q=B R= |[a@ QO xOW QmP VwQ wO R= xO=iDU=
pw= |xOvvmu}t-=D |=Q@ pwYLt |=[=kD pk=OL 'p=Ft |=Q@ "OQ=Ov |O=} R Cw=iD
|xOvvmu}t-=D u}vJty w CU= xOW xO=O X}YND OL=w 8700 VwQ wO Qy QO
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"""|
=Q@|

R=i
|xi

OyO
vJ

pOt
l}

|x�
=Q=u=v}t]= C}r@=k MQv '|v=UQCtON K]U uwJty |}=yQDt=Q=B uDiQo Q_v QO ��

&|R=i |[=} Q |R} Qxt=vQ@ |=yVwQ =@ u; pL w |R=i CQwYx@
w |}=wy '|r} Q '|v}tR� x}rkv \}=Uw pkv w ptL |=yQ}Ut uDiQo Q_v QO ��
&pkv w ptL |=yxv} Ry Vy=m |=Q@ =yQ}Ut u}= T=U=Q@ |@=}u=mt w �|}=} QO

R= xm |}=yxOv}q; Vy=m w =yxv} Ry Vy=m w p}yUD |=Q@ =yxv=NQ=m |R} QKQ] ��
&OwW|t O=H}= pkv w ptL

=@ xU}=kt w xiOyOvJ |=ypOt pL |=Q@ |Q=mD@==Qi |=ysD} Qwor= R= xO=iDU= ��
"hwQat |=ysD} Qwor=

|=yOQm} wQ R= |O=yvW}B pOt pL |=Q@ "OvDUy �|r} Q w |v}tR '|}=} QO '|}=wy
OQm} wQ w Zimermann |R=i OQm} wQ R= 'Qw_vt u}O@ "CU= xOW xO=iDU= |R=i
xU}=kt sy =@ VwQ wO u}= =yDv= QO w CU= xOW xO=iDU= Werner |v=Q@H |R=i

"Ov=xOW

|D; C=k}kLD |=Q@ =yO=yvW}B "8
%R= CU= CQ=@a OW Oy=wN s=Hv= xr=kt u}= |xt=O= QO xm |D=k}kLD |=Q@ =yO=yvW}B

=yCWwv=B
1. lead time
2. e�ective cost
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