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Q=R=@ |v=H}y C=QF= uDiQo Q_v QO =@
�Q=}O=DU=� �xO=R|ar=] xrr=<=]a

u=QyD x=oWv=O '`}=vY |UOvyt |xOmWv=O
�OWQ= |U=vWQ� |wHWv=O� |e=QJ xOy=R

?wvH u=QyD OL=w |tqU= O=R; x=oWv=O '`}=vY |UOvyt |xOmWv=O

|@=} Q=R=@ w |Q=PoCt}k |=yCU=}U u=}t |ovy=ty 'Q=mw?Um QO syt p�=Ut R= |m}
h=Oy= x@ uO}UQ |=Q@ xiQY x@ uwQkt |=yx=Q R= |m} R}v C=e}r@D QO |Q=mty "CU=
x@ =Q VwQixOQN C=e}r@D |=yxv} Ry R= |OYQO xOvvmO}rwD xm |Qw]x@ 'CU= |@=} Q=R=@

u=Wv =Q OwN pwYLt C=v=Uwv CQwYx@ xm Q=R=@ |v=H}y C=QF= u}vJty "OQ}o|t xOya
=y|R=@ |x} Q_v R= xO=iDU= =@ Q=DWwv u}= QO "OvQ=PoQ}F-=D h=Oy= u}= x@ uO}UQ QO 'OyO|t

� nQ@rmDU= |R=@ 'Q@yQ xOvvmO}rwD � nQ@rmDU= |R=@ 'Vv |R=@ pt=W |SD=QDU= Q=yJ
Q}O=kt uOQw; CUO x@ |=Q@ "OQ}o|t Q=Qk xO=iDU= OQwt |Q=mty |R=@ w Q@yQ VwQixOQN
p=Ft l} =yCr=L R= l} Qy |=Q@ w 'C=@F= Cr=L Qy QO hOy `@=wD uOw@ ?OLt 'xv}y@

C=QF= xm 'OW XNWt j}kLD |=yxDi=} T=U=Q@ "OwW|t x�=Q= C}U=UL p}rLD w |OOa
OwU V}=Ri= ?Hwt =t= 'Ow@ Oy=wN x=Qty C=e}r@D |=yxv} Ry V}=Ri= =@ Q=R=@ |v=H}y

"OW Oy=wN R}v sDU}U pm xH}DvQO w xQ}HvR |=[a=
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'|L]UwO u}t-=D |xQ}HvR '|v=H}y C=QF= '|@=} Q=R=@ '|Q=PoCt}k %|O}rm u=oS=w
"=y|R=@ |x} Q_v

xtOkt "1
"CU= Q=PoQF= =[=kD `@=D Q@ xm OQm h} QaD |iO=YD Q}eDt l} CQwYx@ u=wD|t =Q
uOw@ O}OH R= |W=v pwYLt *Q=R=@ R= p=@kDU= w VQ}PB QO C}a]k sOa |iQ] R=
OwHw sy |Qo}O *O}OH pwYLt R}v ?}kQ CqwYLt u}@ QO O}=W w CU= pwYLt
pwYLt VQ}PB OQwtQO u=oOvWwQi C=Q=_Dv= R= CU= umtt Qt= u}= "OW=@ xDW=O
|xk@=U =@ CqwYLt |=Q@ |DL '|D=P |iQat l} Qo}O |wU R= "Oy=m@ Q=R=@ QO
|tyt Vkv C}iwQat u}= O=H}= QO |@=} Q=R=@ w C=e}r@D [4]"OQ=O OwHw xW}ty VwQi
pm xH}Dv QO w xQ}HvR |=[a= OwU QO Q=R=@ |v=H}y C=QF= w OW=@ xDW=O Ov=wD|t

"Ow@ Oy=wN Q=PoQ}F-=D u}t-=D |xQ}HvR
Q=mw?Um QO |Q}os}tYD pt=a wO �|Q=mty =@ C=e}r@D� w �|Q=PoCt}k�
Q=Qk |UQQ@ OQwt Q=R=@ |v=H}y C=Q}F-=D uDiQo Q_vQO =@ j}kLD u}= QO xm OvDUy
C=ar=]t R= |O=OaD QO "OvwW =[=kD Vy=m =} V}=Ri= Ea=@ Ovv=wD|t w OvQ}o|t
l} |ovy=ty QO u=tRty Qw]x@ C=e}r@D w |Q=PoCt}k |=yCU=}U 'xOWs=Hv=
Q_v QO Q=R=@ |v=H}y C=QF= =yv; R= l}I}y QO =t= Ov=xDiQo Q=Qk Q_v Ot u}t-=D |xQ}HvR
x@ QHvt 'Cw=iDt |=[=kD `@=wD [8]u}kkLt R= |NQ@ |xDiox@ [7�5]"CU= xOWv xDiQo
|=ypOt 'l}D=DU= ?wJQ=J QO [9]u=Q=mty w w} "OwW|t x_Lqt p@=k Cw=iDt G}=Dv
|xQ}HvR|ovy=ty QO xv=Q=mty C=e}r@DVkv u;|] xm =Q [11w10]u}kkLt |O=yvW}B
"Ov=xO=O xaUwD 'xOW p}rLD w x} RHD |R=@ |x} Q_v |=ypOt R= xO=iDU= =@ u}t-=D
h}iND Q}F-=D w Ov=xO=O s=Hv= Ct}k x@ T=UL |=[=kD x@ xHwD =@ =Q Q=m u}= =yv;

|xOvQ}os}tYD l} xQ}HvR u; w[a Qy xm RmQtDtQ}e u}t-=D |xQ}HvR l} |=Q@
OwU Ow@y@ |=Q@ u}t-=D |xQ}HvR |=[a= "1%CU= KQ]t ẁ[wt wO 'CU= pkDUt
CU= umtt u}t-=D |xQ}HvR |=[a= "2 &Ovvm|t C@=kQ OwN X=N OQmrta w
Ow@y@ QO u=W}=y|SD=QDU= *|R=Unvy=ty Qw_vtx@ 'O=OQ=Qk w OyaD l} uDW=O |=Q@

"Ovvm ji=wD sDU}U pm OQmrta
C=e}r@D |=QH= Q=OxOya VwQixOQN u; QO xmCU= |ki=wD 'C=e}r@D QO |Q=mty
[2w1]"OwW|t OyaDt =Q u; |=yxv} Ry pm R= |WN@ CN=OQB xOvvmO}rwD w CU= |rLt
OwW|t QDW}@ VwQi ?Hwt OwN C=e}r@D K]U <=kDQ= =@ VwQixOQN CQwY u}= QO
MQv� s=vx@ |Q}eDt \@=wQ u}= p}rLD |=Q@ [3]"CU= VwQixOQN w xOvvmO}rwD `ivx@ xm
|rLt C=e}r@D |=yxv} Ry R= |OYQO R= CU= CQ=@a xm OwW|t h} QaD �CmQ=Wt

"OwW|t CN=OQB xOvvmO}rwD \UwD xm
QO u; uOW KQ]t w |v=H}y C=QF= OwW|t Q=R=@ OQ=w pwYLt xm |t=ovy
Qo}O |wU R= "OwW|t u; |=[=kD u=R}t w pwYLt O} QN sHL V}=Ri= Ea=@ Q=R=@
'u=oOvWwQi w u=oOvvmu}t-=D C=]=@DQ= 'Q=R=@ C=v=H}y Q}_v �� hrDNt p}qO x@ |y=o
w u=} QDWt R= |NQ@ hQYt |wor= �� """'C=a}=W 'q=m C=QO=Y w C=OQ=w ẁ[wt
|v=H}y pt=wa u}= R= =[=kD |Q}PB Q}F-=D "OQ=O =[=kD u=R}t Q@ |}=RUx@ Vkv C=e}r@D

pw�Ut xOvU} wv �
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pOt"CU= Cw=iDt xOW xO=iDU= u}W}B C=k}kLD QO xm |D=e}r@D `@=wD Q}=U =@ C=e}r@D `@=D
w Ct}k pt=a wO R= QF-=Dt =[=kD `@=wD xOW s=Hv= uwvm =D xm |D=ar=]t QO =t=
xH}DvQO w pwYLt |=[=kD Q@ Q=PoQ}F-=D pt=wa Qo}O w CU= xOw@ C=e}r@D |=yxv} Ry
O=OQ=Qk l} [4]Vv=Q=mty w uJ "CU= xOWv xDiQo Q_v QO xQ}HvR |=[a= OwU
|UQQ@ xOvvmu}t-=D l} w VwQixOQN l} =@ |v}t-=D |xQ}HvR p=v=m QO =Q |ovy=ty
xOW |UQQ@ C}a]k sOa CLD |OwHwt w |Q=PoCt}k |Q}os}tYD u; |] w OvOQm
'CU= Ct}k R= pkDUt xm =Q 2pwYLt C=v=Uwv C=Q}F-=D OwN pOt QO u=W}= "CU=
|}xrLQtwO pOt QO =yv; |=[=kD `@=D &OvDiQo Q_v QO |iO=YD Q}eDt l} CQwYx@

"CU= |iO=YD C=v=Uwv COt w Ct}k x@ xDU@=w 'VwQixt=vRwQ
C=Q}F-=D Q@ xwqa [4w1]'xOW s=Hv= C=ar=]t R= |Q}oxQy@ =@ Q[=L j}kLD QO =t=
Q}F-=D w s} Q}o|t Q_v QO R}v =Q Q=R=@ |v=H}y C=QF= '=[=kD |wQ C=e}r@D w Ct}k
|UQQ@ xQ}HvR pm w u}iQ] OwU xH}Dv QO w C=e}r@D w =[=kD Q@ =Q pwYLt C=v=Uwv
|x} Q_v R= xO=iDU= =@ xr�Ut |R=UpOt w h} QaD ut[ swO VN@ QO "s}vm|t
Q=yJ |=Q@ xv}y@ Q}O=kt w C=@F= Cr=L Qy QO hOy `@=wD uOw@ ?OLt '=y|R=@
w 'C}U=UL p}rLD w |OOa |=yp=Ft swU VN@ QO "OwW|t x@U=Lt |SD=QDU=

"OW Oy=wN x�=Q= xOt; CUO x@ G}=Dv |Ov@`tH sQ=yJ VN@ QO ,=D}=yv

xr�Ut h} QaD "2
Q_v QO =Q xOvvmO}rwD l} w VwQixOQN l} pt=W |L]UwO u}t-=D |xQ}HvR l}
u}= Q@ ZQi "OWwQi|t =Q xOvvmO}rwD pwYLt \ki VwQixOQN u; QO xm O} Q}o@
X=N pwYLt l} O} QN |=Q@ u=} QDWt |wy=}y w Q=R=@ |v=H}y C=Q}F-=D xm CU=
pwYLt u}= O} QN sOa =} O} QN |=Q@ Q=R=@ QO Q[=L O=Qi= Q}=U ?}eQD x@ QHvt OwN
xO}O Q=R=@ QO |r=tDL= |iO=YD Q}eDt l} CQwYx@ |Q=PoQ}F-=D u}= ,=Da}@] "OwW|t
xOta Ct}k %R= Ov=CQ=@a xOvvmO}rwD |Q}os}tYD |=yQ}eDt xQ}HvR u}= QO "OwW|t
|Q}os}tYD |=yQ}eDt u}vJty "(t)CmQ=Wt MQv w (A)|rt C=e}r@D '(w)|WwQi
|=[=kD Qo = "(a)|rLt C=e}r@D w (p)|WwQixOQNCt}k %R= Ov=CQ=@a VwQixOQN

%s}vm ZQi 1 |x]@=Q j@=]t =Q |QDWt

D(p; a;A) = D0:n(x):g(p):h(a;A) (1)

C=Q}F-=D h(a;A) 'VwQixOQN Ct}k C=Q}F-=D g(p) '|QDWt |x}rw= |=[=kD D0
|R=UpOt Qw_vtx@ "OyO|t u=Wv =Q Q=R=@|v=H}y C=Q}F-=D n(x) w C=e}r@D |=yxv} Ry

"Ov=xOW xO=iDU= Q} R s}tYD |=yQ}eDt w =yQDt=Q=B 'xr�Ut

s�qa CUQyi "1"2
s}tYD |=yQ}eDt "1"1"2
&VwQixOQN OL=w Ct}k %p
&VwQixOta OL=w Ct}k %w

&|rt C=e}r@D |xv} Ry %A
&|rLt C=e}r@D |xv} Ry %a

&CmQ=Wt MQv %t
&Q=_Dv= OQwt OwU %E[�]

"Q=R=@ |v=H}y C=Q}F-=D %x

nvy=ty p=v=m l} QO CU= umtt xm =Q |QDWt x@ xOvvmO}rwD |wU R= s}kDUt
� nQ@rmDU= |R=@ R= pY=L G}=Dv u}vJty "Ov=xO=O Q=Qk xar=]t OQwt 'ODi}@ j=iD=
pOt l} [12]Qwm =R w uUuHQwH "Ov=xOQm xU}=kt |Q=mty |R=@ =@ =Q Q@yQ xOvvmO}rwD
QO C=e}r@D w |Q=PoCt}k C=t}tYD u; QO xm Ov=xOQm O=yvW}B =Q 1|r[=iD |R=@
Q=Qk Q_v Ot |Q=mtyQ}e w |Q=mty Cr=L wO CLD '|L]UwO u}t-=D |xQ}HvR l}
VwQixOQN Ct}k Q}F-=D CLD xOvvmhQYt |=[=kD =yv; |xar=]t QO "CU= xDiQo
=@ |@=} Q=R=@ p=v=m l} QO =Q Q@yQ Vkv [13]u=Q=mty w uUuHQwH "CU= C=e}r@D w
C=e}r@D 'um} R=@ Qy xm |wLvx@ 'Ov=xDiQo Q_v QO VwQi xOQN l} w xOvvmO}rwD l}
R= QF-=Dt xOvvmhQYt |=[=kD '=yv; pOt QO "Ovm|t pQDvm =Q OwN |}x}W=L OwU w
=Q xOvvmhQYt |=[=kD [14]Qwm =R w uUuHQwH "CU= VwQixOQN Ct}k w C=e}r@D
|xawtHt l} QO C=e}r@D w VwQixOQN Ct}k x@ C@Uv xOv}=Ri= Q}eDt l} u=wvax@
nvy=ty=v OQ=wt =@ =Q |ovy=ty |=y|SD=QDU= G}=Dv TBU w 'xOQm |R=UpOt =} wB
VwQixOQNl} =@ |L]UwO u}t-=D |xQ}HvRl} [15]u=Q=mty w |y "Ov=xOQm xU}=kt
QO "Ov=xOQm |R=UpOt nQ@rmDU= *|r[=iD |R=@ l} u=wvax@ =Q xOvvmO}rwD l} w
w |}mUwmwQ}tU= "CU= C=e}r@D w VwQixOQN Ct}k R= |a@=D =[=kD '|R=@ u}=
Q_v QO |w[a wO u}t-=D |xQ}HvR l} QO =Q C=e}r@D w |Q=PoCt}k [16]nv=S
"OQ=O C=e}r@D w VwQixOQN Ct}k x@ |oDU@ |QDWt |=[=kD u; QO xm 'OvDiQo
VwQixOQN |xv}y@ |=y|Q}os}tYD x@ 'Q@yQ u=wvax@ xOvvmO}rwD uDiQo Q_vQO =@ =yv;
|=yCU=}U xm u}= |UQQ@ R= TB [17]u=Q=mty w nvw "Ov=xO}UQ xOvvmO}rwD w
|D@=kQ hrDNt |=yQ=DiQ Q}F-=D CLD xvwoJ =[a= |=yOwU w C=e}r@D QO |Q=mty
|t}av "OvO=O Q=Qk xar=]t OQwt Q=DN=U Q}}eD |=Q@ =Q =mQW |xR}ov= 'OvQ}o|t Q=Qk
w xOvvmO}rwD l} pt=W |rwYLtOvJ u}t-=D |xQ}HvR l} [18]u=Q=mty w j}OY
w Ct}k xm |Dr=L QO =Q nQ@rmDU= |=y|R=@ =yv; "OvOQm |UQQ@ =Q VwQixOQN l}
|x} Q_v OQm} wQ l} [19]u=Q=mty w w} "OvOQm xar=]t 'OvQF-wt =[=kD `@=D Q@ C=e}r@D
QO =Q Ct}k |=yh}iND w xar=]t |L]UwO u}t-=D |xQ}HvR l} QO =Q =y|R=@
=@ R}v [20]|Q=yk w QwBs_=m u=QO=Q@ "OvOQm |UQQ@ |Q=mtyQ}e w |Q=mty |=y|R=@
|L]UxU u}t-=D |xQ}HvR l} QO [16]'nv=S w |mUwwmQ}tU= C=k}kLD |xaUwD
|DmQ=Wt C=e}r@D �� VwQixOQN l} w 'xOvvm`} RwD l} 'xOvvmO}rwD l} pt=W ��

"Ov=xO=O Q=Qk |@=} RQ= OQwt =Q |DmQ=WtQ}e w
Q=Qk xar=]t OQwt Cw=iDt |=[=kD `@=wD =@ x@=Wt OQm} wQ l} 2011 p=U QO
xU}=kt |Q=mtyQ}e |=y|R=@ =@ |Q=mty |R=@ |xv}y@ G}=Dv u; |] w [22w21]CiQo
QO =Q |Q=mty |R=@ l} w |Q=mtyQ}e |R=@ xU u}kkLt R= |NQ@ ?}DQD u}O@ "OW
pOt wO \ki [22]Qo}O u}kkLt xm |r=L QO [21w1]'OvO=O xaUwD |DmQ=Wt C=e}r@D
"OvO=O xaUwD =Q Q@yQ � xOvvmO}rwD nQ@rmDU= |R=@ w |Q=mty |R=@ pt=W '|R=@
CUw�; "OQm O=H}= =Q [22]|w w |R pOt '|m}vwQDmr= |@=} Q=R=@ \}Lt QO [23]u=}
|Q=PoCt}k C=t}tYD x@ [1]u=Q=mty w |v=yiY=O}U pOt |xaUwD =@ [2]QJUw@ w
l} w xOvvmO}rwD l} =@ |L]UwO u}t-=D |xQ}HvR l} QO C=e}r@D QO |Q=mty w
Q=yJ |UQQ@ ut[ '=y|R=@ |x} Q_v R= xO=iDU= =@ =yv; "Ov=xDN=OQB VwQixOQN
[24]QDv=m "OvOQm xU}=kt sy =@ =Q |Q=mtyQ}e w |Q=mty |=yCU=}U '|SD=QDU=
xOQm O=H}= R=}Dt= jL CN=OQB O=OQ=Qk R= xO=iDU= =@ =Q u}t-=D |xQ}HvR p=v=m |ovy=ty
|xQ}HvR l} QO =Q xOvvmO}rwD |Q=PoCt}k |=y|SD=QDU= [26w25]=tQ=W w |Q}o "CU=
"OvOQm xar=]t ?}kQ VwQixOQN wO w �Q@yQ Vkv QO� xOvvmO}rwD l} pt=W 'u}t-=D
|Q=mtyQ}e w |Q=mty C=e}r@D R}v w 'C=e}r@D QO xOvvmO}rwDCmQ=Wt QO C=Q}}eD =yv;
|xr�Ut l} pL w |R=UpOt x@ R}v [27]|e=QJ w xO=R|ar=] "OvOQm |UQQ@ =Q
w =[=kD `@=D j}kLD u}= QO &OvDN=OQB |DmQ=Wt C=e}r@D w |Q=PoCt}k |R=Uxv}y@
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Ovyt `@=wD 'x Q}eDt uOw@ |iO=YD x@ xHwD =@ w hPL \@=wQ R= (0) Ctqa '|oO=U |=Q@
%OwW|t |U} wvR=@ u}vJ OwU

E[�m] =
Z +1

�1

"
exw(1� p) 1

� (k1
p
a+ k2

p
A)

�A� ta
#
f(x)dx (12)

E[�r] =
Z +1

�1

"
ex(p� w)(1� p) 1

� (k1
p
a+ k2

p
A)

�(1� t)a
#
f(x)dx

(13)

E[�sc] =
Z +1

�1

"
exp(1� p) 1

� (k1
p
a+ k2

p
A)

�a�A
#
f(x)dx (14)

Vv |R=@ "3"2
w OvQ=O |v=Um} |Q}os}tYD CQOk VwQixOQN w xOvvmO}rwD 'Vv pO=aD QO
p�=Ut wQ u}= R= "Ovvm|t ?=NDv= u=tRty w pkDUt Qw]x@ =Q OwN |=y|SD=QDU=
OwU `@=wD "OwW pL xv=o =OH Qw] x@ O}=@ VwQixOQN w xOvvmO}rwD |Q}os}tYD

%R= Ov=CQ=@a VwQixOQN w xOvvmO}rwD

Max
w;A;t

E[�m] = E[ex]w(1� p) 1
� (k1
p
a+ k2

p
A)�A� ta

s:t: 0 � w � 1; 0 � A and 0 � t � 1 (15)

Max
p;a

E[�r]=E[ex](p� w)(1� p) 1
� (k1
p
a+k2

p
A)� (1�t)a

s:t: w � p � 1 and 0 � a (16)

Q=Okt 'OQ=O |ivt ?} Q[ xOvvmO}rwD hOy `@=D QO CmQ=Wt MQv xm =Hv; R=
OwU `@=D xm u}= x@ xHwD=@ "CU= QiY =@ Q@=Q@ xOvvmO}rwD Q_vx]kv R= t |xv}y@
uwJ =t= 'CU= 1 =@ Q@=Q@ w Q=Okt u} QDW}@ 'CU= |OwaY w x@ C@Uv xOvvmO}rwD
=@ Q@=Q@ Ov=wD|tv w u}=Q@=v@ 'p � w = 1 ) p = 1 ) �r = �m = 0
|=Q@ u}=Q@=v@ "OwW|t QiY wO Qy VwQixOQN w xOvvmO}rwD OwU xm =QJ 'OW=@ 1
=D VwQixOQN s}vm|t ZQi [21w12'1]xOWs=Hv= C=ar=]t T=U=Q@ 'xr�Ut u}= pL
"Ovm|tv pwYLt VwQi x@ s=Ok= OW=@ xDW=Ov =Q OL=w |}x}W=L OwU xv}tm xm |v=tR
w s} Q}o|t Q_v QO K]U u} QDsm u=wvax@ =Q xOvvmO}rwD OL=w |}x}W=L OwU u}=Q@=v@
s}U} wv|t p� w � w ) w � p

2 CQwYx@ =Q |WwQixOta Ct}k C}OwOLt
TB "OvDUy xOvvmO}rwD w VwQixOQN |}x}W=L OwU ?}DQDx@ w w p�w u; QO xm

"CU= p2 =@ Q@=Q@ w |xv}y@ Q=Okt
%R= Ov=CQ=@a Vv pO=aD CLD xv}y@ s}tYD |=yQ}eDt "1 |x}[k

pN = 2�
2� + 1 (17)

wN = �
2� + 1 (18)

tN = 0 (19)

AN = 1
4E[ex]2k22�2( 1

2� + 1 )
2
�+2 (20)

aN = 1
4E[ex]2k21�2( 1

2� + 1 )
2
�+2 (21)

=yQDt=Q=B "2"1"2
&|QDWt |x}rw= |=[=kD %D0

&Q=R=@ |=[=kD xwkr=@ p}Uv=DB %�1
&Ct}k R= =[=kD |Q}PB Q}F-=D ?} Q[ %�1
&|rLt C=e}r@D |Q=PoQ}F-=D ?} Q[ %k1
&|rt C=e}r@D |Q=PoQ}F-=D ?} Q[ %k2

&OL=w l} O}rwD |=Q@ xOvvmO}rwD |xv} Ry %c
&OL=w l} O} QN |=Q@ VwQixOQN |xv} Ry %d

"pmW QDt=Q=B %�

pOt Q=DN=U "2"2
|xv} Ry C=Q}F-=D 'VwQixOQN Ct}k C=Q}F-=D h} QaD [1]'u}W}B C=ar=]t x@ xHwD =@

%R= CU= CQ=@a ?}DQDx@ Q=R=@ |v=H}y C=QF= w C=e}r@D
g(p) = (�1 � �1p)

1
� ; �; � > 0 (2)

h(a;A) = k1
p
a+ k2

p
A; k1; k2 > 0 (3)

n(x) = ex; x > 0 (4)

%OwW|t |U} wvR=@ u}vJ =[=kD `@=D '4 =D 1 \@=wQ x@ xHwD =@
D(p; a;A) = D0ex(�1 � �1p)

1
� (k1
p
a+ k2

p
A) (5)

|R=UpOt u}vJ R}v xr�Ut QO xQ}HvR pm w VwQixOQN 'xOvvmO}rwD OwU `@=wD u}=Q@=v@
%OwW|t

�m(w;A; t) =D0ex(w � c)(�1 � �1p)
1
� (k1
p
a+ k2

p
A)

�A� ta (6)

�r(p; a) =D0ex(p� w � d)(�1 � �1p)
1
� (k1
p
a+ k2

p
A)

� (1� t)a (7)

�sc(p; a;A) =D0ex(p� c� d)(�1 � �1p)
1
� (k1
p
a+ k2

p
A)

�A� a (8)

xQ}HvR pm w VwQixOQN 'xOvvmO}rwD |xOvyOu=Wv ?}DQDx@ sc w r 'm 'u; QO xm
=[=kD `@=D 'C=@U=Lt |R=UxO=U |=Q@ [21w1]xOW s=Hv= C=ar=]t x@ xHwD =@ "CU=
'=y|R=@ |x} Q_v OQm} wQ Q=yJ CLD =Q O}OH OwU `@=wD xt=O= QO w |R=Up=tQv =Q

"s}vm|t xU}=kt w pL '|R=UpOt
'p0 = �1

�01
(p�(c+d)) '�01 = �1��1(c+d)\@=wQ R= |R=Up=tQv |=Q@

w OwW|t xO=iDU= k02 = D0 �
021
�1 k2 w k01 = D0 �

021
�1 k1 'w0 = �1

�01
(w � c)

%R= Ow@ Oy=wN CQ=@a Q}}eD R= TB O}OH OwU `@=wD
�0m(w0; A; t) = exw0(1� p0) 1

� (k01
p
a+ k02

p
A)�A� ta (9)

�0r(p0; a) = ex(p0 � w0)(1� p0) 1
� (k01
p
a+ k02

p
A)� (1� t)a

(10)

�0sc(p0; a; A) = exp0(1� p0) 1
� (k01
p
a+ k02

p
A)� a�A (11)
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"""|
DmQ=W

t|
@=}Q=

R=@w
|Q=

PoC
t}k

|r=t
DL=

pOt%O}UQ s}y=wN Q} R pO=aD x@ pw= x@DQt |=yjDWt x@ \w@ Qt CqO=at pL =@ u}=Q@=v@

pN = 2�
2� + 1

wN = �
2� + 1

tN = 0
AN = E[ex]2

4 k22�2( 1
2� + 1 )

2
�+2

aN = E[ex]2

4 k21�2( 1
2� + 1 )

2
�+2

Q@yQ � xOvvmO}rwD |R=@ "4"2
CQwYx@ wQ}B l} w Q@yQ l} OQ=Ov OwHw |Q=mty xm nQ@rmDU= |=y|R=@ QO
u=wvax@ =Q VwQixOQN w xOvvmO}rwD u}@ |x]@=Q VN@ u}= QO "Ovvm|t pta |r=wDt
Q@yQ xOvvmO}rwD u; QO xm|Qw] 's} Q}o|t Q_v QO |r=wDt w |Q=mtyQ}e |R=@ l}
MU=B u} QDy@ O}=@ =OD@= pO=aD u}= uOQw; CUO x@ Qw_vtx@ "CU= wQ}B VwQixOQN w
MU=B |x}=B Q@ Q@yQ OwU `@=D TBU w OwW u}}aD CU= |r=wD swO |xrLQt QO xm wQ}B
CQ=@a s}OQw; CUO x@ Vv pO=aD QO xm VwQixOQN MU=B u} QDy@ "OwW pL wQ}B

%R= CU=

p� = � + w
� + 1 (31)

a� = (E[ex]k1�
2(1� t) (1� w

� + 1 )
1
�+1)2 (32)

CqO=at pL w |Q}ojDWt w xOvvmO}rwD OwU `@=D QO jwi |xv}y@ Q}O=kt uO=OQ=Qk =@
CUO x@CU= Q@yQ xOvvmO}rwD xm |Dr=L QO s}tYD |=yQ}eDt |xv}y@ Q}O=kt '\w@ Qt

"Ot; Oy=wN
� VwQixOQN 'Q@yQ � xOvvmO}rwD CU=}U CLD xv}y@ s}tYD |=yQ}eDt "2 |x}[k

%R= Ov=CQ=@a wQ}B

pSM = � + wSM

� + 1 (33)

aSM =
�
E[ex]k1�
2(1� t) (1� wSM

� + 1 )
1
�+1
�2

(34)

tSM = wSM (3� + 2)� �
wSM (� + 2) + �

(35)

ASM =
�
E[ex]wSMk2

2 (1� wSM
� + 1 )

1
�

�2
(36)

wSM =

 2�(� + 1)k2

+
p4�2(� + 1)2k2(k2 + 1) + �2(� + 2)2

!
(� + 2)2 + 4k2(� + 1)2 (37)

Q}O=kt w O=O Q=Qk 36 =D 33 \@=wQ QO u=wD|t =Q 37 |xrO=at QO w |xv}y@ Q=Okt
"OQw; CUO x@ =Q Q@yQ � xOvvmO}rwD |R=@ |xv}y@

|xr�Ut pL pY=L xm a� = (E[ex]k1�2(1�t) ( 1�w
�+1 )

1
�+1)2 w p� = �+w

�+1 "C=@F=

x@ C@Uv u}=Q@=v@ 'CU= |ivt A x@ C@Uv xOvvmO}rwD OwU `@=D swO jDWt "C=@F=
"CU= Qakt `@=D l} A

@2E[�m]
@A2 = �1

4E[ex]k2w(1� p) 1
�A�

32 < 0 (22)

@E[�m]
@A = 1

2E[ex]k2w(1�p) 1
�A� 12 �1 |x]@=Q R= A |xv}y@ Q=Okt TB

%R= Ow@ Oy=wN CQ=@a xOvvmO}rwD |xr�Ut |xv}y@ Q}O=kt "O};|t CUO x@

t� = 0 (23)

w� = p
2 (24)

A� =
�1

2E[ex]k2w(1� p) 1
�

�2
(25)

z = (p�w)(1� p) 1
� CQwYx@ VwQixOQN OwU `@=D QO =Q z Q}eDt |iQ] R=

jDWt "s}vm|t pL =Q VwQixOQN |xr�Ut w 'h} QaD w � p � 1 C}OwOLt =@
%=@ CU= Q@=Q@ p x@ C@Uv z |�RH

@z
@p

= (1� p) 1
� � 1

�
(1� p) 1

��1(p� w)

= (1� p) 1
�

�
1� 1

�
(1� p)�1(p� w)

�
(26)

z |xvt=O "CU= 1+w
2 =@ Q@=Q@ w p = p1 Q=Okt (1 � p) 1

� > 0 xm =Hv; R=
w p = p1 ) z = �( 1�w

�+1 )
1
�+1 > 0 'p = 1 ) z = 0 x@ xHwD =@ =Q

CUO x@ p = p1 QO z Q=Okt u} QDW}@ TB "s}vm|t u}}aD p = w ) z = 0
0 � z � �( 1�w

�+1 )
1
�+1 u}=Q@=v@ "CU= QiY =@ Q@=Q@ u; Q=Okt u} QDsm w O};|t

%s}vm|t |U} wvR=@ u}vJ R}v =Q 16 |x]@=Q QO VwQixOQN OwU `@=D "CU=

maxE[�r] = E[ex]z(k1
p
a+ k2

p
A)� (1� t)a

s:t: 0 � z � �(1� w
� + 1 )

1
�+1; 0 � a (27)

z x@ C@Uv u; |�RH jDWt uwJ 'CU= |OwaY `@=D l} z x@ C@Uv E[�r]

w C@Ft |Q=Okt xm ' @E[�r ]
@z = E[ex](k1

p
a + k2

p
A) > 0 =@ CU= Q@=Q@

u}vJty "�( 1�w
�+1 )

1
�+1 =@ CU= Q@=Q@ z |xv}y@ Q=Okt u}=Q@=v@ "CU= QiY R= QDnQR@

=@ CU= Q@=Q@ `@=D swO jDWt uwJ 'CU= Qakt a x@ C@Uv xOvvmO}rwD OwU `@=D
|x]@=Q R= u}=Q@=v@ 'CU= |ivt |Q=Okt xm @2E[�r ]

@a2 = � 1
4E[ex]zk1a�

32 < 0
x@ =Q a |xv}y@ Q=Okt s}v=wD|t @E[�r ]

@a = 1
2E[ex]zk1a�

12 � (1� t) = 0
CQ=@a VwQixOQN |xr�Ut pL R= pY=L |xv}y@ Q}O=kt xH}DvQO "s} Qw; CUO

%R= Ow@ Oy=wN

p� = � + w
� + 1 (28)

z� = �(1� w
� + 1 )

1
�+1 (29)

a� = (E[ex]k1�
2(1� t) (1� w

� + 1 )
1
�+1)2 (30)
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2/
2x

Q=tW
'32

�1
|xQ

wO'
�13

95
u=DU

tR�
h}

QW
C}

Q}Ot
w`}

=vY
|U

Ovyt %CW=O s}y=wN |R=UxO=U =@ xm
@E[�m]
@w

= k21E[ex]2

2�(� + 1)

�
(� � 2w(1 + �))(w(� + 2) + �)

(2� w)

�
+ wk22E[ex]2

2�
�

(� � w(2� + 1))
(1� w)

�
+ k21�E[ex]

2�2

�
�

(1� w)(w(� + 2) + �)(w(3� + 2)� �)
(2� w)2

�
(43)

?ULQ@ wO xHQO |xrO=at l} CQwYx@ =Q 43 |x]@=Q R= xOt; CUO x@ |xrO=at
CU= 0 < w < 1 xm =Hv; R= "s} Qw;|t CUO x@ =Q w |xv}y@ Q=Okt w xDWwv w
Q@=Q@ w |xv}y@ Q=Okt [1]u}W}B C=ar=]t j@=]t k = k2

k1 |x]@=Q R= xO=iDU= =@ w
%=@ CU=

wSM =

 2�(� + 1)k2

+
p4�2(� + 1)2k2(k2 + 1) + �2(� + 2)2

!
(� + 2)2 + 4k2(� + 1)2

%\@=wQ QO w |xv}y@ Q=Okt |Q=Po}=H =@
A =

�
E[ex]wSMk2

2 (1� wSM
� + 1 )

1
�

�2

t = wSM (3� + 2)� �
wSM (� + 2) + �

a =
�
E[ex]k1�
2(1� t) (1� wSM

� + 1 )
1
�+1
�2

p = � + wSM

� + 1
"Ot; Oy=wN CUO x@ xv}y@ Q}O=kt

Q@yQ � VwQixOQN |R=@ "5"2
|r=wDt w |Q=mtyQ}e |R=@ l} QO =Q xOvvmO}rwD w VwQixOQN |x]@=Q VN@ u}= QO
MU=B u} QDy@ =OD@= u}=Q@=v@ "s}vm|t |R=UpOt 'CU= Q@yQ VwQixOQN u; QO xm

%R= CU= CQ=@a 's}OQw; CUO x@ Vv CU=}U QO xm 'xOvvmO}rwD
t� = 0 (44)

w� = p
2 (45)

A� =
�1

2E[ex]k2w(1� p) 1
�

�2
(46)

VwQixOQN OwU `@=D QO Vv pO=aD pL R= A w w 't |xv}y@ Q}O=kt uO=O Q=Qk =@
xm |Dr=L QO s}tYD |=yQ}eDt |xv}y@ Q}O=kt 'x]w@ Qt CqO=at R= |Q}ojDWt w

"OW Oy=wN pY=L CU= Q@yQ u=wvax@ VwQixOQN
� xOvvmO}rwD w 'Q@yQ � VwQixOQNCU=}UCLD xv}y@ s}tYD |=yQ}eDt "3 |x}[k

%R= Ov=CQ=@a wQ}B
pSR = �

� + 1 (47)

wSR = 1
2

�
� + 1 (48)

aSR = k21
16E[ex]2�2( 1

� + 1 )
2
�+2 (49)

%s}vm|t u} Ro}=H xOvvmO}rwD OwU `@=D QO 'OvDUy Vv |R=@ QO VwQixOQN

MaxE[�m] =E[ex]w(1� w
� + 1 )

1
�

�
��

E[ex]k21�
2(1� t) (1� w

� + 1 )
1
�+1
�

+ k2
p
A
�

�A� E[ex]2k21�2t
4(1� t)2 (1� w

� + 1 )
2
�+2

s:t: 0 � A; 0 � w � 1; and 0 � t � 1; (38)

t w A x@ C@Uv '38 |x]@=Q QO E[�m] R= O}=@ t w A |xv}y@ Q=Okt u}}aD |=Q@
x@ Q} R \@=wQ R= t w A |xv}y@ Q}O=kt u}=Q@=v@ "O=O Q=Qk QiY |w=Ut w CiQo jDWt

%Ot; Oy=wN CUO

@E[�m]
@A

= E[ex]k2w
2pA (1� w

� + 1 )
1
� � 1 = 0

@E[�m]
@t

= E[ex]2k21�
4(1� t)3(� + 1)

(1� w
� + 1 )

2
�+1

�
 2w(� + 1)� �(1� w)

�t (�(1� w) + 2w(� + 1))

!
= 0

%s} Q=O u}=Q@=v@ w

A =
�
E[ex]k2w

2 (1� w
� + 1 )

1
�

�2
(39)

t = w(3� + 2)� �
w(� + 2) + �

(40)

w x@ C@Uv xOvvmO}rwD OwU `@=D R= w |WwQixOta Ct}k uOQw; CUO x@ |=Q@
"s} Q}o|t jDWt

@E[�m]
@w

= E[ex]2k21
2(� + 1)(1� t) (1� w

� + 1 )
2
� (� � 2w(1 + �))

+ E[ex]k2
p
A

�(� + 1)
(1� w
� + 1 )

1
��1(� � w(2� + 1))

+ E[ex]k21�(1 + �)t
2(1� t)2 (1� w

� + 1 )
2
�+1 (41)

%s} Q=O 41 |x]@=Q QO A w t |xOt;CUO x@ |xv}y@ Q}O=kt |Q=Po}=H =@

@E[�m]
@w

= k21E[ex]2

2(� + 1)(1� w(3�+2)��
w(�+2)+� )

(1� w
� + 1 )

2
�

� (� � 2w(1 + �)) +
w(k2E[ex])2

2 ( 1�w
�+1 )

1
�

�(� + 1)

� (1� w
� + 1 )

1
��1(� � w(2� + 1))

+
w(3�+2)��
w(�+2)+� k

21�(1 + �)

2(1� w(3�+2)��
w(�+2)+� )2 � (1� w

� + 1 )
2
�+1E[ex] (42)
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DmQ=W

t|
@=}Q=

R=@w
|Q=

PoC
t}k

|r=t
DL=

pOt%\@=wQ u}vJty
pSR = �

� + 1
wSR = 1

2
�

� + 1
ASR = k22

16E[ex]2�2( 1
� + 1 )

2
�+2

tSR = 0

"Ot; Oy=wN CUO x@ �Q@yQ � VwQixOQN� nQ@rmDU= pO=aD pL R=

|Q=mty |R=@ "6"2
VN@ u}= QO "s}O=O Q=Qk |UQQ@ OQwt =Q |Q=mtyQ}e |=y|R=@ p@k CtUk xU QO
xm s}vm|t |UQQ@ |Q=mty |R=@ l} u=wvax@ =Q VwQixOQN w xOvvmO}rwD |x]@=Q
u}=Q@=v@ "OvQ=O sDU}U pm OwU V}=Ri= w |Q=mty Q@ ji=wD xQ}HvR |=[a= u; QO
"s} Qw;|t CUO x@ =Q u; |xv}y@ Q}O=kt w s} Q}o|t Q_v QO =Q xQ}HvR pm OwU `@=D

%R= Ow@ Oy=wN CQ=@a hOy `@=D CQwY u}= QO

MaxE [�sc]
p;a;A

= p(1� p) 1
� (k1
p
a+ k2

p
A)E[ex]� a�A

s:t: 0 � p � 1 and 0 � a;A (58)

|Q=mty VwQixOQN w xOvvmO}rwD xm |v=tR 'CU= XNWt q=@ OwU `@=D R= xm u=vJ
OwU Q@ t w w |=yQ}eDt w 'OvDUy |Q}os}tYD |=yQ}eDt a w A 'p \ki Ovvm|t

"OvQ=PoQ}F-=D =[a= u}@ OwU s}UkD QO =yvD w OvQ=Po|tv |Q}F-=D sDU}U pm
%R= Ov=CQ=@a |Q=mty CU=}U CLD xv}y@ s}tYD |=yQ}eDt "4 |x}[k

pco = �
� + 1 (59)

Aco =
�1

2k2�E[ex]( 1
� + 1 )

1
�+1
�2

(60)

aco =
�1

2k1�E[ex]( 1
� + 1 )

1
�+1
�2

(61)

x@ xHwD =@ =Q u; |xvt=O w '62 |x]@=Q j@=]t =Q z xr�Ut u}= pL |=Q@ "C=@F=
%s}vm|t u}}aD |OL Q}O=kt w pw= jDWt

z = p(1� p) 1
�

s:t: 0 � p � 1 (62)

%R= Ow@ Oy=wN CQ=@a p x@ C@Uv 62 |x]@=Q pw= jDWt
@z
@p

= 1
�

(1� p) 1
��1(� � p(� + 1)) = 0 (63)

� � p(� + 1) = 0 |x]@=Q TB 'CU= 1
� (1� p) 1

��1 > 0 xQ=wty xm =Hv; R=
x@ xHwD =@ =Q z |xvt=O "CU= �

�+1 =@ Q@=Q@ p = p1 Q=Okt u}=Q@=v@ "CU= Q=QkQ@
p = 1) z = 0wp = p1 ) z = �( 1

�+1 )
1
�+1 > 0 'p = 0) z = 0

Q=Okt u} QDsm w O};|t CUO x@ p = p1 QO z Q=Okt u} QDW}@ TB "s}vm|t u}}aD
sDU}U pm OwU xH}Dv QO "0 � z � �( 1

�+1 )
1
�+1 =Pr w &CU= QiY =@ Q@=Q@ u;

tSR = 0 (50)

ASR = k22
16E[ex]2�2( 1

� + 1 )
2
�+2 (51)

xm =Q A =
�

1
2E[ex]k2w(1� p) 1

�

�2 w w = p
2 't = 0 C=Q=@a "C=@F=

VwQixOQN OwU `@=D QO xOt; CUO x@ Vv |R=@ QO xOvvmO}rwD |xr�Ut pL R=
%s}vm|t u} Ro}=H

Max
p;a

E[�r] = p
2 (1� p) 1

� E[ex]

�
�
k1
p
a+ 1

4E[ex]k22p(1� p) 1
�

�
� a

s:t: 0 � p � 1 and 0 � a; (52)

jDWt "s}vm|t h} QaD y = p
2 (1 � p) 1

� CQwYx@ =Q y xr�Ut u}= pL |=Q@
%=@ CU= Q@=Q@ p x@ C@Uv y |�RH

@y
@p

= 1
2� (1� p) 1

��1(� � p(� + 1)) = 0 (53)

��p(�+1) = 0 |x]@=Q TB 'CU= 1
2� (1�p) 1

��1 > 0 xQ=wty xm =Hv; R=
y |xvt=O "Ot; Oy=wN CUO x@ �

�+1 =@ Q@=Q@ p = p1 Q=Okt u}=Q@=v@ "CU= Q=QkQ@
w p = p1 ) y = �

2 ( 1
�+1 )

1
�+1 > 0 'p = 0 ) y = 0 x@ xHwD =@ =Q

CUO x@ p = p1 QO y Q=Okt u} QDW}@ TB "s}vm|t u}}aD p = 1 ) y = 0
"CU= 0 � y � �

2 ( 1
�+1 )

1
�+1 =Pr w CU= QiY =@ Q@=Q@ u; Q=Okt u} QDsm w O};|t
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