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exO=iDU= =@ QFD Ov}=Qi QO C}i}m |xv=N CN=U

|v=@ ROvJ uQ=kDt=v |=yxO=O R=
�Q=}O=DU=� �|v}UL uULOtLt O}U

�OWQ= |U=vWQ� |wHWv=O� |D=Q@ |UwOk OtLt
�OWQ= |U=vWQ� |wHWv=O� jwQLt q}r

OwQy=W |DavY x=oWv=O 'C} Q}Ot w `}=vY |UOvyt |xOmWv=O

p@=k Qw]x@ C}i}m |xv=N CN=U |xrLQt '�QFD� C}i}m OQmQ=m |xaUwD Ov}=Qi QO
pt=wa R= =y|@=} RQ= u}= |Q}PB Q}F-=D x@ xHwD =@ "CU= wQx@ wQ |v=Uv= |=y|@=} RQ= =@ |yHwD

|Q}os}tYD CLY w CkO Vy=m x@ QHvt pt=wa u}= x@ |yHwD|@ '|v=wQ w |LwQ
|xv=N CN=U =@ \@DQt |v=Uv= pt=wa |UQQ@ w |iQat ut[ VywSB u}= QO "OwW|t
|tqm |=yxawtHt w hrDNt |x@ QHD w Vv=O K]U =@ pt=wa u}= Cr=NO Q}F-=D 'C}i}m
uQ=kDt=v |tqm |=yxawtHt =@ OQi VQov w OWA Qorta =@ |Q}PBlU} Q '|v=@ ROvJ

pOt \UwD |v=@ ROvJ uQ=kDt=v |tqm |=yxO=O u}vJty |UQQ@ u}= QO "OwW|t |@=} RQ=
QO C=aq]= CiQQOy R= |Q}owrH |=Q@ w xOW uQ=kDt w CUOl} |tqm ?D=QtxrUrU
"OwW|t xO=iDU= C}i}m |xv=N CN=U |=Q@ 2-tuple V}=tv R= '=yxO=O p}O@D u}L

"OwW|t XNWt =yu; u} QDsyt w xOW |Ov@C} wrw= (HOWs) |vi |=y|@=} RQ= TBU
OQmrta R= |m =L G}=Dv "CU= xOW pL |O=yvW}B pOt =@ w KQ] |OOa p=Ft l} u=}=B QO

|Ov@x@DQ Q@ RmQtD =@ C}i}m |xv=N CN=U QO OQmrta <=kDQ= w |O=yvW}B pOt ?U=vt
"CU= �HOWs� |vi |=y|@=} RQ=

sh.hosseini@shahroodut.ac.ir
mohammadghodoosie@gmail.com
lmahrough@ymail.com

|tqm |=yxawtHt 'C}i}m |xv=N 'C}i}m |=yOQmQ=m VQDUo %|O}rm u=oS=w
"|tqm ?D=QtxrUrU pOt 'uQ=kDt=v |v=@ ROvJ

xtOkt "1
u=wD|t sDU}U u}= |=}=Rt R= [4w3]"OW xDiQo Q=m x@ |QDWt CU=wN x@ l}ORv
|x�=Q= u=tR Vy=m '|QDWt R=}v Q@ |vD@t CqwYLt w C=tON QDy@ |x�=Q= x@
"OQm xQ=W= pwYLt O}rwD |=Q@ xO=iDU= OQwt `@=vt Vy=m w CtON w pwYLt
C}=[Q V}=Ri= x@ u=wD|t xrtH u; R= xm OQ=O R}v |OwyWt=v O}=wi sDU}U u}=
`iQ w |}=U=vW |=Q@ QDy@ |R} Qxt=vQ@ w |}xi}_wOvJ |Q=m |=yxwQo O=H}= 'u=} QDWt
|=yR=}v x@ u=} QDWt |=yxDU=wN p}O@D |=Q@ QFD QO [5]"OQm xQ=W= u=} QDWt R=}v
u}L QOT} QD=t Q=yJ R= 'pwYLt |=y|oS} w x@ =yu;p}O@DTBU w pwYLt|L=Q]
|=Q@ �pwYLt |R} Qxt=vQ@ T} QD=t� "1 %OwW|t xO=iDU= pwYLt |xaUwD Ov}=Qi
|=Q@ �C=a]k |Q}oQ=mx@ T} QD=t� "2 &|L=Q] |=yR=}v x@ |QDWt |=yxDU=wN p}O@D
|R} Qxt=vQ@T} QD=t� "3 &C=a]k/pwYLt |=y|oS} w x@ |L=Q] syt |=yR=}v p}O@D
"4 &|O}rwD |=yOv}=Qi x@ C=a]k/pwYLt syt |=y|oS} w p}O@D |=Q@ �Ov}=Qi
|=ypQDvm w =yOv}=Qi x@ O}rwD syt |=yOv}=Qi p}O@D |=Q@ Ov}=Qi/O}rwD |R} Qxt=vQ@

[6]"xv=RwQ
|R} Qxt=vQ@ T} QD=t |va} 'pw= |xrLQt Q@ |rY= RmQtD VywSB u}= QO
?wJQ=J l} Ck}kL QO HOQ "CU= '3�HOQ� C}i}m |xv=N =} pwYLt
u}YYNDt Q_v Ot |vi |=y|@=} RQ= x@ =Q u=} QDWt |=yR=}v xm CU= |twyit

|y=o ; Q@ 'CavY |xYQa QO C@=kQ V}=Ri= w hrDNt |=yOvQ@ OwHw xRwQt=
u=} QDWt R=}v uOQmv C}=aQ |iQ] R= "CU= xOwRi= =yu; C=Q=_Dv= u=R}t w u=} QDWt
=yOvQ@ Qo}O CtU x@ CaQUx@ =Q =yu; 'u=WQ=_Dv= OQwt Ct}k w u=tR ^=Lrx@
|}=yQ=R@= |Q}oQ=mx@ |]}=QW u}vJ QO "OyO|t jwU =@kQ \UwD u=WR=}v `iQ w
|xaUwD "CU= |QwQ[ Ovm u}t-=D w |}=U=vW =Q u=} QDWt |=yxDU=wN Ov=wD@ xm
?Um u; |}=yv hOy xm CU= |D}i}m `t=H sDU}U 1�QFD� C}i}m OQmQ=m
pL=Qt |t=tD QO =Q |QDWt |=OY sDU}U u}= `k=w QO "CU= |QDWt C}=[Q
OQwt C}i}m uOQw; CUO x@ =D xDiQo pwYLt |xaUwD w O}rwD |xrLQt R= ��
|=Q@ CU= |WwQ �QFD� C}i}m OQmQ=m |xaUwD [1]"OyO|t Cr=NO �� Q=_Dv=
`iQ |=Q@ p=ai Cr=L x@ paivt Cr=L R= =Q CmQW xm 'pwYLt QtDUt Ow@y@
w�=m ; \UwD 1960 |xyO QN=w= QO VwQ u}= [2]"Ovm|t p}O@D |i}m CqmWt
�1972� 2|W}@ wUD}t |x@ wm |R=U|DWm |xv=NQ=m QO Q=@u}rw= w OW |R} Qx}=B
|DqwYLt O}rwD u}vJty w pwYLt |xaUwD |xNQJ Ow@y@ |=Q@ |Q=R@= u=wvax@

pw�Ut xOvU} wv �
"1394 1 23 VQ}PB '1393 12 20 x}LqY= '1393 8 3 Ci=} QO %M} Q=D
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j}kLD |xv}W}B "2
=yR=}v uO}vW |=Q@ O}it |Q=R@= u=wvax@ QFD R= xm CU= |O=} R u=tR COt
|OOaDt |=yxRwL QO OQm} wQ u}= "OwW|t xO=iDU= u=} QDWt |=yxDU=wN `iQ w
?=NDv= 'u}t-=D |xQ}HvR sDU}U |m@=J u}}aD |=Q@ |}=Pe O=wt CavY uwJty
QO [14�12w1]"CU= xOQm =O}B OQ@ Q=m O}OH pwYLt ?=NDv= w |L=Q] w u=oOvvmu}t-=D
|rN=O |=y|Ovtu=wD w u=} QDWt |=OY 'hOy u}= x@ p}v |=Q@ 'sDU}U u}=
l} |=y|HwQN C}i}m =t= "OwW|t xDiQo Q_v QO u=t-=wD CQwYx@ u=tR=U
u=} QDWt |=OY uO}vW QO u=tR=U CkO x@ xrLQt u}rw= QO QFD sDU}U
xO=iDU= OvtR=}v Ot;Q=m QFD sDU}U l} O=H}= |=Q@ =yu=tR=U =Pr "OQ=O |oDU@
=Q |irDNt |=yVwQ u=OvtWv=O Qw_vtu}O@ w 'Ov=|i}m w |tm |=yl}vmD R=
C}i}m |xv=N CN=U Qw_vtx@ �1998� s}m w lQ=B [14�12w1]"Ov=xOQm |R=UxO=}B
x�=Q= |L=Q] |=y|OvtR=}v |xv}y@ |xawtHt ?=NDv= |=Q@ =Q |Q}os}tYD VwQ
|Ov@x@DQ |=Q@ xQ=}atOvJ |Q}os}tYD VwQ l} R= OwN pOt QO =yu; "Ov=xOQm
u=Q=mty w wQwO [15]"Ov=xOQ@ xQy@ |QDWt w |L=Q] |=y|OvtR=}v u}@ |x]@=Q
?Um w xHOw@ |@=} RQ= Ov}=Qi QO QFD xm xDmv u}= uDiQo Q_v QO =@ �2013�
?Um |=Q@ =Q x}qOvJ QFD Ov}=Qi l} 'CU= |Yk=wv |=Q=O xOvvmO}rwD C}=[Q
=@ w QFD Ov}=Qi |UQQ@ =@ [16]"Ov=xO=O x�=Q= u=oOvvmO}rwD w u=} QDWt C}=[Q
QO pwYLt Ow@y@ w xaUwD |=Q@ |vi |=y|@=} RQ= xm xDmv u}= uDiQo Q_v QO
8wv=m pOt R= xO=iDU= =@ CU= u=} QDWt C=L}HQD T=U=Q@ ,=iQY QFD pOt
[17]"CU= xOQ@ u}@ R= =Q Ov}=Qi QO |Qw;wv Cr=NO sOa QO pOt u}= C}OwOLt
QO xO=iDU= OQwt |=yuRw |i}m C}y=t |UQQ@ =@ �2005� u=Q=mty w lQ=B
Ow@y@ |=Q@ |WwQ '|Jwo =D |L=Q] VwQ j@] C}i}m |xv=N CN=U Ov}=Qi
QDj}ta w QDy@ p}O@D |=Q@ �2013� u=Q=mty w ww [18]"OvO=O x�=Q= =yuRw u}=
u=} R `@=D R= xO=iDU= =@ pwYLt |L=Q] |=y|OvtR=}v x@ u=} QDWt |=y|OvtR=}v
u}= Ow@y@ x@ 11VQDUo |x} Q_v w 10syt QYva |x} Q_v '9|Jwo =D C}i}m |L=Q]

[19]"OvDN=OQB Ov}=Qi
|=yC}OwOLt QFD Ov}=Qi x@ |OwQw |=yxO=O ẁv xm u}= x@ xHwD =@
xO=iDU= =@ u=OvtWv=O =Pr 'Ovm|t hQ]Q@ =Q |v=Uv= |=y|Q}os}tYD QO OwHwt
nv=}r =DU=Q u}= QO "Ov=xDN=OQB =yC}OwOLt u}= `iQ x@ hrDNt |=yxO=O R=
w u=} QDWt |=yR=}v u}@ |x]@=Q uO=O u=Wv |=Q@ �2004� nvw nv}t w uJ
=yv; "Ov=xOQm xO=iDU= |R=i O=Oa= |xawtHt R= |UOvyt 12|L=Q] C=_Lqt
u}= |L=Q] C=_Lqt 13|vi |=y|Q=wWO w xv} Ry uOQm^=Lr Qw_vtx@ u}vJty
xr�Ut pL |=Q@ |v=tQ; |R} Qxt=vQ@ R= w xDiQo Q_v QO hOy u=wvax@ =Q OQwt wO
ZQi u}= =@ w |R=i |xawtHt R= xO=iDU= =@ �2012� uRwm} w@ [20]"Ov=xOQm xO=iDU=
|L=Q] |=y|OvtR=}v u}}aD QO u}YYNDt C}i}m |xv=N CN=U Ov}=Qi QO xm
Ow@y@ |=Q@ |WwQ 'OvW=@ xDW=Ov ẁ[wt =@ x]@=Q QO |rt=m C=aq]= CU= umtt
uDiQo Q_v QO =@ �2009� wJ w nv=S [21]"CU= xOQm x�=Q= QFD |Q}oQ=mx@ Ov}=Qi
'C=}@ QHD |=Q=O C}i}m |xv=N CN=U Ov}=Qi QO Q[=L u=oOvQ}os}tYD xm u}=
|=yCw=[k Q@ \}=QW u}= xm |Qw]x@ OvDUy |Dw=iDt \}Lt w nvyQi 'Vv=O
|=yxO=O R= xO=iDU= =@ =yCw=[k u}= u=}@ w |@=} RQ= |iQ] R= w OQ=Po|t Q}F-=D u=v;
ltm |R=i |=yxawtHt R= =yCw=[k u}= u=}@ |=Q@ u=v; 'CU}v Q}PBu=mt= |k}kL
|Ov}=Qi 'uwo =vwo |=yCw=[k R= pY=L |R=i |=yxO=O |DUOl} Qw_vtx@ w xDiQo
|OwQw |=yxO=O Ow@y@ Qw_vtx@ �2008� u=Q=mty w |=S [22]"Ov=xO=O O=yvW}B =Q
xHwD =@ w 'R=i u}rw= u=wvax@ C}i}m |xv=N CN=U ,=YwYN 'QFD Ov}=Qi x@

sy=Qi |OQmrta uwQO |R} Qxt=vQ@ w C=]=@DQ= |Q=QkQ@ |=Q@ |Q=R@= w xO=O \=@DQ=
x@ u; |RmQt j=D= xm xOW xDW=Po V}=tv x@ 1 pmW QO swyit u}= "OQw;|t
|=yxDU=wN w OQ=O X=YDN= u=} QDWt |=yR=}v w |vi |=y|@=} RQ= u}@ \=@DQ=
"Ovm|t p}O@D |O}rwD |=yOv}=Qi =} |UOvyt '|vi |=y|oS} w x@ =Q u=} QDWt
C=]=@DQ= w |vi |=y|@=} RQ= '|QDWt |=yxDU=wN |Ov@C} wrw= x@ =yj=D= Q}=U
|v=}=W ltm |R} Qxt=vQ@ Ov}=Qi x@ Qt= u}= xm OQ=O X=YDN= =yu; |vwQO

[11�7]"Ovm|t
u}YYNDtCw=[k 'u=} QDWt|=yxDU=wNR=|y=o ; 'C}i}m|xv=NCN=U|=Q@
xHwD =@ "CU= |QwQ[ =yu; u}@ \=@DQ= u}}aD w |vi |=y|@=} RQ= |Ov@C} wrw= |=Q@
p}O@D |=Q@ |R=i |=yxawtHt R= xO=iDU= '=yCw=[k w =yxDU=wN u}= uOw@ sy@t x@

"OUQ|t Q_v x@ |k]vt |[=} Q |=yxawtHt x@ |v=Uv= u=@ R
u=oOvQ}os}tYD 'C}i}m |xv=N CN=U ,=YwYNt 'p�=Ut R= |Q=}U@ QO
=Pr w OvQ=O ẁ[wt =@ x]@=Q QO |irDNt C=}@ QHD w |D=aq]= |=yxv}tRV}B
K]U =@ ?U=vDt w Cw=iDt C=Lq]Y= O=OaD |=Q=O *|R=i |=yxawtHt R= Ovv=wD|t
|vwoty=v O=H}= x@ Qt= u}= &Ovvm xO=iDU= |Ov@C} wrw= u=}@ |=Q@ OwN |x@ QHD wVv=O
"OQw;|t OwHw x@ 4|v=@ ROvJ x@ swUwt |}=yxO=O w Ot=Hv=|t |OwQw C=aq]= QO
h}] ,=y=o |rw OvDUy uQ=kDt ,=@r=e xOWxDiQo Q=m x@ |R=i |=yxawtHt |iQ] R=
O}O w VQov Q}F-=D CLD 'u=oOvQ}os}tYD \UwD xO=iDU= OQwt |tqm C=Lq]Y=
h}] 'u=} QDWtC@Ft VQov Qo}O CQ=@ax@ "OwW|t uQ=kDt=v =yv; Qov|ivt =}C@Ft
AJ CtU x@ =Q h}] u}= |ivt VQov w CU=Q CtU x@ =Q =yv; =@ ?U=vDt |tqm

"Ovm|t hQLvt
K]U 'VQov |=y|oS} w uO=O Cr=NO 'xOW xQ=W= |=yC}OwOLt x@ xHwD =@
|QwQ[ ,qt=m C}i}m |xv=N CN=U Ov}=Qi QO xOvQ}os}tYD O=Qi= |x@ QHD w Vv=O
|v=@ ROvJ |R=i |=yxawtHt R= xO=iDU= =@ Q[=L VywSB QO &OUQ|t Q_v x@
CQwYx@ |OwQw C=aq]= Qw_vtu}O@ "OwW|t xDN=OQB syt u}= x@ 5uQ=kDt=v
w CUOl} |=Q@ w 'PN= u=oOvQ}os}tYD R= uQ=kDt=v |v=@ ROvJ |R=i |=yxO=O
|=yxawtHt u; QO xm �� 6|tqm ?D=QtxrUrU pOt R= =yxawtHt u}= |R=UuQ=kDt
u}= =@ "CU= xOW xO=iDU= �� OwW|t xO=O V}=tv 2-tuple CQwYx@ |R=i
R= 2-tuple x@ |R=i V}=tv p}O@D u}L QO C=aq]= `}}[D xvwoQy VwQ
w |@=} RQ= =@ x]@=Q QO u=} QDWt lU} Q uO=O Cr=NO Qw_vtx@ "OwQ|t u}@
xO=iDU= R}v 7�OWA� xOW ?DQt |vRw u}ov=}t Qorta R= =@kQ Qo}O ?=NDv=
CQwY |QD|ak=w pmW x@ �HOWs� |vi |=y|@=} RQ= |}=yv |Ov@x@DQ =D OwW|t

"OQ}PB

[11]"C}i}m |xv=N "1 pmW
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Ovyt x=ov; x � y xm|Dkw w Q(1) = 1 'Q(0) = 0 'a; b 2 [0; 1] xm |Qw]x@
%R= Ov=CQ=@a |@Uv |v=@ R |=yC}tm R= |[a@ "Q(x) � Q(y)

(a; b) = (0 3; 0 8) =@ \most"

(a; b) = (0; 0 5) =@ \At least half"

(a; b) = (0 5; 1) =@ \as many as possible" (3)

h} QaD u}vJ F : In ! I CW=ov pY=L OWA |Oa@ n Qorta l}
%OwW|t

F (a1; a2; :::; an) =
nX
j=1

Wjbj = W1b1+W2b2 + :::+Wnbn (4)

O=OaD n w 'fa1; a2; :::; ang |=y|OwQw |xawtHt QYva u} QDnQR@ bj u; QO xm
Q=OQ@ ' nP

j=1
Wj = 1 w =yj |t=tD |=Q@ Wi � 0 xm OwW|t ZQi "CU=y|OwQw

|@}mQD VR=Q@ Q=Okt F w CU= |@}DQD |vRw Q=OQ@ W = (W1;W2; :::;Wn)

u} QDq=@ =@ |xv} Ro 'OvW=@ Q=}at n T=U=Q@ =y|OwQw Qo = "CU= 14s}tYD |xv} Ro
[23]"OW Oy=wN xDiQo Q_v QO xv} Ro u} QDy@ F

2-tuple |tqm |R=i V}=tv "4
|iQat Rv}DQ=t w =Qy \UwD 2000 p=U QO Q=@u}rw= 2-tuple |tqm |R=i V}=tv
OwW|t xO=O u=Wv (S; �) |}=DwO j} Q] R= |tqm C=aq]= 'V}=tv u}= QO [30]"OW
15u}O=tv |xtHQD |xOvyOu=Wv xm CU= |OOa � w |tqm Kq]Y= S u; QO xm

"CU=
|xawtHt QO OwHwt C=Lq]Y= |=yXN=W ẁtHt |xH}Dv � Qo = "1 h} QaD
"CU= u}O=tv `}tHD C=}rta |xH}Dv � 2 [0; g] |va} 'OW=@ S C=Lq]Y=

%x=ov; OW=@ S |xawtHt |xD}r=v}OQ=m g + 1 Qo =
� 2 [�0 5; 0 5); i 2 [0; g]; � = � � i; i = round(�)

"OwW|t xO}t=v u}O=tv |xtHQD �
w |}=vat |=ypOt Q@ |tqm C=aq]= C} Q}Ot |=Q@ V}=tv RQ] u}= |=y|QDQ@
R= uwO@ w QDxO=U |tqm =@ 2-tuple T=U=Q@ C=@U=Lt OvwQ xm CU= u}= u}O=tv
|DL=Qx@ uwoty=v |tqm C=aq]= `}tHD w OwW|t s=Hv= C=aq]= uO=O CUO

[31w27]"OwW|t umtt
|tqm |x@U=Lt Ov}=Qi xm CU= |v=@ R |D=@U=Lt pOt `k=w QO 2-tuple V}=tv
VwQ u}= "OyO|t s=Hv= CkO x@ |FrFt w uQ=kDt |}=y?UJQ@ R= xO=iDU= =@ =Q
Q=OQwNQ@ |}=yC} Rt R= |tqm C=aq]= V}=tv l}Uqm |=yVwQ x@ C@Uv
QO xDUw}B CQwYx@ u=wD|t =Q |tqm |xvt=O pOt u}= QO xm u}= xrtHR= 'CU=
OwW|t xDiQo Q_v QO xDUUo xvt=O 'l}Uqm V}=tv QO xm |r=L QO 'CiQo Q_v

[32]"OwW|t u=}@ x}rw= |v=@ R |xvt=O |=v@t Q@ xW}ty x@U=Lt Ov}=Qi G}=Dv w
xOW xO=O u=Wv |tqm Q}eDt wO r2 = (S2; a2) w r1 = (S1; a1) Qo =

[33]%=@ CU= Q@=Q@ |U=U= |Q@H C=}rta 'OvW=@ 2-tuple |xr}Uwx@
r1 + r2 = (S1; a1) + (S2; a2) = (S1 + S2; a1 + a2)

r1 
 r2 = (S1; a1)
 (S2; a2) = (S1S2; a1a2) (5)

xDN=vW=v |}xr�Ut u=wvax@ |R=i O=Oa= |=yRQt |xOwOLt CN=vW xm u}= x@
xO=iDU= h=Q |=yxawtHt R= |tqm |=y|@=} RQ= Ow@y@ |=Q@ 'CU= xOv=t |k=@

[23]"Ov=xOQm
|xO=iDU= seQ|ra w QFD |xRwL QO xDiQo CQwY C=k}kLD |UQQ@ =@
|=Q@ OOaDt |[=} Q |=yVwQ u}vJty w |Q}os}tYD |=yVwQ R= u}YYNDt
QF-wt |v=wQ w |LwQ |=yx@vH 'u=oOvQ}os}tYD R= |Di=} QO |=yxO=O j}kO G=QNDU=
|xQ=@ QO x@ QHD w Vv=O K]U w |Q}PBlU} Q 'VQov p}@k R= =yv; |=y|@=} RQ= Q@
uOQm QDj}kO Qw_vtx@ Q[=L VywSB QO =Pr "CU= xDiQov Q=Qk xHwD OQwt ' ẁ[wt
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)�Q( i� 1
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8>>>><>>>>:
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C=Lq]Y= |xawtHt 'OW=@ |tqm ?D=QtxrUrU LH =

S
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%OwW|t h} QaD u}vJ u; QO OwHwt |tqm
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%x=ov; jaj > 1 Qo =

TF tt0(S
n(t)
i ; an(t)) = TF

t+ t�t0jt�t0j
t0 (TF t

t+ t�t0jt�t0j
(Sn(t)
i ; an(t)))

(11)

%x=ov; jaj = 1 Qo = w
TF tt0(S

n(t)
i ; an(t)) = TF t

t+ t�t0jt�t0j
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"|}=D9 w 5 '3 |tqm |=yxawtHt |=Q=O |tqm ?D=QtxrUrU "2 pmW
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C=@U=Lt CkO =D OW |iQat 2001 p=U QO Rv}DQ=t w =Qy \UwD Q=@u}rw= pOt u}=
=@ Q=m |=Q@ pOt u}= VywSB u}= QO [29]"OWN@ Ow@y@ xv=@ ROvJ |=[i QO =Q |tqm
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OQi C=Q=@a O=OaD |=Q=O Kw]U R= l} Qy QO OwHwt |tqm |=yxawtHt |iQ] R=

"CU=
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"n(t+ 1) > n(t) s} Q=O t+ 1 w t K]U wO |=Q@ xm |Qw]x@ 'OwW|t ?DQt
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t
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|}=U=vW u=} QDWt |=yR=}v �5 =D 3 |=ypmW w 3 =D 1 pw=OH� uQ=kDt=v |v=@ R

"OwW|t
QO "(WHATs) u=} QDWt |=yR=}v |@Uv C}ty= |}=U=vW "2 |xrLQt
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(0 875; 1; 1)
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hrDNt u}YYNDt xm =Hv; R= "OW=@ xDW=O Q}F-=D =yWHAT R= l} Qy `iQ
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=@ |vi |=y|@=} RQ= R= l} Qy |x}rw= |Ov@x@DQ xrLQt u}= QO %sDiy |xrLQt
xOW C@F 14 pwOH QO xrY=L G}=Dv xm O};|t CUO x@ 17 |x]@=Q R= xO=iDU=

"CU=
QO u=W|}=v=wD ^=Lrx@ Vv=@}kQ w CmQW K]U xrLQt u}= QO %sDWy |xrLQt
Q=Qk |@=} RQ= OQwt u}YYNDt \UwD �HOWs� |vi |=y|@=} RQ= |Q}oQ=mx@
|v=@ ROvJ |=yxawtHt R= OwN |=y|@=} RQ= u=}@ |=Q@ u}YYNDt u}= "OQ}o|t
2-tuple CQwYx@ ,=D}=yv =y|@=} RQ= u}= "OvQ}o|t xQy@ 3 =D 1 pw=OH uQ=kDt=v
C=aq]= u}= &OwW|t xO=O V}=tv uQ=kDt |}=D9 |tqm |xawtHt |=v@tQ@ w

"CU= xOW xO=O u=Wv 15 pwOH QO xOW CUOl} w uQ=kDt
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=U"u}YYNDt Q_v OQwt |vi |=y|@=} RQ= w u=} QDWt =yR=}v R= l} Qy \=@DQ= u}}aD "13 pwOH
H9 H8 H7 H6 H5 H4 H3 H2 H1

W
H

A
T

s

2-tupe 2-tupe 2-tupe 2-tupe 2-tupe 2-tupe 2-tupe 2-tupe 2-tupe

�pO=at� �pO=at� �pO=at� �pO=at� �pO=at� �pO=at� �pO=at� �pO=at� �pO=at�
(s96; 0) (s98; 0) (s97; 0) (s97; 0) (s98; 0) (s90; 0) (s97; 0) (s98; 0) (s98; 0) W1
(s90; 0) (s95; 0) (s92; 0) (s96; 0) (s96; 0) (s97; 0) (s90; 0) (s95; 0) (s96; 0) W2
(s95; 0) (s95; 0) (s95; 0) (s96; 0) (s95; 0) (s98; 0) (s96; 0) (s96; 0) (s98; 0) W3
(s98; 0) (s98; 0) (s92; 0) (s90; 0) (s98; 0) (s98; 0) (s92; 0) (s96; 0) (s96; 0) W4
(s98; 0) (s96; 0) (s95; 0) (s98; 0) (s90; 0) (s95; 0) (s92; 0) (s98; 0) (s95; 0) W5
(s98; 0) (s90; 0) (s97; 0) (s90; 0) (s95; 0) (s97; 0) (s97; 0) (s96; 0) (s98; 0) W6
(s92; 0) (s97; 0) (s97; 0) (s98; 0) (s96; 0) (s98; 0) (s98; 0) (s95; 0) (s98; 0) W7
(s96; 0) (s98; 0) (s92; 0) (s96; 0) (s90; 0) (s98; 0) (s97; 0) (s92; 0) (s97; 0) W8
(s97; 0) (s96; 0) (s90; 0) (s96; 0) (s90; 0) (s90; 0) (s95; 0) (s98; 0) (s96; 0) W9
(s90; 0) (s95; 0) (s98; 0) (s96; 0) (s97; 0) (s98; 0) (s92; 0) (s98; 0) (s95; 0) W10

"|R=i |=yxO=O "7 pmW

"OQm xO=iDU= u=wD|tv xOW P=ND= C=t}tYD uO=Ou=Wv |=Q@ =yxO=O ẁv u}= R= w
u=wD|t u=oOvQ}os}tYD C=t}tYD QOC}a]k sOa|oS} w R= xO=iDU= Qw_vtx@ =Pr
O=Oa= |xawtHt u}= '7 pmW x@ xHwD =@ |rw OQm xO=iDU= |R=i O=Oa= |xawtHt R=
u}= x@ xHwD =@ "Ov=xOW VNB s_vt CQwYx@ |ki= RmQt pwL w xOw@ uQ=kDt qt=m
Q=JO |r�=Ut QO R}v w OvDUy p�=Ut x@ hrDNt |=yVQov |=Q=O hrDNt O=Qi= xm
QO s_vt |xawtHt u}= =Pr OvDUy |Qov|ivt =} |QovC@Ft Q}_v uwo =vwo C=@YaD

"�5 =D 3 |=ypmW� OwW|t CU=Q =} AJ x@ |D=i=QLv= Q=JO |OQ=wt
R= xO=iDU= OvtR=}v C}a]k sOa w VQov |v=Uv= |=y|oS} w uO=O Cr=NO |=Q@

"s}DUy uQ=kDt=v |R=i |=yxO=O

|Q}oxH}Dv "8
uQ=kDt=v |=yxO=O R= xO=iDU= =@ C}i}m |xv=N CN=U w |UQQ@ x@ VywSB u}= QO
u=} QDWt |=yR=}v |}=U=vW w C}i}m |xv=N CN=U xm =Hv; R= "s}DN=OQB |v=@ ROvJ
u}= QO 'OQ=O |oDU@ u}YYNDt w =yv; R= |Di=} QO |=yxO=O x@ |O=} R OwOL =D
C@Ft O}O w x@ QHD K]U 'Ov}=Qi |HwQN G}=Dv Q=@Da= wCkOV}=Ri= Qw_vtx@VywSB
uQ=kDt=v |tqm |=yxawtHt R= p}rO u}tyx@ w CiQo Q=Qk Q_v Ot O=Qi= |ivt =}
QO p}NO O=Qi= R= |v=@ ROvJ uQ=kDt=v |=yxO=O Qw_vtu}O@ "OW xO=iDU= |v=@ ROvJ

"|vi |=y|@=} RQ= R= l} Qy x}rw= |Ov@x@DQ "14 pwOH
T9 T8 T7 T6 T5 T4 T3 T2 T1
6 3 9 5 7 4 8 2 1 x@DQ

=@ xU}=kt QO |vi |=y|@=} RQ= R= l} Qy R= xO=iDU= QO CmQW C}akwt "15 pwOH
"=@kQ

Goal C3 C2 C1 HOWs

(s96; 0) (s98; 0) (s96; 0) (s94; 0) H1
(s96; 0) (s94; 0) (s97; 0) (s94; 0) H2
(s94; 0) (s90; 0) (s97; 0) (s90; 0) H3
(s96; 0) (s98; 0) (s94; 0) (s94; 0) H4
(s96; 0) (s97; 0) (s97; 0) (s94; 0) H5
(s94; 0) (s94; 0) (s96; 0) (s90; 0) H6
(s94; 0) (s90; 0) (s90; 0) (s90; 0) H7
(s98; 0) (s96; 0) (s94; 0) (s98; 0) H8
(s98; 0) (s98; 0) (s98; 0) (s98; 0) H9

"|vi |=y|@=} RQ= R= l} Qy |D@=kQ |@Uv |Ov@x@DQ "16 pwOH
2-tuple x@DQ |D@=kQ |=yC}wrw=

(s90; 0 122) 4 H1
(s90; 0 118) 5 H2
(s90; 0 159) 1 H3
(s90; 0 124) 3 H4
(s90; 0 116) 6 H5
(s90; 0 137) 2 H6

(s90; 0) 9 H7
(s90; 0 113) 7 H8
(s90; 0 108) 8 H9
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Ovyt "=@kQ =@ xU}=kt QO CmQW |vi |=y|@=} RQ= OQmrta XN=W "17 pwOH
9 8 7 6 5 4 3 2 1

v
(s91; 0) (s91; 0) (s90; 0) (s90; 0) (s91; 0 5) (s91; 0 5) (s90; 0) (s91; 0 5) (s90; 0 66)

u}}aD x@ Ov=wD|t u=tR=U =yxO=O u}= T=U=Q@ "OwW XNWt =yu; u} QDsyt w xOW
"Ovm s=Ok= OwN |vi |=yVwQ Ow@y@ |=Q@ C} wrw=

sOa |v=Uv= |=y|oS} w uO=O Cr=NO QO u=wD|t =Q Q[=L j}kLD |Qw;wv
|xv=N CN=U Ov}=Qi QO OQi VQov w |Q}PBlU} Q u=R}t 'x@ QHD K]U 'C}a]k

"CU= xDiQov Q=Qk xHwD OQwt OQ=wt u}= u}W}B C=k}kLD QO xm CUv=O C}i}m
CUv=O |irDNt OQ=wt QO u=wD|t =Q Q[=L Q=DWwv OvwQ w =yxO=O ẁv OQ@ Q=m
Ovv=t |irDNt swra "OQ=O Q=mwQU |OwQw |=yxO=O u=wvax@ |v=Uv= C=t}tYD =@ xm
C}=[Q VHvU w O}OH CqwYLt VwQi |=Q@ Q=R=@ C=k}kLD Qw_vtx@ |@=} Q=R=@
u=vmQ=m C}=[Q VHvU Qw_vtx@ |v=Uv= `@=vt =} X=N OvQ@ l} OQwtQO u=} QDWt

"Ovvm xO=iDU= VwQ u}= R= Ovv=wD|t O}OH CtON OQwtQO
O=Qi= w u=} QDWt |v=wQ w |LwQ |=y|oS} w u=wD|t xm O=O u=Wv Q[=L j}kLD
G}=Dv x@u; R= xO=iDU= =@ w OQm |R=UpOt =Q C}i}m |xv=N CN=U Ov}=Qi QO p}NO
|xRwL QO xDiQo CQwY C=k}kLD QwQt x@ xHwD =@ "Ci=} CUO |QD|ak=w w QDQ@Dat
'|Q}os}tYD |xRwL QO |v=Uv= |=y|oS} w uO=O Cr=NO w C}i}m |xv=N CN=U
Q@ Q=PoQF= |v=wQ w |LwQ |=y|oS} w Q}=U |R=UpOt uwJty |D=k}kLD |=yxv}tR
|}xkvRwP |R=i |=yxawtHt OQ@ Q=m w 'C}i}m |xv=NCN=U QO |v=Uv= |=y|@=} RQ=
|D; |=yVywSB |=Q@ C}i}m |xv=N CN=U |=Q@ |OwQw |=yxO=O |R=UpOt QO

"OwW|t x}YwD

"|vi |=y|@=} RQ= |}=yv |Ov@x@DQ "18 pwOH
|vi |=y|@=} RQ= |}=yv |Ov@x@DQ HOW

(s92; 0 797) 6 H1
(s95; 0 888) 1 H2

(s90; 0) 7 H3
(s95; 0 014) 2 H4
(s94; 0 701) 3 H5

(s90; 0) 7 H6
(s90; 0) 7 H7

(s93; 0 475) 4 H8
(s92; 0 783) 5 H9

CUOl}|tqm?D=QtxrUrU pOt\UwDTBU w 'PN=C}i}m |xv=NCN=U Ov}=Qi
Qw_vtx@ "CiQo Q=Qk xO=iDU= OQwt C}i}m |xv=N CN=U |=Q@ w CWo uQ=kDt w
Qw_vtx@ u}vJty "OW xO=iDU= OWA Qorta R= R}v O=Qi= |Q}PBlU} Q uO=OCr=NO
`}}[D R= =D OW p}O@D 2-tuple V}=tv |xw}W x@ =yxO=O u}= 'Ov}=Qi CkO V}=Ri=
|}xrLQt 9 Ov}=Qi l} |] xOW CUOl} |=yxO=O TBU "OwW |Q}owrH C=aq]=
|Ov@x@DQ �HOWs� |vi |=y|@=} RQ= =yDv= QO =D CiQo Q=Qk |@=} RQ= w xO=iDU= OQwt

=yCWwv=B
1. quality function deployment
2. Mitsubishi's Kobe shipyard
3. house of quality
4. multi - granular
5. unbalanced fuzzy sets
6. hierarchical ordinal model
7. ordered weighted averaging
8. Kano model
9. loss function of Taguchi quality design
10. matter element theory
11. extension method
12. design requirements
13. technical di�culty
14. combined goodness measure of a decision alternative
15. symbolic translation
16. value supporting the result of a symbolic aggregation opera-

tion
17. symbolic translation
18. focus groups
19. cause and e�ect analysis
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