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QDt=Q=B OwHw xm |r=L QO CU=yxO=O uOw@ |a]k 'l}Uqm |R=Uxv}y@ |=yZQi R= |m}
|=yl}vmD xrtHR= Q=wDU= |R=Uxv}y@ "CU= ?=vDH= p@=k Q}e |ak=w p�=Ut QO |a]kQ}e
uwvm =D xOWx�=Q= |Q=wDU= |=yOQm} wQ QO "CU= |a]kQ}e \}=QW =@ xyH=wt |=Q@ xDi=}xaUwD

QO xm |r=L QO 'CU= ?OLt |}xawtHt w[a |a]kQ}e QDt=Q=B xm xOw@ u; Q@ ZQi
|a]kQ}e |=[i '=yQDt=Q=B |xDWPo j@=wU w =yxO=O |Qw;`tH =@ |ak=w p�=Ut R= |Q=}U@
QO "OwW h} QaD ?OLtQ}e |=[i CQwYx@ O}=@ w OwW|t u}}aD |t=QowDU}y CQwYx@

|a]kQ}e |=[i =@ xyH=wt u=tR QO |O=yvW}B sD} Qwor= |xaUwD ut[ xr=kt u}=
xm |@=}u=mt |xr�Ut Q=wDU= ?=wH uDi=} |=Q@ xOWx�=Q= |O=yvW}B OQm} wQ '|t=QowDU}y

u=w=Qi |=yOQ@ Q=m x@ xHwD =@ 'CU= |t=QowDU}y |a]kQ}e |=[=kD |=yQDt=Q=B |=Q=O
"CU= xOW xO=iDU= |@=}u=mt |xr�Ut QO |a]kQ}e |=yQDt=Q=B |iO=YDQ}e h} QaD
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xtOkt "1
Qw]x@ xH}DvQO "OwW|t u}}aD |a]kQ}e |=[i '|a]kQ}e QDt=Q=B |xDWPo j@=wU
|=[i CQwYx@ O}=@ w Ow@ Oy=wN |t=QowDU}y CQwYx@ |a]kQ}e QDt=Q=B j}kO

"OwW h} QaD ?OLtQ}e
|=[i =@ xyH=wt s=ovyx@ |O=yvW}B sD} Qwor= |xaUwD ut[ xr=kt u}= QO
|xr�Ut Q=wDU= ?=wH uDi=} |=Q@ xOW x�=Q= |O=yvW}B OQm} wQ '|t=QowDU}y|a]kQ}e

"s}=xOQ@ Q=m x@ 'CU= |a]kQ}e |=[=kD |=yQDt=Q=B |=Q=O xm =Q |@=}u=mt
Ci=} QO u=}[=kDt R= |}xawtHt u; QO xm CU= |}xr�Ut |@=}u=mt |xr�Ut
|=[=kD w Ov=xOW VNB xOvm =QB CQwYx@ X=N |}xk]vt QO T} wQU =} q=m
ẁv x@ xDU@ |DmQ=Wt =} |D@=kQ CQwYx@ p}yUD OvJ =} l} |xr}Uwx@ O}=@ u=v;

Cq}yUD |@=}u=mt |xr�Ut xm =Hv; R= [3]"OwW u}t-=D |DU=wNQO T} wQU w q=m
COtR=QO |R} Qxt=vQ@ l} x@ |@=}CUO Qw_vtx@ 'CU= l} SD=QDU= p�=Ut xrtHR=
C=Q}}eD VwNDUO =yQDt=Q=B |t=tD |ak=w |=}vO QO '|iQ] R= w OwW|t KQ]t
C}r@=k sDU}U C=Q}}eD =@ Ov=wD@ xm sDU}U |=Q@ |}xt=vQ@ x@ |@=}CUO 'Ow@ Oy=wN
|R=UxO=}B =@ hOy u}= xmCU=C}ty= |=Q=O Ovm^iL u=vJty =Q OwN|yOT} wQU
|ak=w |=}vO QO xm CU= |r=LQO u}= "Ow@ Oy=wN Q}PBu=mt= |Q=wDU= |=yVwQ
Q=Okt|iO=YD CQwYx@,qwtat =[=kD Ovv=t|@=}u=mt |xr�Ut|a]kQ}e |=yQDt=Q=B
OwHwt '|a]kQ}e |xR=@ R= |a]kQ}e QDt=Q=B |iO=YD ?=NDv= ZQi TB "OvQ}PB|tv
QD|ak=w |OQm} wQ |x�=Q= x@ R=}v w CU}v ptDLt |Q=wDU= |=yOQm} wQ R= |Q=}U@ QO

"OQ=O

^=Lr 'CU}v umtt =ypOt QO |a]kQ}e |=yQDt=Q=B hPL ,=@r=e xm u}= x@ xHwD =@
|Q=}U@ QO [1]"CU= Q}PB=v?=vDH= |Qt= pOt QO |a]kQ}e CQwYx@ =yQDt=Q=B uOQm
xr�Ut |=yQDt=Q=B w =yxO=O 'pOt |oO=U C}=aQ |=Q@ 'xOWs=Hv= |Q_v C=ar=]t R=
CQwYx@ xOW s=Hv= |=y|v}@V}B =@ =yv; Q=Okt w OwW|t ZQi |a]k CQwYx@
Q_v QO pOt QO =Q |a]kQ}e |=yQDt=Q=B O}=@ xm |DQwY QO "OwW|t OQw;Q@ |v}tND

"OwW sy=Qi QDW}@ u=v}t]= =@ |Q}os}tYD u=mt= =D CiQo
'|r=tDL= |iO=YD |R} Qxt=vQ@ uwJ |}=yVwQ 'C}a]k sOa =@ xyH=wt |=Q@
|=yVwQ [1]"CU= xOW x}YwD Q=wDU= |R=Uxv}y@ w =} wB |R} Qxt=vQ@ w |R=i
`} RwD u}tND =@ |}=yVwQ "1 %OQm s}UkD xDUO wO x@ u=wD|t =Q |O=yvW}B
xHwD =@ "|a]kQ}e QDt=Q=B `} RwD u}tND uwO@ |}=yVwQ "2 &|a]kQ}e QDt=Q=B
w CU=yxO=O R= |yw@v= sHL OvtR=}v QDt=Q=B `} RwD |=y`@=D u}tND xm u}= x@
"OQ=Ov OwHw =yxO=O R= Q=Okt u}= x@ |UQDUO u=mt= |ak=w p�=Ut QO ,qwtat
QD|OQ@ Q=m Q=wDU= |R=Uxv}y@ Ovv=t QDt=Q=B `} RwD x@ R=}v uwO@ |=yVwQ |R=UxO=}B

"CU=
|}xawtHt w[a|a]kQ}e QDt=Q=B 'xOW x�=Q= |Q=wDU= |=yOQm} wQ R= |Q=}U@ QO
w =yxO=O |Qw;`tH =@ |ak=w p�=Ut R= |Q=}U@ QO xm u; p=L [2]'xOW ZQi ?OLt

pw�Ut xOvU} wv �
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wDu=wD|t VwQ u}= =@ "OwW|t xDiQo Q_v QO |}xR=@ CQwYx@ =yQDt=Q=B |t=tD C}a]k

|xr�Ut s=i C}OwOLt xm s}vm ZQi Qo = "OQm O=H}= pO=aD |Q=wDU= w |ov}y@ u}@
w OW=@ ?}=Q[ xawtHt u=wvax@ Ji w aijxj � bi; j 2 Ji CQwYx@ |tU=
u=Wv ~aih =@ =Q aij QDt=Q=B |ak=w Q=Okt 'OvW=@ C}a]k sOa |=Q=O aij |=yQDt=Q=B

"s}yO|t
x@ CU= ?=wH |Q=wDU= K]U |xOvvmu}}aD xm =Q �i QDt=Q=B s}U w T=t}UDQ@
Qy QO |a]kQ}e |=yQDt=Q=B R= |O=OaD ?=NDv= w OvOQm xi=[= Q=wDU= |=Dty pOt
|OL Q=Okt uO=O C@Uv R}v w '�QDU} wU VwQ Ovv=ty� =yv; |t=tD QO xv w C}OwOLt
O=OaD u=ty |xOvyOu=Wv �i CQwY u}= QO "OvDN=U umtt pOt Qy QO =Q =yv; x@
w |a]k pOt x@ OW=@ �i = 0 xm |v=tR h} QaD u}= =@ "CU=yQDt=Q=B R= XNWt
&O}UQ s}y=wN QDU} wU |xv=Q=mx_i=Lt |=Dty pOt x@ OW=@ �i = jJij xm |v=tR
xD@r= "OQm s}_vD =Q C_=iL K]U u=wD|t R}v [0; jJij] |xR=@ u}@ �i Q}eDt Q}}eD =@
Qy ?=NDv= u=mt= K=Q] w xOw@v |t=Rr= �i QDt=Q=B |=Q@ K}LY Q=Okt l} ?=NDv=
T=t}UDQ@ \UwD xOW x�=Q= |=Dty |]N pOt "OQ=O =Q [0; jJij] |xR=@ QO |OOa

%R= CU= CQ=@a s}U w

min CTx

aijxj +
X

j2Ji
pij + �iqi � bi 8i

pij + qi � âijYj 8i; j 2 Ji
� Yj � xj � Yj 8j
pij � 0 8j 2 Ji
qi � 0 8i
Yj � 0 8j (7)

OQwt Cq}yUD |@=}u=mt R= |Dw=iDt |=ypOt QO Q=wDU= |R=Uxv}y@ OQm} wQ
xv}W}@ � xv}tm `@=D R= xO=iDU= pwtat |=yVwQ R= |m} "CU= xDiQo Q=Qk xO=iDU=
"CU= Cq}yUD |@=}u=mt p=@vO x@ xv} Ry u} QDW}@ uOQmxv}tm hOy =@ xm CU=
|xr�Ut w [9]1-median |xr�Ut [8]'1-center |xr�Ut |=Q@ l}vmD u}=
q=@ C_i=Lt K]U =@ |@=wH x@ C}=yv QO xm xDi=} xaUwD [10] p-median

hOy =@ =yQ=@v= |@=}u=mt |xr�Ut Q=wDU= |=Dty pOt u}vJty "OW Oy=wN QHvt
|}xR=@ CQwYx@ =[=kD C=Q}}eD |xOWh} QaD |=[i xm |v=tR '=yxv} Ry |R=Uxv}tm
uwQ@ \UwD [7]OW=@ |w[}@ CQwYx@ |a]kQ}e |=[i xm |v=tR R}v w [4]'OW=@
p=Du@ VwQ C_i=Lt K]U Vy=m p}rO x@ "CU= xOW x@U=Lt [11]u=Q=mty w
|a]kQ}e |=yQDt=Q=B Q}}eD ZQi [4]'QDU} wU VwQ x@ C@Uv [10]|mUwQt}v w
xOW |R=UxO=}B [13w12]u=QoVywSB R= |NQ@ C=ar=]t QO |w[}@ |=[i QO

"CU=
x@ xHwD =@ R}v |Qo}O |Q=wDU= |=yVwQ 'xOW KQ]t |twta |=yVwQ Q@ xwqa
|xr�Ut xm |OQ=wt QO ,qFt �� |@=}u=mt pOt |=Q@ xOW h} QaD *X=N |=y|oS} w
u=Q=mty w w} "CU= xDi=} xaUwD �� OwW p}O@D |}xrLQtwO pOt l} x@ |UQQ@ OQwt
pOt l} 'OwW xDiQo Q_v QO Cq}yUD R= l} Qy |@=QN p=tDL= xm |v=tR |=Q@
uDi=} |=Q@ =Q [14]|}xrLQtwO Q=wDU= |R=Uxv}y@ OQm} wQ w OvO=O xaUwD =Q |}xrLQtwO
|=yQ}eDt |t=tD xm |OQ=wt QO u}vJty [15]"OvO=O j}@]D xr�Ut Q=wDU= ?=wH
xOW h} QaD |@=}u=mt pOt |=Q@ |}xm@W |=[i w OW=@ 1 w QiY CQwYx@xr�Ut

[17]"CU= xOW |R=UxO=}B ẁv u}= pL |=Q@ [16]|Q=mD@= OQm} wQ |=ypOt 'OW=@

Q=wDU= |=yOQm}wQ C=}@O= Q@ |QwQt "2
[4]"OW x�=Q= QDU} wU \UwD 1973 p=U QO Q=@ u}rw= |=Q@ Q=wDU= |R=Uxv}y@ swyit
R= hOy w CiQo Q_v QO pOt |=yQDt=Q=B C}a]k sOa Cr=L QO =Q xr�Ut QDU} wU
|t=tD |=R=x@ ?=wH xm |}xvwox@ 'OQm sqa= s}tYD |=yQ}eDt uDi=} =Q u; |R=Uxv}y@
xOQ=w |=yO=kDv= u} QD|rY= R= |m} "OW=@ |vOW OYQOOY '|a]kQ}e QDt=Q=B Q}O=kt
xv=Q=mx_i=Lt Q=}U@|@=wH x@ QHvt xmCU= w} Q=vU u} QDO@ uDiQo Q_v QO 'VwQ u}= x@
Q=Qk p=tDL= xm CU= |r=L QO u}= "CU= xOW xv}y@ Q=Okt R= h=QLv= u} QDW}@ =@
T=U= u}=Q@ "CU= sm Q=}U@ C}a[w u} QDO@ QO |a]kQ}e |=yQDt=Q=B |t=tD uDiQo
pO=aD O=H}= Qw_vtx@ w QDU} wU VwQ Ow@y@ w xaUwD hOy =@ Cq=kt R= |Q=}U@
|xr�Ut QO |rm Cr=L QO [6]"OvDi=} xaUwD |}=yv ?=wH |ov}y@ w |Q=wDU= u}@

%1 pOt |]N |R=Uxv}y@
max

X
j

cjxjX
j
aijxj � bi 8i (1)

|=yQDt=Q=B|t=tD p=kDv= =@ 'OW=@ K}LY OOa =} xDUw}B Q}eDt CQwYx@ Ov=wD|t xj xm
%O}UQ s}y=wN 1 pOt =@ RQ=sy 2 pOt x@ 'AJ CtU x@ |a]k Q}e

z �X
j
cjxj � 0

bix0 +
X

j
aijxj � 0 8i

x0 = �1 (2)

pt=W *|]N w |twta C}OwOLt =yvD 'xr�Ut C}at=H uDiQ CUO R= uwO@ u}=Q@=v@
"CU= RmQtD OQwt 'AJ CtU |=yQDt=Q=B QO C}a]k sOaX

j
~aijxj � bi (3)

%xm |Qw]x@ 'OQ}o|t Q=Qk Q_v Ot |a]kQ}e QDt=Q=B u=wvax@ ~aij QDt=Q=B
~aij = aij + Vij âij (4)

|iO=YD Q}eDt Vij w |tU= Q=Okt R= h=QLv= Q=Okt âij w QDt=Q=B |tU= Q=Okt aij
%OQm |U} wvR=@ u}vJ =Q 3 C}OwOLt u=wD|t jwi |=yh} QaD =@ "CU=X

j
aijxj +

X
j
Vij âijxj � bi (5)

CQ=@a =} =yQDt=Q=B Q}}eD =@ ?=wH uOw@ |rta *u}t[D Q=wDU= |R=Uxv}y@ hOy TB
%CU= 6X

j
aijxj + maxâ2u

nX
j
Vij âijxj

o � bi (6)

w h} QaD |xwLv x@ 'C}OwOLt l} Q=wDU= |=Dty pOt |Ov@pwtQi |ovwoJ
Q}e |=y=[i `=wv= 1 pwOH QO "OQ=O |oDU@ QDt=Q=B |a]kQ}e |=[i ?=NDv=
[5]"CU= xOW x�=Q= Q=wDU= |=Dty |=ypOt QO pO=at C}OwOLt w xDi=}xaUwD |a]k
?OLt CQwYx@ |a]kQ}e |=y=[i Cq=L |t=tD QO xm xOW xOy=Wt u}vJty

"CU= xOW ZQi
?=wH uDi=} |=Q@ xOW x�=Q= |Q=wDU= |=yVwQ R= |m} s}U w T=t}UDQ@ VwQ
sOa |=[i xm CU= u; Q@ ZQi VwQ u}= QO [6]"CU= |]N|xr�Ut Q=wDU=
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Ovyt "=Dty pOt QO pO=at C}OwOLt w xDi=}xaUwD |a]k Q}e |=y=[i `=wv= "1 pwOH
|a]kQ}e |=[i pmW \@DQt C}OwOLt Q=wDU= |=Dty pOt QO pO=at C}OwOLt |=Q@ |vOW |xR=@ `HQtx}rw= pOt QO =yQDt=Q=B

|}xR=@ jvj j � �(8j) P
j aijxj + �

P
j âij jxj j � bi �� [4]

|w[}@ qP
j v2 � � P

j aijxj + (�
qP

j â
2
ijx

2
j) � bi �� [7]

|ar[OvJ P
j jvj � �

8><>:
P
j aijxj + �pi � bi

pi � âij jxj j (8j)
�� [6]

|w[}@ + |}xR=@
qP

j v2 � 
;

jvj j � 	(8j)
P
j âijxj +

h
	âijuij + 


qP
j â

2
ijz

2
ij

i � bi
�uij � xj � zij � uij

	 � 
 � 	
pjJij [2]

|ar[OvJ + |}xR=@
P
j jvj � �;

jvj j � 	(8j)

8><>:
P
j aijxj + [	uij + �zi] � bi

zi + uij � âij jxij j
	 � � � 	 jJij [2]

|ar[OvJ + |w[}@ + |}xR=@
P
j jvj � �;qP
j v2 � 
;

jvj j � 	(8j)

8><>:
P
j aijxj +

hP
j juij j+ 


qP
j w

2
ij + �zi

i � bi
zi � âij jxij j � uij � wij(8j)

	 � 
 � 	 jJij

 � � � 
 jJij

[2]

xOW h} QaD �i QDt=Q=B |=Hx@ �ki QDt=Q=B xR=@ Qy |=Q@ w sm � J xm Cw=iD u}=
=yC}OwOLtAJCtU h=QLv= xv}W}@ =@ pO=at �(x; sm) Q=Okt?}DQDu}O@ "CU=

%Ow@ Oy=wN
max
sm�Ji

X
k2K

X
j2sm jxij j � �

k
ij � Y kij

s:t: :
X

j2sm Y
k
ij � �ki 8kX

k2K Y
k
ij � 1 8j

Y kij 2 f0; 1g 8j; 8k (8)

QDsm 's}U w T=t}UDQ@ VwQ Ovv=ty xm Ovm|t u}t[D 8 pOt QO pw= C}OwOLt
xm Ovm|t u}t[D R}v swO C}OwOLt &Ovm Q}}eD xR=@ Qy QO |a]kQ}e QDt=Q=B R= �ki

"OwW ?=NDv= QDt=Q=B Qy |=Q@ =yxR=@ R= |m} =tDL
T=U=Q@ 'CU= OwOLt w |vOW 8 pOt QO x}rw= |xr�Ut xm u}= x@ xHwD =@
|xr�Ut |xv}y@ ?=wH =@ Q@=Q@ u=owO |xr�Ut |xv}y@ ?=wH u=owO |wk |x}[k
u} Ro}=H =Q pO=at u=owO |xr�Ut u=wD|t p}rO u}tyx@ w Ow@ Oy=wN x}rw=
\@DQt u=owO |=yQ}eDt vij w uki xm u}= ZQi =@ TB "OQm �(x; sm) Q=Okt
x@U=Lt u}vJ u=owO |xr�Ut 'OvW=@ 8 |x}rw= pOt swO w pw= C}OwOLt =@

%OwW|t

min
X

k2K �ki � uki +
X

j2sm vij

s:t: : uki + vij � jxij j � �kij 8j; 8k
uki � 0 8k
vij � 0 8j (9)

Q=wDU= |=Dty pOt '�(x; sm) Q=Okt |=Hx@ 9 C=Q=@a |Q=Po}=H =@ 'xH}Dv QO

|O=yvW}B OQm} wQ |x�=Q= "3
=yvD s}U w T=t}UDQ@ VwQ QO R}v w 'xOWx�=Q= |Q=wDU= |=yOQm} wQ R= |Q=}U@ QO
xm u; p=L "OW=@ ?OLt |}xawtHt w[a |a]kQ}e QDt=Q=B xm CU= xOW ZQi
'|a]kQ}e QDt=Q=B |xDWPo j@=wU w =yxO=O |Qw;`tH =@ |ak=w p�=Ut R= |Q=}U@ QO
=@ |a]kQ}e QDt=Q=B Cr=L u}= QO "OwW|t s=Ok= |a]kQ}e |=[i u}}aD x@ C@Uv
"OQ}PB|t =Q xOWh} QaD |xR=@ R= |Q=Okt '|iO=YD CQwYx@ xv w XNWt p=tDL=
O}=@ xm Ow@ Oy=wN |t=QowDU}y CQwYx@ |a]kQ}e QDt=Q=B j}kO Qw]x@ xH}DvQO
|=v@tQ@ |O=yvW}B sD} Qwor= 'xt=O= QO "OwW h} QaD ?OLtQ}e |=[i CQwYx@
xaUwD |t=QowDU}y |a]kQ}e |=[i =@ xyH=wt u=tR QO s}U w T=t}UDQ@ VwQ

"CU= xDi=}
=} QDt=Q=B x@ xOW xO=O X}YND Q=Okt s}U w T=t}UDQ@ VwQ QO xm =Hv; R=
?=NDv= xOW h} QaD |a]kQ}e |xR=@ R= |iO=YD CQwYx@ |a]kQ}e |=yQDt=Q=B
OQm} wQ |xaUwD |=Q@ xR=@ l} =yvD |=Hx@ u=tRty xR=@ u}OvJ h} QaD R= 'OwW|t
x@ p}O@D |t=QowDU}y C}a]k sOa |DQ=@ax@ "CU= xOW xO=iDU= s}U w T=t}UDQ@
p=tDL= Q}F-=D uOwRi= =@ |Oa@ |xrLQt QO w xOW |a]kQ}e |xR=@ OvJ =@ |}xr�Ut
Q}PBu=mt= |t=QowDU}y |a]k Q}e |=[i OwHw =@ xr�Ut pL '=yxR=@ R= l} Qy ẁkw

"OwW|t
|vOW xR=@ u}OvJ =@ |a]kQ}e |QDt=Q=B |=Q=O xm |}xr�Ut 2012 p=U QO
'xt=O= QO [18]"OW |R=UpOt w h}YwD =yxR=@ u}@ |oDU@=w OwHw u=tR QO 'Ow@
OQm} wQ QO u=tRty xR=@ OvJ h} QaD ZQi =@ Q=wDU= |=Dty pOt |x@U=Lt pL=Qt
QO =yQDt=Q=B R= l} Qy xm ZQi u}= =@ "CU= xOW K} QWD s}U w T=t}UDQ@
=RHt |xR=@ k CQwYx@ =yQDt=Q=B C=Q}}eD 'Ovvm Q}}eD |}xOWu}}aD w u}at |=yxR=@
w QDt=Q=B |tU= Q=Okt �aij u; QO xm OwW|t xO=O u=Wv ��aij � �kij ; �aij + �kij

�
"CU= s=k |xR=@ h=QLv= xv}W}@ �kij

=@ Ow@ Oy=wN s}U w T=t}UDQ@ VwQ Ovv=ty |}xR=@OvJ OQm} wQ |=Dty pOt
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"|O=yvW}B sD} Qwor= pL pL=Qt "1 pmW

's}U w T=t}UDQ@ VwQ Ovv=ty xR=@ l} h} QaD |=Hx@ |O=yvW}B VwQ QO
p=tDL= w OwW|t h} QaD |a]kQ}e QDt=Q=B s=QowDU}y Q=Owtv T=U=Q@ xR=@ u}OvJ
uDi=} xm |}xvwox@ OwW|t xi=[= pOt x@ |@=NDv= |=yxR=@ R= l} Qy ẁkw
QU}t 'OW=@ |t=QowDU}y CQwYx@ |a]kQ}e QDt=Q=B xm |DQwYQO Q=wDU= ?=wH

"OwW
Q=Okt VwQ u}= QO "CU= xOW xO=O u=Wv 1 pmW QO sD} Qwor= pL pL=Qt
xOWXNWt *|a]kQ}e |xR=@ Qy QO OwHwt |v=w=Qi u=R}t x@ xHwD =@ �k |=yQDt=Q=B
u=R}t C@Uv x@ �k |=yQDt=Q=B Q=Okt `k=w QO "OwW|t u}}aD s=QowDU}y Q=Owtv QO
x=wNrOC_i=LtK]U x@ VwQ u=}=B QO xm|}xvwox@ OW Oy=wNh} QaD xR=@ Qy|v=w=Qi
x@U=Lt 10 CQ=@a j@=]t 'xr�Ut =@ pO=at Q=wDU= |=Dty pOt "OUQ@ xOvQ}os}tYD
|}xawtHt =} |t=QowDU}y C}a]k sOa uDiQo Q_v QO u=mt= ?}DQDu}O@ "OwW|t

"CW=O s}y=wN =Q '=yQDt=Q=B |a]k Q}e |=[i u=wvax@ '?OLtQ}e

w |@=}u=mt pOt QO |O=yvW}B OQm} wQ |R=UxO=}B "4
X}YND

s}yO|t xaUwD X}YND w |@=}u=mt |xr�Ut pL |=Q@ =Q |O=yvW}B VwQ xt=O= QO
=[=kD |t=QowDU}y C}a]k sOa \QWx@ Q=wDU= |=Dty pOt |x@U=Lt xm |}xvwox@

%OQm |U} wv R=@ u}vJ u=wD|t =Q xr�Ut
(R:C:P:) min CTx

�aijxj+
X

k2K �ki �uki +
X

j2smvij � bi 8i
uki + vij � zij � �kij 8i; 8j; 8k
uki � 0 8i; 8k
vij � 0 8i; 8j
� zij � xij � zij 8j
xij 2 Z 8i; 8j (10)

%=@ Ow@ Oy=wN Q@=Q@ VwQ u}= =@ ?=wH uOw@ |vOW p=tDL= xm |r=L QO
p(
X

j
~aijx�j � bi) =p(

X
j

�aijx�j +
X

j2Ji
�ij âkijx

�
j � bi)

�p(X
j2Ji

�ij âkij
��x�j ��>Xi

X
k
âij
��x�j ��)

=p(
X

j
�ij >

X
j

X
k

kij)

� p(X
j
�ij >

X
h

kij�

k
ij)

=p(
X

j
�ij > �i) (11)

[15]%s} Q=O xm |v=tR

ij = âkij=â

max
ij � 1

�i =
X

k
�ki � uki (12)

%Cio u=wD|t u}vJty
p(
X

j2Ji

ij � �i) � B(n; �i) (13)

%s}W=@ xDW=O Qo =

B(n;�i)= 1
2n
(

(1��)
X

L=bvc

 
n

L

!
+�

X
L=bvc+1

 
n

L

!)
= 1

2n
(

(1� �)

 
n

bvc
!

+
Xn

L=bvc+1

 
n

L

!)
(14)

%xm |v=tR
n = jJij ; v = (�i + n)=2; � = v � bvc
Oy=wN Q@=Q@ ?=wH uOv=t |vOW p=tDL= 'OW=@ �i = �

p
n xm |v=tR |=Q@ 'u}vJty

%15 CQ=@a =@ Ow@
lim
n!1B(n;�i) = 1� '(�) (15)

jwi |x]@=Q ?} QkD xD@r= "OW=@ OQ=Ov=DU= p=tQv |atHD `} RwD `@=D '(�) xJv=vJ
[5]%R= CU= CQ=@a OW=@v Q=QkQ@ �i = �

p
n |xrO=at xm |v=tR |DL

B(n;�i) � 1� '(�i � 1p
n

) (16)

114



2/
1x

Q=tW
'32

�1
|xQ

wO'
�13

95
u=DU

tR�
h}

QW
C}

Q}Ot
w`}

=vY
|U

Ovyt %=@ Ow@ Oy=wN Q@=Q@ �kit = �k |Q@=Q@ ZQi =@ R}v w
max
sm�Ji

X
k2K

X
j2sm jxijtj � D̂

k
jt � �kjt

s:t: :
X

j2sm �
k
jt � �kb 8kX

k2K �
k
jt � 1 8j

�kjt 2 f0; 1g 8j; 8k (19)

pOt swO w pw= C}OwOLt =@ \@DQt u=owO |=yQ}eDt vbitj w ubkit xm u}= ZQi =@
x@U=Lt u}vJ =yC}OwOLt R= l} Qy |=R=x@ u=owO |xr�Ut 'OvW=@ 19 |x}rw=

%OwW|t
min

X
k

�kb � ubkit +
X

j2sm vbitj

s:t: : ubkit + vbitj � jxijtj � D̂k
jt 8j; 8k

ubkit � 0 8k
vbitj � 0 8j (20)

%=@ CU= pO=at 18 pOt 'swO C}OwOLt xijt uOw@ C@Ft x@ xHwD =@ u}=Q@=v@X
j

�Djtxijt � capiYi +
X

k
�kb � ubkit +

X
j2sm vbitj � 0

ubkit + vbitj � jxijtj � D̂jt 8i; 8t; 8j; 8k
ubkit � 0 8i; 8t; 8k
vbitj � 0 8i; 8t; 8j (21)

%=@ CU= Q@=Q@ 18 pOt pw= C}OwOLt |=Q@ �(x; sm) Q=Okt 'x@=Wt Qw]x@
max
sm�Ji

X
k2K

X
i;j;t

cijt jxijtj � D̂k
jt � �kjt

s:t: :
X

j

X
t
�kjt � �ka 8kX

k2K �
k
jt � 1 8j; 8t

�kjt 2 f0; 1g 8j; 8t; 8k (22)

w pw= C}OwOLt =@ \@DQt u=owO |=yQ}eDt vaij w uak xm u}= ZQi =@ u}vJty
%OwW|t x@U=Lt u}vJ u=owO |xr�Ut 'OvW=@ 22 x}rw= pOt swO

min
X

k
�ka � uak +

X
j2sm

X
t
vatj

s:t: : uak + vatj � cijt jxijtj � D̂k
jt 8t; 8j; 8k

uak � 0 8k
vatj � 0 8j; 8t (23)

%=@ CU= Q@=Q@ pw= C}OwOLt 'xijt uOw@ C@Ft x@ xHwD =@ u}=Q@=v@X
t

X
i

X
j
cijtDjtxijt +

X
i
fiYi +

X
k

�ka � uak

+
X

j2sm
X

t
vatj � �

uak + vatj � cijt jxijtj � D̂k
jt 8t; 8j; 8k

uak � 0 8k
vatj � 0 8t; 8j (24)

Q=OC}iQ_ � |}xQwOOvJ X}YND w |@=}u=mt |xr�Ut 'hOy u}= =@ "OW=@ umtt
C}OwOLt =@ x=Qty CqwYLt p=kDv= Q}eDt w E=OL= C@=F |=yxv} Ry Vy=m hOy =@

"CU= xOW h} QaD 17 pOt CQwYx@ u=} QDWt |=[=kD s=tD u}t-=D
min

X
t

X
i

X
j
cijt ~Djtxijt +

X
i
fiYiX

j
~Djtxijt � capiYi 8iX

i
xijt � 1 8j; 8t

xijt; Yi 2 f0; 1g 8i; 8j; 8t (17)

QiY Q@=Q@ CQwY u}= Q}e QO w 1 Q@=Q@ Yi Q=Okt s=i p}yUD E=OL= =@ xm |t=O=t
=Q 1 Q=Okt xijt Q}eDt 's=t xQwO QO s=i p}yUD R= s=j |=[=kD u}t-=D =@ 'R}v w OW=@
fi w s=i p}yUD C}iQ_ capi w s=t xQwO QO s=j xQo |=[=kD Q=Okt ~Djt "OQ}PB@

"OW=@ s=i p}yUD E=OL= |xv} Ry
Q}e CQwYx@ w xDW=O =Q |OOa u=R}t R= Q}}eD u=mt= =[=kD QDt=Q=B xm u}= ZQi =@
xDWPo |=yxO=O |Qw;`tH =@ =[=kD Q=Okt s=QowDU}y Q=Owtv u}vJty "OW=@ |a]k

"CU= xOW xDN=OQB pO=at Q=wDU= |=Dty pOt |x@U=Lt x@ 'OW=@ XNWt
QDt=Q=B Q}}eD u=mt= 's}v=O|t =[=kD s=QowDU}y Q=Owtv QO OwHwt C=aq]= =@
"CU= N =@ Q@=Q@ C=Oy=Wt pm |v=w=Qi w xOw@ OYQO A =@ Q@=Q@ QFm =OL =[=kD
|xR=@ k CQwYx@ =Q =[=kD QDt=Q=B C=Q}}eD Oy=wN@ xOvQ}os}tYD xm u}= ZQi =@
CQwYx@ w ?=NDv= CU= N=k =@ Q@=Q@ l} Qy |v=w=Qi xm xR=@ k 'Ovm h} QaD =RHt
xv}W}@ �kij w QDt=Q=B|tU= Q=Okt �aij &OwW|t xO=O u=Wv ��aij � �kij ; �aij + �kij

�
h} QaD |=Hx@ |O=yvW}B VwQ QO xm OW xQ=W= R}v QDV}B "�2 pmW� CU= h=QLv=
xm u}= x@ xHwD =@ "s} Q}o|t Q_v QO sy =@ =Q xOW h} QaD |=yxR=@ |t=tD 'xR=@ l}
xQ=tW |@=}u=mt pOt C}OwOLt QO sy w hOy `@=D QO sy (Djt) =[=kD u=R}t

%OwW pkDvt =yC}OwOLt AJ CtU x@ O}=@ =[=kD u=R}t 'OQ=O OwHw 17

min �
X

t

X
i

X
j
cijt ~Djtxijt +

X
i
fiYi � �X

j
~Djtxijt � capiYi � 0 8i; 8tX

i
xijt � 1 8j; 8t

xijt; Yi 2 f0; 1g 8i; 8j; 8t (18)

't w i uOw@ XNWt =@ 18 pOt swO C}OwOLt R= l} Qy |=Q@ �(x; sm) Q=Okt

"|O=yvW}B |=yxR=@ u}}aD "2 pmW
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wD|DQ=@a x@ &OyO Q=Qk 2 Q@=Q@ =Q k Q=Okt xOvQ}os}tYD xm CU= u; Q@ ZQi

l} w |tU= Q=Okt �10 umtt h=QLv= Q=Okt xv}W}@ =@ Q@=Q@ xR=@ l} �� xR=@ wO
|=yQDt=Q=B Q=Okt "OwW ?=NDv= Q@=Q@ |v=w=Qi =@ �� |tU= Q=Okt �8 =@ Q@=Q@ xR=@
3 pwOH QO w x@U=Lt 13 CQ=@a |Q}oQ=mx@ =@ C_i=Lt K]U Q=Okt w VwQ
|=yVwQ |=R=x@ xOt; CUO x@ hOy `@=D Q}O=kt R}v 4 pwOH QO "CU= xOW x�=Q=
xOW x�=Q= OQm} wQ Qy QO xOW E=OL= Cq}yUD O=OaD w |tU= pOt w |O=yvW}B

"CU=
w |tU= pOt pL R= xOt; CUO x@ |=y?=wH C_i=Lt K]U QO 3 pmW QO
?=wH uOv=t |vOW p=tDL=C_i=Lt K]U "CU= xOW xO=O u=Wv |O=yvW}B VwQ
|iO=YD |=yw} Q=vU QO =Q Q_v OQwt OQm} wQ |R=UxO=}B R= xOt; CUO x@ |xv}y@
VwQ |R=UxO=}B =@ xm OwW|t x_Lqt "Ovm|t u=}@ |a]kQ}e QDt=Q=B Q}}eD R= pY=L
VwQ |DQ=@a x@ "CU= xOW Q}PBu=mt= q=@ C_i=Lt K]U x@ |UQDUO |O=yvW}B
xO=O V}=Ri= |Q}osWJ CQwYx@ =Q xv}y@ ?=wH uOv=t |vOW p=tDL= |O=yvW}B

"CU=

"=[=kD Q=Okt Q}}eD =@xr�Ut uOv=t |vOW p=tDL= "3 pmW

|=yQDt=Q=B |O=yvW}BVwQj@] '=yxR=@ R=l} Qy|v=w=Qi Q=Okt|Q@=Q@ZQi x@ xHwD =@
C_i=Lt K]U u=R}t x@ xDU@ u; j}kO Q=Okt w OwW|t ZQi Q@=Q@ sy =@ �k(8k)

xm xDi=}xaUwD |=yOQm} wQ hqNQ@ u}=Q@=v@ "OW Oy=wN u}}aD xOvQ}os}tYD |@=NDv=
?=NDv= xOW h} QaD |xR=@ l} R= |iO=YD CQwYx@ |a]kQ}e |=[=kD Q=Okt u; QO
=[=kD Q=Okt j@=wU xJv=vJ �� Q=wDU= ?=wH |x@U=Lt x@ |O=yvW}B OQm} wQ 'OwW|t
|iO=YD CQwYx@ xv XNWt p=tDL= =@ w OW=@ xOW |Qw;`tH xDWPo |=yxQwO QO

"OR=OQB|t �� OQ}PB@ Q=Okt

xr�Ut xvwtv "5
|=Q@ xm �2 pwOH� OR-LIBRARY R= xDiQoQ@ xvwtv p�=Ut |=yxYNWt
xaUwD Cw=iDt |=yxQwO |=Q@ w j}@]D [19]xOW x�=Q= |}xQwOOvJ pOt QO |R=UxO=}B

"CU= xDi=}

"xOW O}rwD p�=Ut xvwtv |=yxYNWt "2 pwOH

O=OaD Rm =Qt O=OaD Rm =Qt O=OaD
xr�Ut s=v xr�Ut

=yxQwO =[=kD |=Q@ xwkr=@ xvwtv
Cq}yUD E=OL=

10 50 16 Cap41 |xDi=} xaUwD 1
10 50 25 Cap81 |xDi=} xaUwD 2
30 150 48 Cap41 |xDi=} xaUwD 3
30 150 75 Cap81 |xDi=} xaUwD 4

"xOW V}=tR; p�=Ut xvwtv C=aq]= "3 pwOH
uOv=t |vOW p=tDL= |a]kQ}e QDt=Q=B O=OaD P

k �k2
P
k �k1

xQ=tW
|O=yvW}B VwQ |tU= pOt swO C}OwOLt pw= C}OwOLt xr�Ut

0 9926 0 2199 50 8000 25 250 1
0 9762 0 2203 50 12500 25 250 2
0 9999 0 2333 150 216000 75 2250 3
0 9997 0 2334 150 337500 75 2250 4

"|tU= pOt G}=Dv p@=kt QO |O=yvW}B VwQ R= pY=L G}=Dv "4 pwOH
V}=Ri= OYQO Cq}yUD O=OaD hOy `@=D E=OL= p}yUD O=OaD hOy `@=D Q=Okt xQ=tW

xv} Ry |O=yvW}B VwQ |O=yvW}B VwQ |tU= pOt QO xOW |tU= pOt xr�Ut
1 04 13 385966 9 10 368551 6 1
1 01 16 304136 7 16 301754 4 2
1 02 44 1203501 8 42 1182900 4 3
1 04 54 1101418 1 57 1055714 2 4
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|=yQDt=Q=B xm |v=tR Cq}yUD |@=}u=mt pOt |=Q@ xOWx�=Q= OQm} wQ "OW xO=O xaUwD
QO OwHwt |xr�Ut xvwtv u}OvJ Q=wDU= ?=wH w xDi=} j}@]D 'OW=@ |a]kQ}e =[=kD
Ovv=ty 'xOW x�=Q= OQm} wQ `k=w QO "OW x@U=Lt |O=yvW}B OQm} wQ =@ |@=}u=mt C=}@O=
OQm} wQ QO xm Cw=iD u}= =@ OR=OQB|t Cq}yUD Q=wDU= |@=}u=mt x@ =yOQm} wQ Qo}O
xDW=O =yxv} Ry =} =[=kD |a]kQ}e xR=@ R= |QDW}@ C=aq]= xOvQ}os}tYD |O=yvW}B
|=yOQm} wQ x@ C@Uv |a]kQ}e Q}O=kt ẁkw p=tDL= OwHw =@ QDj}kO |Q}os}tYD w
"Ovm|t ?}kaD �xOw@ XNWt |a]kQ}e |xR=@ u}}=B w q=@ OL \ki xm � =Q pwtat
Q}O=kt w 'Ov=|a]kQ}e xm |v}t-=D |=yxQ}HvR |t=tD QO jwi sD} Qwor= |R=UxO=}B TB
|=yxQwO Q}O=kt |Qw;`tH =@ p=Ft |=Q@�|ak=w |=yxO=O T=U=Q@ =yv;|a]kQ}e QDt=Q=B
|xaUwD u=mt= |UQQ@ "OQ=O =QH= C}r@=k w xOW x}YwD 'OwW|t xOR u}tND �|r@k
j}@]D w |t=QowDU}y C}a]k sOa =@ xyH=wt u=tR QO |Q=wDU= |=yOQm} wQ Qo}O

"OwW|t O=yvW}B |D; C=ar=]t |=Q@ =yv;

"=yxr�Ut xvwtv QO hOy `@=D Q=Okt "4 pmW

OQm} wQ wO |R=UxO=}B R= 'hOy `@=D u=wvax@ xOt; CUO x@ pm |xv} Ry Q=Okt
|xU}=kt R= pY=L G}=Dv "CU= xOW xO=O u=Wv 4 pmW QO xv=o =OH CQwYx@
|O=yvW}B VwQ |=QH= =@ =yxv} Ry |�RH V}=Ri= Qou=Wv OQm} wQ wO hOy `@=D Q}O=kt

"CU= xOW C_i=Lt K]U Q}osWJ V}=Ri= x@ QHvt xm CU=
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