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�Q=}O=DU=� |t}tY QU=}
|Uw] u}Or=Q}Yv xH=wN |DavY x=oWv=O '`}=vY |UOvyt |xOmWv=O

CQwYx@ u=wD|t =Q Ov}=Qi =} pwYLt l} C}i}m '|Q=t; Ov}=Qi pQDvm |=yOQ@ Q=m |NQ@ QO
u}= QO "Ovt=v|t �p}=iwQB� =Q u; xm OQm u=}@ pkDUt/xDU@=w Q}eDt OvJ =} l} u}@ |x]@=Q

u}OvJ u; QO xm s} R=OQB|t xQ}eDtOvJ |xO=U |]N |=yp}=iwQB |UQQ@ x@ Q=DWwv
pkDUt Q}eDt l} ?ULQ@ |]N `@=wD R= |}xawtHt CQwYx@ \@DQt |i}m |xYNWt

OQw;Q@ QO CU= umtt xO=Di=QwO |=yxO=O Qw[L xm |r=L QO "OwW|t |Ov@pOt
OQw;Q@ Qw_vtx@ "Ovm O=H}= pqDN= l}Uqm |=yxOvvmOQw;Q@ R= xO=iDU= =@ pOt |=yQDt=Q=B

wO QO xm OwW|t O=yvW}B M |xOvvmOQw;Q@ Q@ |vD@t Q=wDU= OQm} wQ wO p}=iwQB |=yQDt=Q=B
|=yxOvvmOQw;Q@ OQmrta "CU= xDW=O OQ@ Q=m |}xrLQtwO w |}xrLQtlD C}a[w

OyO|t u=Wv G}=Dv "OQ}o|t Q=Qk |UQQ@ OQwt |}=Q=m w |Q=wDU= Q_vx]kv wO R= |O=yvW}B
OQmrta '|oOwr; R= nQR@ w \UwDt Q}O=kt |=Q@ '|Q=t; Ov}=Qi pQDvm 1 R=i QO

"CU= l}Uqm OQm} wQ R= QDy@ Q=}U@ Q=wDU= |=yxOvvmOQw;Q@
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|xOvvmOQw;Q@ 'xQ}eDtOvJ xO=U |]N p}=iwQB '|Q=t; Ov}=Qi pQDvm %|O}rm u=oS=w
"Q�wmU=|=@ `@=D 'M

xtOkt "1
pk=OL OQw;Q@ VwQ R= ,=DOta ' ẁ[wt =@ \@DQt C=}@O= QO "CU= pQDvm CLD Ov}=Qi
ha[ \=kv R= |m} "OwW|t xO=iDU= p}=iwQB |=yQDt=Q=B OQw;Q@ Qw_vtx@ C=a@ Qt
CU= xO=Di=QwO C=Oy=Wt Qw[L x@ C@Uv q=@ C}U=UL l}Uqm |=yxOvvm OQw;Q@
G}=Dv QO |Ot;Q=m =v xH}DvQO w =yxOvvmOQw;Q@ OQmrta QO pqDN= ?Hwt Qt= u}= xm
=@ xr@=kt |=yVwQ R= |m} Q=wDU= OQw;Q@ |=yVwQ R= xO=iDU= "OwW|t p}=iwQB V}=B
R= hrND \}=QW QO Q=wDU= |=yxOvvm OQw;Q@ '|rm Qw]x@ "CU= xO=Di=QwO C=Oy=Wt
=@ "OvQ=OQwNQ@ |QDy@ OQmrta R= l}Uqm |=yxOvvmOQw;Q@ x@ C@Uv pOt C=[wQit
|=yxOvvm OQw;Q@ OQ@ Q=m =@ \@DQt C=k}kLD xt=O= QO 'Q[=L |xar=]t |xv}tR x@ xHwD

"OwW|t xO=O K}[wD ,=QYDNt |vw}UQoQ |=ypOt |x}yD QO Q=wDU=
[18w17]'xO=U|]Nuw}UQoQpOtVR=Q@ QO Q=wDU=|=yxOvvm OQw;Q@`=wv=|iQat QO
hPL =}h}iND |=Q@ uRw `@=Dl} R= xO=iDU= Q=wDU=|=yVwQ|xaUwD QO|rY=|xO}=
hOy `@=D |R=U xv}tm QO RmQt x@ l}ORv C=Oy=Wt x@ C@Uv xO=Di=QwO |=yxO=O QF=
|=yVwQ xrtHR= 3Q�wmU=|=@ w 2Q@=y|vRw `@=D T=U=Q@ M |=yOQw;Q@ "CU= VR=Q@
|=yQ=Owtv QO Q=wDU= |=yVwQ R= xO=iDU= ',=Q}N= "OwW|t ?wULt OQ@ Q=mQB OQw;Q@
u=wvax@ M |xOvvmOQw;Q@ R= "CU= xOW `k=w u}kkLt xHwD OQwt pOt Q@ |vD@t pQDvm
QO [19]"CU= xOW xO=iDU=|}xrLQtOvJ |=yOv}=QiV}=B Qw_vtx@ Q=wDU= OQm} wQl}
Cra X}NWD pQDvm Q=Owtv |=v@tQ@ |@}mQD Q=wDU= |xOvvmOQw;Q@ l} R= xv}tR u}ty
KQ] u}kkLt R= |NQ@ [20]"CU= xOW xO=iDU= |}xrLQtOvJ |=yOv}=Qi V}=B |=Q@
O=yvW}B |}xrLQtOvJ |=yOv}=Qi QO xDi=}s}taD |]N |=ypOt |=Q@ =Q Q=wDU= VR=Q@

Ov}=Qi l} C}i}m OwW|t ZQi '�SPC� |Q=t; Ov}=Qi pQDvm |=yOQ@ Q=m QFm = QO
u}= =@ "O=O V}=tv xQ}eDtOvJ Q=OQ@ l} =} Q}eDt l} \UwD u=wD|t =Q pwYLt =}
Q}eDt l} u}@ |x]@=Q \UwD pwYLt =} Ov}=Qi l} C}i}m =yOQ@ Q=m |NQ@ QO 'p=L
u}= "CU= h}YwD p@=k QD ?U=vt |rmW x@ pkDUt Q}eDt OvJ =} l} w MU=B
CQwY C=k}kLD "OwW|t xDN=vW �1p}=iwQB� u=wva CLD ẁ[wt C=}@O= QO x]@=Q
[6�1]"OW R=e; xO=U |]N uw}UQoQ pOt |UQQ@ =@ =yp}=iwQB V}=B |xv}tR QO xDiQo
|=yp}=iwQB [8w7]'xv=oOvJ |]N p}=iwQB uwJty QD xO}J}B |=ypOt 'xt=O= QO

"CiQo Q=Qk |UQQ@ OQwt R}v [13�11]|]NQ}e |=yp}=iwQB w [10w9]'|}xrtHOvJ
|xO=U |]N p}=iwQB u=wva CLD =yp}=iwQB R= |Y=N ẁv Q[=L Q=DWwv QO
|}xawtHtCQwYx@\@DQt|i}m|xYNWt OvJu; QO xm OwW|t|UQQ@ xQ}eDtOvJ
C=}@O= |UQQ@ "OwW|t |Ov@pOt pkDUt Q}eDt OvJ =} l} ?ULQ@ |]N `@=wD R=
p}=iwQB R= ẁv u}= V}=B |xv}tR QO xDiQo CQwY C=k}kLD OyO|t u=Wv ẁ[wt
"CU= xOW xO=iDU= Q[=L Q=DWwv QO [16�14]C=k}kLD u}= R= |NQ@ R= xm CU= OwOat
Q=Owtv O=H}= QO CUNv s=o '|Q=t; Ov}=Qi pQDvm l} R=i QO pOt |=yQDt=Q=B OQw;Q@
|}=yxO=O xawtHt 'l} R=i QO "OwW|t ?wULt Ov}=QiV}=B Qw_vtx@?U=vt pQDvm
|=yQDt=Q=B OQw;Q@ w C=aq]= uOQw; CUO x@ hOy w CU= TQDUO QO p@k R=

pw�Ut xOvU} wv �
"1394 2 5 VQ}PB '1393 11 12 x}LqY= '1393 4 1 Ci=} QO %M} Q=D
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R=x
O=iD

U=

|O=yvW}B VwQ "3
M |xOvvmOQw;Q@ 'CU= xOW xO=iDU= u; R= j}kLD u}= QO xm |Q=wDU= |xOvvmOQw;Q@
s=a pmW xm xOvvmOQw;Q@ u}= "OW h} QaD [26]Q@=y \UwD Q=@ u}rw= |=Q@ xm CU=
CQwYx@ xm =Q =yxOv=t|k=@ R= |a@=D 'CU= 4�MLE� |}=tvCUQO xv}W}@ OQw;Q@

%Ovm|t xv}tm OwW|t h} QaD 3 CQ=@a
min

Xn

i=1 �
�ei
s

�
(3)

s |=Q@ pwtat |=y?=NDv= R= |m} "CU= T=}kt R= Q=wDU= OQw;Q@ l} s xm |Qw]x@
?} Q==v w Q=wDU= |OQw;Q@ xm CU= (MADN) xOW p=tQv jr]t h=QLv= u}ov=}t

%OwW|t h} QaD 4 |x]@=Q j@=]t w CU=

s = median jei �median (ei)j
0 6745 (4)

 (:) =@ =Q u; jDWt xm CU= Q}PBjDWt w X=N |=y|oS} w =@ |a@=D �(:) u}vJty
[18]%R= CU= CQ=@a �(:) `@=D \}=QW "OvyO|t u=Wv

"OW=@ jxj R= |rwRv Q}e |a@=D O}=@ �(x) �
"CU= �(0) = 0 �

"CU= |OwaY ,=O}m = x > 0 |=Q@ �(x) �
"OW=@ �(1) = 1 O}=@ 'OW=@ |y=vDt �(x) xJv=vJ �

Q�wmU=|=@ `@=D xDiQo Q=Qk xO=iDU= OQwt C=ar=]t QO ,=QFm = xm hwQat `@=wD R= |m}
u}vJ `@=D u}= "CU= xOW xO=iDU= Q�wmU=|=@ `@=D R= R}v Q[=L Q=DWwv QO "CU=

%OwW|t h} QaD

�(x) =

8><>:1� h1� (x=k)2i3
if jxj � k

1 if jxj > k
(5)

 (x) =

8><>:x�
h
1� (x=k)2i2

if jxj � k
0 if jxj > k

(6)

|=Q=O p=tQv `} RwD CLD pY=L |xOvvmOQw;Q@ xm OwW|t ?=NDv= |wLv x@ k QDt=Q=B
Q}O=kt 1 pwOH QO "OW=@ ?wr]t |@v=Ht |}=Q=m xH}DvQO w ?U=vt |@v=Ht Tv=} Q=w

[27]CU= xOW x�=Q= y MU=B |=yQ}eDt O=OaD w |}=Q=m R= |irDNt Q}O=kt |=R=x@ k
OvJ =t xm xQ}eDtOvJCr=L QO =t= 'CU= jO=Y xQ}eDtlDCr=L |=Q@ 3 |x]@=Q
T}@ wvq=y=t sQv R= O}=@ 's} Q=O p}=iwQB Qy |=Q@ xOv=t|k=@ OvJ xH}DvQO w MU=B Q}eDt
xOW xO=O |=yT} QD=t |=Q@ "s}vm xO=iDU= |O=Qiv= |xOv=t|k=@ |=Hx@ =yxOv=t|k=@
|=yQ}eDt O=OaD w|}=Q=mhrDNt Q}O=kt|=R=x@ Q�wmU=|=@ `@=D |=Q@k Q=Okt "1 pwOH

"�Ovvm |wQ}B p=tQv `} RwD R= =y=]N xm |DQwYQO� MU=B
�MU=B Q}eDt O=OaD� P |}=Q=m5 3 2 1

4 34 3 82 3 51 3 14 0 8
5 18 4 62 4 28 3 88 0 9
6 10 5 48 5 21 4 68 0 95

Q=wDU= |=yVwQ R= xO=iDU= XwYNQO xDiQo CQwY |xar=]t =yvD QO [21]Ov=xOQm
|=yp}=iwQB V}=B w OQw;Q@ Qw_vtx@ M |xOvvm OQw;Q@ R= [22]'p}=iwQB V}=B Qw_vtx@
V}=B Qw_vtx@|}xrLQtwO Q=wDU= VwQl} u}vJty "CU= xOW xO=iDU= xO=U|]N
[24w23]"CU= xDW=O OQ@ Q=m M xOvvmOQw;Q@ R= xO=iDU= =@ Ov}=Qi |oOvm =QB w u}ov=}t

xQ}eDtOvJ |xO=U p}=iwQBV}=B Qw_vtx@ Q=wDU= |=yxOvvmOQw;Q@ R= xar=]t u}= QO
|=yQDt=Q=B OQw;Q@ Qw_vtx@ M |xOvvmOQw;Q@ R= 'XwYN u}= QO "CU= xOW xO=iDU=
pk=OL VwQ =@ |O=yvW}B |=yVwQ OQmrta TBU "OwW|t xO=iDU= I R=i QO pOt

"OwW|t xU}=kt w |UQQ@ |oOwr; Qw[L sOa w Qw[L QO C=a@ Qt
K} QWD x@ 2 VN@ QO 'Q[=L Q=DWwv QO Q_v OQwt ?r=]t QDy@ |x�=Q= |=Q@
Q=wDU= OQm} wQ wO w |O=yvW}B VwQ '3 VN@ QO &s}=xDN=OQB u; C=[wQit w pOt
|}=Q=m w |Q=wDU= Q_vx]kv wO R= =yVwQ 5 w 4 VN@ QO &CU= xOW x�=Q= Q_v OQwt
|D; |=yxv}tR w |Q}oxH}Dv R}v 6 VN@ QO ,=D}=yv w &CU= xOW xU}=kt w |UQQ@

"CU= xOW KQ]t xRwL u}= QO j}kLD

C=[wQit w pOt "2
l} =@ =y|Q}oxR=Ov= R= |}xawtHt pt=W p}=iwQB Qy [1]'u}=@r; w nvm h} QaD j@]
C}i}m |@=} RQ= Qw_vtx@ xm CU= (x) pkDUt Q}eDt OvJ =} l} w (y) MU=B Q}eDt
=yOQ@ Q=m R= |[a@ QO 'p=L u}= =@ "OwW|t xO=iDU= xOWO}rwD *pwYLt =} Ov}=Qi l}
|xO=U |]N p}=iwQB l} \UwD u=wD|t =Q pwYLt l} =} Ov}=Qi l} C}i}m
pkDUt Q}eDt l} OwHw x@ xQ=W= �xO=U� CQ=@a u; QO xm 'OQm XNWt xQ}eDtOvJ

"OQ=O �MU=B� xDU@=w Q}eDt u}OvJ OwHw x@ xQ=W= �xQ}eDtOvJ� CQ=@a w
Q=Okt n 'xvwtv Qy QO "CU= TQDUO QO xDWPo |=yxO=O R= xvwtvm O}vm ZQi
R= "OQ=O OwHw\@DQtMU=B Q}eDt p 'pkDUt Q}eDt R= Q=Okt Qy |=Q@ w pkDUt Q}eDt |=Q@
(xik; yi1k; yi2k; :::; yipk)CQwYx@ xOy=Wtn 's=k|iO=YD |xvwtv |=Q@ 'wQu}=
s=i Q=Okt xik xm |Qw]x@ OQ=O OwHw k = 1; 2; :::;m w i = 1; 2; :::; n xm
|iO=YD xvwtv QO \@DQt MU=B |=yQ}eDt yi1k; yi2k; :::; yipk w pkDUt Q}eDt R=
MU=B |=yQ}eDt w x pkDUt Q}eDt u}@ |x]@=Q 'xvwtv Qy QO "OvyO|t u=Wv =Q s=k

%OwW|t h} QaD u}vJ y

Yk = XkBk + Ek; k = 1; 2; :::;m (1)

MU=B |=yQ}eDt R= n� pT} QD=t l} Yk = (y1k; y2k; :::; ynk)T u; QO xm
n � 2 T} QD=t l} R}v Xk =

h
1 xk

i T} QD=t "CU= s=k |xvwtv QO
|xvwtv x@ xvwtv l} R= Xk T} QD=t xm OwW|t ZQi "CU= pkDUt |=yQ}eDtR=
|=yQDt=Q=B R= 2�pT} QD=t l} Bk = (�0k; �1k)T T} QD=t "CU= C@=F Qo}O
T} QD=t l} R}v Ek = ("1k; "2k; :::; "nk)T T} QD=t "CU= |vw}UQoQ pOt
'xQ}eDtOvJ |]N uw}UQoQ C=}@O= QO "CU= s=k |xvwtv |=Q@ =]N C=Q=@a R= n�p
xQ}eDt p p=tQv `} RwD l} |=Q=O ("ik) xOy=Wt Qy |=Q@ =]N C=Q=@a Q=OQ@
|=Q@ "CU= �k 'p � p Tv=} Q=wwm T} QD=t w 0 |xQ}eDt p u}ov=}t Q=OQ@ =@
Q=Okt xm Bk = (�0k; �1k)T |=Q@ C=a@ Qt pk=OL OQw;Q@ 's=k |iO=YD |xvwtv
[25]%OwW|t h} QaD u}vJ 'Ovm xv}tm =Q
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Ovyt 'C@=F ?} Q[ l} R= xO=iDU= =@ [22]Ovvm|t O=yvW}B u}kkLt 'CU= ?} Q= xOWx�=Q=
xm C@=F ?} Q[ u}= "s}vm ?} Q==v =yxO=Di=QwO ?=}e QO =Q |O=yvW}B Q=wDU= OQw;Q@
OQw;Q@ 'Qo}O CQ=@ax@ "CU= n |xvwtv xR=Ov= x@ xDU@=w 'OwW|t xO=O u=Wv In =@
In ?} Q[ QO b� ?Q[ R= 'b� |va} =]N C=Q=@a Tv=} Q=wwm T} QD=t |=Q@ ?} Q==v
'pta QO "E

h
Inb�bi = E

hb�i = � %CWwv u=wD|t u}=Q@=v@ "O};|t CUO x@
|x]@=Q j@=]t In ?} Q[ 'n xvwtv |xR=Ov=x@ p}=iwQBm R= |R=Ux}@W Q=@ k O}rwD =@

%CU= x@U=Lt p@=k 11
In = �Pk

i=1 b�bi
k

(11)

CU= |R=Ux}@W |x@DQt u}t=i QO =]N C=Q=@a Tv=} Q=wwm T} QD=t b�bi u; QO xm
CUO x@ Qw_vtx@ |R=Ux}@W Q=QmD O=OaD "CU= xOt; CUO x@ 10 |x]@=Q j@=]t w

"OW=@ nQR@ umtt OL =D O}=@ In ?U=vt ?} Q[ l} uOQw;
l}Uqm |xOvvmOQw;Q@ =@ xU}=kt QO |O=yvW}B Q=wDU= OQw;Q@ OQm} wQ wO xt=O= QO
w |Q=wDU= |@=} RQ= Qw_vtx@ "CiQo Oy=wN Q=Qk |@=} RQ= w |UQQ@ OQwt C=a@ Qt pk=OL
7�IF� Q}F-=D `@=D w 6�BP�CUmW |x]kv Q=}at wO R= '=yxOvvmOQw;Q@ R=l} Qy|}=Q=m
w 8�MBM� |@} Q= T} QD=t u}ov=}t Q=}at wO R= w '|Q=wDU= |=yXN=W u=wvax@
xO=iDU= |}=Q=m |=yXN=W u=wvax@ 9�MSEM� =]N C=a@ Qt T} QD=t u}ov=}t

"CU= xOW

=yxOvvmOQw;Q@ |Q=wDU= "4
Q}F-=D `@=D "1"4

OQmrta Qou=Wv xOvvmOQw;Q@ l} �IF� Q}F-=D `@=D [18]'u=Q=mty w =vwQ=t h} QaD j@]
|=Q@ OQ=Ov=DU= C}U=UL |vLvt "CU= |@v=Ht Cr=L QO u; 10C}U=UL |vLvt
R= |a@=D CQwYx@ '(X1; :::; Xn) |iO=YD |xvwtv R= xO=iDU= =@ b� |xOvvmOQw;Q@

%OwW|t h} QaD x0 xO=Di=QwO |xO=O C}akwt

SCn (x0) =
b� (x1; :::; xn; x0)� b� (x1; :::; xn)

1=(n+ 1)
(12)

lJwm OYQO l} pt=W xvwtv xm |v=tR 'CU= b�1 Q=DiQ Qou=Wv Q}F-=D `@=D 'u}=Q@=v@
%OW=@ xO=Di=QwO \=kv R= (")

IFb� = lim"#0
b�1 ((1� ")F + "�x0)� b�1 (F )

"
(13)

l} b�1 (1� ")F + "�x0) CQ=@a "CU= x0 xO=Di=QwO xO=O |}x]kv sQH �x0
xO=O u=Wv F =@ ZwQit `} RwD xm |t=ovy CU= b� |xOvvmOQw;Q@ R= |@v=Ht Q=Okt
x@ Qw_vtx@ =Hv}= QO "OvW=@ x0 Q@=Q@ xm CU=yxO=Di=QwO R= |OYQO " w 'OwW|t
xOW x�=Q= pOt R= '|@} QkD CQwYx@ =yxOvvmOQw;Q@ C}U=UL |vLvt uOQw; CUO
xR=Ov= =@ p}=iwQB 20 =OD@= Qw_vtu}O@ "s}vm|t xO=iDU= [15]u=Q=mty w <=vUr=Qwv\UwD
y1 = 3 + 2x+ "1 CQwYx@ xQ}eDtwO |xO=U |]N p}=iwQB l} R= 10 |xvwtv
u}ov=}t Q=OQ@ =@ xQ}eDtwO p=tQv `} RwD R= "2 w "1 u; QO xm y2 = 2 + x+ "2 w
l} TBU 'xOQm O}rwD Ovvm|t |wQ}B

" 1 0 5
0 5 1

#
Tv=} Q=wwm T} QD=t w QiY

'u; R= TB "s}vm|t Z} waD x0 xO=Di=QwO |xO=O l} =@ =Q p}=iwQB Qy R= xOy=Wt
Q=Okt w O@=}|t Q}}eD 0 25 s=o =@ w '|W}=Ri= CQwYx@ 10 =D �10 R= x0 Q=Okt

di (B;�) CQwYx@ =yxOv=t|k=@ *T}@ wvq=y=t sQv '� 2 Rq�q w B 2 Rp�q
%OwW|t h} QaD u}vJ w 'OwW|t xO=O u=Wv (i = 1; :::; n) xm

di (B;�) =
�bui (B)T ��1bui (B)

�1 2
(7)

"O@=}|t pmW Q}}eD 8 |x]@=Q x@ 3 |x]@=Q u}=Q@=v@ "buiB = yi�BTxi 'u; QO xm
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24 2 1
1 2

35

0 2
(0 0874) 0 0344 (0 0883) 0 0084 (0 0819) 0 0077

24 4 2
2 4

35
(0 0938) 0 0144 (0 0911) 0 0039 (0 1027) 0 0053

24 8 4
4 8

35
(0 0965) 0 0394 (0 1296) 0 0177 (0 1668) 0 0225

24 16 8
8 16

35
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Ovyt |oOwr; q � �100 Qw[L QO MAB w trace(MSEM) Q=}at wO \UwD l}Uqm w Q=wDU= |=yxOvvmOQw;Q@ |=Q@ xOW OQw;Q@ ?}=Q[ T} QD=t |xU}=kt "4 pwOH
"N(�;�0) `} RwD R= pY=L |=]N C=Q=@a `} RwD QO

M2 M LS
� qtr(MSEM) MAB tr(MSEM) MAB tr(MSEM) MAB

(0 2421) 0 1101 (0 0814) 0 1335 (0 0810) 0 1417 � 2 2 �
0 05(0 3753) 0 1973 (0 1206) 0 2314 (0 1517) 0 3056 � 4 4 �

(0 3635) 0 0553 (0 1898) 0 2101 (0 5198) 0 5373 � 8 8 �
(0 3545) 0 0118 (0 3145) 0 3425 (1 8084) 1 1757 � 16 16 �
(0 3735) 0 2335 (0 1337) 0 28 (0 1422) 0 2927 � 2 2 �

0 1(0 5147) 0 2975 (0 3170) 0 4593 (0 4319) 0 5624 � 4 4 �
(0 4994) 0 0783 (0 6090) 0 6102 (1 5250) 1 1216 � 8 8 �
(0 3883) 0 0267 (1 5326) 1 0137 (6 0322) 2 3365 � 16 16 �
(0 5020) 0 3411 (0 2573) 0 3999 (0 2702) 0 4224 � 2 2 �

0 15(1 0618) 0 5567 (0 6748) 0 7441 (0 8456) 0 8569 � 4 4 �
(0 9111) 0 2466 (1 6090) 1 0977 (3 2943) 1 6625 � 8 8 �
(0 4598) 0 04 (5 0267) 1 9052 (13 3198) 3 3925 � 16 16 �
(0 6468) 0 5146 (0 3746) 0 5422 (0 4003) 0 5620 � 2 2 �

0 2(1 6377) 0 8388 (1 2218) 1 0323 (1 4078) 1 14 � 4 4 �
(2 0840) 0 6354 (3 4739) 1 7671 (5 6130) 2 3025 � 8 8 �
(1 0760) 0 1589 (11 2127) 3 0343 (22 4573) 4 4714 � 16 16 �

QO |oOwr; q � �100 Qw[L QO MAB w trace(MSEM) Q=}at wO \UwD l}Uqm w Q=wDU= |=yxOvvmOQw;Q@ |=Q@ xOW OQw;Q@ ?}=Q[ T} QD=t xU}=kt "5 pwOH
"pw= p}=iwQB ?}W w <=O@t R= ZQa

M2 M LS
� qtr(MSEM) MAB tr(MSEM) MAB tr(MSEM) MAB

(0 2203) 0 0162 (0 0428) 0 0068 (0 0414) 0 0077 0 0
(0 3507) 0 0659 (0 1) 0 1046 (0 1770) 0 1290 2

0 05
(0 3719) 0 0512 (0 1819) 0 0925 (0 6456) 0 2987 4
(0 3062) 0 0531 (0 3509) 0 1182 (1 3256) 0 4623 6
(0 3237) 0 0508 (0 5141) 0 1296 (2 2260) 0 5792 8
(0 3290) 0 0264 (0 7702) 0 1519 (3 7223) 0 7396 10
(0 4485) 0 1046 (0 2374) 0 2469 (0 3539) 0 2770 2

0 1
(0 4273) 0 0147 (0 5175) 0 2831 (1 2294) 0 5954 4
(0 3751) 0 0069 (0 9291) 0 3454 (2 8123) 0 7988 6
(0 4025) 0 0215 (1 6658) 0 4974 (4 9602) 1 1703 8
(0 4110) 0 0343 (2 6870) 0 5441 (6 9134) 1 3976 10
(0 6486) 0 1817 (0 4095) 0 3863 (0 5316) 0 4142 2

0 15
(0 4776) 0 0244 (1 0941) 0 5274 (1 9557) 0 8689 4
(0 4723) 0 0590 (2 2315) 0 8568 (4 3455) 1 3649 6
(0 4604) 0 0153 (4 2219) 0 9720 (8 3245) 1 6858 8
(0 4224) 0 0227 (6 0031) 1 2394 (12 7045) 2 1593 10
(1 2939) 0 3961 (0 6564) 0 5560 (0 7852) 0 5771 2

0 2
(1 2481) 0 1023 (1 9326) 0 8300 (2 7901) 1 0870 4
(0 8883) 0 0876 (4 0613) 1 2106 (6 5209) 1 6472 6
(0 7142) 0 0455 (6 7854) 1 6757 (11 4524) 2 3878 8
(0 9055) 0 0219 (10 0745) 1 9546 (16 9909) 2 7441 10
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U=QO |oOwr; q � �100 Qw[L QO MAB w trace(MSEM) Q=}at wO \UwD l}Uqm w Q=wDU= |=yxOvvmOQw;Q@ |=Q@ xOW OQw;Q@ ?}=Q[ T} QD=t xU}=kt "6 pwOH
"p}=iwQB wO <=O@t R= ZQa

M2 M LS
� q

tr(MSEM) MAB tr(MSEM) MAB tr(MSEM) MAB
(0 3061) 0 1314 (0 0742) 0 1275 (0 0739) 0 1392 2

0 05
(0 3698) 0 1261 (0 1222) 0 2194 (0 1611) 0 2920 4
(0 3951) 0 1089 (0 1621) 0 2303 (0 3116) 0 4175 6
(0 3814) 0 0061 (0 1681) 0 2101 (0 4928) 0 5373 8
(0 3392) 0 0064 (0 2091) 0 2478 (0 8293) 0 7357 10
(0 3686) 0 22 (0 1337) 0 2517 (0 1422) 0 2720 2

0 1
(0 5871) 0 2963 (0 3092) 0 4714 (0 4271) 0 5735 4
(0 5668) 0 2266 (0 4745) 0 5691 (0 9093) 0 8520 6
(0 5110) 0 0101 (0 6090) 0 6138 (1 5250) 1 1016 8
(0 3782) 0 0267 (0 7929) 0 7054 (2 4706) 1 4141 10
(0 4862) 0 3920 (0 2417) 0 4137 (0 2571) 0 4355 2

0 15
(0 8758) 0 5561 (0 6789) 0 7219 (0 8711) 0 8371 4
(1 2356) 0 4051 (1 1368) 0 9283 (1 8408) 1 2309 6
(0 9051) 0 0847 (1 6090) 1 1061 (3 2943) 1 6665 8
(0 5401) 0 05 (2 1950) 1 2772 (5 2459) 2 1045 10
(0 6713) 0 4323 (0 3717) 0 5328 (0 3912) 0 5548 2

0 2
(1 5763) 0 8180 (1 2102) 1 0036 (1 4493) 1 1199 4
(2 4674) 0 9429 (2 3246) 1 4341 (3 1266) 1 7358 6
(2 1014) 0 5839 (3 4739) 1 6645 (5 6130) 2 2102 8
(1 7092) 0 3914 (4 8115) 2 0001 (8 8231) 2 8675 10

QO |oOwr; q � �100 Qw[L QO MAB w trace(MSEM) Q=}at wO \UwD l}Uqm w Q=wDU= |=yxOvvmOQw;Q@ |=Q@ xOW OQw;Q@ ?}=Q[ T} QD=t xU}=kt "7 pwOH
"p}=iwQB wO ?}W

M2 M LS
� q

tr(MSEM) MAB tr(MSEM) MAB tr(MSEM) MAB
(0 3744) 0 0852 (0 1309) 0 1133 (0 2594) 0 1478 2

0 05
(0 3252) 0 0282 (0 2484) 0 0924 (0 8039) 0 2830 4
(0 3265) 0 0067 (0 4336) 0 0986 (1 5305) 0 4161 6
(0 3221) 0 0131 (0 7856) 0 1247 (3 4029) 0 5931 8
(0 3305) 0 0102 (1 2537) 0 1613 (4 6845) 0 7063 10
(0 5470) 0 2244 (0 2779) 0 2259 (0 4624) 0 2926 2

0 1
(0 5092) 0 0471 (0 6267) 0 2648 (1 4870) 0 5587 4
(0 5074) 0 0164 (1 2793) 0 3175 (3 3645) 0 8548 6
(0 3933) 0 0655 (2 0802) 0 3887 (6 0407) 1 1527 8
(0 4061) 0 0197 (3 3217) 0 4854 (9 9214) 1 4096 10
(0 9252) 0 3992 (0 4863) 0 3357 (0 7198) 0 4391 2

0 15
(0 7145) 0 1566 (1 2698) 0 4633 (2 6339) 0 8707 4
(0 5207) 0 0808 (2 8157) 0 6487 (5 9874) 0 2649 6
(0 5525) 0 0307 (4 3098) 0 8444 (9 7594) 1 7375 8
(0 5655) 0 0377 (6 6894) 1 0051 (17 5450) 2 1284 10
(1 3496) 0 6243 (0 6553) 0 5111 (0 9265) 0 5584 2

0 2
(1 1423) 0 3758 (2 0465) 0 7213 (3 6673) 1 1433 4
(1 0571) 0 2403 (4 3319) 1 0126 (8 0354) 1 7119 6
(1 1885) 0 1936 (7 2675) 1 2978 (13 3250) 2 2579 8
(0 8871) 0 1172 (12 3954) 1 6299 (22 8664) 2 7781 10
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Ovyt =]N C=a@ Qt u}ov=}t T} QD=t QF= w (MAB) |@} Q= jr]t u}ov=}t Q=}at wO R= R}v
"CU= xOW xO=iDU= trace(MSEM) =}

=yxOvvm OQw;Q@ OQmrta lJwm |=y|oOwr; |=Q@ xm O=O u=Wv |R=Ux}@W G}=Dv
R= Q=wDU= |=yxOvvmOQw;Q@ nQR@ w \UwDt |=y|oOwr; |=Q@ =t= &CU= u=Um} ,=@} QkD
QmP p@=k u}vJty "OvQ=OQwNQ@ l}Uqm xOvvmOQw;Q@ x@ C@Uv |QDy@ Q=}U@ OQmrta
|=y|oOwr; |=Q@ |}xrLQtlD M OQw;Q@ x@ C@Uv |}xrLQtwO M OQw;Q@ xm CU=
|=y|oOwr; |=Q@ xm |r=L QO &CU= Q=OQwNQ@ |QD?wr]t OQmrta R= nQR@ w \UwDt
'|rm Cr=L QO "OR=U|t pY=L |QDpw@k p@=k G}=Dv |}xrLQtlD M OQw;Q@ lJwm
x@ C@Uv |}xrLQtwO M OQw;Q@ XwYNx@ |O=yvW}B |=yxOvvmOQw;Q@ C}U=UL
l}Uqm |xOvvmOQw;Q@ =@ xU}=kt QO pOt |=yQDt=Q=B w =]N C=Q=@a `} RwD QO C=Q}}eD
M |xOvvmOQw;Q@ XwYNx@ |O=yvW}B |=yxOvvmOQw;Q@ wQu}= R= "CU= QDsm Q=}U@
pOt x@ |@=}CUO hOy =@ 1 R=i QO =yp}=iwQB ?}=Q[ OQw;Q@ Qw_vtx@ |}xrLQtwO
j}kLD xt=O= QO "OwW|t O=yvW}B 2 R=i QO V}=B C=}rta s=Hv= |=Q@ pQDvm CLD
xDU@tyOwN C=Oy=Wt Qw[L QO |O=yvW}B |=yxOvvmOQw;Q@ OQmrta |UQQ@ 'Q[=L

"CU= xr=kt u=oOvU} wv Q_v OQwt

|=R=x@ �� LS VwQ x@C@Uv M w M2 VwQ 'OwW|t xOy=Wt 7 pwOH R= xm u=vJ
VwQ 'p@k Ovv=t u}vJty "OvQ=OQwNQ@ |QDsm C}U=UL R= �� � w p QO V}=Ri=
Q=OQwNQ@ |}xrLQtlD Q=wDU= VwQ x@ C@Uv |QDy@ OQmrta R= |}xrLQtwO Q=wDU=

"CU=

|Q}oxH}Dv "6
wO M OQw;Q@� w �|}xrLQtlD M OQw;Q@� pt=W Q=wDU= VwQ wO 'xr=kt u}= QO
|=Q@ "CU= xOW x�=Q= xQ}eDtOvJ xO=U|]N p}=iwQB |=yQDt=Q=B OQw;Q@ |=Q@ �|}xrLQt
"CU= xOW xO=iDU= Q�wmU=|=@ `@=D R= |O=yvW}B |xOvvmOQw;Q@ wO Qy QO Qw_vt u}=
|xOvvmOQw;Q@l} u=wvax@ C=a@ Qt pk=OL |xOvvmOQw;Q@ =@ |O=yvW}B |=yxOvvmOQw;Q@
|Q=wDU= |@=} RQ= Qw_vtx@ |R=Ux}@W C=ar=]t "CiQo Q=Qk xU}=kt OQwt l}Uqm
|x]kv Q=}atwO R= |Q=wDU= |Q}oxR=Ov= Qw_vtx@ w OW s=Hv= =yxOvvmOQw;Q@ |}=Q=m w
xOvyO u=Wv xrY=L G}=Dv xm CU= xOW xO=iDU= �IF� Q}F-=D `@=D w �BP� CUmW
|}=Q=m |Q}oxR=Ov= Qw_vtx@ "CU= l}Uqm VwQ x@ C@Uv Q=wDU= |=yVwQ |QDQ@

=yCWwv=B
1. pro�le
2. Huber
3. Bisquare
4. maximum-likelihood estimation (MLE)
5. iteratively reweighted least squares (IRLS)
6. breakdownpoint (BP)
7. in
uence function (IF)
8. mean bias matrix (MBM)
9. mean square error matrix (MSEM)
10. sensitivity curve
11. mean absolute bias (MAB)
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