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VwQixOQN u}@ C@=kQ Q=DWwv u}= QO "OwW p}tmD |ak=w |=}vO QO xO=iDU= |=Q@
|=Q=O xm x}rkv p�=Uw |=Q@ ptL C}OwOLt uDiQoQ_vQO =@ pkvwptL CmQW wO w
"CU= xDiQo Q=Qk xHwD OQwt 'OvDUy x}rkv |xr}Uw Qy |=R=x@ C@=F ptL |xv} Ry
l} u}t-=D |xQ}HvR QO |Q=PoCt}k |xr�Ut xm CU= u}= VywSB u}= R= hOy
|=ypOt QO pkvwptL x@ \w@ Qt C@=F |=yxv} Ry w OwW QDl}ORv C}ak=w x@ s=o
OW=@ xDUw}B=v OwU `@=D CU= xOW Ea=@ xr�Ut u}= xJQo "OwW OQ=w |Q=PoCt}k
CU= u}= Q@ ZQi xr�Ut u}= QO "OwW Ot=Q=m =v u; pL |=Q@ pwtat |=yVwQ w
|=}vO QO xr�Ut u}= "Ovvm|t C}r=ai |Q=YLv= CQwYx@ pkvwptL CmQW wO xm
x@ \w@ Qt p�=Ut u}= OQ@ Q=m u} QDW}@ "OW=@ xDW=O |O=} R |=yOQ@ Q=m Ov=wD|t |ak=w
|x}rkv p}=Uw O}=@ q=m uOw@X=N Crax@ u=oOvvmpkvwptL xm CU= |}=yC}akwt
'u=t}U ptL p=Ft |=Q@ "OwW|t Q=YLv= Ea=@ xm OvW=@ xDW=O Q=}DN= QO =Q |Y=N
p}=Uw OvtR=}v """w |m}i=QD nQR@ |=yxrwtLt '`}=t R=o 'Q}k '|}=}t}W l =vQ]N O=wt
"CU=CmQW |OwOLt O=OaD Q=}DN= QO |Q=YLv= CQwYx@ xm Ov=|YwYNt |x}rkv
OwHwt C=k}kLD x@ C@Uv Q[=L VywSB |Qw;wv xOWu=}@ C=L}[wD x@ xHwD =@

%R= CU= CQ=@a
CmQW wO |=Q@ Cm =Q@ `@=D CQwYx@ x}rkv |xr}Uw OL=w Qy |xv} Ry uDiQoQ_vQO "1

&|Oa@xU |=[i QO j}kO pL x=Q |x�=Q= w pkvwptL
&|Oa@xU |=[i QO xDUw}B=v |xr�Ut pL |=Q@ O}OH VwQ l} |x}=Q= "2

=@ u; j}@]D w [14]u}r=DU= w Q}} wolt x@v=HwO Q=YLv= |=[=kD `@=D R= xO=iDU= "3
"xr=kt Q=DN=U

u=wD|t =Q x@=Wt Cq=kt R= |O=OaD =@ xr=kt u}= |=yCy=@W w =yCw=iD |NQ@
=Q Cy=@W u} QDW}@ [26]wrDwt xr=kt OwHwt Cq=kt u}@ QO "OQm xOy=Wt 1 pwOH QO
um} R=@ xU x@ u}t-=D |xQ}HvR |=[a= O=OaD VywSB u}= QO "OQ=O Q[=L VywSB =@
"CU= xOW p}O@D |Oa@xU Cr=L x@ ?=wH |=[i xH}Dv QO w xOQm =O}B V}=Ri=
u}}aD |=Q@ xOW|iQat |Q=YLv= |=[=kD `@=D R= xr�Ut Q=DN=U x@ xHwD =@ u}vJty

"CU= xOW x�=Q= u=oOvvmptL R= =[=kD u=R}t
xr�Ut h} QaD x@ swO VN@ QO %CU= Q} R KQW x@ Q[=L |xr=kt |rm Q=DN=U
QO "CU= xr�Ut |=Q@ |r}rLD pLx=Q |x�=Q= pt=W swU VN@ "OwW|t xDN=OQB
"OwW|t x�=Q= |Q}oxH}Dv C}=yv QO w CU= xOW xOQw; =yQDt=Q=B p}rLD sQ=yJ VN@

xr�Ut KQ] "2
u}t-=D |xQ}HvR |=[a= u}@ OwHwt |=[i QO =y|Q}os}tYD u} QDQ=PoQF= R= |m}
|WwQixOta Ct}k uOw@C@=F ZQi =@ VywSB u}= QO "CU= |Q=PoCt}k |xr�Ut
'VwQixOQN wpkvwptLK]U wO QO Q=PoQ}F-=DhrDNtpt=wauDiQoQ_vQO w xOvvmO}rwD
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xQ}H
vRl

}QO
|Q=

PoC
t}k"Q[=L |xr=kt w xOWQWDvt Cq=kt |=y|oS}w |NQ@ |xU}=kt "1 pwOH

=[=kD `@=D pL w |R=UpOt VwQ Kw]U O=OaD OwU `@=D ẁv xQ}HvR xOvQ}os}tYD |=[a= O=OaD Cq=kt
�x@v=H wO Q=YLv=� |]N |Q=mD@= � RmQtDt 2 xDUw}B=v 3 Q[=L |xr=kt

|]N nQ@rm =DU= w |Q=mD@= � RmQtDt 2 xDUw}B=v 2 [26]

|]N nQ@rm =DU= w wvQwm '|v=@D 2 xDUw}B 3 [33]

{ nQ@rm =DU= w xv=Q=mty |R=@ 2 xDUw}B 2 [31]

|r=tDL= |R=@ ẁv xU 1 xDUw}B 2 [29]

|]N O=OQ=Qk w nQ@rm =DU= 3 xDUw}B 4 [28]

|]N nQ@rm =DU= w RmQtDt 2 xDUw}B w xDUw}B=v 2 [25]

|]NQ}e �wDQ=B |=Q=m pL� |DmQ=Wt |=y|R=@ 2 xDUw}B 2 [24]

�nQ@rm =DU=� |DmQ=WtQ}e w
|]NQ}e wDQ=B |=Q=m pL w Vv |R=@ 2 xDUw}B Q=O} QN u}OvJ w xOvWwQi l} [16]

|]N nQ@rm =DU= 3 xDUw}B 'xv=NQ=m l} 'xOvvmu}t-=D u}OvJ
[23]

xOvvm`} RwD u}OvJ

|Q=O} QN VwQixOta R= =Q q=m \U=w CmQW l} CQwYx@ pkvwptL CmQW OW
pkvwptL |=yCmQW |r=kDv= |q=m u=R}t q2 w q1 "Ov=UQ|t VwQi x@ =Q u; w Ovm|t

"OvyO|t u=Wv =Q wO w l}
%Ov=xOW xO=O u=Wv Q} R CqO=at QO u=oOvvmptL OwU `@=D

�T1 = q1 (w1 � c1)�
lq1
P

m
R (4)

�T2 = q2 (w2 � c2)�
lq2
P

m
R (5)

|=yCmQW QO q=m OL=w l} |=Q@ xOWs=tD |xv} Ry c2 w c1 '5 w 4 \@=wQ QO
pt=W =yxv} Ry u}= "CU= """w 'uOQm|r=N 'uOR Q=@ pt=W xmCU= wO wl} pkvwptL
|xv} Ry R w =yuw}t=m C}iQ_ P "OwW|tv =yuw}t=m x@ \w@ Qt pkvwptL |x}=Qm
"""w 'u=oOvv=Q ORtDUO 'CNwU |xv} Ry pt=W xm CU= uw}t=m OL=w l} pkvwptL

"CU=
CQwYx@ =Q |]N |x@v=HwO Q=YLv= |=[=kD `@=D [14]u}r=DU= w Q}} wolt

%OvOQm u=}@ Q} R |x]@=Q
q1 = a� � w1 + 
 w2 (6)

q2 = a� � w2 + 
 w1 (7)

'qi |=[=kD u=R}t Q@ wi Q}F-=D ?} Q[ � "CU= Q=R=@ |x}=B |=[=kD a x]@=Q u}= QO
|=[=kD u=R}t Q@ ?}kQ |O=yvW}B Ct}k Q}F-=D u=R}t u=ty =} wj Q}F-=D ?} Q[ 
 w
&OwW|t xOQw;Q@ u=} QDWt |=[=kD s=tD xm OW ZQiVywSB u}= QO "CU= s=iCmQW
u}@ |D@Uv =@ u=R}t u}= "Ovvm u}t-=D =Q (D) =[=kD s=tD O}=@ u=oOvvmptL xH}Dv QO
ZQi =@ "OQ=Po|t QF= u=R}t u}= Q@ s=Om Qy |Q=PoCt}k xm OwW|t s}UkD CmQW wO
l} s=Om Qy 'OwW xDiQo Q_vQO QiY =@ Q@=Q@ CmQW wO Qy |O=yvW}B Ct}k xm u}=
u=wvax@ � QDt=Q=B "Ovvm xOQw;Q@ O}=@ xm OvQ=O VwQixOQN hQ] R= =RHt |x}=B |=[=kD
K}HQD ?} Q[ QDt=Q=B u}= "OwW|t xDiQo Q_vQO x}=B Cr=L QO pkvwptL C@Uv
|rt=wa Q}F-=D '?} Q[ u}= "OwW|t u}}aD VwQixOQN \UwD w CU= xOW |Q=Pos=v
"""w 'xOvvmptL w VwQixOQN u}@ OwHwt Cv=Q 'O=tDa= '|r@k |Q=mty |xk@=U uwJ

xDU@=w s}tYD |=yQ}eDt "4"2
&i pkvwptL CmQW \UwD �xOW ptL |q=m � xOWu}t-=D |=[=kD u=R}t %qi

&xOvvmpkvwptL wO \UwD xOW x�=Q= Ct}k hqDN= %w
"q=m xOvvmptL |x}rkv p}=Uw =} =yuw}t=m O=OaD %ki

x}rkv p�=Uw |O=OaD |=Q=O pkvwptL |=yCmQW OW ZQi VywSB u}= QO
"OW xDiQo Q_vQO C@=F |WwQixOta Ct}k "OvDUy C@=F w OwOLt C}iQ_ =@
x@ w2 w w1 Ct}k =@ w Ci=} QO xOvvmO}rwD R= v C@=F Ct}k =@ =Q q=m 'u=oOvvmptL
p Ct}k =@ =Q q=m OwN |=[=kD x@ xHwD =@ R}v VwQixOQN "Ovvm|t x�=Q= VwQixOQN
xOvvmhQYt xm |}=[=kD u=R}t xm CU= u}= Q@ ZQi "Ovm|t x[Qa xOvvmhQYt x@
wO j} Q] R= R}v VwQixOQN "OW Oy=wN xOQw;Q@ pt=m CQwYx@ OQ=O VwQixOQN R=
CmQW wO u}= Q=YLv= QO Q=R=@ `k=w QO w Ovm|t hQ] Q@ =Q OwN R=}v T2 w T1 CmQW

%Cio u=wD|t TB &CU=
D = q1 + q2 (1)

|xOvyOu=Wv s=OmQy q2 w q1 w VwQixOQN R= u=oOvvmhQYt |=[=kD Qou=}@ D
"OvyO|t p=kDv= pkvwptL |=yCmQW xm CU= |}q=m u=R}t

CQwYx@ xm OQ=O Twmat |x]@=QCt}k =@ VwQixOQN R= xOvvmhQYt |=[=kD
%OwW|t h} QaD Q} R

D = a� bp (2)

xOvvmhQYt x@ VwQixOQN hQ] R= xOWu}}aD Ct}k Qou=}@ w CU= s}tYD Q}eDt p
"CU= =[=kD `@=D x@ \w@ Qt |x} w=R ?} Q[ b w =[=kD `@=D -=O@t R= ZQaa "CU=

%s}vm|t h} QaD Q} R CQwYx@ =Q (�R) VwQixOQN OwU `@=D
�R = q1(p� w1) + q2(p� w2) (3)

|=yCmQW hQ] R= xOWx�=Q= |q=m OL=w l} VwQi Ct}k w2 w w1 CQ=@a u}= QO
ZQi 'C}rm R= uDU=m uwO@VywSB u}= QO "CU= VwQixOQN x@ wO wl} pkvwptL
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u=DU
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QW
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Q}Ot

w`}
=vY

|U
Ovyt "OQ=Ov xDUw}B |L=wv QO `@=D QakD X=wN QO |Wkv |rw CiQo Q_vQO K}LY OOa

xDUw}B C=a]k R= s=Om Qy w CU= xDUw}B |}xa]k �CT pm OwU `@=D Qo}O CQ=@ax@
l} xDUw}B |L=wv QO �CT w �CC hqDN= =Q} R &OvQ=O =Q �CC X=wN u=ty
=} |OwaY w QakD Q@ |Q}F-=D X=N |L=wv u}= QO C@=F OOa u}= w CU= C@=F OOa
`@=D R= |@ wN p}rLD �CC `@=D |=y|oS} w j}kO |UQQ@ xH}Dv QO "OQ=Ov uOw@ |rwRv

"OyO|t CUOx@ pm OwU
`@=D |rw CU= |@U=vt pL x=Q swO jDWt uwtR; |xv}W}@ |x]kv uDi=} |=Q@
T} QD=t =Q} R CU}v |UQQ@ p@=k swO jDWt uwtR; |xr}Uwx@ QakD Q_v R= �CC

"CU= 13 |x]@=Q Q@=Q@ u; u}Uy"� 1
b � 1

b

� 1
b � 1

b

#
(13)

`@=D QakD OQwt QO u}at|ivt xv CU= u}atC@Ft xv T} QD=t u}= xmu}= x@ xHwD =@
l} xm 6T=QDWQ}=w x}[k "OQm Q_v Q=y_= u=wD|tv swO jDWt uwtR; T=U= Q@
u=}@ =Q jr]t |xv}W}@ |=Q@ |i=m \}=QW CU= |[=} Q |R} Qxt=vQ@ QO |U=U= x}[k
w xDU@ |va}� 7xOQWi 'A umtt |=[i xawtHt Qo = x}[k u}= T=U= Q@ "Ovm|t
w |yD=v �CU= |Oa@ n |UO}rk= |=[i� En R= |}xawtHt Q} R A w OW=@ �Q=Ov=Qm
jr]t |xv}W}@ |=Q=O F (x) CQwY u}= QO 'OW=@ xDUw}B A QO F (x) hOy `@=D
XwYN QO '|U=U= |x}[k u}= x@ xHwD =@ "Ow@ Oy=wN X |RQt \=kv =} pN=O QO

"OwW|t C@=F Q} R |x}[k |UQQ@ OQwt |xr�Ut
|yD=v w xOQWi xm '(q1; q2) 2 A umtt |=[i |=Q=O �CC `@=D Qo = "1 x}[k
R= xm CU= |]N CQwYx@ =} OQ=O Q=Qk RQt |wQ =} �CC `@=D stQDUm = OW=@ 'CU=

"OQ=O |kqD RQt =@ w Ovm|t Qw@a A |=[i
(q1; q2) 2 A |yD=v w xOQWi umtt |=[i |=Q=O �CC `@=D xm|}=Hu; R= %C=@F=
w xDUw}B �CC `@=D "OvQ=O Q=Qk `@=D |v=QL@ \=kv QO `@=D stQDUm = \=kv 'CU=
Q@=Q@ `@=D u=}O=Qo Q=OQ@ xm CU= |]=kv w RQt pt=W |v=QL@ \=kv TB CU= Q}PBjDWt

"OW=@ QiY Q=OQ@
r�CC = (� 1

b
(�a+ bc1 + 2q1 + 2q2);

� 1
b

(�a+ bc2 + 2q1 + 2q2)) (14)

"OwW|t xO=O Q=Qk QiY Q=OQ@ =@ Q@=Q@ Q=OQ@ u}= '14 QO u=}O=Qo Q=OQ@ |x@U=Lt R= TB

r�CC = (0; 0))
8<:q1 + q2 = a�bc12
q1 + q2 = a�bc22

(15)

"CU= |R=wt \N wO Qou=}@ xm O};|t CUOx@ |rwyHt wO xrO=at wO x=oDUO l}
CqO=at 'OvW=@ xDW=Ov |kqD Q}PBu=mt= |=[i =@ QwmPt \w]N R= s=Om Qy Qo =
O}=@ stQDUm = uDi=} |=Q@ TB &OvQ=O Q=Qk RQt |wQ \ki |v=QL@ \=kv w OvQ=Ov ?=wH
Ovvm jOY RQt \}=QW QO \N wO Qy xm|DQwY QO "OwW wHwCUH |RQt \=kv
stQDUm = w OQ=Ov ?=wH CqO=at x=oDUO c1 6= c2 Qo = "OwW |UQQ@ Cr=L wO O}=@
wO x=ov; c1 = c2 Qo = "OQ=O Q=Qk RQt |wQ jr]t stQDUm = TB 's} Q=Ov |a[wt
QO stQDUm = Q=Okt "CU= \N l} CQwYx@ stQDUm = w OvwW|t j@]vt sy Q@ \N
xOQWi xm Q}PBu=mt= |=[i =@ w CU= OwOLt=v \N u}= "CU= C@=F \N u}= pw]

"CU= RQt =@ |kqD |x]kv |=Q=O ,=tDL xH}Dv QO &OQ=O |kqD CU=

CmQW wO u}= \UwD O}=@ =[=kD |xty xm|}=Hu; R= CU= |y}O@ "OyO|t u=Wv =Q
u}}aD QO 1 � � C@Uv =@ |Qo}O w � C@Uv =@ =yCmQW R= |m} 'OwW xOQw;Q@
xHwD =@ "CU= Cw=iDt =yCmQW R= s=OmQy |=Q@ x}=B |=[=kD TB &OvQ=O Vkv =[=kD
|w=UD u}= 7 w 6 |x]@=Q wO `tH =@ "OwW xOQw;Q@ O}=@ =[=kD s=tD 1 |x]@=Q x@
Vy=m u=R}t xm Ovm|t u=}@ |w=UD u}= "OvW=@ Q@=Q@ 
; � xm ODi=|t j=iD= |v=tR
|xOvvmptL \UwD 'OyO|t MQ xOvvmptL l} \UwD Ct}k V}=Ri= =@ xm |rtL

%Ovvm|t |wQ}B Q} R \@=wQ R= q2 w q1 C}=yv QO "OwW|t u=Q@H ?}kQ
q1 = �D � �(w1 � w2) (8)

q2 = (1� �)D � �(w2 � w1) (9)

|=[=kD u=R}t QO CmQW wO |O=yvW}B |=yCt}k hqDN= Q}F-=D ?} Q[ � TB
xmv}= x@ xHwD =@ 9 w 8 \@=wQ QO "OyO|t u=Wv =Q =yCmQW u}= R= VwQixOQN
OQ=O |oDU@ xOvvmpkvwptL wO \UwD xOWx�=Q= Ct}k hqDN= x@ q=m p=kDv= Q}O=kt

"OW h} QaD w = w1 � w2 CQwY x@ Ct}k wO hqDN=

pOt |r}rLD pL "3
|xQ}HvR 'RmQtDt u}t-=D |xQ}HvR "OW xO=iDU= RmQtDt OQm} wQ R= pOt|r}rLD pL |=Q@
C=aq]= s=tD x@ xm OQ=O OwHw |RmQt |xOvQ}os}tYD l} u; QO xm CU= |v}t-=D
xQ}HvR pm OwU RmQtDt Cr=L QO [34]"OQ=O |UQDUO sDU}U uOWxv}y@ |=Q@ sRq
C}=yv QO w =[a= R= s=Om Qy OwU `@=wD `tH R= xO=iDU= =@ Q=m u}= "OwW xv}W}@ O}=@

"OwW|t s=Hv= xQ}HvR pm OwU |R=Uxv}W}@
w q1 Q}eDt wO R= |a@=D CQwYx@ =Q p w w u=wD|t 9 w 8 \@=wQ R= xO=iDU= =@

"CU= xOW xQ=W= u; x@ Q} R |x]@=Q QO xm OQw; CUOx@ q2

p = �q1 � q2 + a
b

w = �(1� �)q1 + �q2
�

(10)

`tH sy=@ u=oOvvmptL w VwQixOQN x@ \w@ Qt `@=wD 'RmQtDt pL OQm} wQ x@ xHwD =@
=@ xQ}HvR |xrO=at '3 QO |Q=Po}=H C}=yv QO w 9 w 8 QO 2 |Q=Po}=H =@ "OwW|t

%O};|t CUOx@ q2 w q1 Q}eDt wO R= |a@=D CQwYx@ 10 |x]@=Q R= xO=iDU=
�CT =q1(

�q1 � q2 + a
b

� c1) + q2(
�q1 � q2 + a

b
� c2)

� (
lq1
P

m
R+

lq2
P

m
R) (11)

=Q `@=D u}= u=wD|t "CU= xOW p}mWD xDUUo w xDUw}B VN@ wO R= 11 |x]@=Q
�CN w `@=D |xDUw}B CtUk �CC "CWwv �CT = �CC � �CN CQwYx@

"CU= `@=D |xDUUo CtUk

�CC = �1
b

�
(bc1 � a)q1 + (bc2 � a)q2 + (q1 + q2)2�

�CN = (
lq1
P

m
+
lq2
P

m
)R (12)

'?OLD 'QakD =Q} R &CU= Q=OQwNQ@ |Y=N C}ty= R= �CC `@=D |=y|oS} w CN=vW
u; x@ |oDU@ CU= xDUw}B xm |}=yxR=@ QO �CT `@=D uOw@ |rwRv =} |OwaY w
Q}eDt Ovv=t =Q u; u=wD|t w OwW|t `@=D QO xrB w VQB O=H}= Ea=@ Cm =Q@ `@=D "OQ=O
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t}kp�=Ut x@ |rY= |xr�Ut 'VwQ u}= QO "OwW|t x�=Q= x}[k u}= Q@ |vD@t |Q=mD@=

pY=L `@=D |xv}W}@ |x]kv 'G}=Dv |Ov@`tH =@ C}=yv QO w xOW p}O@D QDmJwm
"OwW|t

|}=[i |=yRQt |wQ =Q OwN xv}W}@ Q=Okt pm OwU `@=D '1 |x}[k x@ xHwD =@
`]k =Q jwi C=LiY xm � q1 + q2 = a�bci2 \N =} CU= xDUw}B u; QO `@=D xm
q2 = k2P w q1 = k1P C=LiY pt=W =yRQt u}= "Ovm|t Q=}DN= �Ovvm|t
|}x}rkv p}=Uw =} =yuw}t=m O=OaD k2 w k1� k1; k2 2 f0g [N xm|Qw]x@ CU=
|=yxR=@ R= s=Om Qy QO `@=D uOw@xDUw}B Qt= u}= Cra "�Ovvm|t ptL =Q q=m xm OvDUy
QO xm 'OQm x�=Q= wHwCUH |=Q@ |WwQ u=wD|t =v@t u}ty Q@ "CU= xOW XNWt

"OwW|t xDN=OQB u; x@ xt=O=

OwU `@=D |xv}W}@ uDi=} |=Q@ j}kO |O=yvW}B VwQ "1"3
"CU= |]NQ}e w xDUw}B Q}e 'xr�Ut u}= QO RmQtDt Cr=L QO OwU |R=Uxv}W}@
OOa Q}eDt wO =OD@= "CU= xOW x�=Q= |Q=mD@= VwQ l} xr�Ut u}= j}kO pL |=Q@
p}=Uw =} =yuw}t=m O=OaD u}}aD |=Q@ Q}eDt wO u}= "OwW|t |iQat k2 w k1 K}LY
QO "OwW|t xO=iDU= 'Ovvm|t ptL =Q q=m =yu; |xr}Uw x@ CmQWQy xm |}x}rkv
u}= "OwW|t |Ov@s}UkD OwHwt |=yCm =Q@ x@ xHwD =@ xr�Ut pL |=[i |Oa@ s=o
|=Q=O \w]N u}= QO Q_v OQwt x} wQ xm OyO|t u=Wv =Q CUmW \w]N |Ov@s}UkD
u}= Qou=}@ 2 pmW |oDUw}B=v |=yCtUk QO xOWXNWt |=yx@r "CU= VQB

"CU= xOW XNWt 3 pmW QO |Ov@s}UkD u}= R= |r=Ft "OvDUy |Ov@s}UkD
C=YDNt |=yQwLt =@ \w]N u}= R= s=OmQy `]=kD |x]kv 3 pmW QO
w (k1 = 0; :::;m) p=Ft u}= QO "CU= q2 w q1 Q=Okt R= |L}LY ?} Q[
u}= |wQ =} hOy `@=D |xv}W}@ Q=Okt "CU= xOW xDiQo Q_v QO (k2 = 0; :::; n)

CU= |i=m xH}Dv QO TB &CU= q1 + q2 = a�bci2 \N |wQ =} OQ=O Q=Qk =yRQt
"OvQ}o Q=Qk wHwCUH OQwt =yRQt u}=

xv}W}@ Q=Okt QwmPt |=yRQt |wQ wHwCUH sD} Qwor= l} |x�=Q= =@ xt=O= QO
"OW Oy=wN u}}aD

%C=LiY |wQ wHwCUH =OD@= %pw= s=o
(q1 = k1P s:t: k1 2 f0; 1; 2; :::;

l a
P

m
)

�"CU= q1 + q2 � a C}OwOLt R= |W=v 'k1 |q=@ OL � aP �� OwW|t s=Hv=

"CUmW \=kv T=U= Q@ |Ov@s}UkD "3 pmW

u=}@ xm Qw]u=ty |rw OW xDN=OQB �CC `@=D X=wN |UQQ@x@ x}[k u}= QO
Q=DiQ R= K}LY lQO |=Q@ "CU= xDUw}B |}xa]k `@=D l} �CT pm OwU `@=D OW

"O}vm xHwD "1 p=Ft x@ �CT `@=D
|=yQDt=Q=B =@ w RmQtDt xr�Ut QO xOW|iQat |=yxir-wt =@ u}t-=D |xQ}HvRl} "1 p=Ft
xQ}HvR pm OwU `@=D Qou=}@ 2 pmW "OwW|t xDiQo Q_vQO 2 pwOH QO xOWXNWt

"CU= q2 w q1 Q}eDt wO R= |a@=D Q=Owtv u}= "CU=
Q@ Q=Okt u}= 'CU= x}rkv |xr}Uw l} p=UQ= |xv} Ry Qou=}@ pm OwU `@=D QO R
|=yC}iQ_ =@ =yuw}t=m |=Q=O u=oOvvm ptL R= s=Om Qy "OQ=Po|t Q}F-=D `@=D VQB u=R}t
|=yRQt xm CU= |}=yp}]DUt ZQa w pw] Qou=}@ Q=Okt wO u}= 'OvDUy P C@=F
�CC `@=D X=wN Q@ Qo}O |=yQDt=Q=B "OvyO|t p}mWD =Q |oDUw}B=v w |oDUmW

"OvQ=Po|t Q}F-=D
=Q OwU |R=Uxv}W}@ xr�Ut "OwW|t xDN=OQB xr�Ut QDj}kO |UQQ@x@ xt=O= QO
xm CU= |k]vt |=yC}OwOLt |=Q=O xr�Ut u}= "OQm u=}@ Q} R CQwYx@ u=wD|t

"OW=@ Q=QkQ@ O}=@
max :=�CT = �1

b

��aq1 + bc1q1 + q21 � aq2 + bc2q2 + 2q1q2

+q22
�� (

lq1
P

m
+
lq2
P

m
)R (16)

s:t:

q1 � 0 (17)

q2 � 0 (18)

q1 + q2 � a (19)

|=yCmQW R= q=m p=kDv= u=R}t xm OvDUy u}= Qou=}@ 18 w 17 |=yC}OwOLt
Qou=}@ '10 Q}eDt Q}}eD x@ xHwD =@ R}v 19 C}OwOLt "OW=@ |ivt O}=@v pkvwptL
s=tD OwW|t |Qw;O=} "(p � 0) OW=@ |ivt Ov=wD|tv |}=yv Ct}k xm CU= u}=

"OvDUy C@Ft xr�Ut QO OwHwt |=yQDt=Q=B
VwQ l} TBU w x}[k l} xr�Ut j}kO w l} QDt=Q=B pL |=Q@ xt=O= QO

"=yQDt=Q=B x@ |yOQ=Okt "2 pwOH
c2 c1 P R b a QDt=Q=B
7 4 4 15 5 70 Q=Okt

"u}t-=D |xQ}HvR OwU Q=Owtv R= |r=Ft "2 pmW
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=vY

|U
Ovyt u=wvax@ QDW}@ Q=Okt w CU}v |w=Ut xv}y@ Q=Okt wO OW=@ N� 6= M� Qo = {

"OwW|t u}}aD (k�1 ; k�2 ) w ?=NDv= xr�Ut |xv}y@ Q=Okt

C=LiY R= l} Qy |wQ xv}W}@ uDi=} |=Q@ wHwCUH sD} Qwor= "2"3
xm � q1 = k1P C=LiY VQ@ |wQ xv}W}@ Q=Okt uDi=} |=Q@ sD} Qwor= u}=
=Q xv}W}@ Q=Okt u=wD|t VwQ u}tyx@ "OwW|t x�=Q= �k1 2 f0; 1; 2; :::; � aP �g
u}= "OQm =O}B R}v q2 = k2P s:t: k2 2 f0; 1; 2; :::; � aP �g C=LiY |wQ
Cr=L QO xr�Ut pL |=Q@ [26]=mv}DW w wrDwt xm CU= |WwQ R= xDiQoQ@ sD} Qwor=
`@=D =@ w |Oa@ wO |=[i QO xm 'OvOQm x�=Q= VwQixOQN l} w xOvvmpkvwptL l}

"OvOw@ xDN=OQB xr�Ut pL x@ D = a� bp |=[=kD
OwU `@=D QO q1 = k1P s:t: k1 2 f0; 1; 2; :::; � aP �g Q}O=kt =OD@=

%O};|t CUOx@ Q} R CQwY x@ pm OwU `@=D "OwW|t |Q=Po}=H �CT

�k1
CT =� 1

b
(�ak1P + bc1k1P + (k1P )2

� aq2 + bc2q2 + 2k1Pq2 + q22)� k1R�
lq2
P

m
R (20)

wO `@=D l} q1 = k1P C=LiY \UwD pm OwU R= VQ@ Qy Cr=L u}= QO
C@Uv xm xDUw}B |m} "CU= CtUk wO pt=W `@=D u}= "CU= wO xHQO |Oa@
=@ xm CU= |}xrB `@=D |Qo}O w OwW|t xO=O u=Wv �k1

CC =@ w CU= Qakt q2 x@
OwU `@=D "CU= `@=D |oDUw}B sOa pt=a w OwW|t xO=O u=Wv �k1

CN =
� q2
P

�
R

u}= R= p=Ft l} 4 pmW "OwW|t xO=O u=Wv �k1
CT = �k1

CC � �k1
CN CQwYx@

Q} R CQwYx@ 'Ovm|t xv}W}@ =Q `@=D xm q2 Q=Okt w CU= Qakt �k1
CC "CU= `@=D
%O};|t CUOx@

q02 = a� bc2 � 2k1P
2 (21)

|}q=mQ=Okt swO |xOvvmptL Ovm|t u=}@ xm 'OwW|t h} QaD qk22 CtUk u}= QO
qk22 = k2P Qo}O CQ=@a x@ 'OyO|t p=kDv= uw}t=m C}iQ_ R= K}LY ?} Q[ =@
R u=R}t x@ �k1

CN Q=Okt O@=}|t Vy=m qk2�1
2 x@ qk22 R= ptL u=R}t |Dkw "CU=

xOy=Wt �k1
CT QOR Q=Okt x@ VQB qk22 \=kv QO p}rO u}tyx@ "Ovm|t =O}B Vy=m

h} QaD CQwY u}= x@ u; C}Y=N u}rw= xm CU= |Y=wN |=Q=O swyit u}= "OwW|t
%OwW|t

"CU= q02 |w=Ut =} QDtm Ovm|t xv}W}@ =Q �k1
CT xm |Q=Okt %1-3 sr

=y|oDUw}B=v R= s=Om Qy QO wCU= Qakt w xDUw}B|}xa]k CQwYx@ �k1
CN `@=D %C=@F=

xQ=wty R}v ��k1
CN w |rwRv q2 > q02 |=R= x@ �k1

CC `@=D "OQ=O VQB R u=R}t x@
"CU}v q02 R= QDW}@ xv}W}@ Q=Okt w CU= |rwRv R}v �k1

CT `@=D xH}DvQO "CU= |rwRv
"OW=@ q02 R= QDtm |}x]kv QO xv}W}@ Q=Okt xm OQ=O OwHw u=mt= u}= OwW C@=F O}=@
u=R}t k02 OwW|t ZQi "Ovm x�=Q= Ov=wD|t xr�Ut R= |@ wN lQO 4 pmW x@ xHwD
|q=m u=R}t |oDUw}B=v \=kv QO "CUq=m OL=w q02 ptL |=Q@ R=}v OQwt uw}t=m
lOv= V}=Ri= =@ w CU= u; C}iQ_ R= |L}LY ?} Q[ uw}t=m \UwD xOWptL
OwU Vy=m Ea=@ xm OwW|t p}tLD xQ}HvR x@ Qo}O uw}t=m l} 'Q=Okt u}= (")

�CT (q2k
02�1) > �CT (q2k

02�1 + ") OQm =aO= u=wD|t "OwW|t R u=R}t x@
CU= umtt u}=Q@=v@ &�CT (q0

2 ) > �CT (q2k
02�1 + ") Cio u=wD|t R}v w

OwHw x@=Wt pqODU= =@ R}v u=mt= u}= u}vJty "�CT (q2k
02�1) > �CT (q0

2 )

"CU= s=tD C=@F= xH}Dv QO TB " """w �CT (q2k
02�2) > �CT (qk

02�1
2 ) xm OQ=O

"xQ}HvR pm OwU `@=D Q=Owtv R= VQ@ l} "4 pmW
�4pmW� Ovm|t O=H}= �CT `@=D R= VQ@l} q1 = k1pC=LiY R= s=Om Qy {

'C=LiY u}= |wQ "OvDUy 2 pmW |oDUw}B=v |=yx@r u=ty `k=w QO xm
CtUk QO xm 'wHwCUH |=Q@ |O=yvW}B sD} Qwor= |xr}Uwx@ xv}W}@ Q=Okt
=[=kD |xv}y@ Q}O=kt q�k12 "OwW|t xO}t=vM�k1 w xDi=} 'OW Oy=wN x�=Q= Oa@
R}v =[=kD u}= ptL |=Q@ R=}v OQwt uw}t=m O=OaD k�k12 w swO |xOvvmptL R=

"OwW|t G=QNDU=
'C=LiY R= s=Om Qy R= xOt;CUOx@ |xv}W}@ Q=Okt |xU}=kt =@ xrLQt u}= QO {

Q=Okt wM� = Max
k12f0;1;2;:::;

l
a
P1
mgfM�k1gl} s=o|}=yv |xv}W}@ Q=Okt

xDi=} k�k11 = arg Max
k120;1;2;:::;

l
a
P1
mgfMk1g R= CU= CQ=@a xm k1 |xv}y@

"OwW|t
%C=LiY |wQ wHwCUH |=Q@ p@k pL=Qt %swO s=o

q2 = k2P s:t: k2 2 f0; 1; 2; :::;
l a
P

mg
O=H}= �CT `@=D R= VQ@ l} xm 'C=LiY u}= R= s=Om Qy |wQ "OwW|t Q=QmD
C=LiY|wQ wHwCUH|=Q@ |O=yvW}B sD} Qwor= |xr}Uwx@ xv}W}@ Q=Okt 'Ovm|t
x@ \w@ Qt k�k21 w q�k21 |xv}y@ Q}O=kt "OwW|t xO}t=v N�k2 w O};|t CUOx@

"OwW|t G=QNDU= R}v C=LiY R= l} Qy
|xv}W}@ Q=Okt 'C=LiY R= s=Om Qy |xv}W}@ Q=Okt |xU}=kt =@ xrLQt u}= QO
xm k2 |xv}y@ Q=Okt w N� = Max

k22f0;1;2;:::;
l
a
P2
mgfN�k2g swO s=o |}=yv

"OwW|t XNWt R}v k�k22 = arg Max
k22f0;1;2;:::;

l
a
P2
mgfM�k2g R= CU= CQ=@a

%OvwW|t xU}=kt sy =@ N� w M� %swU s=o
xv}y@ Q=Okt OW=@ (k�k11 ; k�k12 ) 6= (k�k21 ; k�k22 ) w N� = M� Qo = {

u=Wv =yuw}t=m O=OaD |w=UD sOa =Q} R &O};|t CUOx@ \N l} CQwYx@
xm |Dr=L =yvD w OyO|t MQ Cw=iDt |x]kv wO QO xv}W}@ \=kv xm OyO|t
|wQ xm CU= |Dr=L OvW=@ xDW=O Q@=Q@ Q=Okt Ovv=wD|t Cw=iDt |x]kv wO

"OvW=@ xDW=O Q=Qk 1 |x}[k QO QwmPt \N
xv}y@ Q=Okt 'OW=@ (k1�k1 ; k2�k1) = (k1�k2 ; k2�k2) wN� = M� Qo = {

QO xv}y@ |=yuw}t=m O=OaD xmu}= x@ xHwD=@ "O};|t CUOx@ x]kv l} CQwYx@
C}iQ_ w OQ=O Q=Qk =yRQt `]=kD |wQ xv}y@ |x]kv 'CU= Q@=Q@ Cr=L wO Qy

"CU= p}tmD uw}t=m wO
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"""Rm
QtDt

u}t
- =D|

xQ}H
vRl

}QO
|Q=

PoC
t}k

pL VwQ |Ov@`tH "3"3
"OQm x�=Q= xr�Ut pL |=Q@ =Q Q} R |=tvOvwQ u=wD|t xYqN CQwYx@ |rm Cr=L QO

q2 w q1 ?UL Q@ p w w u}}aD �
k1 2 f0; 1; 2; :::; � aP �g Q}O=kt |=R=x@ �
q1 = k1P OwW|t xO=O Q=Qk ��

CtUk QO wHwCUH sD} Qwor= |xr}Uwx@ k1 Qy |=R= x@ xv}W}@ Q=Okt ��
"OwW|t xO=O Q=Qk M�k1 QO w xDi=} 2 |x}[k w "2"3

"OwW|t G=QNDU= Q_=vDt k�k12 w q�k12 ��
u} QDoQR@ uDi=} �

M�= Max
k12f0;1;2;:::;

l
a
P1
mgfM�k1g; k�k11 = arg Max

k12f0;1;2;:::;
l
a
P1
mgfM

�
k1g

k2 2 f0; 1; 2; :::; � aP �g Q}O=kt |=R=x@ �
q2 = k2P OwW|t xO=O Q=Qk ��

CtUk QO wHwCUH sD} Qwor= |xr}Uwx@ k2 Qy |=R= x@ xv}W}@ Q=Okt ��
"OwW|t xO=O Q=Qk N�k2 QO w xDi=} 2 |x}[k w "2"3

"OwW|t G=QNDU= Q_=vDt k�k21 w q�k21 ��
u} QDoQR@ uDi=} �

N�= Max
k22f0;1;2;:::;

l
a
P2
mgfN�k2g; k2�k2 = arg Max

k22f0;1;2;:::;
l
a
P2
mgfM

�
k2g

%N� w M� |xU}=kt �
"CU= QDoQR@ Q=Okt xr�Ut |xv}W}@ Q=Okt N� 6= M� Qo = "1

xv}y@ Q=Okt OW=@ (k�k11 ; k�k12 ) 6= (k�k21 ; k�k22 ) w N� = M� Qo = "2
"CU= \N l} CQwYx@

xv}y@ Q=Okt 'OW=@ (k�k11 ; k�k12 ) = (k�k21 ; k�k22 ) w N� = M� Qo = "3
"O};|t CUOx@ x]kv l} CQwYx@

u=}=B �
Q=Ri=sQv \UwD xr=kt u}= C=@U=Lt 'xOWx�=Q= pOt |R=UxO=}B w xr�Ut pL |=Q@
Q=Ri=sQv u}= R= xO=iDU= =@ R}v =yQ=Owtv s=tD u}vJty "OW s=Hv= 8 0/9 =m}DtDt s} Qirw

"Ov=xOW sUQ
xr�Ut R= |}xO=U Cr=L xOWx�=Q= sD} Qwor= R= |QDy@ lQO |=Q@ p=Ft u}= QO %p=Ft
R= xO=iDU= =@ "OwW|t pL 'CU= q1 = 0 w q2 = 0 CUmW \N wO |=Q=O xm

"O};|t CUOx@ l} QDt=Q=B CQwY x@ �CT OwU `@=D |xv}y@ Q}O=kt sD} Qwor=
xOWx�=Q= sD} Qwor= |=QH= =@ q2 |=Q@ xv}y@ Q=Okt k1 = 0 uO=OQ=Qk =@ %q1 = 0 RQt

%Ot; CUOx@ Q} R CQwYx@

q2 =

8>>>><>>>>:
a�bc22 0 < b � a

c2

0 b > a
c2

Indeterminate O:W:

u=R}t w CU= VQB u=R}t xm R2 QDt=Q=B Q=Okt |xU}=kt =@ =y|w=Ut=v u}= Q}UiD�
��"CU= Q}PBu=mt= xDUw}B |=yxR=@ QO `@=D Q=Okt V}=Ri=

xv}W}@ OQ=O u=mt= xm |]=kv |xU}=kt w 1-3 sr T=U= Q@ 2 |x}[k 'xt=O= QO
"Ovm|t u}}aD =Q pkvwptL CmQW \UwD q=m ptL |xv}y@ u=R}t 'OvW=@

%C=LiY R= s=Om Qy |wQ OwU `@=D |xv}y@ Q=Okt "2 x}[k
q1 = k1P s:t: k1 2 f0; 1; 2; :::;

l a
P

mg
%CU= Q} R CQwYx@ q1 + q2 � a C}OwOLt x@ xHwD =@

uw}t=m O=OaD k02 w q02 = a � k1P OwW|t h} QaD %q02 > a � k1P Qo = ��
"q=m OL=w a� k1P ptL |=Q@ R=}v OQwt

q02 = xm CU= �k1
CC `@=D R=Uxv}W}@ u=ty q02 'q02 � a � k1P Qo = ��

"q=m OL=w q02 ptL |=Q@ R=}v OQwt uw}t=m O=OaD k02 w a�bc2�2k1P2

%C}=yv QO w

q�k12 =

8<:q02 k�2 = k02

arg maxf�0CT (q02); �0CT (k�2P )g k�2 < k02
(22)

%xm|Qw]x@
k�2 = max

k22f0g[
fk2 : k2 <

1
2 ( b� bc2

P
� Rb
P 2 � 2k1 + 1)g (23)

Qo}O CQ=@ax@ "CU= R2 |xR=Ov= x@ VQB u=R}t xm OW u=}@ 1-3 sr QO %C=@F=
%�CN |=Q@

��CN (k2) = �CN (qk2
2 )� �CN (qk2�1

2 )

= �CN (k2P )� �CN ((k2 � 1)P ) = R (24)

%O};|t CUOx@ Q} R CQwYx@ Q=Okt wO hqDN= R}v �CC |=Q@
��CC (k2) = �CC(qk22 )� �CC(qk2�1

2 )

= a� bc2
b

P � (2k2
b
� (2k1 � 1))P 2 (25)

%CU= CQwY u}= x@ �CT `@=D QO Xr=N Q}}eD xH}Dv QO
��CT (k2) = ��CC (k2)���CN (k2)

= a� bc2
b

P � (2k2
b

+ (2k1 � 1))P 2 �R (26)

|x]kv R= QDoQR@ |rai CUmW |x]kv QO `@=D Q=Okt |va} ��CT (k2) > 0 Qo =
%x=ov; 'OW=@ |r@k CUmW

k2 <
b� bc2

2P � bR
2P 2 � (2k1 � 1)

2 (27)

Q=Okt xv}W}@� k�2 R= QDoQR@ k2 |=R= x@ TB "CU= |rwRv k2 x@ C@Uv ��CT (k2)
0 < k�2 < k0 Qo = TB "CU= |ivt ��CT (k2) '���CT (k2) > 0 |=Q@ k2
xO=iDU= �CT `@=D |R=Uxv}W}@ |=Q@ O}Ov=m l} u=wva x@ Ov=wD|t x]kv u}= OW=@

"OwW
\QW xm|v=tR=D O@=}|t xt=O= q1 = k1P C=LiY |wQ wHwCUH u}=

�"OwW Q=QkQ@ k1 � � aP �
10
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"OwU `@=D Q=Owtv Q@ P QDt=Q=B Q}F-=D p}rLD "5 pmW

"OwU `@=D Q@ R QDt=Q=B Q}F-=D p}rLD "6 pmW

%Ot; CUOx@ Q} R CQwYx@ p |=Q@ xv}y@ Q=Okt 10 pwtQi x@ xHwD =@ Cr=L u}= QO

p =

8>>>><>>>>:
a�bc22b 0 < b < a

c2
a
b b � a

c2

Indeterminate O:W:

%Ot; CUOx@ R}v xDUw}B CtUk |=Q@ xv}y@ Q=Okt

�C� =

8>>>><>>>>:
0 b � a

c2
(a�bc2)2

4b 0 < b < a
c2

�1 O:W:

QO `k=w QO "O};|t CUOx@ R}v Q1 |=Q@ xv}y@ u=R}t Cr=L u}= QO %q2 = 0 RQt
"Ovm|t ptL q=m pw= pkvwptL CmQW \ki |RQt Cr=L u}=
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