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u=v}t]= p@=k |Qw=:vi Q@ Q=m Q_v R= Qo}O OW QDtm |YNWt OL R= |Dkw xm |Qw]
|Ov}=Qi p=wR =} |@=QN Ov}=Qi xm =Hv; R= =t= "OwW GQ=N xOQ R= O}=@ w Ow@ Oy=wNv
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=} Ovvm|t Q=m CUQO OyO|t u=Wv xm CU=yu; Q=Hiv= =} |R=Ov= Q=m x@ =yvD

"Q}N
xQ=mlD |=yxv=t=U xQ=BtN w Cm =Q 'lWwt Ovv=t |DqwYLt x@ =yVywSB QO

pw�Ut xOvU} wv �
"1395 7 5 VQ}PB '1395 6 5 x}LqY= '1394 12 3 Ci=} QO %M} Q=D

DOI:10.24200/J65.2018.5549



"""u
=v}t

]=C
}r@=k

R=|
Q=Oy

ovw
C}a

[w
V}

=BxO=iDU= xDWPo |=yxO=O R= xOt; CUO x@ G}=Dv R= Ov=wD@ xm OwW xDiQo Q=m x@ |}xw}W
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|xar=]t "OvQDT=UL OvW=@ QDlJwm =yxO=O xJ Qy XwYN x@ OvDUy T=UL
`=iO CQ=Rw QO =ylWwt w =y?t@ u=v}t]= C}r@=k u}tND x@ \w@ Qt Qo}O \@DQt
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O=OaD xm|v=tR =Q xQ=mlD |=yxv=t=U u=v}t]= C}r@=k [8]Vv=Q=mty w =wo
u=v}t]= C}r@=k =yu; "OvOQm |UQQ@ 'OvDUy QiY x@ l}ORv =} QiY =yCUmW
|=y|UQR=@ w V}=B CLD Cr=L wO QO w C=a]k u=v}t]= C}r@=k ltmx@ =Q xv=t=U
|UQQ@ =Hl} w ?QNt CQwY x@ xv=t=U u=v}t]= C}r@=k xm |Dr=L R}v w ?QNtQ}e
|xR=Ov= u}}aD |=Q@ =Q VwQ wO u}@ |Dw=iD|@ RQtTBU "OvOQm xU}=kt w x@U=Lt OwW

"OvOQw; CUO x@ 'OvQ}o@ Q=Qk C=a]k uwtR; OQwt O}=@ xm |}xvwtv
|=t}B=wy QO xDiQ Q=m x@ l}D=twD= nviD u=v}t]= C}r@=k [9]T}r=w w QDv} w
xQ=mlD VN@ wO pt=W nviD u}= "OvOQm pOt 1=RVD; |=ynvWi =@ =Q zpl-20
=RVD; |=ynvWi O=OaD w ?=QN |=yxrwro O=OaD p}rLD w x} RHD =@ =yu; "CU=
Q}F-=D nviD u=v}t]= C}r@=k Q@ xvwoJ xQ=mlD C=a]k u=v}t]= C}r@=k xm OvO=O u=Wv
xLrU= |xO}J}B |xv=t=U u=v}t]= C}r@=k u}vJsy [10]T}r=w w |mwm "OQ=Po|t
xO=iDU= u; R= nviD |L=Q] |R=Uxv}y@ |=Q@ w |UQQ@ 'OQ=O xQ=mlD C=a]k xm '=Q

"OvOQm
|=yuwtR; xm |v=tR =Q xQ=mlD |=yxv=t=U C=a]k |Q=Oyov w V}=B [11]|=@ w}v
C=a]k |mD w |ywQo |=y|UQR=@ |=Q@ |rOt w OQm |UQQ@ 'OvDU}v j}kO ?QNtQ}e
C=R}yHD|}xQwO uwtR; [12]Rv}DQ=t "OQm O=yvW}B|}=tvCUQO |xv}W}@ VwQltm =@
u=Wv w OQm |UQQ@ 'OvwW|t |Q=Oyov Q=@v= QO |vqw] COt |=Q@ xm '=Q |m}vwQDmr=
[13]u=Q=mty w nv=w "OQm x@U=Lt u=wD|t =Q =yu; u=v}t]= C}r@=k xvwoJ xm O=O
|UQQ@ xv=Q}oW}B Cv l} =@ =Q u=v}t]= C}r@=k Q@ |vD@t C=Q}taD w |Q=Oyov R}v

"OvOQm
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xQ=mlD |=yxv=t=U u=v}t]= C}r@=k |UQQ@ |=Q@ ?QNt |=yuwtR; R= xO=iDU=
lWwt =} xQ=BtN l} =} nviD l} l}rW Ovv=t u}= "CU= xOW xDiQo Q_v QO
|Qo}O |xQ=J xm |v=tR xD@r= ?QNt uwtR; "CU= xrwtLt CtqU VHvU |=Q@
lWwt 'xQ=wy=t Ovv=t |QDxO}J}B |=yxv=t=U =t= "OW=@ x=Q =yvD O}=W 'OQ=Ov OwHw
w C}a[w V}=B VwQ R= u=wD|t xm OvQ=O OwHw |ovH |=t}B=wy 'l}DUr=@
u}= QO "O}UQ xH}Dv x@ u; C=a]k |wQ ?QNtQ}e w ?QNt |=yuwtR; s=Hv=

"lWwt |Q=m Qta |xNQJ "1 pmW
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\ki V}=B R= Qw_vt xD@r= "CU= ?U=vt |=yVwQ =@ C}a[w V}=B s=Hv= Ov=t|t
"CiQo Oy=wN s=Hv= R}v Z} waD w Q}taD OW=@ sRq xJv=vJ xmr@ CU}v |UQR=@ s=Hv=
OQwt u=v}t]= C}r@=k =D OwW s=Hv= xv=Q}oW}B C=Q}taD |}xQwO CQwY x@ CU= QDy@
sy xv=Q}oW}B Cv Kq]Y= R= xO=iDU= O}=W 'p=L u}= =@ "OwW ^iL pwYLt Q_v
xO=iDU= CU= Q=m p=L QO xm |R}yHD =} x=oDUO |=Q@ ,qwtat =Q} R &OW=@v j}kO |r}N
xr=kt u}= QO Cra u}ty x@ "CU= Q=m Q=_Dv= QO Q=@v= QO xm |R}yHD |=Q@ xv w OwW|t
OwN |=y?=Dm R= |m} u=wva QO =w=o =m =v xm u=v}t]= C}r@=k R= |Q=Oyov Kq]Y= R=
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OwHw sy |@ wN |xDi=} xaUwD |x} Q_v w OQ=O xk@=U C}i}m pQDvm |Q=t; |=yuwtR;
OQwt w ?=NDv= CqwYLt u}= R= |O=OaD xm CU=Hv}= QO pmWt 'p=L u}= =@ "OQ=O
CqwYLt u}= xm |}q=@ u=v}t]= C}r@=k Cra x@ |rw OvQ}o|t Q=Qk ?QNt uwtR;
Q=m ?=QN |rwYLt I}y =} ODi=|tv j=iD= |DUmW I}y xvwtv QO ,qwtat OvQ=O
OYQOOY |=vat x@ lJwm |=yxvwtv |OYQOOY |DtqU xm CU= swrat "Ovm|tv
s=Hv= |Q=OQ@xvwtv Ov}=Qi |}xH}Dv u}vJ =t= CU}v CqwYLt |xrwtLt uOw@ sr=U
=D s}vm QDnQR@ w nQR@ =Q xvwtv |xR=Ov= xmv}= Qot 'Ovm|t C}Y=N |@ =Q xOW
x@ xHwD =@ OwW nQR@ |r}N xvwtv |xR=Ov= Qo = =t= "OvyO u=Wv =Q OwN =yCUmW
=Q} R &OQm Oy=wN p}tLD =Q |i=Ro |xv} Ry =yV}=tR; s=Hv= xv=t=U uOw@ xQ=mlD
"OvwW|t ?} QND u=v}t]= C}r@=k uwtR; s=Hv= Qw_vt x@ CqwYLt |xty ,=@} QkD
|k=@ |rwYLt nQR@ |xvwtv =@ w OwW|tv xO}O |DUmW lJwm |xvwtv =@ TB

"Ov=t|tv
CUO x@ |=yxO=O ltm x@ =D CU= Qta '?=DW |=yuwtR; R= xO=iDU= Qo}O x=Q
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s=Om Qy "CU= s=Hv= p@=k =yu; Z} waD w Q}taD swRr CQwY QO w C=a]k |UQQ@ w
xDiQo Q=Qk u=kkLt xHwD OQwt xm OvQ=O =Q OwN X=N |=y|oO}J}B VwQ xU u}= R=

[3]"CU=
|xv=t=U l} `tDHt |=yQ=Ot uOW ?=QN Qta ?=DW uwtR; R= uDiQo ltm =@
p=L u}= =@ "OQm |v}@V}B u=wD|t 'OwW|t |Q=Oyov Q=@v= QO xm '=Q |m}vwQDmr=
R=}v |}xrtH wO VwQ QO w CU= xv} RyQB w ?QNt xQ=mlD |=yxv=t=U |UQR=@
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C}r@=k OwW|t ZQi `k=w QO "CU= xOW s=Hv= 'Ot; Oy=wN xt=O= QO xm |LQW
|@=} RQ= xOvwWR=@ C=a]k CQwY x@ sy w pt=m CQwY x@ sy xv=t=U u=v}t]=
|D=a]k xm CU= |mWwt Q_v OQwt |xQ=mlD |xv=t=U O}vm ZQi ,qFt "OwW|t
u}= "OQ=O """ w CNwU uRNt 'QwDwt 'CNwU 'ut=[ '|vW=J 'lyqm Ovv=t
|=Q@ "OvR=U|t =Q Q_v OQwt |xv=t=U |}xm@W =} xO}J}B Q=DN=U l} QO C=a]k
C}r@=k Vy=m VHvU |=Q@ xvwtv CQwY x@ =ylWwt R= |O=OaD V}=tR; sy =t
|xa]k |wQ =yV}=tR; "OQ=O C}ty= xOvwW=OH C=a]k |@=} RQ= sy w =yu; u=v}t]=
w OQ=O pt=m lWwt V}=tR; R= |QDtm ?D=Qt x@ |xv} Ry lWwt R= xOvwWR=@
Q=Qk xHwD OQwt xv=t=U C=a]k |xvwtv |xR=Ov= u}}aD =Hu}= QO Cra u}ty x@

"OQ}o|t

V=QB Q=WDv= "1"2
|R=wt |QU C=}rta R= xO=iDU= =@ CU= |QDt=Q=B Q}e |WwQ xm V=QB Q=WDv= VwQ QO
xv=t=UV=QB R=|v}tND u=v}t]=C}r@=k Q@ xwqau=wD|t u=v}t]= Q=Ot QOC=a]k uOQm
xaUwD xv=t=U K]U x@ xa]k K]U R= V=QB w u}ov=}t Kq]Y= x@ "OQw; CUO x@ R}v
QO (i = 1; 2; : : : ; k) xa]k u}t=i V=QB w u}ov=}t |x@U=Lt |=Q@ "OwW|t xO=O
CU= xOW p}mWD hrDNt |xa]k k R= xm |}xv=t=U QO |}xrtH wO V}=tR; l}

%OQm xO=iDU= Q} R \@=wQ R= u=wD|t
r̂i = xi

ni
(1)

^var(r̂i) = r̂i(1� r̂i)
ni � 1 (2)

xi xvwtv u; QO w xDiQo i ẁv |xa]k R= xm CU= |}xvwtv |xR=Ov= ni u; QO xm
w u}ov=}t |xaUwD Qw_vt x@ p=L "CU= xOW Ci=} 0 < xi < ni sr=U |xa]k
V=QB Q=WDv= VwQ R= CU= sRq xv=t=U K]U x@ xa]k l} QO xOt; CUO x@ V=QB
|R=wt |QU Ov}=Qi =@ u=wD|t 2 pmW |}xa]k 4 |xv=t=U |=Q@ ,qFt "OwW xO=iDU=
w u=v}t]= C}r@=k |x@U=Lt VwQ [14]"O}UQ (c) x@ TBU w (b) x@ (a) R= uOQm
CU= CQwY u}= x@ pwOH u}= C=@U=Lt "CU= xOt; 1 pwOH QO xv=t=U V=QB
w 1 \@=wQ R= xO=iDU= =@ ?}DQD x@ xa]k Qy V=QB w u=v}t]= (a) |xrLQt QO xm
Q=Qk sy Q=vm QO |QU CQwY x@ xm |D=a]k (b) |xrLQt QO "Ov};|t CUO x@ 2
sy Q=vm QO |R=wt CQwY x@ xm |D=a]k w (s1) OvwW|t xDiQo Q_v QO sy =@ OvQ=O
pwOH j@=]t =yv; V=QB w u=v}t]= w (p1) OvwW|t xDiQo Q_v QO sy =@ OvQ=O Q=Qk
QO |QU CQwY x@ (p1) w (s1) uwJ (c) |xrLQt QO TBU "OwW|t x@U=Lt
pm V=QB w u=v}t]= |QU C=a]k x@ \w@ Qt \@=wQ ltm =@ Ov=xDiQo Q=Qk sy Q=vm

"OwW|t x@U=Lt (s2) xv=t=U

"xrLQt xU QO xv=t=U |R=wt � |QU Vy=m Ov}=Qi "2 pmW

u=tRsy |xO=iDU= =@ xm |@}mQD pOt 'CU= Q_v Ot |rOt u}vJ ,=k}kO xr=kt
u=v}t]= C}r@=k xv} Ry u} QDtm hQY =@ w ?QNtQ}e w ?QNt |=yuwtR; R=
xov Q_v OQwt K]U QO |QDW}@ u=tR COt |=Q@ w |@=} RQ= =Q xQ=mlD |=yxv=t=U

"OQ=O
|QU w |R=wt C=a]k =} =yxv=t=UQ} R R= xm CU= |}xv=t=U xO}J}B |xv=t=U l}
=RH= R= l} Qy u=v}t]= C}r@=k =OD@= u=wD|t =yxv=t=U u}= |=Q@ "CU= xOW p}mWD

"OQm x@U=Lt =Q xv=t=U pm u=v}t]= C}r@=k u; R= xO=iDU= =@ TBU w u}}aD =Q
C}r@=k CU= sRq xm OwW|t xDiQo Q_v QO xQ=mlD |xv=t=U l} xr=kt u}= QO
u} QDtm =@ xm |@U=vt pOt w OW=@ xDW=O (0 < q � 1) q K]U R= QDq=@ u=v}t]=
x�=Q= 'Ovm sy=Qi =Q u=v}t]= C}r@=k R= K]U u}= Ov=wD@ xv} Ry u} QDtm w xvwtv O=OaD
|=yxv=t=U |wQ Q@ ?QNt |=yuwtR; |=Q@|rOt pw=VN@ QO =OD@= wQ u}= R= "OwW|t
ltm =@ OyO|tv MQ xQ=mlD C=a]k |wQ Q@ uwtR; QO |DUmW xm |v=tR xQ=mlD
|=yxvwtv O=OaD Vy=m hOy "OwW|t xO=O xaUwD l}DvS sD} Qwor= w u} R}@ VwQ
xv=t=U Q_v OQwt u=v}t]= C}r@=k K]U x@ uO}UQ |=Q@ C=a]k |UQR=@ QO R=}v OQwt

"CU= |UQR=@ |xv} Ry uOQmxv}tm w
C=a]k |wQ Q@ ?QNtQ}e |=yuwtR; s=Hv= |=Q@ ?U=vt pOt swO VN@ QO
'Ovm xv}tm =Q |UQR=@ |xv} Ry xm xv}y@ |UQR=@ |xQwO u}}aD w xQ=mlD |=yxv=t=U
?QNt |=yuwtR; |=Q@ ?U=vt pOt uDW=O =@ swU VN@ QO C}=yv QO "OwW|t x�=Q=
wO u}= u=tRsy |Q}oQ=m x@ =@ w swO w pw= VN@ R= xQ=mlD |=yxv=t=U *?QNtQ}e w
?QNt |=yuwtR; |xv}y@ ?}mQD =yu; Qta pw] `} RwD w C=a]k ẁv x@ xHwD =@ pOt
xvwtv x=oDUO l} |wQ Q@ pOt &O};|t CUO x@ xv} Ry uOQmxv}tm |=Q@ ?QNtQ}e w

"CU= xOW xOQw; G}=Dv w xO=}B

?QNt |=yuwtR; |x}=B Q@ |R=UpOt "2
l} Ovv=t OQ}o|t s=Hv= xQ=mlD |=yxawtHt |wQ Q@ xm |W}=tR; Qy =@ ,qwtat
x@ =yC}kiwt O=OaD w OwW|t Q=DiQ �C}kiwt =} CUmW� |rwvQ@ pkDUt V}=tR;
xvwtv O=OaD n u; QO xm OwW|t h} QaD Bin(n; r) |}xrtHwO `} RwD CQwY
s}yO|t s=Hv= xm |}=yV}=tR; QO Qo = p=L "CU= u=v}t]= C}r@=k |xR=Ov= r w
Qo}O OvW=@ jiwt xOW V}=tR; C=a]k xty |va} OW=@ QiY =yCUmW O=OaD
xQy@ u=v}t]= C}r@=k |@=} RQ= |=Q@ u; R= u=wD|tv w ODi=|t Q=m R= |rwvQ@ `} RwD

"OQ@
C}r@=k w OwW|tv xOy=Wt C=a]k K]U QO |}=]N I}y xm |v=tR =Hv}= QO
R= |@}mQD 'xv=t=U u=v}t]= C}r@=k |x@U=Lt |=Q@ 'OyO|t u=Wv =Q l} u=v}t]=

"CU= xOW xO=iDU= V=QB Q=WDv= VwQ w u} R}@ VwQ
\UwD xm |k}kLD R= xQ=mlD |=yxv=t=U u=v}t]= C}r@=k |xar=]t |=DU=Q QO
G}=Dv w OwW|t xO=iDU= 'CU= xDiQo s=Hv= 2011 p=U QO [14]Vv=Q=mty w =wo
sD} Qwor= |Q}oQ=m x@ OQ}o|t s=Hv= =Hu}= QO xm |Q=m "OW Oy=wN xO=O Ow@y@ j}kLD
"CU= xv=t=U C=a]k V}=tR; |=Q@ sRq |=yxvwtv O=OaD |R=Uxv}y@ QO l}DvS
C=a]k u=v}t]= C}r@=k u}tND pw= Qw=DWo wO OQw=Q@ |=Q@ u} R}@ VwQ R= =yu;
xO=iDU= xv=t=U u=v}t]= C}r@=k V=QB |x@U=Lt |=Q@ V=QB Q=WDv= VwQ R= w
xv=t=U CUmW `} RwD |=Q@ |v}tND xOt; CUO x@ |=yQw=DWo ltm x@ "OvOQm
|=Q@ =Q |v=v}t]= |xrY=i =D OvDiQo ltm u; R= w OvOQw; CUO x@ =D@ `@=D =@
|xvwtv O=OaD |R=Uxv}y@ '=yu; VwQ ltm x@ xr=kt u}= QO "OvQw; CUO x@ xv=t=U
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"""u
=v}t

]=C
}r@=k

R=|
Q=Oy

ovw
C}a

[w
V}

=B"|=xrLQt CQwY x@ xv=t=U V=QB w u=v}t]= C}r@=k |x@U=Lt "1 pwOH
(c) (b) (a) xrLQt

s2 xv=t=UQ} R V=QB w u=v}t]= p1 w s1 xv=t=UQ} R V=QB w u=v}t]= V=QB u=v}t]= xa]k
r̂s2 = r̂s1 � r̂p1 r̂1;2 = r̂s1 = r̂1 � r̂2 ^var(r̂1) r̂1 1

^varS2 = r̂2
S1 � r̂2

p1 ^var(r̂1; r̂2) = ^var(S1) ^var(r̂2) r̂2 2
��r̂2

S1 � ^var(S1)
�

= r̂21 � r̂21 � (r̂21 � ^var(r̂1))

�(r̂2
p1 � ^var(P1)) (r̂22 � ^var(r̂2))

r̂3;4=r̂P 1 = (1� r̂1)(1� r̂2) ^var(r̂3) r̂3 3
^var(r̂3; r̂4) = ^var(P1) ^var(r̂4) r̂4 4
= (1� r̂1)2(1� r̂2)2

�((1� r̂2)2 � ^var(r̂1))

((1� r̂2)2 � ^var(r̂2))

`k=w QO =yO=O uwQ@ x@ |w=Ut Cq=tDL= X}YND =@ CN=wvm} `} RwD
I}y |}xO}OB `} RwD OQwt QO |Dkw |va} &CU= |B wQDv; |xv}W}@ |xOvvmu}t[D
u=wva x@ OQ=O =Q |B wQDv; |xv}W}@ xm |a} RwD u=wD|t CU}v CUO QO |D=aq]=
l} \ki |a} RwD u}vJ xm CW=O xHwD O}=@ "CiQo Q_v QO x}rw= u}tND u} QDy@
|xv}W}@ =Q} R CU= VRQ= |@ |D=aq]= Q_v R= xJ Qo = CU= ?U=vt ẁQW |x]kv

"OyO|t u=Wv =Q OvtWRQ= C=aq]= |xv}tm |B wQDv;

xa]k u=v}t]= C}r@=k `} RwD "3"2
OQw;Q@ r̂ u=vJty w s}yO u=Wv y =@ V}=tR; Q=@ n QO =Q =yCUmW O=OaD Qo = uwvm =

%x=ov; 'OW=@ xa]k l} u=v}t]= C}r@=k
CL = 1�

yX
j=0

 
n
j

!
(1� r̂)j r̂n�j (6)

O=yvW}B Q@=v@ u=wD|t O=tDa= K]U u}= R= "CU= O=tDa= K]U u=ty CL u; QO xm
R= |@U=vt |@=} RQ= w O}UQ xat=H OQwt QO |v}tND x@ =DCiQoltm [16]wre=|HxHm
%x=ov; 'y = 0 =} OyOv MQV}=tR; u}L QO |DUmW I}y Qo = "CW=O u}tND |=]N
CL = 1� r̂n; 1� CL = r̂n (7)

=@ Q@=Q@ 1 � CL TB Prfr � r̂g = F (r̂) = r̂n Cr=L u}= QO xm =Hv; R=
%TB CU= F (:) |atHD `} RwD

F (r̂) = r̂n (8)

%|va} 'Ov=UQ|t r̂ |r=oJ `@=D x@ =Q =t u; jDWt w
f(r̂) = nr̂n�1 (9)

I}y xOW s=Hv= |=yV}=tR; QO Qo = xm Ovm|t u=}@ �9� |x]@=Q '?=UL u}= =@
p}rO "O=O Oy=wN u=Wv =Q r̂ p=tDL= |r=oJ `@=D f(r̂) x=ov; 'OyOv MQ |DUmW
u=wD@ |[QiV}B I}y uwO@ =D OyO|t =Q u=mt= u}= xm CU= u}= x]@=Q u}= C}ty=

"OQm x@U=Lt 'OvQwN|tv CUmW V}=tR; QO xm =Q |D=a]k u=v}t]= C}r@=k

u} R}@ VwQ w =D@ `} RwD "2"2
xm |Qw] x@ OW=@ lJwm |r}N ,=Q=@H= xOW s=Hv= |=yV}=tR; QO xvwtv |xR=Ov= Qo =
C}r@=k u}tND |=Q@ Q=J=v x@ x=ov; 'OW=@ sm |r}N =} OwWv x_Lqt |DUmW ,qY==}
CU= |}xrtH wO `} RwD |=Q@ |@U=vt u} Ro}=H xm =D@ `} RwD R= O}=@ xv=t=U u=v}t]=
R= |rt=mD Ov}=Qi l} |] u} R}@ VwQ QO `k=w QO "OQm xO=iDU= u} R}@ VwQ =@ x=Qty
OwW|t RwQ x@ |B QO|B u}W}B `} RwD O}OH |=yxO=O O}rwD w V}=tR; s=Hv= j} Q]
xO=iDU= xv=t=U u=v}t]= C}r@=k u}tND |=Q@ u; R= w O};|t CUO x@ u}UB `} RwD w
|=[i |=Q@ R=Qi= l} B1; : : : ; Bk O}vm ZQi R}@ |x}[k K}[wD QO "OwW|t
s}W=@ xDW=O 'j = 1; : : : ; k Qy |=R= x@ xm |Qw] OvyO|t p}mWD S |}xvwtv
u}= QO 'OW=@ P (A) > 0 ZQi =@ |Ot=W}B A O}vm ZQi w P (Bj) > 0

%i = 1; : : : ; k |=R= x@ CQwY
P (Bij A) = P (Bi)P (Aj Bi)

kP
j=1

P (Bi)P (Aj Bi)
= P (Bi)P (Aj Bi)

P (A)
(3)

p=tDL= P (Aj Bi)w u}UB p=tDL= P (Bij A) 'u}W}B p=tDL= P (Bi) u; QO xm
|D=a} RwD |xO=wv=Nsy =D@ `} RwD "CU= Bi x}rw= \QW |Q=QkQ@ \QW x@ A ẁkw
R= w OvQ}o@ OwN x@ |O=} R ẁvD pmW Q_v R= Ovv=wD|t xm CU= p@}=w w =t=o Ovv=t

%R= CU= CQ=@a =D@ `} RwD p=tDL= |r=oJ "OvQ=O |}q=@ h=]av= Q_v u}=

�(r̂i; a; b) = 1
B(a; b)

r̂a�1(1� r̂)b�1; 0 � r̂ � 1 (4)

%u; QO xm
B(a; b) =

Z 1

0
za�1(1� z)b�1dz (5)

C}r@=k R= |v}W}B C=aq]= I}y |Dkw "OvDUy C@Ft |}=yQDt=Q=B b w a u; QO xm
=} w �(r̂; 1; 1) R= [15]Qr=w w RDQ=t O=yvW}B Q@=v@ CU}v CUO QO xa]k u=v}t]=
�(r̂; 1; 1) xD@r= xm OwW|t xO=iDU= |v}W}B `} RwD u=wva x@ �(r̂; 0 5; 0 5)

"CU= U(0; 1) CN=wvm} `} RwD u=ty
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1 1
|xQ

=tW
'34

�1
|xQ

wO'
�13

97
u=DU

@=D�
h}

QW
C}

Q}Ot
w`}

=vY
|U

Ovyt "1 pmW |xv=t=U C=a]k u=v}t]= C}r@=k |=yV}=tR; G}=Dv "2 pwOH
i ni yi E(r̂i) V ar(r̂i)

1 11 QiY 0 9167 5=876� 10�3

2 11 QiY 0 9167 5=876� 10�3

3 25 QiY 0 9615 1=370� 10�3

4 25 QiY 0 9615 1=370� 10�3

"1 pwOH \@=wQ ltm =@ V=QB w u=v}t]= C}r@=k |x@U=Lt "3 pwOH
V=QB u=v}t]= C}r@=k pwS=t |R=UxO=U

9=910� 10�3 0 8403 S1 1
5=929� 10�6 0 9985 P1

9=884� 10�3 0 8390 S2 2

u=v}t]= sOa C}r@=k 'u}vJsy "OQ=O �(r̂; ni; 1) `} RwD ,=@} QkD r̂i u; QO xm
w �14� \@=wQ x@=Wt "Ovm|t C}a@D �(q̂i; 1; ni) =@ =D@ `} RwD R= ,=@} QkD R}v xa]k

%OQm x@U=Lt |@} QkD CQwY x@ =Q V=QB w u}ov=}t u=wD|t sy r̂p |=Q@ �15�

E[r̂p] = 1�
kY
i=1

E[q̂i] = 1�
kY
i=1

1
Ni + 1 (17)

^var(r̂p) = (1� E[r̂p])(
kY
i=1

2
ni + 2 � (1� E[r̂p])) (18)

VwQ R= u=wD|t |R=wt w |QU |=yQ=DN=U h}rmD uOW uWwQ =@ 'CQwY u}= QO
|xv=t=U QO Qo = p=Ft |=Q@ "OQm OQw=Q@ =Q QDxO}J}B |=yQ=DN=U w xO=iDU= V=QB Q=WDv=
OyOv MQ =yuwtR; QO |DUmW w OW=@ 2 pwOH CQwY x@ =yxvwtv O=OaD 2 pmW
3 pwOH CQwY x@ V=QB Q=WDv= VwQ w =D@ `} RwD ltm =@ xv=t=U u=v}t]= C}r@=k

"CU= x@U=Lt p@=k
V}=tR; OQwt O}=@ |Oa@ |UQR=@ QO xa]k Qy R= xvwtv O=OaD xJ xmu}= u}}aD |=Q@
sD} Qwor= R= 'CU= Q_v OQwt K]U QO xv=t=U u=v}t]=C}r@=k xm OwW O}}-=D =D OQ}o Q=Qk

"OwW|t xO=iDU= l}DvS

x@ xv=t=U |xa]k Qy R= R=}v OQwt |xvwtv O=OaD |R=Uxv}y@ "5"2
|Jwo =D VwQ w l}DvS sD} Qwor= ltm

wCiQo xvwtv O}=@ xa]k Qy R= xm |}xv}y@ O=OaDl}DvS sD} Qwor=ltm x@VN@ u}= QO
Q_v OQwt u=v}t]= K]U ^iL u}a QO =Q xv} Ry u} QDtm =D 'OQm ?=NDv= V}=tR; |=Q@
'xv=t=U Q@ xwqa xm OwW|t ZQi =yV}=tR; s=Hv= |=Q@ "OwW|t u}}aD 'OW=@ xDW=O
CU= sRq 'CQwY u}= QO "CU= Q=}DN= QO uwtR; s=Hv= |=Q@ |i=m |mO} C=a]k
"OQm XNWt 'OwW V}=tR; Ov=wD|t xv} Ry x@ xHwD =@ xm =Q |D=a]k O=OaD |xv}W}@
xv=t=U QO |m} \ki CU= umtt X=N |xa]k l} R= xm CW=O xHwD O}=@
uOQm R=@ x@ R=}v u; u=v}t]= C}r@=k VHvU w V}=B |rw OW=@ xOW xDiQo Q=m x@
Qy |=Q@ xm CU= u}= OwW|t s=Hv= xr=kt u}= QO xm |Q=m "OW=@ xDW=O xv=t=U u}OvJ
V}=tR; O=OaD |=Q@ xv}W}@ Q=Okt l} w xv}tm Q=Okt l} xv=t=U QO OwHwt |xa]k

OwHwt |v}W}B CQwY x@ |O}it C=aq]= xm |v=tR |=Q@ Vv=Q=mty w utro
|Dkw 'CQwY u}= QO [17]"OwW xO=iDU= QW}i `} RwD R= xm Ov=xOQm O=yvW}B CU}v
|v}W}B `} RwD u=wva x@ =Q 1=r̂ u=wD|t CU= xO=Di}v j=iD= C=a]k |=Q@ |DUmW

%Ot; Oy=wN CUO x@ Q} R CQwY x@ |v}UB `} RwD xH}Dv QO w OQm xO=iDU= |=Q@

f(r̂j n; y) =
r̂n 1

r̂R 1
0 r̂n

1
r̂dr̂

= r̂n�1R 1
0 r̂n�1dr̂

= nr̂n�1 (10)

=D@ `} RwD `k=w QO �10� |xrO=at "OyO|t xH}Dv =Q �9� |x]@=Q u=ty xm
Q=Qk =Q b = 1 w a = n Q}O=kt �3� |xrO=at QO |Dkw |va} 'CU= �(r̂; n; 1)

Ovy=wN CQ=@a r̂ |=Q@ V=QB w u}ov=}t xH}Dv QO "O};|t CUO x@ nr̂n�1 s}yO
R= OW

E[r̂] = n
n+ 1 (11)

^var ^(r) = n
(n+ 1)2(n+ 2)

(12)

u=v}t]= C}r@=k `} RwD x@ C=a]k u=v}t]= C}r@=k `} RwD uDW=O =@ u=wD|t p=L
"OW Oy=wN xO=O u=Wv Oa@ VN@ QO xm 'O}UQ xv=t=U

xv=t=U u=v}t]= C}r@=k u}tND "4"2
'OvyO|tv u=Wv =Q |DUmW V}=tR; QO C=a]k |Dkw xm OW x_Lqt p@k VN@ QO
w �11� |x]@=Q wO R= xO=iDU= =@ w OQm xO=iDU= �(r̂; n; 1) =D@ `} RwD R= u=wD|t
CU= sRq swO sOk QO TBU "OR u}tND C=a]k |=Q@ =Q r̂ V=QB w u}ov=}t �12�
Q=vm QO C=a]k uOW xO}J |ovwoJ '=Hu}= QO "OQm OQw=Q@ =Q xv=t=U u=v}t]= C}r@=k
pmWDt Q_vOQwt xv=t=U |Dkw ,qFt "Ovm|t =O}B C}ty= xv=t=U Q=DN=U u=ty =} sy

%CU= |QU CQwY x@ xa]k K R=

r̂s =
kY
i=1

r̂i (13)

`} RwD =@ |iO=YD |Q}eDt xm CU= s= � i |xa]k u=v}t]= C}r@=k u}tND r̂i u; QO xm
Qo}O OwW|t O}rwD |rkDUt |iO=YD |=yQ}eDt u}vJ ?Q[ R= xm r̂s =t= 'CU=D@
|xv} Ry xJQo = 'OQw; CUO x@ u=wD|t =Q r̂s j}kO `} RwD `k=w QO "OQ=Ov =D@ `} RwD
|=Q@ [19]Rv}y w uwUBt=D [18]"OW Oy=wN O=} R nQR@ |=y K |=Q@ u; |D=@U=Lt
l} =@ ,=OOHt =Q r̂s V=QB w u}ov=}t xm OvOQm O=yvW}B C=@U=Lt u}= uOQm xO=U

%OR ?} QkD Q} R CQwY x@ =D@ `} RwD

E[r̂s] =
kY
i=1

E[r̂i] =
kY
i=1

ni
ni + 1 (14)

^var ^(rs) = E[r̂s]
kY
i=1

ni + 1
ni + 2 � (E[r̂s])2 (15)

"OyO|t MQ sy R= pkDUt C=a]kCUmW xmCU= u}= Q@ ZQi OQwt wO Qy QO xD@r=
u=v}t]= C}r@=k |=Q@ x=ov; 'OW=@ |R=wt xa]k K |=Q=O xv=t=U Qo = 'Qo}O |wU R=

%s} Q=O xv=t=U

r̂p = 1�
kY
i=1

(1� r̂i) = 1�
kY
i=1

q̂i (16)
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"""u
=v}t

]=C
}r@=k

R=|
Q=Oy

ovw
C}a

[w
V}

=BpmW |xv=t=U |wQhrDNtV}=tR; 4 u}@ QO C=a]k xvwtv O=OaD u} QDy@ "4 pwOH
"2

rbest n4 n3 n2 n1 |R=Uxv}y@ Q=}at
0 9501 8 4 8 10 u=v}t]= C}r@=k ?ULQ@

?QNtQ}e |=yuwtR; |x}=B Q@ |R=UpOt "3
R= QDq=@ u; u=v}t]= C}r@=k CU= sRq xm s} Q}o|t Q_v QO =Q |}xv=t=U 'VN@ u}= QO
C=a]k R= |Dw=iDt?}mQD R= wCU= xO}J}B xv=t=U u}= "OW=@ (0 < q � 1)q K]U
C}r@=k u}vJ pwYL R= u=v}t]= |=Q@ "CU= xOW p}mWD hrDNt |=y|Qw=:vi =@
NT (N = 1; 2; : : : )|v=tR |=yxQwO QO?DQt Qw]x@ xv=t=UCU= sRq|v=v}t]=
=QH= sRq Z} waD w Q}taD Ow@ q |w=Ut =} QDtm u=v}t]= C}r@=k Qo = =D OwW xOwtR;
|v=tR |xQwO CU= sRq q u=v}t]= C}r@=k x@ uO}UQ |=Q@ 'CQwY u}= QO "OwW
|=yxv} Ry q ?wr]t u=v}t]= pwYL |=Q@ xm |Qw]x@ OwW u}}aD T � xv}y@ |UQR=@

"OwW xv}tm Cv
l} |=y|@=QN `=wv= |xty xm CU= u}= Q@ ZQi u}W}B C=ar=]t QO ,qwtat
|DQwY QO ZQi u}= =t= "CU= |}=U=vW p@=k V}=tR; w |UQR=@ s=Hv= =@ xv=t=U
CUmW MQv =@ |Qw=:vi TvH R= xv=t=U QY=va w C=a]k |xty xm CU= CUQO
OQwt QO ,qFt "OW=@ OwHwt =yu; C}a[w V}=B |=Q@ |}=yQ=mwR=U w OvW=@ |W}=Ri=
QO \ki w CU= |iO=YD xm OQ=O OwHw |}=y|@=QN �lWwt� QoWw=m |xv=t=U
|=y|UQR=@ QO u=wD|tv =Q =yu; w Ovm =O}B RwQ@ CU= umtt |ak=w R=wQB \}=QW
|kQ@ w |m}vwQDmr= C=a]k OwHw Cra x@ Cq=mW= u}= "OQm |}=U=vW u}tR |wQ
OvW=@ sr=U |UQR=@ u} QN; QO Qo = |DL w OvQ=O |iO=YD |=yCUmW xm CU=
|ak=w R=wQB \}=QW QO u}vJty "Ovvm Q=m CUQO xO=iDU= u=tR QO xm CU}v |v}t[D
'|v=yo =v |=yO=@ VRw '=wy C@ w]Q 'jQ@ wOaQ xrtH R= |]}Lt \}=QW CU= umtt
CmQL Q}Ut QO =wy QO |t=UH= OwHw =} |:wH |=yx}q QO pwtatQ}e |=yQ=Wi
OQwt |xv=t=U xm CU= u}= Q@ ZQi Cra u}ty x@ "OwW pmWt RwQ@ Ea=@ lWwt
xm 1 ẁv C=a]k %CU= xOW p}mWD xa]k ẁv wO R= |rm |Ov@xDUO l} QO Q_v
?=QN xm |DQwY QO V}=tR; w |UQR=@ Qy R= Oa@ w OvQ=O |W}=Ri= CUmW MQv
CUmW MQv xm 2 ẁv C=a]k w OvDUy Z} waD w Q}taD w |}=U=vW p@=k OvW=@ xOW
w |UQR=@ s=Hv= =@ =yu; QO =Q CUmW =} |@=QN u=wD|tv Cra u}ty x@ w OvQ=O |D@=F
|iO=YD CUmW `v=t u=W[} waD w Q}taD w |@=QN hWm |DL w OQm hWm V}=tR;

"OW Oy=wNv |Oa@
QO Qo = |DL CU= C@=F CUmW MQv |=Q=O xa]k l} |Dkw xm OQm xHwD O}=@
Z} waD w Q}taD x@ s=Ok= w CU= xO=Di= Q=m R= w xOW ?=QN xm OwW swrat |UQR=@
l} ,qFt "ODi=}v Q=m R= Oa@ |x_Lr QO CUQO xm OQ=Ov OwHw |v}t[D I}y OwW u;
u=wD|tv |rw CU= sr=U OwW|t swrat VvOQm uWwQ =@ xm O} Q}o@ Q_v QO =Q Atq
's}vm|t uWwQ =Q Atq xm |Oa@ |xaiO OQm ZQi w OQm xO=iDU= `q]= u}= R=
Q=m x@ xm CU= 2 ẁv C=a]k uOw@ x_i=L|@ C}Y=N u=ty u}= "OW=@ xDNwUv

[22]"OQ=Ov |}xO}=i =yv; |=Q@ xv=Q}oW}B �Cv� C=Q}taD w |Q=Oyov CU=}U uOQ@
OwHw 2 w 1 |xa]k ẁv wO Qy Q_v OQwt |xv=t=U QO |Dkw ?=UL u}= =@
x@ u=tR CWPo =@ xv=t=U u}= u=v}t]= C}r@=k xm OQm ZQi u=wD|t OW=@ xDW=O
u}= "OQm Oy=wN =O}B pRvD u=tR =@ xDUw}B Qw]x@ |iO=YD |=yCUmW OwHw p}rO
p=tQv `} RwD `@=D R= 1 ẁv C=a]k |=Q@ "CU=Q=O R(t) `@=D xm CU= |D}Y=N u=ty
OvQ=O |W}=Ri= CUmW MQv xm OvQ=O OwHw |O=} R `} RwD `@=wD xD@r= "OwW|t xO=iDU=

sD} Qwor= ltm x@ w OwW|t xDiQo Q_v QO xv=t=U C=a]k s=tD TBU w xDiQo Q_v QO
"OQ}PB|t s=Hv= |R=Uxv}y@ l}DvS

w Ovm|t O}rwD R=Ht uwtR; |xv}W}@ w xv}tm u}@ |iO=YD |O=Oa= sD} Qwor=
"OwW|t x@U=Lt xv=t=U u=v}t]= C}r@=k Q=Okt OW xO=O K}[wD xm |]@=wQ ltmx@
OQwt K]U =D u=v}t]= C}r@=k Q=Okt Ow@y@ =@ w l}DvS sD} Qwor= |=yQ=QmD QO TBU
Q_v OQwt u=v}t]= C}r@=k K]U O}}-=D |=Q@ xa]k Qy |=Q@ sRq |=yuwtR; O=OaD Q_v
u} QDOQ@ Q=mQB w u} QDOvtDQOk 'u} QDxDN=vW R= |m} l}DvS sD} Qwor= "O};|t CUO x@
j}kO |R=Uxv}y@ |=ysD} Qwor= =@ xU}=kt QO "CU= |@} QkD |R=Uxv}y@ |=ysD} Qwor=
lv}= [20]"OQ=Ov hOy `@=D u=}O=Qo |x@U=Lt x@ |R=}v ,qFt w Ovm|t pta QDxO=U

"OW Oy=wN |=xQ=W= u; sRq s}y=it x@ sD} Qwor= u}= |Q}oQ=m x@ p}rO x@
x@ xm CU=yswRwtwQm R= |}xawtHt xm OwW|t h} QaD x}rw= C}atH =OD@=
Qy "OvwW|t GQ=N |iO=YD Cr=L R= =yOa@ |rw OvwW|t ?=NDv= |iO=YD CQwY
xJ ?wN xJ =Q ?=wH l} xm OQ}o|t Q@ QO =Q =yC}@ R= |}xr=@vO =} xDWQ swRwtwQm
|R=@ =Q xOvR OwHwt QO uS u=ty Vkv swRwtwQm Qy QO C}@ Qy "OyO|t u=Wv O@
"CU= |R=Uxv}y@ |xr�Ut |=Q@ pLx=Q l} |xOv}=tv swRwtwQm Qy `k=w QO "Ovm|t
swrat O}=@ pLx=Q Qy QO =Q} R CU= xv=t=U C=a]k O=OaD =@ ?U=vDt =yswRwtwQm O=OaD

"OwW |UQQ@ O}=@ xa]k O=OaD xJ OwW
Q}eDt C=Q}}eD xmCU= |}=ypt=a s}_vD w |}=U=vW pw= hOy |Jwo =D VwQ QO
pQDvm p@=kQ}e w pQDvm p@=k |=ypt=a |}=U=vW |Oa@ hOy w Ovvm|t xv}tm =Q MU=B
pQDvm p@=k |=ypt=a Q=Okt |xv}y@ ?}mQD uOQm =O}B VwQ u}= |}=yv hOy "CU=
u=v}t]= C}r@=k R= |YNWt K]U uDW=O =t |=Q@ syt ẁ[wt =Hu}= QO "CU=
ltm =@ "s}yO s=Hv= C=a]k uwtR; O=OaD pk=OL =@ s}y=wN|t =Q Q=m u}= w CU=
sD} Qwor= QOVyH MQv w `]=kD MQv 'C}atH |=yQDt=Q=B s}_vD =@ w [21]|Jwo =D VwQ
C}r@=k Q_v OQwt K]U x@ sD} Qwor= u}= Q=QmD O=OaD xJ =@ s}vm|t u}}aD l}DvS
"s} Qw;|t CUO x@ R}v =Q xa]k Qy R= R=}v OQwt |xvwtv O=OaD w O}UQ s}y=wN u=v}t]=
x}rw= C}atH Qo = "CU= xOW xDiQo Q_v QO swRwtwQm 50 Q_v OQwt |xr�Ut QO
QDy@ w QDy@ s=Om Qy |Oa@ |=yC}atH CU= |iO=YD pL x=Q l} |xOvQ}oQ@ QO
=@ 'VN@C}=[Q ?=wH l} =D Ovm Q}}eD O}=@ C}atH u}= Q=@ OvJ uwvm = "OvwW|t
`@=D |wQ |}=Qoty Q@ |vD@t uOW VN@C}=[Q Q=}at "OwW pY=L '=]N w |aU
,=@} QkD OW pY=L |}=Qoty |Dkw "CU= xOW ?=NDv= xm CU= |iOy `@=D =} |oOvR=Q@

"CU= xOt; CUO x@ xv}y@ ?=wH Cio u=wD|t
Qo}O pUv x@ pUv l} R= `k=w QO s}UQ|t Qo}O ?=wH x@ ?=wH l} R= |Dkw
uwO@ O}OH pUv O}rwD Qy QO xm |}=yswRwtwQm O=OaD xOW x�=Q= sD} Qwor= QO "s} wQ|t
Q}}eD `]=kD pta =@ OYQO 70 'CU= OYQO 20 OvwW|t pkDvt Oa@ pUv x@ Q}}eD
x@ xm OW Ovy=wN O}rwD O}OH |iO=YD CQwY x@ sy OYQO 10 w OQm Ovy=wN
l} l}DvS sD} Qwor= Q=QmD Qy QO '?=UL u}= =@ "Ov=xOW O}rwD VyH =@ Kq]Y=
uOW QDy@ sRrDUt Qo}O pUv x@ pUv l} R= CmQL "CW=O Oy=wN OwHw pUv Q}}eD
u=ty hOy `@=D =t |xr�Ut QO "OQ}o|t xOya x@ =Q Vkv u}= hOy `@=D xm CU=
uDi=} Qw_vt x@ Qo}O pUv x@ pUv l} R= C}atH CmQL "CU= u=v}t]= C}r@=k
|xv}W}@ xm CU= |v=tR sD} Qwor= hkwD "CU= xv=t=U |=Q@ QDy@ u=v}t]= C}r@=k
hOy =} |oOvR=Q@ `@=D Q=Okt |va} &OW=@ xOt; CUO x@ xv=t=U u=v}t]= C}r@=k Q=Okt

"OwW =Qoty
'CU= xOW h} QaD q K]U x@ |@=}DUO hkwD \QW j}kLD u}= QO xm =Hv; R=
|=QH= G}=Dv 4 pwOH "O}; CUO x@ K]U u}= =D Ovm|t =O}B xt=O= QOkv; pUv O}rwD

"OyO|t u=Wv 2 pmW |=xa]k 4 |xv=t=U |wQ =Q sD} Qwor=
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=vY
|U

Ovyt &OwW|t pt=m Z} waD ?Hwt u; R= QDtm xm xv=t=U u=v}t]= C}r@=k |xv}tm %q
&pt=m Z} waD =D Qta pw] %NT + t0

&C=Q}taD w |UQR=@ |xv} Ry %C1
&pt=m Z} waD |xv} Ry %C2

"u=tR OL=w QO xv} Ry \UwDt %C(T )

xr�Ut C=}[Qi "2"1"3
MQv |atHD `@=D |=Q=O s= i OL=w w CU= 2 w 1 ẁv C=a]k R= pmWDt xv=t=U "1
QO 1 ẁv C=a]k |UQR=@ Qy R= Oa@ "CU= Hi(t) , (i = 1; 2) CUmW
w Q}taD 'OW=@ Z} waD w Q}taD x@ R=}v C}a[w V}=B |=yxO=O j@] xm |DQwY
R= p@k Ovv=t |UQR=@ s=Hv= R= Oa@ 2 ẁv C=a]k |rw OvwW|t O}OH w Z} waD

"Ov=t Oy=wN |k=@ C@=F VDUmW MQv w Ovvm|tv |Q}}eD |UQR=@
CUmW `} RwDCU=X}NWD p@=k wV}=UQi QF= Q@|@=QN xm 1 ẁv C=a]k |=Q@ "2
=yv; |=yCUmW xm 2 ẁv C=a]k |=Q@ w p=tQv `} RwD x@ l}ORv � =@ p@}=w

"OwW|t xDiQo Q_v QO |}=tv `} RwD 'Ow@ Oy=wN |iO=YD
Q_v QO R}J=v T =@ xU}=kt QO Q}taD w |UQR=@ 'C}a[w V}=B s=Hv= u=tR COt "3

"OwW|t xDiQo
t1; t2 : : : ; tN |v=tR |=yxQwO QO Q}taD w |UQR=@ 'C}a[w V}=B |=yC}r=ai "4

"OwW|t s=Hv=
R(t) u=v}t]= C}r@=k `@=D [2]=w=o =m =v R= xO=iDU= =@ w q=@ C=}[Qi x@ xHwD =@

CU= Q} R CQwY x@ xOWv s=Hv= |UQR=@ Rwvy xm |v=tR QO
R(t) = e�H1(t)�H2(t) (22)

"OvDUy 2 w 1 ẁv C=a]k CUmW MQv |atHD `@=D H2(t) w H1(t) u; QO xm
OQ}o CQwY t u=tR QO CUQO Q}taD w |UQR=@ 'C}a[w V}=B C}r=ai Qo = p=L

%R= OW Oy=wN CQ=@a |UQR=@ R= Oa@ ,=k}kO xv=t=U u=v}t]= C}r@=k
R(t) = e�H2(t) (23)

Ow@y@ xv=t=U u=v}t]= C}r@=k w Ov=xOW wv w |R=Usr=U 1 ẁv C=a]k |xty =Q} R
C}r@=k Qo = q=L "OOQo|tvR=@ V=x}rw= Q=Okt x@ Rwvy xm|r=L QO "CU= xOQm =O}B
Q}taD w |UQR=@ 'C}a[w V}=B C}r=ai u}t= N R= Oa@ w p@k =Q xv=t=U u=v}t]=

%s} Q=O s}y=wN@
R(NT�0) = e�H1(T )�H2(NT ) (24)

R(NT+0) = e�H2(NT ) (25)

|UQR=@ 'C}a[wV}=B uDiQo Q=@ Qy R=TB xv=t=U s}=xOQm ZQi xmCW=O xHwD O}=@
C}r@=k u}tND |=Q@ 'Cra u}ty x@ "OwW|t wv ,qt=m 1 ẁv C=a]k |wQ Q}taD w
ZQi lv}= "OvwW xDiQo Q_v QO O}=@ 2 ẁv C=a]k \ki Q=J=v x@ xv=t=U u=v}t]=
u=v}t]= p@=k t0 COt |=Q@ xv=t=U Q}taD w '|UQR=@ 'V}=B Q=@ N R= TB xm OwW|t
TB "OW Oy=wN u} Ro}=H |O}OH |xv=t=U =@ w OwW|t GQ=N xOQ R= TBU w CU=
u=v}t]= C}r@=k u=tR u}= QO w (0 < t0 � T ) CU= NT + t0 |v} Ro}=H u=tR

%CU= q =@ Q@=Q@
e�H1(t0)�H2(NT+t0) = q (26)

"p@}=w `} RwD p=tDL= |r=oJ `@=D "3 pmW
=y|@=QN xm OQ=O OQ@ Q=m |v=tR w CU= p=tQv `} RwD u=ty `} RwD `@=D u} QDsyt |rw

[23]O};|t CUO x@ Q} R CQwY x@ u; |r=oJ `@=D "CU= V}=UQi |x]U=w x@

f(t) = 1
�
p2� exp

�
� (x� �)2

2�2

�
(19)

`} RwD `@=D =yvD `k=w QO "OwW|t xDiQo Q_v QO |}=tv `} RwD `@=D 2 ẁv C=a]k |=Q@
|}=tv `} RwD |r=oJ `@=D "CU= |}=tv `} RwD `@=D 'OQ=O C@=F CUmW MQv xm |r=tDL=

CU= Q} R CQwY x@
f(t) = �e��t (20)

'CU=yxv=t=U u=v}t]= C}r@=k |@=} RQ= QO `} RwD u} QDpw=ODt xJQo = `} RwD `@=D u}=
|xDmv "CU=CUQO=v pw=ODt w xOvvmxO=U ZQi u}= 'O=O s}y=wN u=Wv xm Qw]u=ty
|r}rLD CQwY x@ |}=tv `@=D |=Q@ u=v}t]=C}r@=k C=@U=Lt s=Hv= xmv}= xHwD?r=H
u}ty x@ w CU= s=Hv= p@=k CrwyU x@ |R=wt w |QU C=a]k =@ xv=t=U l} |wQ Q@ w
'`k=w QO "CU= swUQt Q=}U@ \@DQt |=yVywSB QO `@=D u}= R= xO=iDU= sy Cra
u=wD|tv p=tQv `} RwD |=Q@ =t= "R(t) = e��it w Hi(t) = �it 'hi(t) = �i
C=k}kLD QO xm CU= Cra u}ty x@ "O=O s=Hv= |r}rLD CQwY x@ =Q C=@U=Lt
pmW xm OwW|t xO=iDU= p@}=w `} RwD `@=D R= u=v}t]= C}r@=k |xRwL QO |O=} R

"CU= xOW xO=O u=Wv 3 pmW QO xJv=vJ OQ=O |i]avt w ?wN |r}rLD
x@ xDU@ `@=D u}= pmW "CU= u; |rm pmW uOw@v C@=F p@}=w `} RwD syt |oS} w
j}@]D p=tQv `} RwD xrtH R= |r=tDL= `} RwD ẁv Qy =@ ,=@} QkD Ov=wD|t u; |=yQDt=Q=B

CU= Q} R CQwY x@ p@}=w |r=oJ `@=D "Ovm =O}B

f(t) = �t��1

��
exp
�
� ( t

�
)�
�

(21)

"OvDUy pmW w T=}kt |=yQDt=Q=B � w � xm
xm |Dr=L QO w OwW|t p}O@D |}=tv `} RwD x@ p@}=w `} RwD � = 1 Cr=L QO
'Hi(t) = (�it)� 'p@}=w `} RwD QO "OwW|tl}ORv p=tQv `} RwD x@ `} RwD � = 3 6

"CU= R(t) = e�(�it)� w �i = 1
�i

xv=t=U Q}taD w |UQR=@ 'C}a[w V}=B pOt "1"3
%|R=UpOt |=yQDt=Q=B "1"1"3

&|UQR=@ |=yxQwO u}@ |xrY=i %T
&xv=t=U Qta pw] QO =y|UQR=@ O=OaD %N
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"""u
=v}t

]=C
}r@=k

R=|
Q=Oy

ovw
C}a

[w
V}

=B'C=a]k uwtR; |xv} Ry xrtH R= &OQ=O Q@ QO |}q=@ |xv} Ry CU=}U u}= |=QH= =t=
TB "OwW|t xO=O X}NWD =yu; |oOwUQi w |@=QN xm |D=a]k Z} waD w Q}taD
Ci=} Oy=wN =kDQ= xv=t=U Qta pw] QOkJ Vr@=kt QO w OQm O}=@ xv} Ry QOkJ xmu}=
u}= pL |=Q@ "OvDUy Q_v OQwt Q}eDt wO N w T CU= Q_v Ot |R=Uxv}y@ |xr�Ut
T |UQR=@ |=yxQwO pw] |=Q@ =Q C=@U=Lt u=wD|t u=tRsy |R=Uxv}y@ |xr�Ut
N =} |UQR=@ |xQwO O=OaD 'T Qy |=Q@ w xOwtv O=} R b =D QiY |xvt=O QO hrDNt
|xQwO =} xrY=i Qo = xm CU= uWwQ [24]"OQm x@U=Lt =Q C(T ) |xv} Ry \UwDt w
sRq |Q}taD w |UQR=@ 'V}=B xm u}= uwO@ CQwY u}= QO OW=@ b R= QDnQR@ |UQR=@
Q=Ri=sQv QO |U} wvOm =@ |D=@U=Lt u}vJ s=Hv= "OQm u} Ro}=H =Q xv=t=U O}=@ OW=@

"CU= s=Hv= p@=k MATLAB

|@}mQD |R=UpOt "4
x@ C=a]k |oDU@=w sOa =t ZQi "CU= xOvR=U |xa]k |O=OaD |=Q=O xv=t=U l}
QO =@ sy QO C=a]k s=tD u=v}t]= C}r@=k ?Q[ R= xm s}v=O|t =t= CU= Qo}Om}
"Ot; Oy=wN CUO x@ xv=t=U pm u=v}t]= C}r@=k =yv; uOw@ |R=wt w |QU uDiQo Q_v
O}=@ TB OvwQ|t u}@ R= |UQR=@ QO C=a]k R= =D x xv=t=U l} QO O}vm ZQi ,qFt
OvQ}o@ |}xQwO |UQR=@ Ovv=wD|t =yv; R= =D y w OQm xO=iDU= =yv; |=Q@ ?QNt uwtR; R=
u=wD|t TB "OQw; CUO x@ =Q =yv; u=v}t]= C}r@=k ?QNtQ}e |=yuwtR; ltm =@ w
=@ C=a]k w ?QNt uwtR; =@ C=a]k |xDUO wO QO =Q xv=t=U C=a]k =OD@= u=ty R=
C}=yv QO w OQm x@U=Lt xv=o =OH =Q xwQo Qy C}r@=k w O=O |=H ?QNtQ}e uwtR;

"O}=}@ CUO x@ xDUO wO u=v}t]= C}r@=k ?Q[ R= xv=t=U pm u=v}t]= C}r@=k
|x}=B Q@ |R=UpOt� 2 VN@ QO =y|R=UpOt \=@DQ= w |oDU@=w R= =Hv}= QO
xO=iDU= �?QNtQ}e |=yuwtR; |x}=B Q@ |R=UpOt� 3 VN@ w �?QNt |=yuwtR;
R= xQ=mlD |xv=t=U l} "CU= xOW x�=Q= VN@ u}= QO |@}mQD |R=UpOt w OwW|t
p}mWD OvQ=O Q=Qk sy Q=vm QO |R=wt =} |QU CQwY x@ xm C=a]k |}xawtHt
xv=t=U "OvW=@ xQ=mlD Q}e =} xQ=mlD CU= umtt C=a]k u}= "CU= xOW
p=Ft |=Q@ "OQ=O =Q OwN u=v}t]= C}r@=k K]U u} QDq=@ t = 0 |x_Lr QO
C}r@=k u=tR u}= R= TB Rsys(0) = 0 95 =} Rsys(0) = 1 CU= umtt
=O}B Vy=m u=tR QwQt x@ OW xO=O u=Wv 4 pmW QO xm Qw]u=ty xv=t=U u=v}t]=

"Ovm|t
=@ pwYLt l} u=v}t]= C}r@=k Vy=m =} p=wR xm s}vm xHwD CU= sRq =Hv}= QO
QO xm Qw] u; '=wvm} w xOvy=m CU= umtt ,qY= w Ow@ Oy=wN Cw=iDt Qo}O pwYLt
x@=Wt CqwYLt R= xrwtLt l} |Dkw =t= &OW=@v 'OwW|t xOy=Wt R(t) |vLvt
|}xOvy=m w sQv Q=DiQ xrwtLt u}= xDiQ sy |wQ xmv}= ZQi OwW|t xDiQo Q_v QO
|}xOvy=m OvwQ u}vJ "CU= |DUQO ZQi 'OyO|t u=Wv u=v}t]= C}r@=k Q_v R=
OQ=O OwHw hrDNt |=yQta pw] `} RwD =@ C=a]k s=tD |=Q@ u=v}t]= C}r@=k |=Q@
=@ '`k=w QO "p@}=w =} |}=tv =} CU= p=tQv C=a]k Qta pw] `} RwD Ovm|tv |kQi w

%CW=O s}y=wN QiY |x_Lr R= T u=tR CWPo
Rsys(T ) < Rsys(0) (30)

uwtR; s=Hv= R= p@k "CU= 1 ẁv C=a]k Q}taD w |UQR=@ 'V}=B u=tR 'T u=tR
xJ w ?QNt uwtR; x@ |D=a]k xJ OwW|t u}}aD XYNDt w T=vWQ=m Q_v j@]
?QNt xOW s=Hv= uwtR; xJ "OvQ=O R=}v |D}a[wV}=B w ?QNtQ}e uwtR; x@ |D=a]k
p}tLD =t Q@ Z} waD Q}taD w |UQR=@ |xv} Ry 'C}a[w V}=B CQwY x@ xJ w OW=@

'u=tR OL=w QO xv} Ry \UwDt s} Q}o@ Q_v QO xQwO l} =Q [0; NT + t0] Qo =
%R= OW Oy=wN CQ=@a 'C(T )

C(T ) = NC1 + C2
NT + t0

(27)

%OvDUy x@U=Lt p@=k Q} R CQwY x@ Z} waD |xv} Ry w |UQR=@ |xv} Ry

C1 =
N1X
i=1

c1i +A (28)

C2 =
NTX
i=1

c2i (29)

=} Z} waD |xv} Ry c2i 'C=a]k |UQR=@ w V}=B |xv} Ry c1i q=@ CqO=at QO
xmu}= R= =OH ODi=|t j=iD= Q=@ Qy xm CU= |D@=F |xv} Ry A w C=a]k |v} Ro}=H
O=OaD N1 w xv=t=U C=a]k pm O=OaD NT "Q}N =} OwW@ Z} waD =} Q}taD |}xa]k
CU= xvwou}= x@ C=@U=Lt OvwQ "OvQ}o|t ?QNtQ}e uwtR; xm CU= 1 ẁv C=a]k
Z} waD u=tR R(b) = q Q_v OQwt u=v}t]= C}r@=k K]U l} ZQi =@ =OD@= xm
N =OD@= QO |va} "OwW|t xO}t=v b u=tR u}= w OwW|t xDi=} |}xQwO |UQR=@ uwO@
|=yxQwO u}@ |xrY=i |xv}W}@ Q=m u}= =@ `k=w QO "OwW|t xDiQo Q_v QO QiY =@ Q@=Q@
|UQR=@ x@ |R=}v Qo}O OwWv s=Hv= |UQR=@ b u=tR =D Qo = |va} &OwW|t u}}aD |UQR=@
OvwQ "OwW Z} waD pt=m O}=@ w OQ=Ov =Q Q_v OQwt u=v}t]= C}r@=k xv=t=U w CU}v
QO ?}DQD x@ |}xQwO |UQR=@ =@ x=Qty w |}xQwO |UQR=@ uwO@ u=v}t]= C}r@=k Vy=m
5 w 4 pmW wO |xU}=kt R= xm Qw]u=ty "CU= xOW xO=O u=Wv 5 w 4 |=ypmW
C}r@=k |}xQwO Q}taD w |UQR=@ 'C}a[w V}=B CU=}U |=QH= =@ OwW|t XNWt
"Ov=t Oy=wN q pw@k p@=k K]U R= QDq=@ |QDW}@ u=tR COt |=Q@ xv=t=U u=v}t]=

"|=xQwO |UQR=@ uwO@ xv=t=U u=v}t]= C}r@=k Vy=m OvwQ "4 pmW

"|=xQwO |UQR=@ =@ u=v}t]= C}r@=k Vy=m OvwQ "5 pmW
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Ovyt 'b uOt; CUO x@ =@ p=L "OwW|t u}}aD swO VN@ QO xOW x�=Q= pOt ltm x@ (b)

'T Qy |=Q@ w OQm O=} R (b) =D QiY R= =Q (T ) |UQR=@ |=yxQwO u}@ |xrY=i O}=@
=@ VN@ u}= C=@U=Lt Cw=iD "OwW x@U=Lt xv} Ry \UwDt w |UQR=@ |xQwO O=OaD
ltm =@ w RNE w q uDW=O =@ |UQR=@ Q=@ Qy QO O}=@ xm CU= u}= QO swO VN@
u}}aD ?QNt |=yuwtR; Q_v OQwt u=v}t]= C}r@=k K]U RD = q

RNE
|x]@=Q

O=OaD l}DvS sD} Qwor= w pw= VN@ QO xOW xO=O K}[wD pOt ltm =@ TBU w OwW
"OwW XNWt ?QNt C=a]k |=Q@ sRq |xvwtv

C}r@=k R= |QDu}}=B K]U O}}-=D 'CUq=@ RNE xm |}=OD@= |=y|UQR=@ QO
"CU= sm ?QNt |=yuwtR; O=OaD wQu}= R= "CU= R=}v ?QNt C=a]k u=v}t]=
?QNt uwtR; =@ C=a]k u=v}t]= C}r@=k R= |QDq=@ K]U RNE Vy=m =@ xDiQxDiQ
V}=Ri= R}vxv} Ry w V}=Ri= R=}v OQwt ?QNt |=yuwtR; O=OaD xH}Dv QO w CU= R=}v
=y|UQR=@ 'OW=@ Q=QkQ@ RD:max > q=Rne |x]@=Q xm |v=tR =D "Ci=} Oy=wN
xO}UQ =Qi pt=m Z} waD u=tR OW=@v Q=QkQ@ x]@=Q u}= xm|t=ovy "Ci=} Oy=wN xt=O=

"CU=
C(T ) = NC1 + CD + C2

NT + t0
(33)

CD 'C=Q}taD w |UQR=@ |xv} Ry C1 'xv} Ry \UwDt C(T ) �33� |x]@=Q QO
'xOW s=Hv= =yu; |wQ Q@ ?QNt uwtR; |UQR=@ |xQwO N QO xm |D=a]k |xv} Ry
Q=Okt "CU= pt=m Z} waD =D pm u=tR NT + t0 w 'pt=m Z} waD |xv} Ry C2

%CU= x@U=Lt p@=k Q} R CQwY x@ =yxv} Ry
C1 =

N1X
i=1

c1i +A (34)

CD =
NX
i=1

N2X
j=1

nijcDj (35)

C2 =
NTX
i=1

c2i (36)

w 'C=a]k |v} Ro}=H |xv} Ry c2i 'C=a]k |UQR=@ |xv} Ry c1i \@=wQ u}= QO
C=a]k pm O=OaD NT "CU= Q}taD w |UQR=@ w V}=B C@ wv Qy C@=F |xv} Ry A
uwtR; xm |D=a]k O=OaDN2 'OvQ}o|t ?QNtQ}e uwtR; xm |D=a]k O=OaDN1 'xv=t=U
"CU= s=�i |UQR=@ QO s=�j |xa]k ?QNt uwtR; O=OaD nij w 'OvQ}o|t ?QNt

"CU= s=Hv= p@=k MATLAB Q=Ri=sQv QO |U} wvOm =@ C=@U=Lt u}=
Qo = "s}vm|t xO=iDU= pw= pOt R= OvW=@ xQ=mlD C=a]k s=tD Qo = ?}DQD u}= x@
xO=iDU= swO pOt R= OvW=@ ?QNtQ}e CQwY x@ C}a[w V}=B p@=k C=a]k s=tD
?QNt uwtR; x@ OvtR=}v C=a]k R= |@}mQD xv=t=U C=a]k xm |DQwY QO =t= "s}vm|t
swO w pw= pOt ?}mQD R= swU pOt "s} Q}o|t Q=m x@ =Q swU pOt OvW=@ ?QNtQ}e w
C}r@=k swO pOt ltm =@ '|UQR=@ |xQwO Qy QO xm ?}DQD u}=x@ "O};|t CUO x@
u}= uDW=O =@ TBU &O};|t CUO x@ OvQ}o|t ?QNtQ}e uwtR; xm |D=a]k u=v}t]=
OQwt u=v}t]= C}r@=k xv=t=U pm Q_v OQwt u=v}t]= C}r@=k K]U w u=v}t]= C}r@=k
OwW|t XNWt pw= pOt ltm =@ TBU w OwW|t u}}aD xQ=mlD C=a]k |=Q@ R=}v
O}}-=D u=v}t]= C}r@=k K]U xm OwW s=Hv= C}kiwt =@ O}=@ ?QNt uwtR; O=OaD xJ xm

"OwW

QoWw=m V}=OH |xv=t=U "1"4
|xv=t=U s}yO u=Wv =Q xOW x�=Q= u=v}t]=C}r@=k pOt OQmQ=m xmv}= |=Q@VN@ u}= QO

u}vJty w ?QNt uwtR; |=Q@ sRq |xvwtv O=OaD pk=OL CU= sRq wQ u}= R= "OwW|t
OwW s=Hv= =y|UQR=@ 'xv} Ry u} QDtm =@ =D OwW u}}aD =y|UQR=@ u}@ |xv}y@ |xrY=i

"O@=} Ow@y@ xv=t=U u=v}t]= C}r@=k w
Q@ ZQi =Hu}= QO "OvDUy |irDNt |=yQta pw] `} RwD |=Q=O xv=t=U C=a]k
V}=B uwtR; =@ p=tQv Qta pw] `} RwD =@ C=a]k |oOwUQi =} |@=QN xm CU= u}=
x}rw= ?wN Cr=L x@ Z} waD Q}taD =@ w CU= X}NWD p@=k ?QNtQ}e w |D}a[w
TB R}v ?QNt uwtR; =@ xQ=mlD C=a]k |=Q@ u}vJty "(2 AGAN) OOQo|t R=@

[25]"OwW|t u} Ro}=H sr=U |xa]k uwtR; s=Hv= R=
w CU= x_i=L|@ |a} RwD |}=tv `} RwD OW u=}@ p@k VN@ QO xm Qw]u=ty
u}= Q@ ZQi Cra u}ty x@ "OwW|t xO=iDU= |iO=YD |=yCUmW |=Q@ ,qwtat
w OvQ}o|t ?QNt uwtR; xv CU= |}=tv =yu; Qta pw] `} RwD xm |D=a]k xm CU=
'u}=Q@=v@ "Ovm|t =O}B Vy=m xv=t=U u=v}t]= C}r@=k pm QO w ?QNtQ}e uwtR; xv
uwtR; '?QNt uwtR; VN@ xU x@ xv=t=U OwW|t ZQi |@}mQD pOt CN=U |=Q@
6 pmW QO xm Qw]u=ty "CU= Q}PBl}miD uwtR; x@ R=}v uwO@ C=a]k w ?QNtQ}e
R= w OvQ}o|t Q=Qk sy Q=vm QO |QU CQwY x@ C=a]k u}= CU= xOW xO=O V}=tv
"CU= x@U=Lt p@=k xv=t=U pm u=v}t]= C}r@=k sy QO =yu; u=v}t]= C}r@=k ?Q[

RTotal = RD �RN �RE (31)

u=v}t]= C}r@=k RD 'xv=t=U pm u=v}t]= C}r@=k RTotal �31� |x]@=Q QO
"OW u=}@ u; |x@U=Lt VwQ pw= VN@ QO xm CU= ?QNt uwtR; =@ C=a]k
?QNtQ}e uwtR; xm CU= p=tQv Qta pw] `} RwD =@ C=a]k u=v}t]= C}r@=k RN
xm CU= |}=tv Qta pw] `} RwD =@ C=a]k u=v}t]= C}r@=k RE w OvQ}o|t
uwtR; =@ C=a]k u=v}t]= C}r@=k RNE = RN � RE "OvwW|tv |UQR=@
swO VN@ QO u; |x@U=Lt VwQ xm CU= uwtR; uwO@ C=a]k w ?QNtQ}e
C}r@=k CU= sRq xm O} Q}o@ Q_v QO =Q |=xv=t=U swO VN@ Ovv=t "OW x�=Q=
xv=t=U Qw_vt u}= |=Q@ "OW=@ xDW=O (0 < q � 1)q K]U R= QDq=@ u=v}t]=
s=Hv= NT (N = 1; 2; : : : ) |v=tR |xQwO l} QO C=Q}taD w OwW|t xOwtR;
"OQ}o|t CQwY |v} Ro}=H OwW q |w=Ut =} QDtm u=v}t]= C}r@=k Qo = w OwW|t
?QNt uwtR; =@ C=a]k |=Q@ uwtR; R=Ht O=OaD |xv}W}@ x@ xHwD =@ =OD@= QO
x@U=Lt pw= VN@ ltm =@ (RD:max) C=a]k u}= |=Q@ u=v}t]= C}r@=k |xv}W}@
pm u=v}t]= C}r@=k Q_v OQwt K]U |xv}tm w RD:max uDW=O =@ TBU "OwW|t
CUO x@ RNE:min u=v}t]= C}r@=k K]U |xv}tm �32� |x]@=Q R= '(q) xv=t=U

%O};|t
RNE:min = q

RD:max
(32)

|UQR=@ s=Hv= uwO@ xv=t=U |v} Ro}=H u=tR xOt; CUO x@ RNE:min ltm =@

"uwtR; ẁv x@ xHwD =@ xv=t=U C=a]k |Ov@s}UkD "6 pmW
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[w
V}

=BC=a]k RH x@ C=a]k s=tD u=v}t]= C}r@=k 'V}=OH |xv=t=U u=v}t]= C}r@=k
QO xm Qw]u=ty �|Q=Hiv= |vW=J w swO w pw= |Q=Hiv= Q=wv 'jQw VQ@� xQ=mlD
RDmax Q=Okt TBU "OwW|t x@U=Lt xOW xOQw; Rseperation 37 |x]@=Q
|v=v}t]= C}r@=k `k=w QO xm O};|t CUO x@ 'OW u=wva |@}mQD pOt QO xm Qw]u=ty
(q) Q_v OQwt u=v}t]= K]U |xv}tm =D OvW=@ xDW=O xQ=mlD C=a]k O}=@ xm CU=
\w@ Qt C=@U=Lt 2 VN@ |R=UpOt w 8 pmW j@=]t TBU OwW xOQw;Q@ xv=t=U
Q}taD w |UQR=@ 'V}=B |xv} Ry "OwW|t s=Hv= xQ=mlD C=a]k u=v}t]= C}r@=k x@

"CU= xOW xOQw; 5 pwOH QO (c2) xa]k Qy |=Q@ Z} waD |xv} Ry w (c1)

`} RwD ltm =@ |iO=YD CQwY x@ 1 ẁv xa]k Qy p@}=w `} RwD |=yQDt=Q=B
%CU= xOW xDiQo Q_v QO Q} R |xvt=O QO CN=wvm}

5� 103 � /i � 104; 3 2 � �i � 4

QO Q} R |xvt=O QO |iO=YD CQwY x@ R}v 2 ẁv C=a]k |=Q@ |}=tv `} RwD QDt=Q=B w
%OwW|t xDiQo Q_v

10�5 � �i � 2� 10�5

CQwY u}= x@ |@} QkD CQwY x@ =[i w =wy |xOmWywSB u=oQ@N Q_v =@ Q}O=kt u}=
|UQR=@ |xv} Ry ẁtHt =@ Q@=Q@ C1 '1 pwOH x@ xHwD =@ "CU= xOW xDiQo Q_v QO
|=yuwtR; ltm =@ =yu; |@=QN xm CU= |D=a]k |=Q@ C=Q}taD |xv} Ry w C=a]k
|D=a]k pt=m Z} waD |xv} Ry OYQO 5 =Hu}= QO "CU= xOW |}=U=vW ?QNtQ}e
C=Q}taD |xv} Ry hQY OvQ}o|t ?QNtQ}e uwtR; w OvQ=O p@}=w Qta pw] `} RwD xm
?QNt |=yuwtR; |xv} Ry ẁtHt Cd:(C1 = 409) CU= xOW |UQR=@ Qy QO
C=a]k s=tD |v} Ro}=H |xv} Ry ẁtHt =@ Q@=Q@ C2 w CU=y|UQR=@ QO xOW s=Hv=

"(C2 = 9920) CU=

C1 =
N1X
i=1

c1i + 0 05c1i ;

CD =
NX
i=1

N2X
j=1

nijcDj ;

C2 =
NTX
i=1

c2i:

=@ C=a]k O=OaD N2 '?QNtQ}e uwtR; =@ C=a]k O=OaD N1 ?}DQD x@ u; QO xm
xQ=mlD |xa]k Q=yJ |=Q@ =Hu}= QO "CU= C=a]k pm O=OaD NT w ?QNt uwtR;
xOW x�=Q= pOt x@ xHwD =@ |UQR=@ Qy QO O}=@ 'OvQ=O ?QNt uwtR; x@ G=}DL= xm
C}r@=k =D@ u}W}B `} RwD =@ u} R}@ VwQ w V=QB Q=WDv= VwQ ltm =@ pw= VN@ QO
ltm =@ Q_v OQwt u=v}t]= C}r@=k K]U x@ uO}UQ |=Q@ w OwW x@U=Lt u=v}t]=
|xv}tm "�8 pmW� OwW XNWt xa]k Qy uwtR; |xv}y@ O=OaD l}DvS sD} Qwor=
QO 30 =yu; |=Q@ R=Ht uwtR; |xv}W}@ w 1 xQ=mlD C=a]k |=Q@ R=Ht uwtR; O=OaD
=@ C=a]k |=Q@ uwtR; R=Ht O=OaD |xv}W}@ x@ xHwD =@ =OD@= QO "CU= xOW xDiQo Q_v
CQ=@a xm OwW|t x@U=Lt C=a]k u}= |=Q@ u=v}t]= C}r@=k |xv}W}@ ?QNt uwtR;
0 8 R}v xv=t=U pm |=Q@ u=v}t]= C}r@=k K]U RD:max = 0=9054 R= CU=
pm u=v}t]= C}r@=k Q_v OQwt K]U w RD:max uDW=O =@ "OwW|t xDiQo Q_v QO
uwtR; uwO@ C=a]k w ?QNtQ}e uwtR; =@ C=a]k u=v}t]= C}r@=k |xv}tm 'xv=t=U
(b) |UQR=@ uwO@ xv=t=U |v} Ro}=H u=tR u; ltm =@ TBU w x@U=Lt (RNE)

"s}vm|t |UQQ@ [26] `HQt R= CU= xQ=mlD |xv=t=U l} xm =Q QoWw=m V}=OH
\UwD w u=Q}= |}=[i x=oWywSB � |OQwv=[i |xOmWywSB \UwD QoWw=m u}OvJ
,qwtat QoWw=m Qy QO "Ov=xOWV}=tR; w xDN=U RwQt= =D 81 p=U R= |v=Q}= u=YYNDt
'CNwU pt=L '|DU} R pwUBm 'xe=tO 'QwDwt |xawtHt %OQ=O OwHw Q} R C=a]k
|xOya Q@ pt=L w xe=tO R= QoWw=m Q]N|@ V}=OH |xi}_w """ w V}=OH sDU}U
^iL |=Q@ 'lwW w ?=DW pk=OL p=ta= =@ s}qt V}=OH "CU= V}=OH |xv=t=U
|D=Q@=Nt w |m}vwQDmr= C=R}yHD uO}O xtOY R= |Q}owrH w xOvR OwHwt CtqU

"CU= xv=t=U u}= |rY= |=y|oS} w R= QoWw=m
p}mWD |D=a]k R= V}=OH |xv=t=U xOW xO=O u=Wv 7 pmW QO xm Qw]u=ty
xv=t=U |xQ=mlD C=a]k |=Q@ "OvQ=O Q=Qk |R=wt =} |QU CQwY x@ xm CU= xOW
uwtR; R= CU= sRq jQw VQ@ w swO w pw= |Q=Hiv= Q=wv '|Q=Hiv= |vW=J xrtH R=
|xv=t=U u=v}t]= C}r@=k "OwW xO=iDU= =yu; u=v}t]= C}r@=k O}}-=D |=Q@ ?QNt |=y

%[25]OwW|t x@U=Lt Q} R CQwY x@ �16� w �13� \@=wQ ltm =@ V}=OH
Rtotal = RNE �RD:max

Rseparationsystem = Rconnector1 �Rmasspring
�
�
1� (1�Rpressresensor)� (1�Rtimer)

�
��1� (1�Rcable)2��Rrelay �Rbattery
��1� (1�Rcable)2 � �1� (1�Rconnector2)3�
�Rbrazing � b1� (1�Rdetonator)2c � [1� (1�Rspring)6]

�Rheatingshieldmaintainability �RD:max (37)

pw] `} RwD |=Q=O Qo}O |NQ@ w |}=tv Qta pw] `} RwD |=Q=O C=a]k u}= R= |NQ@
QO =yCUmW xm u}= x@ xHwD =@ w xOW x�=Q= ?r=]t x@ xHwD =@ "OvDUy p@}=w Qta
R=wQB \}=QW QO \ki w CU= |iO=YD CQwY x@ |}=tv Qta pw] `} RwD =@ C=a]k
=yu; |r=tDL= |=y|@=QN |}=U=vW x@ |mtm =yu; |UQR=@ w Ovm|t RwQ@ O}OW
OQwt p@}=w Qta pw] `} RwD =@ C=a]k =yvD xm CU= u}= Q@ ZQi 'CW=O Oy=wNv

"OvQ}o|t Q=Qk |UQR=@
'VwH uwtR; 'l}vwU=QDr; Ovv=t |@ QNtQ}e |=yuwtR; R= =y|UQR=@ |=Q@
xO=O u=Wv 6 pmW w 31 |x]@=Q QO xm Qw]u=ty "CU= xOW xO=iDU= """ w |i=Qow}O=Q
u=v}t]= C}r@=k ?Q[ R= xm s}OQm s}UkD xDUO xU x@ =Q xv=t=U C=a]k CU= xOW
|x@U=Lt Q=@ Qy QO "OwW|t pY=L xv=t=U pm u=v}t]=C}r@=k sy QO xDUO xU u}=

"V}=OH |xv=t=U C=a]k Q=DN=U =} u=v}t]= Q=Ot "7 pmW
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Ovyt "xa]k Qy |v} Ro}=H |xv} Ry w |UQR=@ |xv} Ry "5 pwOH
xa]k |UQR=@ xv} Ry Qy |v} Ro}=H xv} Ry xa]k |UQR=@ xv} Ry Qy |v} Ro}=H xv} Ry

(c1) �QqO� (c2) �QqO� xa]k (c1) �QqO� (c2) �QqO� xa]k
1 ẁv QwDmv=m 5 5000 2 ẁv QwDmv=m 1 100
Qviw sQH 5 500 p=YD= 10 200

Q=Wi QwUvU � 2000 |Q=Hiv= |vW=J � 50
GvUu=tR � 200 |Q=Hiv= Q=wv � 100swO w pw=
p@=m � 10 jQw VQ@ � 50
xrQ 1 1000 Qvi 1 10

|QD=@ 5 500 |DQ=QL QBU 15 100

"xv}y@ Cr=L QO xOt; CUO x@ Q}O=kt "6 pwOH
N� T � N�T � + t0 C(T �)
3 1900 7561 4 4499

"Ovm|t Q}}eD =yxv} Ry C@Uv |Dkw G}=Dv |xU}=kt "7 pwOH
C2=CD N� T � N�T � + t0 C(T �)

0 1 0 s} Q=Ov b C2/b

10 4 1900 9307 0 2923
80 8 1400 12417 0 9155

sRq |UQR=@ Q=@ Qy QO "OwW|t u}}aD ?QNt uwtR; =@ xQ=mlD C=a]k u=v}t]=
ltm =@ w l}DvS sD} Qwor= w pw= VN@ QO xOW xO=O K}[wD pOt ltm =@ CU=
=D "OwW XNWt ?QNt C=a]k |=Q@ sRq |xvwtv O=OaD MATLAB Q=Ri=sQv
u}= xm |t=ovy "Ci=} Oy=wN xt=O= =y|UQR=@ 'RD:max > q=Rne xm |v=tR
|xrY=i 'C=@U=Lt s=Hv= =@ "CU= xO}UQ =Qi |v} Ro}=H u=tR OW=@v Q=QkQ@ x]@=Q
Q@=Q@ t0 Q=Okt w Q=@ 3 xv}y@ |UQR=@ O=OaD 'RwQ 1900 |UQR=@ |=yxQwO |xv}y@
u}twU R= Oa@ RwQ 1861 |va} G}=Dv u}= x@ xHwD =@ "O};|t CUO x@ 1861 =@
V}=OH sDU}U p=U 21 OwOL R= Oa@ |va} OQ}PB CQwY |v} Ro}=H O}=@ |UQR=@
6 pwOH QO C=@U=Lt G}=Dv "OwW Z} waD O}=@ w OyO|t CUO R= =Q OwN |}=Q=m
xOW xO=O V}=tv 9 pmW QOMATLAB Q=Ri=sQv QO xt=vQ@ |=QH= |HwQN w

"CU=
|xv} Ry x@ C@Uv ?QNt |=yuwtR; |xv} Ry u=R}t Qo = 7 pwOH x@ xHwD =@
7 pwOH u}}=B h}OQ wO x@ xHwD =@ "OW Oy=wNv s=Hv= |UQR=@ OW=@ QDW}@ |v} Ro}=H
C@Uv u}= xJ Qy OW=@ ?QNt |=yuwtR; |xv} Ry R= QDW}@ |v} Ro}=H |xv} Ry Qo =
O}it Qta u=R}t u; |xH}Dv QO w O@=}|t V}=Ri= |UQR=@ |=yxQwO O=OaD OW=@ QDW}@

[29�27]"Ci=} Oy=wN V}=Ri= R}v xv} Ry \UwDt w xv=t=U

|Q}oxH}Dv "5
|=xrwtLt u=v}t]= C}r@=k R= |Q=Oyov |R=Uxv}y@ |=Q@ |O}OH pOt xr=kt u}= QO
u}= u=v}t]= C}r@=k "OW x�=Q= 'OvwW|t |Q=Oyov Q=@v= QO xm 'xQ=mlD |=yxv=t=U R=
CWPo =@ 'OvW=@ Q=mx@ xO=t; Cr=L QO w xO=Di=}v Q=m R= xmv}= =@ 'Q=@v= QO =yxv=t=U
u}= uOQm Q=m CUQO V}=tR; "O@=}|t Vy=m p=wR |iO=YD Ov}=Qi Cra x@ w u=tR

xUQO ?QNt uwtR; |=Q@ xQ=mlD C=a]k |R=wt � |QU Vy=m Ov}=Qi "8 pmW
"xrLQt

"|UQR=@ |xQwO Q}}eD ?UL Q@ xv} Ry \UwDt Vy=m OvwQ "9 pmW

"OwW|t u}}aD
RNE:min = q

RD:max
= 0=8836

s=Hv= uwO@ |va} "O};|t CUO x@ 2089 =@ Q@=Q@ b Q=Okt C=@U=Lt s=Hv= R= TB
|xrY=i p=L "Ovm|t Qta 0 8 u=v}t]= C}r@=k =@ p=U 6 OwOL xv=t=U |UQR=@
O=OaD 'T Qy |=Q@ w s}vm|t O=} R b =D QiY R= =Q (T ) |UQR=@ |=yxQwO u}@
Qy QO "OwW|t x@U=Lt |v} Ro}=H u=tR w Q=_Dv= OQwt |xv} Ry '|UQR=@ |xQwO
uDW=O =@ TBU "OwW x@U=Lt RNE u=v}t]= C}r@=k =OD@= CU= sRq |UQR=@ QwO
C}r@=k |=Q@ Q_v OQwt K]U 'RD = q

RNE
|x]@=Q ltm =@ w RNE w q
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|xrY=i xv=t=U uDiQ p=wR x@ wQ w u=tR CWPo =@ TBU OW=@ QDW}@ =y|UQR=@ u}@
O}=@ =y|UQR=@ |xv}y@ |xv} Ry w xv}y@ |xrY=i u}= xm O@=} Vy=m =y|UQR=@ u}@

"OvwW x@U=Ltsr=U,qt=mCr=L x@ xawtHtCWoR=@Cr=L R= Q}e|}=yCr=L u=wD|t u}vJty
|=yxvwtv |x@U=Lt u=wD|tu}vJty "OQm O=yvW}B =Q Q}taD |xv}tm wXk=v Q}taDpFt
|Q=OQ@xQy@ R=i x@ OwOLt \ki xv w xv=t=U |L=Q] R=i x@ =Q =yV}=tR; |=Q@ sRq
C}r@=k |=yV}=tR; =@ x=Qty xv=t=U Q=DN=U |R=Uxv}y@ '?}DQD u}= x@ =D O=O VQDUo

"OwW |UQQ@ =Hl} u; Qta pw] QO u=v}t]=

|xvwtv |=xQwO CQwY x@CU= sRq u}=Q@=v@ wCU=yv; pt=m?} QND OvtR=}v =yxv=t=U
C}r@=k w CU= xOW xO=iDU= u} R}@ VwQ R= =Hu}= QO "OwW V}=tR; =yu; R= |mJwm
|va} 'OyO|tv MQ |DUmW I}y ?QNt |=yV}=tR; QO |Dkw xrwtLt u=v}t]=
V}=B s=Hv= |=Q@ pOt R= TBU "CU= xOt; CUO x@ 'Ovvm|t Q=m CtqU =@ xty
|UQR=@ |xQwO w xvwtv |xR=Ov= w xOW xO=iDU= ?QNtQ}e |=y|UQR=@ w C}a[w
C@Uv |QDy@ OQmrta xOW x�=Q= |@}mQD pOt xm s}O=O u=Wv "CU= xOW u}}aD xv}y@
xQ=mlD Ct}k u=Qo |=yxv=t=U u=v}t]= C}r@=k |R=Uxv}y@ |=Q@ OwHwt |=ypOt x@
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1. pyrotechnic charging
2. as good as new
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