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wQ u}= R= "OQm u=}@ |a]k w |OOa Q}O=kt ?r=k QO QO =Q =yCw=[k u}= u=wD|tv R}v OQ=wt
sOa x@ xHwD =@ "OwW|t |krD |ywQo |=y|Q}os}tYD Q}PB=v?=vDH= *VN@ �u=v}t]= sOa�
u=Um} pmW QU Q@ `=tH= 'OQ=wt QDW}@ QO '|}=}i=QeH |x]kv l} QO u=oOvQ}os}tYD RmQtD

,qwtat xm u}= x@ xHwD =@ u}vJty "CU}v QU}t u=oOvQ}os}tYD |wU R= C=L}HQD u=}@
C=U}=kt CkO 'OQ=Ov |i=m Vv=O EL@ OQwt |xr�Ut ?v=wH s=tD |xQ=@ QO xOvQ}os}tYD
u=}@ =@ |ywQo |Q}os}tYD |=Q@ |O}OH VwQ 'Q=DWwv u}= QO "CU= O}OQD pLt R}v |HwR
|HwR C=U}=kt T} QD=t uOw@ Xk=v ZQi =@ w u=v}t]= sOa \}=QW QO C=L}HQD Cw=iDt
u}= "OwW|t x�=Q= hOy `@=D xU =@ |[=} Q |R} Qxt=vQ@ pOt l} VwQ u}= QO "OwW|t x�=Q=
|=y|Q=oR=U=v XN=W |R=Uxv}tm '|ywQo ji=wD XN=W |R=Uxv}W}@ p=@vO x@ ,=t=wD pOt

"CU=yxv} Ro |}=yv u=Rw= |Q=O}=B |R=Uxv}W}@ w |OQi
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Cw=iDt u=}@ 'Xk=v |HwR C=U}=kt T} QD=t '|ywQo |Q}os}tYD %|O}rm u=oS=w
"|OQi |Q=oR=U '|ywQo ji=wD 'u=Rw= |Q=O}=B 'C=L}HQD

xtOkt "1
w h} QaD '|Q}os}tYD xwQo |yOu=tR=U 'xr�Ut |xOwOLt u}}aD w |Q}os}tYD
'u=oOvQ}os}tYD\UwD =yxv} Ro |OQi|@=} RQ= '=yQ=}atR=|y=vDt|}xawtHth}YwD
w =yxv} Ro C=R=}Dt= T} QD=t w =yQ=}atuRw u}}aD |=Q@ u=oOvQ}os}tYD C=Q_v `=tH=

"CU=yxv} Ro |Ov@x@DQ C}=yv QO
|Q}os}tYD |O}rm |=yxRwL |UQQ@ x@ C=}@O= |xar=]t VN@ QO xt=O= QO
QDy@ syi |=Q@ R=}v OQwt h} Q=aD u=}@ x@ VywSB u}= swO VN@ "s} R=OQB|t |ywQo
QwmPt OQm} wQ |=ys=o '|O=yvW}B VwQ VN@ QO "OQ=O X=YDN= |O=yvW}B VwQ
l} pL x@ '|O=yvW}B VwQ =@ QDy@ |}=vW; w |@=} RQ= |=Q@ "OwW|t u=}@ p}YiDx@
OQm} wQ wO R= xO=iDU= =@ TBU w s} R=OQB|t u; C}U=UL p}rLD w xr�Ut xvwtv
VwQ |=y|oS} w OOHt u=}@ ut[ C}=yv QO "s} R=OQB|t pOt |HvUQ=@Da= x@

"OW Oy=wN |iQat |D; C=k}kLD |=Q@ |}=yxv}tR '|O=yvW}B

xr�Ut |tra C=}@O= |xar=]t "2
\}=QW QO |ywQo |Q}os}tYD |=yVN@ Q} R ?r=k QO ẁ[wt C=}@O= VN@ u}= QO
C=L}HQD u=}@ uoty=v p=mW= =@ |ywQo |Q}os}tYD '|ywQo ji=wD 'u=v}t]= sOa

"OwW|t |UQQ@ Xk=v |L}HQD \@=wQ =@ |ywQo |Q}os}tYD w

|Qt= �� """w |mWRB '|UOvyt '|r=t Q}_v �� =yxv}tR R= |Q=}U@ QO |Q}os}tYD
|=yxv} Ro u=}t R= xv} Ro u} QDy@ ?=NDv= Ov}=Qi '|Q}os}tYD Ov}=Qi &CU= |QwQ[
ZQi |a]k xr�Ut |=y|OwQw '|Q}os}tYD l}Uqm |=yVwQ QO "CU= OwHwt
Q@ |vD@t |Q}os}tYD |xr�Ut |=y|OwQw xm Ck}kL u}= x@ xHwD =@ "CU= xOW
|a]k w |OOa Q}O=kt ?r=k QO `k=wt QDW}@ QO O=Qi= Cw=[k w CU= O=Qi= Cw=[k
"OQ=Ov |v=wNsy u=OvJ |ak=w |oOvR |=yC}akwt =@ jwi ZQi 'CU}v u=}@ p@=k
'RwQt= |=}vO |O=YDk= w |a=tDH= |=y\}Lt Q@ sm =L |=y|oO}J}B x@ xHwD =@
|xr�Ut l} ?v=wH s=tD uDiQo Q_v QO x@ QO=k |}=yvDx@ xOvQ}os}tYD l} xm u}=
|=}vO QO =y|Q}os}tYD R= |Q=}U@ u}=Q@=v@ "CU}v Q}PBu=mt= OW=@ |Q}os}tYD
QDy@ syi w lQO 'QDW}@ C=aq]= w Vv=O "OQ}o|t s=Hv= |ywQo CQwYx@ |ak=w
QDW}@ C}kqN O=H}= 'xwQo |=[a= |Q=mty 'QDsm |=]N O=H}= u=mt= 'xr�Ut R=
p@=kt QO |ywQo |Q}os}tYD |=}=Rt xrtH R= C=t}tYD |}=QH= |xOv}; u}t[D w

"CU= |OQi |Q}os}tYD
Ov}=Qi h=Oy= u}}aD %R= CU= CQ=@a |ywQo |Q}os}tYD ?wJQ=J |rm Qw]x@

pw�Ut xOvU} wv �
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YD|Q}os}tYD Cr=L QO =yxv} Ro |atH |@=} RQ= G=QNDU= |=Q@ |v=tQ; |R} Qxt=vQ@ pOt
x�=Q= |L}HQD \@=wQ uOw@ Xk=v ZQi =@ w C=L}HQD u=}@ uoty=v p=mW= =@ |ywQo
|ywQo |Q}os}tYD |=Q@ |ki=wD pOt l} '�2013� u=Q=mty w TQ=tq=B "OvO=O
Cw=iDt p=mW= ?r=k QO =Q OwN C=Q_v OvQO=k u=oOvQ}os}tYD u; QO xm OvO=O x�=Q=

"OvyO x�=Q= C=L}HQD u=}@

2Xk=v |L}HQD \@=wQ =@ |ywQo |Q}os}tYD "4"2
OW=@ xDW=O OwHw |]}=QW CU= umtt |Q}os}tYD |ak=w p�=Ut R= |Q=}U@ QO
xDW=Ov EL@ OQwt |xr�Ut ?v=wH s=tD R= `t=H |Wv=O u=oOvQ}os}tYD u; QO xm
"CU}v QwOkt =yu; |=Q@ =yCw=[k R= |NQ@ u=}@ w Q_v Q=y_= wQ u}= R= 'OvW=@v
wQx@ wQ |ywQo |Q}os}tYD QO Xk=v |L}HQD \@=wQ =@ p�=Ut u}= QO xH}DvQO
OQwt Xk=v |L}HQD \@=wQ =@ |ywQo |Q}os}tYD EL@ Q}N= |=yp=U QO "s} wW|t
l}vmD Q@ |vD@t O}OH |WwQ [25]'u=Q=mty w wS p=Ft |=Q@ "CU= xDiQo Q=Qk xHwD
Xk=v |R=i C=L}HQD T} QD=t =@ |ywQo |Q}os}tYD |=Q@ |tD} Q=or C=a@ Qt xv}tm
|R=i C=L}HQD |Ov@C} wrw= |=Q@ =Q xS} w Q=OQ@ VwQ [26]'nv=w w wS "OvO=O x�=Q=
|ywQo |Q}os}tYD |=Q@ |O}OH OQm} wQ R}v [27]w}o w nv=S "OvO=O xaUwD Xk=v
x�=Q= u=v}t]= sOa \}=QW QO u; u=}@ hrDNt p=mW= w Xk=v C=L}HQD Cr=L QO

"OvO=O

|D=tOkt h} Q=aD "3
QO |L}HQD \@=wQ u=}@ Cw=iDt p=mW= QO |Q=oR=U swyit K} QWD x@ VN@ u}= QO
|L}HQD \@=wQ %R= Ov=CQ=@a ?}DQDx@ p=mW= u}= "s} R=OQB|t u=v}t]=sOa Cr=L
\@=wQ '|}xR=@ |v=@ R |L}HQD \@=wQ '|}xR=@ |R=i |L}HQD \@=wQ '|}xR=@ |@ Q[

"|OwyW |R=i |L}HQD \@=wQ w |}xR=@ |@}DQD |L}HQD
"1 h} QaD

'Qo = CU= 3|}xR=@ |@ Q[ |L}HQD |x]@=Q l} A = (~aij)n�n |HwR T} QD=t
%[28] OW=@ jO=Y Q} R |=yxQ=Ro ~aij Qy |=Q@

~aij =
�
a�ij ; a+

ij
�

(1)

a�ij � a+
ij (2)

a�ij :a+
ji = a�ji:a+

ij = 1 (3)

a�ii = a+
ii = 1 (4)

a�ij ; a+
ij 2

�1
9 ;

1
8 ;

1
7 ; :::;

1
2 ; 1; 2; :::; 7; 8; 9

�
(5)

"2 h} QaD
l} ~A "CU= |}xR=@ |@ Q[ |L}HQD |x]@=Q l} (

�
a�ij ; a+

ij
�
)n�n O}vm ZQi

"OW=@v |yD �?OLt xHwt |=[i 'Qo =CU= Q=oR=U |}xR=@ |@ Q[ |L}HQD |x]@=Q
xm OW=@ OwHwt O}=@ (w1; w2; :::; wn)T uwJ Q=OQ@ l} sm CUO Qo}O CQ=@ax@

"[29] Ovm jOY 6 |x]@=Q QO

�=f(w1; w2; :::; wn)T ja�ij� wiwj �a
+
ij ; wi�0; i; j2N;

nX
i=1

wi=1g
(6)

u=v}t]= sOa \}=QW QO |ywQo |Q}os}tYD "1"2
=mQW ?=NDv= |xr�Ut QO xO=iDU= |=Q@ xQ=}atOvJ |ywQo |Q}os}tYD pOt l} [1]w}
Q_v QO |OwyW |R=i O=Oa= CQwYx@ pOt u}= |OwQw C=aq]= "CU= xO=O O=yvW}B
|ywQo |Q}os}tYD |=Q@ O}OH |WwQ [2]|WywSB QO u}vJty w= "CU= xOW xDiQo
x�=Q= |WwQ Q=DWwv u}= QO "CU= |}xR=@ O=Oa= ?r=k QO u; |=y|OwQw xm xO=O x�=Q=
Tv=} Q=w w u}ov=}t |Q=t; s}y=it R= xO=iDU= =@|}xR=@ O=Oa= 'u; T=U=Q@ xmCU= xOW
O}OH VwQ l} [3]'|a}iQ w |@=QD "OwW|t p}O@D |OwyW |R=i |}xR=@ OOa l} x@
Cr=L QO |R=i |=yx}=QO =@ |HwR |xU}=kt T} QD=t l} R= =yC} wrw= G=QNDU= |=Q@
"Ov=xO=O x�=Q= xOvQ}os}tYD OvJ Cr=L QO O}OH VwQ wO x=Qtyx@ 'xOvQ}os}tYD l}
|xU}=kt |=yT} QD=t R= |ywQo C} wrw= Q=OQ@ G=QNDU= |=Q@ R}v [4]u=Q=mty w wR=B wO
G=QNDU= |=Q@ Q[=L |xar=]t |O=yvW}B pOt "Ov=xO=O x�=Q= O}OH|rOt |R=i|HwR
[5]u=Q=mty w nvwy "CU= xDW=O |Q=oR=U EL@ x@ |}xS} w x=ov =yC} wrw= Q=OQ@
x�=Q= xQ=}atOvJ C}@ wr]t |x} Q_v |=v@tQ@ |ywQo |Q}os}tYD |=Q@ O}OH |WwQ

"Ov=xO=O

1|ywQo ji=wD "2"2
|@=}CUO CyH Qo}O hQ] R= "CU= xwQo ?wr]t OQmrta x@ xDU@=w O=Qi= C}=[Q
|atH C=t}tYD CU= sRq '|OQi C}=[Q u; `@Dx@ w xwQo ?wr]t OQmrta x@
QO xOW xDiQo Q=m x@ |[=} Q OQm} wQ u}rw= "OQ}o CQwY |ywQo ji=wD |=v@tQ@
|=yp=U QN=w= QO [6]u=Q=mty w IvQi |=yQ=m QO u=wD|t =Q |ywQo ji=wD |xv}tR
ji=wD |x} Q_v x@ hwmQ=t |xQ}HvR OwQw =@ "Ci=} |Oq}t 1950 p}=w= w 1940
x@ u=wD|t xYQa u}= u=t=oW}B R= "CiQo OwN x@ |O}OH pmW x} Q_v u}= '|ywQo
|xv}tR QO |Q=}U@ |=ypOt xt=O= QO "OQm xQ=W= [9]IvQi w [8]CwQo|O [7]'|Q=Qy
w Qyr u=wD|t =Q xYQa u}= u=t=oW}B "OW xO=O O=yvW}B |ywQo ji=wD x@ |@=}CUO
"O=O x�=Q= =Q |R=i \}Lt QO ji=wD swyit Q=@u}UNv |=Q@ [11]'=Oo =Q "CUv=O [10]Qovw
CQwYx@ ji=wD swyit '|ywQo ji=wD |xv}tR QO xOW KQ]t l}Uqm |=yOQm} wQ QO
Q_vt R= ji=wD swyit xm CU= |r=L QO u}= "CU= xOW xDiQo Q_v QO ZLt w O}m =
=Q |ywQo ji=wD QO VQov u}= R=e; |x]kv "CU= QDQ}PBh=]av= ?D=Qtx@ |v=Uv= lQO
C} QFm = swyit [15�13]|R} QOi w l} RQBU=m xt=O= QO "O=O C@Uv [12]Qwwr x@ u=wD|t
x�=Q= |ywQo ji=wD VHvU |=Q@ '|R=i |v=@ R |=yXN=W R= |Q}oxQy@ =@ =Q |R=i
xm |Dr=L QO �� |ywQo ji=wD |=Q@ |O}OH pOt [16]u=Q=mty w =tO} w =QQy "OvO=O
x�=Q= �� Ovvm xO=iDU= OwN C=L}HQD u=}@ |=Q@ |irDNt |=yVwQ R= u=oOvQ}os}tYD

"OvO=O

C=L}HQD u=}@ uoty=v p=mW= =@ |ywQo |Q}os}tYD "3"2
|O}rm XN=W u=v}t]= sOa xm |ywQo |Q}os}tYD |xO}J}B p�=Ut R= |WN@ |=Q@
=@ hrDNt |=ynvyQi R= |O=Qi= R= pmWDt u=oOvQ}os}tYD 'OwW|t ?wULt u;
Ovy=wN EL@ OQwt |xr�Ut =@ \@=Q QO Cw=iDt |YYND Kw]U w |Wv=O |xv}W}B
QkDUt |a=tDH= hrDNt |=y\}Lt QO Ovv=wD|t u=oOvQ}os}tYD Qo}O hQ] R= "Ow@
QU}t u=OvJ C=L}HQD u=}@ |=Q@ uoty pmW l} uwt=Q}B `=tH= wQ u}= R= "OvW=@
C=L}HQD u=}@ Cw=iDt p=mW= =@ |ywQo |Q}os}tYD EL@ Q}N= |=yp=U QO "CU}v
O}OH VwQl} [22]'u=Q=mty w =QQy [21�17]"CU= xOQm?rH OwN x@ =Q |Q=}U@ xHwD
l} [23]'u=Q=mty w nv=O "OvO=O x�=Q= C=L}HQD u=}@ Cw=iDt |=yxw}W `}tHD |=Q@
l} R}v [24]nv=S w u=i "OvO=O x�=Q=|v=@ R C=L}HQD T=U=Q@|ywQo |Q}os}tYD pOt
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Ovyt |xv} Ro |}x@DQ C}akwt Qou=}@ ?}DQDx@ fUi w fLi Q=Okt "Ovm|t u=}@ [fLi ; fUi ]

Cr=L u}= QO "CU= xv=v}@O@ w xv=v}@VwN Cr=L QO =yxv} Ro s=tD u=}t QO xi
|}xR=@ |WRQ= K}HQD l} u; =@ Q_=vDt xm CU= 6|}xR=@ |@}DQD K}HQD l} eF

[34]%OwW|t h} QaD �Ei =
�
eLi ; eUi

�
eLi =

n�fUi
n�1 + "
n
2 + n"

(19)

eUi =
n�fLi
n�1 + "
n
2 + n"

(20)

\wQWt OQm x@U=Lt 21 |x]@=Q j@=]t u=wD|t =Q u; Q=Okt xm CU= |D@Ft QDt=Q=B "
%OW=@ xOW xDiQo Q_v QO =yxv} RouRw u}}=B OL u=wvax@ x xm u; Q@

" = nx
2: (1� nx)

(21)

"8 h} QaD
|x}=QO Qy "OwW|txO=O V}=tv ~RT} QD=t =@ 7|OwyW |R=i |L}HQD |x]@=Q l}
|xHQO Qou=}@ uij |xir-wt "OwW|t xO=O V}=tv (uij ; vij) |xir-wt wO =@ T} QD=t
sOa C}a]k xHQO Qou=}@ vij |xir-wt w 'xj |xv} Ro x@ xi |xv} Ro |QDQ@ C}a]k
|OwyW |R=i |L}HQD |x]@=Q l} T} QD=t "CU= xj |xv} Ro x@ xi |xv} Ro |QDQ@

[35]%OW=@ jO=Y Q} R |=yxQ=Ro ~rij |x}=QO Qy |=Q@ 'Qo = CU=
0 � uij + vij � 1 (22)

uji = vij (23)

uij = vji (24)

�ij = 1� uij � vij (25)

xO=O V}=tv �ij =@ ,=Q=YDN= xj |xv} Ro x@ xi |xv} Ro |QDQ@ C}a]k sOa |xHQO
"OwW|t

"9 h} QaD
|R=i K}HQD T} QD=t l} ~R = (~rij)n�n = (

�
uij ; vij

�
)n�n O}vm ZQi

|yD � ?OLt |=[i 'Qo = CU= pt=m |Q=oR=U |=Q=O ~R T} QD=t "CU= |OwyW
[35]%OwW|t u}vJ � "OW=@v

� = f(w1; w2; :::; wn)T juij � wi
wi + wj

� 1� vij wi � 0;

i; j 2 N;
nX
i=1

wi = 1g (26)

|O=yvW}B VwQ "4
p}YiDx@ xr�Ut h=Oy= w C=[wQit u=}@ ut[ |O=yvW}B VwQ VN@ u}= QO

"OwW|t K} QWD

xr�Ut C=[wQit "1"4
%R= CU= CQ=@a |ywQo |Q}os}tYD |xr�Ut |R=UpOt QO Qw_vt C=}[Qi

"OwW|t xDiQo Q_v QO |}xR=@ |HwR C=U}=kt T} QD=t ?r=k QO C=L}HQD u=}@ "1

"3 h} QaD
'Qo = CU= 4|}xR=@ |R=i |L}HQD |x]@=Q l} B = (~bij)n�n |HwR T} QD=t

[30]%OW=@ jO=Y Q} R |=yxQ=Ro ~bij Qy |=Q@
~bij =

�
b�ij ; b+ij

�
(7)

b�ij � b+ij (8)

b�ij + b+ji = b�ji + b+ij = 1 (9)

b�ii = b+ii = 0 5 (10)

b�ij ; b+ij 2 [0; 1] (11)

"CU= Xj |xv} Ro x@ Xi |xv} Ro |QDQ@ |xHQO Qou=}@ ~bij
"4 h} QaD

B "CU= |}xR=@ |R=i |L}HQD |x]@=Q l} ~B = (
�
b�ij ; b+ij

�
)n�n O}vm ZQi

|yD � ?OLt xHwt |=[i 'Qo = CU= Q=oR=U |}xR=@ |R=i |L}HQD |x]@=Q l}
O}=@ w = (w1; w2; :::; wn)T uwJ Q=OQ@ l} sm CUO Qo}O CQ=@ax@ "OW=@v

[31]%Ovm jOY 21 |x]@=Q QO xm OW=@ OwHwt
� = f(w1; w2; :::; wn)T jb�ij � wi

wi + wj
� b+ij ; wi � 0; i; j 2 N;

nX
i=1

wi = 1g (12)

"5 h} QaD
|D}r=v}OQ=m =@|v=@ RC=Lq]Y= xawtHt Qou=}@S = fs�j� = 0; 1; :::; Tg Qo =
'OwW ZQi �� I (s�) = � pFt �� |v=@ R Kq]Y= ?UJQ@ R}v I(s�) w 'OQi
'Qo = CU= 5|}xR=@ |v=@ R |L}HQD |x]@=Q l} ~L = (~lij)n�n T} QD=t x=ov;

[32]%OW=@ jO=Y Q} R |=yxQ=Ro ~lij |x}=QO Qy |=Q@
~lij =

�
l�ij ; l+ij

�
(13)

I(l�ij) � I �l+ij� (14)

I
�
l�ij
�

+ I
�
l+ji
�

= I
�
l+ij
�

+ I
�
l�ji
�

= T (15)

l�ii = l+ii = sT+1
2

(16)

l�ij ; l+ji 2 S i; j 2 N (17)

"CU= Xj |xv} Ro x@ Xi |xv} Ro |v=@ R |QDQ@ |xHQO Qou=}@ ~lij
"6 h} QaD

~L =
�

~lij
�
n�n =|}xR=@|v=@ R|L}HQDT} QD=tu=wD|t18|x]@=Q R= xO=iDU= =@

~B =
��
b�ij ; b+ij

��
n�n|}xR=@|R=i|L}HQDT} QD=tl} x@ =Q��l�ij ; l+ij��n�n

[33]%OQm p}O@D
~bij =

�
b�ij ; b+ij

�
=

"
I(l�ij)
T

;
I
�
l+ij
�

T

#
i; j 2 N (18)

"CU= �|v=@ R C=Lq]Y=� S |v=@ R |xawtHt |D}r=v}OQ=m hQat T + 1
|Q=oR=U x@=Wt |}xR=@ |v=@ R |L}HQD |x]@=Q |Q=oR=U 'p}O@D u}= R= xO=iDU= =@

"OW Oy=wN h} QaD |}xR=@ |R=i |L}HQD |x]@=Q
"7 h} QaD

Fi = ?r=k QO =Q OwN |}x@DQ K}HQD 'xv} Ro Qy |=Q@ xOvQ}os}tYD O}vm ZQi
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"""=@
u=v}

t]=
sOa

\}=Q
WQ

O|
ywQo

|Q}
os}t

YDu=}@ Cw=iDt p=mW= |r}O@D |=}=[k xt=O= QO "OwW|t h} QaD OL=w pmW l} x@
"OwW|t

|R=i |L}HQD |x]@=Q l} ~B = (
�
b�ij ; b+ij

�
)n�n O}vm ZQi %1 |x}[k

~A = u; Q]=vDt |}xR=@ |@ Q[ |L}HQD |x]@=Q Cr=L u}= QO 'CU= |}xR=@
"OwW|t h} QaD u}vJ (

�
a�ij ; a+

ij
�
)n�n

a�ij =
bLij

1� bLij i; j 2 N (27)

a+
ij =

bUij
1� bUij i; j 2 N (28)

%CW=O s}y=wN 4 h} QaD j@=]t %C=@F=
bLij � wi

wj + wi
� bUij : i; j 2 f1; :::; ng (29)

bLji � wj
wj + wi

� bUji : i; j 2 f1; :::; ng (30)

%s}vm|t s}UkD sy Q@ =Q x]@=Q wO u}=
bLij
bUji
� wi
wj
� bUij
bLji

: i; j 2 f1; :::; ng (31)

%CW=O s}y=wN 3 h} QaD x@ xHwD =@
bUij + bLji = 1! bLji = 1� bUij (32)

bUji + bLij = 1! bUji = 1� bLij (33)

%C}=yv QO w
bLij

1� bLij �
wi
wj
� bUij

1� bUij (34)

|L}HQD |x]@=Q l} =Q ~L = (~lij)n�n = (
�
l�ij ; l+ij

�
)n�n Qo = %2 |x}[k

~A = u; Q]=vDt |}xR=@ |@ Q[ |L}HQD |x]@=Q 's}vm ZQi |}xR=@ |v=@ R
"OwW|t h} QaD u}vJ w CU= (

�
a�ij ; a+

ij
�
)n�n

a�ij =
I(l�ij)

T � I(l�ij)
i; j 2 N (35)

a+
ij =

I(l+ij)
T � I(l+ij)

i; j 2 N (36)

%CW=O s}y=wN 6 h} QaD j@=]t %C=@F=
I(l�ij)
T
� wi
wj + wi

� I
�
l+ij
�

T
: i; j 2 f1; :::; ng (37)

I(l�ji)
T
� wj
wj + wi

� I
�
l+ji
�

T
: i; j 2 f1; :::; ng (38)

%s}vm|t s}UkD sy Q@ =Q x]@=Q wO u}=
I(l�ij)
I(l+ji)

� wi
wj
� I

�
l+ij
�

I(l�ji)
: i; j 2 f1; :::; ng (39)

%CW=O s}y=wN 5 h} QaD x@ xHwD =@
I(l�ji) = T � I �l+ij� (40)

I(l+ji) = T � I �l�ij� (41)

"OwW|t ?wULt R=Ht xOW h} QaD Cw=iDt p=mW= ?r=k QO C=L}HQD u=}@ "2
u=}@ |=Q@ q=@ p=mW= R= pmW l} R= xO=iDU= x@ R=Ht =yvD xOvQ}os}tYD Qy "3

"CU= OwN C=L}HQD
"CU= Q}PBu=mt= |HwR C=U}=kt T} QD=t Xk=v u=}@ "4

CQwY xrLQt l} QO =yvD u=oOvQ}os}tYD R= |HwR C=L}HQD G=QNDU= Ov}=Qi "5
"OQ}o|t

"OwW|t xDiQo Q_v QO u=oOvQ}os}tYD R= l} Qy |=Q@ C}ty= u=Rw= "6
"OwW|t xDiQo Q_v QO xOvQ}os}tYD Qy Q_vx]kv R= xv} Ro Qy |=Q@ C}ty= u=Rw= "7

h=Oy= "2"4
xHwD =@ "CU=yQ=}at =} =yxv} Ro |}=yv u=Rw= G=QNDU= hOy |O=yvW}B VwQ QO
Ov}=Qi |OwQw u=wD|t =Q |ywQo |Q}os}tYD l} Ov}=Qi |HwQN xm ẁ[wt u}= x@
Q}O=kt xm OwW|t T=UL= |OvtR=}v u}= 'OQm |krD |Qo}O |D} Q}Ot |Q}os}tYD
u=wD|t =QC}r@=k u}= "OvW=@ xDW=O =Q syt u}= |R=UOQw;Q@C}r@=k |}=yv u=Rw= |OOa
xOQw;Q@ |ywQo ji=wD w |ywQo |Q=oR=U '|H=QNDU= u=Rw= |Q=O}=B s}y=it ?r=k QO

"OwW|t K} QWD p}YiD x@ |O=yvW}B VwQ |=ys=o Oa@ VN@ QO "CN=U

|O=yvW}B VwQ KQW "3"4
|O=yvW}B VwQ 'xOW u}}@D h=Oy= jkLD |=DU=Q QO w xr�Ut C=[wQit x@ xHwD =@

%OW=@ xDW=O Q} R Cq=-wU |=Q@ uWwQ |NU=B O}=@
C=L}HQD QO OwHwt |=y|Q=oR=U=v ?wr]t=v C=Q}F-=D =@ xr@=kt |=Q@ |OQm} wQ xJ "1

#OwW|t xDiQo Q=m x@ |}=yv u=Rw= Q@ u=oOvQ}os}tYD |OwQw
|HwR C=U}=kt |=yT} QD=t QO OwHwt pwyHt |=yx}=QO =@ OQwNQ@ OQm} wQ "2

#CU}J
#CU}J C=L}HQD u=}@ Cw=iDt p=mW= =@ OQwNQ@ OQm} wQ "3

#CU}J u=oOvQ}os}tYD C}ty= u=Rw= G=QNDU= |=v@t "4
#OwW G=QNDU= xvwoJ xOvQ}os}tYD Qy ORv =yxv} Ro C}ty= Q=}at "5

#OwW h} QaD xvwoJ |ywQo |Q=oR=U XN=W "6
#OwW h} QaD xvwoJ |ywQo ji=wD XN=W "7

#OwW h} QaD xvwoJ |ywQo |Q=O}=B XN=W "8
#OQ}o|t CQwY xvwoJ |}=yv u=Rw= G=QNDU= "9

xOvQ}os}tYD Qy \UwD C=L}HQD u=}@ "1"3"4
Qy \UwD xOW h} QaD R=Ht p=mW= ?r=k QO u=oOvQ}os}tYD C=L}HQD s=o u}= QO

"OwW|t u=}@ xOvQ}os}tYD
?r=k QO |}xR=@ |HwR C=U}=kt |=yT} QD=t |R=Uuwoty "2"3"4

|@ Q[ |}xR=@ |xU}=kt |=yT} QD=t
sHL QO Vy=m w C=L}HQD u=}@ Cw=iDt p=mW= |R=Uuwoty hOy s=o u}= QO
l} Qy |=Q@ OwHwth} Q=aD R= |Q}oxQy@ =@ Qw_vtu}O@ "CU= wQW}B |=ys=o C=@U=Lt
p=mW= u}= p}O@D CyH |}=}=[k 'C=L}HQD u=}@ |=Q@ xOWu}}aD Cw=iDt p=mW= R=
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2/
2x

Q=tW
'32

�1
|xQ

wO'
�13

95
u=DU

tR�
h}

QW
C}

Q}Ot
w`}

=vY
|U

Ovyt |xU}=kt T} QD=t l} G=QNDU= |=Q@ 1 xQ=tW |R} Qxt=vQ@ pOt h} QaD u}= x@ xHwD =@
|}xR=@ |HwR |xU}=kt T} QD=t l} R= pt=m |Q=oR=U =@ |@ Q[ |}xR=@ |HwR

"OwW|t O=yvW}B x=wNrO Xk=v |@ Q[
=@ Q_=vDt Q=oR=U ,qt=m T} QD=t l} G=QNDU= pOt u}= |rY= hOy "1 xQ=tW pOt
hQ]R= "CU=u=oOvQ}os}tYD\UwD xOWu=}@|HwRC=U}=kt|=yT} QD=t R=l} Qy
u=oOvQ}os}tYD |ak=w C=L}HQD =@ |H=QNDU= T} QD=t j=@]v= |=Q@ pOt u}= Qo}O
QO umtt C=Q}}eD u} QDsm p=ta= =@ Qw@ Rt |H=QNDU= T} QD=t xm CU= u; p=@vO x@
C=L}HQD =@ j=@]v= Qo}O CQ=@ax@ "O}; CUO x@ |rY= C=L}HQD T} QD=t |=yx}=QO
pOt u}= |O}rm u=mQ= |Q=oR=U swyit Q=vm QO u; h} QLD sOa w u=oOvQ}os}tYD

"OwW|t ?wULt
=yQDt=Q=B

|=Q@ w QiY Q=Okt u}}=B OL pwyHt |=yx}=QO |=Q@� |HwR |xU}=kt T} QD=t %A
&�OwW xDiQo Q_v QO 100 Q}_v nQR@ |Q=Okt q=@ OL

"OQ}o|t QiY Q=Okt CQwYu}= Q}e QO w 1 Q=Okt OW=@ pwyHt aij |x}=QO Qo = %�ij
=yQ}eDt

u}}=B OwOL R= h=QLv= jr]tQOk |R=U|]N |=Q@ |mtm |=yQ}eDt %cp1
ij ; cp2

ij

&aij |x}=QO
q=@ OwOL R= h=QLv= jr]tQOk |R=U|]N |=Q@ |mtm |=yQ}eDt %cd1

ij ; cd2
ij

&aij |x}=QO
&s=i |D}ty= uRw u}}=B OL %wLi
"s=i |D}ty= uRw |q=@ OL %wUi

min (z) (52)

Subject to :

z�(1��ij) :(cp1
ij+cp

2
ij+cd

1
ij+cd

2
ij) i; j = 1; :::; n; i 6= j

(53)

aLij :w
U
j = wLi + cp1

ij � cp2
ij i; j = 1; :::; n; i 6= j (54)

cd1
ij � cd2

ij + aUij :w
L
j = wUi i; j = 1; :::; n; i 6= j (55)

wUi +
X
j 6=i

wLj � 1 i = 1; :::; n (56)

wLi +
X
j 6=i

wUj � 1 i = 1; :::; n (57)

wUi ; w
L
i � 0 i = 1; :::; n (58)

cp1
ij ; cp

2
ij ; cd

1
ij ; cd

2
ij � 0 i; j = 1; :::; n; i 6= j (59)

p=@vO x@ xm xDiQ Q=m x@ pOt hOy `@=D |]N |R=UpOt |=Q@ 53 w 52 \@=wQ
T} QD=t |=yx}=QO u=}t QO '|Q=oR=U h} QaD R= C=i=QLv= u=R}t u} QDW}@ |R=Uxv}tm
|=yjr]tQOk |]N |R=UpOt Qw_vt x@ 55 w 54 \@=wQ "CU= |HwR C=U}=kt
T} QD=t |xOW h} QaD |=yx}=QO s=tD |=R=x@ |Q=oR=U h} QaD R= C=i=QLv= Q}O=kt
|=yC}OwOLt Qou=}@ 57 w 56 \@=wQ C}=yv QO "CU= xDiQ Q=m x@ |HwR C=U}=kt

"CU= |}xR=@ u=Rw= R=Up=tQv
R= 'xOt; CUO x@ u=Rw= u}}=B w q=@ OwOL |xv}y@ Q}O=kt R= xO=iDU= =@ xt=O= QO
pt=m |}xR=@ |@ Q[ |HwR C=U}=kt T} QD=t 'xOvQ}os}tYD Qy |=Q@ q=@ pOt pL

%OwW|t G=QNDU= xOvQ}os}tYD Qy =@ Q_=vDt Q=oR=U

%C}=yv QO w
I(l�ij)

T � I(l�ij)
� wi
wj
� I(l+ij)
T � I(l+ij)

(42)

%s}vm|t s}UkD sy Q@ =Q x]@=Q wO u}=
I(l�ij)
I(l+ji)

� wi
wj
� I

�
l+ij
�

I(l�ji)
: i; j 2 f1; :::; ng (43)

%CW=O s}y=wN 5 h} QaD x@ xHwD =@
I(l�ji) = T � I �l+ij� (44)

I(l+ji) = T � I �l�ij� (45)

%CW=O s}y=wN C}=yv QO
I(l�ij)

T � I(l�ij)
� wi
wj
� I(l+ij)
T � I(l+ij)

(46)

"OQm C@=F R}v =Q Q} R |=}=[k u=wD|t QwmPt C=@F= x@=Wt
ZQi |}xR=@ |@}DQD |L}HQD |x]@=Q l} =Q Fi = [fLi ; fUi ] Qo = %3 |x}[k
=Q ~A = (

�
a�ij ; a+

ij
�
)n�n 'u; Q_=vDt |}xR=@ |@ Q[ |L}HQD |x]@=Q 's}vm

%OQm h} QaD u}vJ u=wD|t

a�ij =
n�fUi
n�1 + "
n�fLj
n�1 + "

i; j 2 N (47)

a+
ij =

n�fLi
n�1 + "
n�fUj
n�1 + "

i; j 2 N (48)

|L}HQD |x]@=Q l} =Q ~R = (~rij)n�n = (
�
uij ; vij

�
)n�n Qo = %4 |x}[k

'u; Q]=vDt |}xR=@ |@ Q[ |L}HQD |x]@=Q 's}vm ZQi |}xR=@ |OwyW |R=i
%OQm h} QaD u}vJ u=wD|t =Q ~A = (

�
a�ij ; a+

ij
�
)n�n

a�ij = uij
1� uij i; j 2 N (49)

a+
ij = 1� vij

vij
i; j 2 N (50)

|}xR=@ |HwR C=U}=kt T} QD=t R= Q=oR=U pt=m T} QD=t G=QNDU= "3"3"4
u=oOvQ}os}tYD |@ Q[

|=yT} QD=t R= l} Qy =@ Q_=vDt ,qt=m Q=oR=U |=yT} QD=t G=QNDU= s=o u}= R= hOy
pt=m |Q=oR=U R= |i} QaD =OD@= s=o u}= QO "CU= u=oOvQ}os}tYD |HwR C=U}=kt
C=U}=kt T} QD=t Cr=L QO u; h} QaD x@=Wt� |}xR=@ |HwR C=U}=kt T} QD=t QO
R= xOW x�=Q= h} QaD x@ xHwD =@ 'xt=O= QO "OwW|t x�=Q= �|}xR=@ Q}e |@ Q[ |HwR

"OwW|t x�=Q= |[=} Q |R} Qxt=vQ@ Q@ |vD@t |rOt 'pt=m |Q=oR=U
"10 h} QaD

u}= "CU= |@ Q[ |}xR=@ |HwR C=U}=kt T} QD=t l} A = [aLij ; aUij ] T} QD=t
�wi = [wLi ; wUi ] |}xR=@ u=Rw= xm |DQwY QO 'CU= pt=m |Q=oR=U |=Q=O T} QD=t

"Ovvm jOY Q} R |=yxQ=Ro QO xm OwW Ci=} |}xvwox@

�aij = �wi
�wj

= [wLi ; wUi ]
[wLj ; wUj ]

=

"
wLi
wUj

; w
U
i

wLj

#
(51)
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"""=@
u=v}

t]=
sOa

\}=Q
WQ

O|
ywQo

|Q}
os}t

YDu}= =@ 's}vm|t xO=iDU= Q=mwR=U u}= R= s=o u}= QO =t "OW Oy=wN pY=L xv} Ro Qy
l}Uqm VwQ hqNQ@ =yxv} Ro |HwR |xU}=kt Qy QO xOW jq]= R=}Dt= xm Cw=iD
P=ND= 1 w QiY xR=@ QO =Q umtt Q=Okt Qy Ov=wD|t w CU}v 1 w QiY Q}O=kt =yvD
"O@=}|t jkLD |R=i O=Oa= QO |oQR@ CLY |xHQO swyit j} Q] R= syt u}= "Ovm
xOvQ}os}tYD Qy |=Q@ xOt; CUO x@ u=Rw= xm u}= x@ xHwD =@ %s=o |r}[iD KQW
'u=Rw= |Ov@x@DQ |=Q@ 'CU= wki = (Lki ;Mk

i ; Uki ) |FrFt |R=i O=Oa= ?r=k QO
h} QaD �|oQR@ CLY xHQO� h} QaD R= xO=iDU= =@ T k = (T kij)n�n T} QD=t

%OwW|t

T kij =T (wki � wkj )

8><>:1 Mk
i �Mk

j

max
�
0; Uki �Lkj

(Uki �Lkj )+(Mk
j �Mk

i )

�
Mk
i <Mk

j

(66)

p@=k 'OwW|t h} QaD u}vJ Rankki xOvQ}os}tYD Qy |=Q@ u=Rw= |}=yv |Ov@x@DQ
Q}O=kt uOw@ K}LY� "Ovm P=ND= =Q |D@Ft Q=Okt Qy Ov=wD|t =yx@DQ Q}O=kt CU= QmP

�"CU}v |t=Rr= =yx@DQ

Rankki = n+ 1�
nX
j=1

T kij i = 1; :::; n; k = 1; :::;K (67)

"OW G=QNDU= xOvQ}os}tYD Qy |=R=x@ |OQi |=y|Ov@x@DQ s=o u}= QO
u=oOvQ}os}tYD |D}ty= u=Rw= G=QNDU= "6"3"4

|Q}opmW QO u=oOvQ}os}tYD R= l} Qy |Q=PoQ}F-=D C}ty= u}}aD s=o u}= hOy
Ov}=Qi u=wD|t 'OW=@ OOaDt |Q}os}tYD pL=Qt O=OaD xJv=vJ "CU= |}=yv s}tYD
u=oOvQ}os}tYD R= l} Qy xrLQt Qy QO xm s}vm |R=UQ} wYD u}vJ =Q |ywQo ji=wD
'Ovm|t Q=Po =w u=oOvQ}os}tYD Q}=U x@ �|R=Ht CQwYx@� =Q OwN |=Q jL R= |WN@
1 w QiY u}@ |vRw xrLQt Qy QO xOvQ}os}tYD Qy Vkv x@ u=wD|t Qo}O CQ=@ax@
|xH}Dv |Q}@aDx@ w |ywQo ji=wD x@ uO}UQ u=tR Cr=L u}= QO u}=Q@=v@ "OQm jq]=
q=@ QO xOW u}}@D OQm} wQ wQ}B "CUv=O u=Rw= u}= QO C=@F pwYL Q@ j@]vt =Q |}=yv
u=oOvQ}os}tYD Q}=U R= xOvQ}os}tYD Qy C=L}HQD |Q}PB Q}F-=D u=R}t u}}aD p=@vO x@ =t
V}=tv =Q |Q}PB Q}F-=D u}= pmW u} QDy@ x@ xm s}DUy |Q=R@= p=@vO x@ wQ u}= R= "s}DUy
swyit u}= |O=} R OL =D Q=OQ@ wO u}@ |x} w=R EL@ |[=} Q s}y=it u}@ QO "OyO
wO u}@ |x} w=R Twv}Um � x} w=R R= |i} QaD =OD@= xt=O= QO u}=Q@=v@ 'Ovm|t Tmavt =Q

"s} R=OQB|t T} QD=t wO Cr=L QO u; s}taD u=}@ x@ TBU w xO=O x�=Q= �Q=OQ@
"11 h} QaD

%R= CU= CQ=@a ~� w ~� |=yQ=OQ@ |rN=O ?Q[ h} QaD

~�:~� =
nX
j=1

�j :�j (68)

"12 h} QaD
"OwW|t h} QaD u}vJ OwW|t xO=O V}=tv 
 =@ xm ~� w ~� Q=OQ@ wO u}@ |x} w=R

Cos 
 = ~�:~�

j~�j :
���~���� =

Pn
j=1 �j :�jqPn

j=1 �2
j :
qPn

j=1 �2
j

(69)

"13 h} QaD

a
0k L
ij = w�k Li

w�k Uj
i; j = 1; :::; n; i 6= j; k = 1; :::;K (60)

a
0k U
ij = w�k Ui

w�k Lj
i; j = 1; :::; n; i 6= j; k = 1; :::;K (61)

a
0k L
ij = a

0k U
ij = 1 i = 1; :::; n; i = j; k = 1; :::;K (62)

'OwW|t C@LY u=oOvQ}os}tYD |HwR C=U}=kt |=yT} QD=t R= x=o Qy 'xt=O= QO
"CU= s=o u}= |xOW |U} wvR=@ |=yT} QD=t Qw_vt

u=oOvQ}os}tYD R= l} Qy C=L}HQD |Q=O}=B `@=wD G=QNDU= "4"3"4
x@ 'u=Rw= |Q=O}=B swyit Q@ x}mD =@ |}=yv G}=Dv QO u=v}t]= V}=Ri= s=o u}= h=Oy=
w �|FrFt |R=i `@=wD� QDh]avt |rmW QO =yxv} Ro u=Rw= |Q=O}=B uO}Wm Q} wYD

"CU= �xiOy `@=D OvJ |}=yv pOt� |}=yv s=o |=Q@ |QDU@ |R=Usy=Qi
`@=wD swO |=yxir-wt [36]u}kkLt |O=yvW}B VwQ R= xO=iDU= =@ =OD@= s=o u}= QO
Q}}eD =@ TBU "OwW|t G=QNDU= xOvQ}os}tYD Qy |=R=x@ w xv} Ro Qy |=Q@ |FrFt |R=i
`@=D =@ Qo}O Q=@ w xv}W}@ hOy `@=D =@ Q=@l} 'xrLQt wO QO� Qw@ Rt pOt hOy `@=D QO
pOt hOy `@=D OwQw w �xOvQ}os}tYD Qy =@ Q_=vDt w xv} Ro Qy |=R=x@ xv}tm hOy
R= |@} Q[ uO=OQ=Qk� |r@k |=yC}OwOLt Q=vm QO O}OH C}OwOLt l} CQwYx@
,=OOHt �|w=UD l} ?r=k QO [36]xO=iDU= OQwt pOt R= xOt; CUO x@ |xv}y@ Q=Okt
"OwW|t G=QNDU= \w@ Qt |FrFt |R=i `@=wD swU w pw= |=yxir-wt w xOW pL pOt
|FrFt `@=wD swU w pw= |=yxir-wt G=QNDU= pOt u}= R= hOy "2 |xQ=tW pOt
pmW x@ p@k pOt hOy `@=D OwQw j} Q] R= syt u}= "CU= s=o u}= QO xOW h} QaD
CUO x@ xv}y@ Q=Okt R= �1 R= QDnQR@� |@} Q[ u; CU=Q CtU QO xm |w=UD l}
w xv} Ro Qy |=R=x@ pOt pL w CU= OwHwt [36]|kWa � =v}D=D pOt pL R= xOt;
=@ Qo}O Q=@ w xv}W}@ hOy `@=D =@ Q=@ l} 'xrLQt wO QO xOvQ}os}tYD Qy =@ Q_=vDt

"O@=}|t jkLD xv}tm hOy `@=D
pOt |=yQDt=Q=B
&p}OaD ?} Q[ %


&1 xQ=tW pOt |xv}y@ Q=Okt %Zk�1
"CU= |kWa � =v}D=D VwQ x@=Wt =yQDt=Q=B Q}=U

pOt |=yQ}eDt
"CU= |kWa � =v}D=D VwQ x@=Wt =yQ}eDt

min =max (wKi ) i = 1; :::; n; k = 1; :::;K (63)
nX
i=1

eki +
nX
i=1

nX
j=1;i6=j

(mk
ij + nkij) = (1 + 
) :Zk�1 (64)

Tatina� Eshghi Constraints; (65)

u; |xv}y@ Q=Okt w Lki =@ =Q R=Uxv}tm hOy `@=D Cr=L QO q=@ pOt |xv}y@ Q=Okt
pOt pL R= xOt; CUO x@ |xv}y@ u=Rw= w Uki =@ R=Uxv}W}@ hOy `@=D Cr=L QO =Q

"s}yO|t V}=tv Mk
i =@ =Q xOvQ}os}tYD Qy |=R=x@ |kWa � =v}D=D

xOt; CUO x@ u=Rw= |=v@t Q@ |OQi |Ov@x@DQ "5"3"4
"CU= xOvQ}os}tYD Qy =@ Q_=vDt |=yxv} Ro |=yC} wrw= G=QNDU= s=o u}= R= hOy
xm O}Wm Q} wYD x@ u}vJ u=wD|t l}Uqm Cr=L QO =Q =yxv} Ro |Ov@x@DQ Q=DN=U
xOQm |UQQ@ =Q =yxv} Ro u}@ umtt C=U}=kt GwR s=tD CU= |i=m |Ov@x@DQ |=Q@ =t
QO u; |=Q@ 1 pO=at |R=}Dt= 'xU}=kt GwR Qy QO xv} Ro Qy |oQR@ CLY |=R=x@ w
|=Q@ C=R=}Dt= u}= `tH pY=L R= =yxv} Ro |}=yv |Ov@x@DQ C}=yv QO "s} Q}o@ Q_v
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2/
2x

Q=tW
'32

�1
|xQ

wO'
�13

95
u=DU

tR�
h}

QW
C}

Q}Ot
w`}

=vY
|U

Ovyt |xDU=wN jkLD |=Q@ ?U=vt |Q=R@= xiOyOvJ p�=Ut =@ OQwNQ@ QO u; |Ovtu=wD w
"OwW|t ?wULt �ji=wD w |Q=oR=U '|Q=O}=B� |OvtR=}v xU u}= =@ OQwNQ@ QO =t

\=@DQ= uO}WmQ} wYD x@ |=Q@ |QDU@ |R=Usy=Qi pOt u}= R= hOy "3 xQ=tW pOt
h} QaD =@ Q_=vDt =OD@= wQ u}= R= "CU= �ji=wD w |Q=oR=U '|Q=O}=B� |OvtR=}v xU s-=wD
u=wvax@ w xOW h} QaD |ywQo Cr=L QO |}x]@=Q xv=oxU |=y|OvtR=}v R= l} Qy

%R= Ov=CQ=@a hOy `@=D xU u}= "OwW|t ?wULt hOy `@=D l}
sQ=yJ s=o QO xm |Q=O}=B `@=wD R= hOy `@=D u}= |L=Q] |=Q@ %|Q=O}=B hOy `@=D "1
xO=iDU= xOW G=QNDU= xv} Ro Qy |=R=x@ w xOvQ}os}tYD Qy |=Q@ |O=yvW}B VwQ
u}@ |Q=Okt '|}=yv u=Rw= |=Q@ umtt ?=wH Qy =@ Q_=vDt xm =vat u}O@ "OwW|t
C}@ wr]t u=R}t Qou=}@ xm O@=}|t X=YDN= |Q=O}=B `@=wD u}= OQ@ R= 1 w QiY
xOvQ}os}tYD Qy |=R=x@ VQ_=vDt Q=O}=B ?=wH x@ xv} Ro uRw |m}ORv Q_vx]kv R=
|D}ty= u=Rw= C}ty= Q@ |vD@t CqqODU= x@ xHwD =@ Qo}O hQ] R= "CU=
ẁtHt 'u=oOvQ}os}tYD Q_vx]kv R= =yxv} Ro C}ty= u=Rw= w u=oOvQ}os}tYD
Qy Q_vx]kv R= =yxv} Ro uRw p=ta= =@ |Q=O}=B hOy `@=wD R= xOt; CUO x@ Q}O=kt
|=Q@ ?U=vt |YN=W Ov=wD|t xOvQ}os}tYD Qy |D}ty= uRw w xOvQ}os}tYD

"OW=@ |ywQo Q_vx]kv R= xHwt ?=wH l} |Q=O}=B C}a[w T=mav=
CU= |D=i=QLv= u=R}t ẁtHt hOy `@=D u}= |L=Q] |=v@t %|Q=oR=U hOy `@=D "2
|=yT} QD=t R= |Q=oR=U h} QaD =@ j@]vt =yxv} Ro u=Rw= R= xHwt ?=wH l} xm
uRw =@ ?U=vDt ẁtHt u}= "CW=O Oy=wN x=Qty x@ u=oOvQ}os}tYD C=L}HQD
?=wH l} |Q=oR=U C}a[w xOvvmTmavt Ov=wD|t xOvQ}os}tYD Qy |D}ty=

"OW=@ |ywQo Q_vx]kv R= xHwt
|D=i=QLv= u=R}t ẁtHt hOy `@=D u}= |L=Q] |=v@t %|ki=wD hOy `@=D "3
|OQi |=y|Ov@x@DQ QO VQ_=vDt Q}O=kt R= =yxv} Ro |ywQo |Ov@x@DQ xm CU=
w u=oOvQ}os}tYD C}ty= u=Rw= =@ ?U=vDt ẁtHt u}= "OQ=O u=oOvQ}os}tYD
C}a[w |xOvvm Tmavt Ov=wD|t xOvQ}os}tYD Qy |=R= x@ =yxv} Ro C}ty= u=Rw=

"OW=@ xHwt ?=wH l} |ki=wD
=yQDt=Q=B

&u=oOvQ}os}tYD O=OaD %K
&k |xOvQ}os}tYD |=Q@ AHP VwQ QO |HwR C=U}=kt T} QD=t %Ak

s=j uwDU w s=i Q]U QYva |=Q@ xOWx�=Q= xR=@ QO xOW u}}aD |q=@ OL %ak Uij
&Ak T} QD=t

s=j uwDU w s=i Q]U QYva |=Q@ xOWx�=Q= xR=@ QO xOW u}}aD u}}=B OL %ak Lij
&Ak T} QD=t

&k |xOvQ}os}tYD |D}ty= uRw %WDk
&k |xOvQ}os}tYD Q_vx]kv R= s=i �xv} Ro/Q=}at� |D}ty= uRw %WAik

Q_vx]kv R= s=i �Q=}at/xv} Ro � C}ty= uRw Qou=}@ |FrFt `@=D pw= |xYNWt %Lki
&k xOvQ}os}tYD

Q_vx]kv R= s=i �Q=}at/xv} Ro � C}ty= uRw Qou=}@ |FrFt `@=D swO |xYNWt %Mk
i

&k xOvQ}os}tYD
Q_vx]kv R= s=i �Q=}at/xv} Ro � C}ty= uRw Qou=}@ |FrFt `@=D swU |xYNWt %Uki

&k xOvQ}os}tYD
&k |xOvQ}os}tYD Q_vx]kv R= s=i �Q=}at/xv} Ro � |x@DQ %Rankki

&OwW|t |krD |@U=vt |Q=Okt pOt |=y|oS} w x@ xHwD =@ xm nQR@ Q=Okt l} %B
"OwW|t|krD?U=vt|Q=Okt0 01pOt|=y|oS} w x@ xHwD =@ xmlJwm Q=Oktl} %"

%x@ CU= s}taD p@=k Y w X |}xR=@ T} QD=t wO |=Q@ Q=OQ@ wO u}@ |x} w=R swyit


 =
Pn
i=1
Pn
j=1
�
xlij :ylij + xuij :yuij

�
jXj : jY j (70)

jXj =
vuut nX

i=1

nX
j=1

�
(xlij)2 + (xuij)2� (71)

jY j =
vuut nX

i=1

nX
j=1

��
ylij
�2 +

�
yuij
�2� (72)

h} QaD R= xO=iDU= =@ (
ij)n�n T} QD=t 'u=oOvQ}os}tYD |D}ty= u=Rw= u}}aD |=Q@
Ai = (

�
xlij ; xuij

�
)n�n "OwW|t u=}@ 75 =D 73\@=wQ CQwYx@ q=@ QO xOW x�=Q=

"CU= i |xOvQ}os}tYD |}xR=@ |HwR |xU}=kt T} QD=t Qou=}@


ij =

Pn
k=1

Pn
m=1

�
xl ikm:x

l j
km + xu ikm:x

u j
km

�
jAij : jAj j (73)���Ai��� =

vuut nX
k=1

nX
m=1

�
(xlij)2 + (xuij)2� (74)

���Aj��� =

vuut nX
k=1

nX
m=1

��
ylij
�2 +

�
yuij
�2� (75)

%OwW|t h} QaD u}vJ WDk u=oOvQ}os}tYD |D}ty= u=Rw= C}=yv QO

WDk =
PK
j=1 
kjPK

i=1
PK
j=1 
ij

8 k 2 f1; :::;Kg (76)

u=oOvQ}os}tYD Q_vx]kv R= =yxv} Ro |D}ty= u=Rw= G=QNDU= "7"3"4
w xOvQ}os}tYD Qy Q_vx]kv R= =yxv} Ro |D}ty= u=Rw= G=QNDU= s=o u}= R= hOy
"CU= |}=yv s=o QO |O=yvW}B |xiOyOvJ pOt |=Q@ sRq |=yR=}vV}B |R=Usy=Qi

%s} Q}o|t Q_v QO =Q xQ=Ro wO =yxv} Ro *C}ty= *u=Rw= G=QNDU= |=Q@
|OQi |Ov@C} wrw= =@ ?U=vDt xOvQ}os}tYD Qy Q_vx]kv R= =yxv} Ro |D}ty= u=Rw= "1
P=ND= =Q |QDq=@ |D}ty= uRw QDq=@ C} wrw= =@ |xv} Ro xm =vat u}O@ 'CU= w=

"Ovm|t
"OQ=O |]N Q=DiQ |}x@DQ |=yC} wrw= x@ C@Uv =yxv} Ro |D}ty= u=Rw= C=Q}}eD "2
|}=yv |Ov@x@DQ xm CU= Ovtxkqa u=oOvQ}os}tYD R= l} Qy xm ZQi u}=
hQ] R= "CU= C}ak=w =@ j@]vt 'OQ}o CQwY =yu; Q_v =@ j@=]t �=yQ=}at/=yxv} Ro �
|Ov@x@DQ ?}DQD =@ u=oOvQ}os}tYD R= l} Qy |=Q@ =yxv} Ro C}U=UL w C}ty= Qo}O
T} QD=t R= xO=iDU= =@ w q=@ |=yxQ=Ro x@ xHwD =@ "OQ=O s}kDUt |x]@=Q =yu; Q_v OQwt
|oQR@ CLY xHQO h} QaD R= xO=iDU= =@ |OQi |Ov@x@DQ CtUk QO xm (T kij)n�n
l} Qy Q_vx]kv R= =yxv} Ro |D}ty= u=Rw= u}}aD |=Q@ Q} R |x]@=Q 'CU= xOW G=QNDU=

%OwW|t O=yvW}B u=oOvQ}os}tYD R=

WAik =
Pn
j=1 T

k
ijPn

i=1
Pn
j=1 T kij

k = 1; :::;K; i = 1; :::; n (77)

xiOyOvJ |rOt u}}@D "8"3"4
w |Q=oR=U Oa@ wO j} Q] R= |H=QNDU= u=Rw= QO u=v}t]= V}=Ri= 's=o u}= R= hOy
|[=} Q |R} Qxt=vQ@ "CU= |ki=wD Oa@ j} Q] R= |ywQo VQ}PB |=kDQ= Q=vm QO |Q=O}=B
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"""=@
u=v}

t]=
sOa

\}=Q
WQ

O|
ywQo

|Q}
os}t

YDwi � ak Uij :wj + cdkij i; j = 1; :::; n; i 6= j; k = 1; :::;K
(92)

nX
i=1

wi = 1 (93)

wi; cpij ; cdij ;Rankgi i; j = 1; :::; n (94)

Rankgi ; wi � 0 i = 1; :::; n (95)

zjk0; zjk1; zjk2; zjk3; zjk4 � 0 j = 1; :::; n; k = 1; :::;K
(96)

prdik; nrdik � 0 j = 1; :::; n; k = 1; :::;K (97)

xij ; yij = f0; 1g i; j = 1; :::; n (98)

vjk1; vjk2; vjk3; vjk4 = f0; 1g (99)

x@ \w@ Qt |=yC}@ wr]t ẁtHt |R=Uxv}W}@ p=@vOx@ �78 |x]@=Q� pw= hOy `@=D
x=Qtyx@ u=oOvQ}os}tYDC}ty= '`@=D u}= QO 'CU= u=oOvQ}os}tYD s=tD ?=wH |Q=O}=B
xOW?wULtC}@ wr]t Qy?}=Q[u=wvax@ xOvQ}os}tYD Qy ORv xv} Ro QyC}ty= u=R}t
"CU= |ywQo ji=wD u=R}t |R=Uxv}W}@ p=@vO x@ �79 |x]@=Q� swO hOy `@=D "CU=
|OQi |=y|Ov@x@DQ =@|}=yv |Ov@x@DQ C=i=QLv= ẁtHt |R=Uxv}tm j} Q] R= syt u}=
xv} Ro Qy C}ty= u=R}t w u=oOvQ}os}tYD C}ty= R}v x]@=Q u}= QO "CU= xDiQo CQwY
`@=D "CU= xOW xDiQo Q_v QOC=i=QLv= Q}O=kt|=Q@?}=Q[u=wvax@ xOvQ}os}tYD Qy ORv
=@ |OQi |=yCw=[k |Q=oR=U u=R}t |R=Uxv}W}@ p=@vO x@ �80 |x]@=Q� swU hOy
|=yCw=[k u}@ |Q=oR=U=v u=R}t |R=Uxv}tm j} Q] R= syt u}= xm CU= |}=yv u=Rw=
u=oOvQ}os}tYD C}ty= x]@=Q u}= QO "CU= xDiQo CQwY |}=yv u=Rw= =@ |OQi
|=yC}OwOLt "CU= xOW xDiQo Q_v QO =y|Q=oR=U=v u=R}t ?}=Q[ u=wvax@ R}v
|]N xa]k xa]k `@=wD xm |FrFt C}@ wr]t `@=wD |R=U|]N CyH R}v 83-81
SOS2 |=yQ}eDt Qou=}@ 83 C}OwOLt "CU= xOW xDiQo Q=m x@ 'OvwW|t ?wULt
�Ovm|t P=ND= QiY Q}e Q=Okt =yu; w[a wO xv}W}@ xm |}=yQ}eDt R= |}xawtHt�
Q=m x@|}=yv u=Rw=|}x@DQ?}DQD u}}aD |=Q@ R}v 89-84 |=yC}OwOLt xawtHt "CU=
|Ov@x@DQ u}@ |=yCw=iD jr]tQOk |]N |R=UpOt R}v 90 C}OwOLt "CU= xDiQ
Qou=}@ R}v 92 w 91 |=yC}OwOLt "CU=yxv} Ro |OQi |Ov@x@DQ =@ =yxv} Ro |}=yv
"CU= u=oOvQ}os}tYD |}xR=@ |HwR C=U}=kt |Q=oR=U \@=wQ R= C=i=QLv= jr]tQOk

pOt pL "9"3"4
|=yxk}rU =@ j@]vt hrDNt |=yw} Q=vU uO}Wm Q} wYD x@ u=mt= 's=o u}= R= hOy
O=yvW}B w xv=oxU hOy `@=wD |]N |=y?}mQD j} Q] R= u=oOvQ}os}tYD hrDNt
|=H x@ u=oOvQ}os}tYD |wU R= Vv} Ro |=Q@ �wDQ=B |=y?=wH� ?=wH xawtHt l}
xiOy `@=D OvJ pOt p}O@D 's=o u}= |rY= OQm} wQ "CU= ?=wH l} =yvD O=yvW}B

"CU= xiOy `@=D lD pOt l} x@
=@ xyH=wt QO h=Oy= Q}=U R= =RHt Qw]x@ hOy Qy |xv}y@ Q=Okt "1 |xrLQt
Q}O=kt &OwW pL Q} R |=ypOt O}=@ Qo}O CQ=@ax@ "OwW|t pL =yC}OwOLt
X�6 w X�5 'X�4 =@ ?}DQDx@ =Q 6 =D 4 xQ=tW |=ypOt s}tYD |=yQ}eDt xv}y@

"�s}yO|t V}=tv S =@ =Q 3 pOt xHwt |=[i xawtHt� "s}yO|t V}=tv
"4 |xQ=tW pOt

M1 = max (G1) (100)

s:t: xi 2 S (101)

=yQ}eDt
&s=i �Q=}at/xv} Ro � |}=yv uRw %wi

&|ywQo Q_vx]kv R= s=i �Q=}at/xv} Ro � |}=yv |x@DQ %Rankgi
|R=UpOt |=Q@ xO=iDU= OQwt 1 w QiY |mtm |=yQ}eDt %vjk1; vjk2; vjk3; vjk4

&SOS2 |=yQ}eDt
|R=U|]N |=Q@ xO=iDU= OQwt |mtm |=yQ}eDt %zjk0; zjk1; zjk2; zjk3; zjk4

&|]N xa]k xa]k `@=D
/=yxv} Ro |}=yv |Ov@x@DQ |=Q@ xO=iDU= OQwt 1 w QiY |mtm |=yQ}eDt %xij ; yij

&=yQ=}at
�Q=}at/xv} Ro �|ywQo |Ov@x@DQ|ivt wC@FtC=i=QLv= u=R}t Qou=}@ %prdik; nrdik

&k xOvQ}os}tYD Cr=L QO VQ_=vDt |Ov@x@DQ R= s=i
QYva Q=Okt u} QDptDLt R= |ivt w C@Ft C=i=QLv= u=R}t Qou=}@ %cpokij ; cdokij

&CU= Ak T} QD=t s=j uwDU w s=i Q]U
T} QD=t s=j uwDU w s=i Q]U QYva u}}=B OL R= |ivt h=QLv= u=R}t Qou=}@ %cpkij

&CU= Ak
T} QD=t s=j uwDU w s=i Q]U QYva q=@ OL R= C@Ft h=QLv= u=R}t Qou=}@ %cdkij

"CU= Ak

max

 
nX
i=1

KX
k=1

WDk:zjk2:WAik

!
(78)

min

 
nX
i=1

KX
k=1

WDk: (prdik + nrdik) :WAik

!
(79)

min(
X
i;j

X
k

WDk:(cpkij + cdkij)) (80)

subject to :

wj �
�
zjk1:Lkj + zjk2:Mk

j + zjk3:Ukj + zjk4
�

= 0
j = 1; :::; n; k = 1; :::;K (81)

zjk0 + zjk1 + zjk2 + zjk3 + zjk4 = 1
j = 1; :::; n; k = 1; :::;K (82)

zjk0; zjk1; zjk2; zjk3; zjk4 2 SOS2 (83)

wi � wj +B:xij � 0 i; j = 1; :::; n; i 6= j (84)

wi � wj +B:yij � " i; j = 1; :::; n; i 6= j (85)

xij + xji � 1 i; j = 1; :::; n; i 6= j (86)

xij + yji = 1 i; j = 1; :::; n; i 6= j (87)

Rankgi � 1�
nX

j=1:j 6=i
xij + yij

2 = 0 (88)

nX
i=1

Rankgi = n: (n+ 1)
2 (89)

Rankgi � Rankki + prdik � nrdik = 0
i = 1; :::; n; k = 1; :::;K (90)

akijL :wj � wi + cpkij i; j = 1; :::; n; i 6= j; k = 1; :::;K
(91)
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u=DU

tR�
h}

QW
C}

Q}Ot
w`}

=vY
|U

Ovyt xr�Ut h} QaD "1"5
xwkr=@ |xv} Ro GvB O=OaD "CU= |Q=Pox}=tQU l} p=@vO x@ |D}rtOvJ CmQW l}
|=[a= R= xQivQ=yJ |}xD}tm |Q}os}tYD u}= |=Q@ "CU= |Q=Pox}=tQU u}= |wQV}B
T} QD=t l} R= u=oOvQ}os}tYD u}= R= l} Qy "CU= xOW p}mWD xQ}Ot C�}y
|}xk}rU ẁvD x@ xHwD =@ "Ovm|t xO=iDU= OwN C=L}HQD u=}@ |=Q@ |HwR |xU}=kt
l} R= O=Qi= u}= R= l} Qy 'OQ=O u=W|YYND ẁvD QO xW} Q xm u=oOvQ}os}tYD u}=
=@ ?}DQDx@ u=oOvQ}os}tYD "Ovm|t xO=iDU= OwN C=L}HQD u=}@ |=Q@ Cw=iDt VwQ
|}xU}=kt T} QD=t 'Twmat |}xR=@ |HwR |}xU}=kt T} QD=t |=yVwQ R= xO=iDU=
T} QD=t w |v=@ R |=yQ}eDt Q@ |vD@t |HwR |xU}=kt T} QD=t 'ptmt |}xR=@ |HwR
R= "OvR=OQB|t OwN C=L}HQD u=}@ x@ |OwyW |R=i O=Oa= Q@ |vD@t |HwR |xU}=kt
Vv=O |=yxRwL s=tD Q@ u=oOvQ}os}tYD R= l} Qy \rUD sOa x@ xHwD =@ Qo}O hQ]
T} QD=t u}=Q@=v@ w CU}v QwOkt pt=m Qw]x@ |HwR C=U}=kt u=}@ '|@=} RQ= OQwt
CQ=@a u=oOvQ}os}tYD C=L}HQD "OwW|t u=}@ Xk=v CQwYx@ |HwR C=U}=kt

%R= CU=

0BBBBBBB@
[1; 1] [ 1

3 ; 3] � [5; 7] [3; 5]

[ 1
3 ; 3] [1; 1] [1; 3] � [1; 3]

� [ 1
3 ; 1] [1; 1] [5; 7] [1; 3]

[ 1
7 ;

1
5 ] � [ 1

7 ;
1
5 ] [1; 1] �

[ 1
5 ;

1
3 ] [ 1

3 ; 1] [ 1
3 ; 1] � [1; 1]

1CCCCCCCA
0BBBBBBB@

[0 5; 0 5] � [0 4; 0 6] [0 5; 0 7] [0 3; 0 5]

� [0 5; 0 5] [0 3; 0 6] � [0 5; 0 8]

[0 4; 0 6] [0 4; 0 7] [0 5; 0 5] [0 6; 0 8] �

[0 3; 0 5] � [0 2; 0 4] [0 5; 0 5] �

[0 5; 0 7] [0 2; 0 5] � � [0 5; 0 5]

1CCCCCCCA
0BBBBBBB@

[s3; s3] � [s3; s5] [s3; s5] [s4; s4]
� [s3; s3] � [s3; s4] [s3; s4]

[s1; s3] � [s3; s3] [s3; s4] [s4; s5]
[s1; s3] [s2; s3] [s2; s3] [s3; s3] �

[s2; s2] [s2; s3] [s1; s2] � [s3; s3]

1CCCCCCCA
0BBBBBBB@

(0 5; 0 5) (0 6;0 1) (0 8; 0 2) (0 6; 0 3) (0 7; 0 2)

(0 1; 0 6) (0 5; 0 5) (0 5; 0 1) � (0 6; 0 1)

(0 2; 0 8) (0 1; 0 5) (0 5; 0 5) (0 4; 0 6) �

(0 3; 0 6) � (0 6; 0 4) (0 5; 0 5) (0 7; 0 3)

(0 2; 0 7) (0 1; 0 6) � (0 3; 0 7) (0 5; 0 5)

1CCCCCCCA

xr�Ut pL "2"5
w xOW xDN=U p@k xv=oCiy |=ys=o |=y|HwQN R= xO=iDU= =@ 3 |xiOyOvJ pOt
u; xOW |R=U|]N pmW w �112 |x]@=Q� xOW h} QaD hOy `@=D R= xO=iDU= =@
Q}O=kt |=R=x@� 1 pwOH QO x]w@ Qt G}=Dv "CU= xOW pL � Cw=iDt Q}O=kt |=R=x@
Q=Okt Qy Ck}kL QO "CU= xOW xO=O V}=tv �
 |=Q@ 0 1 pY=wi =@ 1 =D QiY
xm u=vJ "OW=@ u=oOvQ}os}tYD |Q}PBlU} Q Cw=iDt Kw]U =@ Q_=vDt Ov=wD|t 


"5 |xQ=tW pOt
M2 = max (G2) (102)

s:t: xi 2 S (103)

"6 |xQ=tW pOt
M3 = max (G3) (104)

s:t: xi 2 S (105)

Qy |=Q@ ?wr]t ,=DQwQ[ xv Q=Okt l} C} w[a `@=D l} G=QNDU= |=Q@ "2 |xrLQt
104 =D 102 \@=wQ R= u=wD|t =Q Q}O=kt u}= "OwW|t xO=O O=yvW}B hOy `@=D

"OQm G=QNDU=

m1 = min (G1jX 2 fX�2 ; X�3 g) (106)

M2 = max (G2jX 2 fX�1 ; X�3 g) (107)

M3 = max(G3jX 2 fX�1 ; X�2 g (108)

%R= CU= CQ=@a hOy `@=D Qy |=Q@ C} w[a `@=D "3 |xrLQt
�1 (f1 (x)) = f1 (x)�m1

M1 �m1
= G1�m1
M1 �m1

(109)

�i (fi (x)) = mi �Gi
Mi �mi

i = 2; 3 (110)

u} Ro}=H =Q 106 |x]@=Q 3 xQ=tW pOt QO xv=oxU hOy `@=wD |=H x@ "4 |xrLQt
"s}vm|t

� min
i=1;2;3�i (fi (x)) + (1� �)

3X
i=1

�i (fi (x)) (111)

"OwW|t u} Ro}=H 109 =D 107 \@=wQ QwmPt `@=D |R=U|]N |=Q@

max

 
�:z + (1� �) :

3X
i=1

�i (fi (x))

!
(112)

Subject to : (113)

Z � �i (fi (x)) i = 1; 2; 3 (114)

u; |HwQN w 'pL |O=yvW}B VwQ =@ C=}@O= QO OwHwt |xr�Ut l} Oa@ VN@ QO
|O}OH VwQ C}=yv QO "OwW|t xU}=kt Qw@ Rt Q=DWwv QO xOt; CUO x@ Q}O=kt =@

"OwW|t xO=O V}=tv =y|HwQN |HvUQ=@Da= |=Q@

|D=@U=Lt G}=Dv "5
|r=Ft '|O=yvW}B VwQ |=ys=o QDy@ xJQy |R=UuWwQ |=Q@ =OD@= VN@ u}= QO
CUO x@ Q}O=kt =@ w pL |O=yvW}B VwQ R= xO=iDU= =@ ẁ[wt C=}@O= R= xDiQoQ@
p=Ft C}U=UL p}rLD ut[ xt=O= QO "CU= xOW xU}=kt Qw@ Rt Q=DWwv QO xOt;

"CN=OQB s}y=wN Cw=iDt OQm} wQ wO =@ \w@ Qt pOt |HvUQ=@Da= x@ QwmPt
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t]=
sOa
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O|
ywQo

|Q}
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YD"hrDNt |=yw} Q=vU |=R=x@ xOW x�=Q= VwQ |O=yvW}B u=Rw= "1 pwOH
xv=o xU h=Oy= C}w[a `@=wD Q}O=kt CU=}U Qy R= |H=QNDU= u=Rw= �

0 988 1 0 980 0 0752 0 1190 0 1290 0 2697 0 4702 0� 0 1
0 987 1 0 981 0 0752 0 1171 0 1271 0 2697 0 4108 0 2
0 984 1 0 984 0 0752 0 1121 0 1221 0 2697 0 4209 1� 0 3

x@ C@Uv =yu; |}=yv |Ov@x@DQ w =yxv} Ro |}=yv u=Rw= C}U=UL p}rLD "1 pmW
"� p}OaD ?} Q[ QDt=Q=B

pw= OQm} wQ "1"6
pL QO |O=yvW}B pOt OQmrta |UQQ@ j} Q] R= pOt |HvUQ=@Da= 'OQm} wQ u}= QO
Q}O=kt =@ u; |xU}=kt w 'C=}@O= QO OwHwt x@=Wt ,=@} QkD Cq=kt QO xOW KQ] p�=Ut
Vv} Ro |=v@t ẁvD p�=Ut ?=NDv= QO "OQ}o|t CQwY Qw@ Rt Cq=kt |H=QNDU=
=yu; |O}rm C=YNWt T=U=Q@ xOWpL p�=Ut ẁvD 2 pwOH QO "CU= xDiQo Q=Qk
QO |O=yvW}B VwQ |Q}oQ=m x@ R= pY=L G}=Dv '3 pwOH QO "CU= xOW xO=O u=Wv
"s} R=OQB|t G}=Dv QDW}@ K} QWD x@ xt=O= QO "CU= xOW xO=O V}=tv p�=Ut u}= pL
xOW G=QNDU= 
 = 0 5 T=U=Q@ |O=yvW}B pOt |HwQN Q}O=kt CU= QmP p@=k

"CU=
u=Q=mty w wR=B wO VywSB =@ xU}=kt "1"1"6

R= |ywQo C} wrw= Q=OQ@ G=QNDU= |=Q@ O}OH |rOt �2014� u=Q=mty w wR=B wO
Q=OQ@ G=QNDU= |=Q@ QwmPt pOt "Ov=xO=O x�=Q= |R=i |HwR |}xU}=kt |=yT} QD=t
xOy=Wt 3 pwOH QO xm u=vJ "CU= xDW=O |Q=oR=U EL@ x@ |}xS} w x=ov =yC} wrw=
|O=yvW}B ?=wH |=R=x@ |O=yvW}B VwQ |Q=oR=U hOy `@=D =@ Q_=vDt Q=Okt 'OwW|t
|=y?=wH xmCU=|r=L QO u}= "CU= Q=OQwNQ@|@ wr]t Q=}U@\}=QW R= wR=B wO pOt
pOt |HwQN =@ xU}=kt QO |Q=O}=B w |ywQo ji=wD Q_vx]kv R= pOt u}= |O=yvW}B

"OvQ=OQwNQ@ |@ wr]t=v K]U R= |O=yvW}B
wS VywSB =@ xU}=kt "2"1"6

|Q}oQ=mx@ |=R=x@|H=QNDU= u=Rw= "OQm x�=Q= |Q=oR=U Q@|vD@t|WwQ 2012p=U QO wS
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pOt |HwQN ẁtHt QO "CU}v ?wr]t =t pOt |O=yvW}B ?=wH =@ xU}=kt QO

%=@ CU= j@=]t QwmPt Cq=L s=tD QO =yxv} Ro |}=yv |Ov@x@DQ 'OwW|t xOy=Wt
X1 � X2 � X3 � X4 � X5 (115)

w}o w nv=S VywSB |HwQN =@ xU}=kt "3"5
"Ov=xO=O x�=Q= |Q=oR=U � |ki=wD OQm} wQ =@ |O=yvW}B |WwQ �2014� w}o w nv=S
(0 1209;0 0989;0 1978;0 1319;0 4505) =yu;|O=yvW}BVwQ|HwQN
?=wH u}= |=R=x@ xOW x�=Q= VwQ |O=yvW}B |xv=oxU hOy `@=wD Q}O=kt p=L "CU=
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,=t}kDUt XN=W u}= xm =QJ 'CU= VQ}PB p@=k u}}=B ,=Qy=_ |OOa Q=Okt OwHw
VwQ =@ xU}=kt QO wo w nv=S OQm} wQ QO xm CU=yxv} Ro |}=yv |Ov@x@DQ x@ \@DQt
?=wH xm CU= |r=L QO u}= "CU= |v=}=B x@DQ wO QU Q@ =yvD Cw=iD =t |O=yvW}B
p@=k =t |O=yvW}B VwQ |=y?=wH =@ xU}=kt QO |Q=O}=B XN=W Q_vx]kv R= |}=yv

"OQ=O Q=Qk ?wr]t=v C}a[w QO w CU}v C@=kQ

C}U=UL p}rLD "4"5
`@=wD swU w pw= |=yxir-wt G=QNDU= |=Q@ sQ=yJ s=o QO 
 p}OaD ?} Q[ QDt=Q=B
u}= |HwQN |O=yvW}B VwQ QO xm u}= x@ xHwD =@ "CU= xDiQ Q=m x@ |FrFt |R=i
QDt=Q=B u}= 'OwQ|t Q=m x@ VwQ |D; |=ys=o QO |OwQw u=wvax@ s}kDUt Qw]x@ s=o
u}= C}U=UL p}rLD "OwW|t ?wULt C}U=UL p}rLD |=Q@ |@U=vt |xv} Ro
|=Q@ w xDiQo CQwY 2 w 1 '0 75 '0 5 '0 25 |xDUUo Q}O=kt |=R=x@ QDt=Q=B
Q=Okt l} |=R=x@ Cr=L l} "CU=xOW xDiQo Q_v QO |OL Cr=L wO QD`t=H |UQQ@
QDt=Q=B |=Q@ umtt Q=Okt u} QDlJwm |=R=x@ Qo}O Cr=L w �10 Q=Okt� 
 |=Q@ nQR@
Qy |=R=x@ |H=QNDU= u=Rw= Q}O=kt x=Qtyx@ =yxv} Ro |Ov@x@DQ "CU= �QiY Q=Okt� 

s=tD |=R=x@ OwW|t xOy=Wt xm u=vJ "CU= xOW xO=O V}=tv 1 pmW QO 
 Q=Okt
Q=R@= Ov=wD|t C}U=UL p}rLD u}= "CU= xDW=Ov |Q}}eD =yxv} Ro |Ov@x@DQ 
 Q}O=kt

"OwW O=Otrk |}=yv |Ov@x@DQ w Vv} Ro |=Q@ |@U=vt C} Q}Ot

|O=yvW}B pOt |HwQN |HvUQ=@Da= "6
\}=QW QO |v=Uv= |=y|Q}os}tYD |xN=W QO |ywQo |Q}os}tYD |=yVwQ QO
|HvUQ=@Da= xm |OQi x@ QYLvt |=yXN=W OwHw sOa xQ=wty u=v}t]= sOa
"OwW|t |krD |Q}os}tYD |xRwL nQR@Vr=J 'OR=U Q}PBu=mt= =Q QwmPt |=yVwQ
umttQ}e |Q}@aDx@ =Q Cw=iDt |=yVwQ |HwQN VHvU w xU}=kt pta Vr=J u}=
s=Hv= hrDNt OQm} wQ wO =@ pOt |HvUQ=@Da= VN@ u}= QO wQ u}= R= "CU= xDN=U
C=}@O= QO OwHwt x@=Wt ,=@} QkD |=ypOt =@ |O=yvW}B pOt pw= OQm} wQ QO "CU= xOW
pOt |HvUQ=@Da= x@ O}OH VwQ l} O=yvW}B =@ swO OQm} wQ QO w xOW xU}=kt
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OL =D |Q=oR=U XN=W 'Q=_Dv= j@=]t "CU= 0 94589; 0 41956; 0 0017
Q=Okt R= R}v |ki=wD XN=W Q_vx]kv R= "CU= xOW xOQw;Q@ VwQ u}= QO |@ wr]t
QO |Q=O}=B XN=W ?wr]t=v ,qt=m C}a[w Qo}O hQ] R= "OQ=O xrY=i u; ?wr]t
C=L}HQD u=}t ZQ=aD Q}F-=D "CU= OwyWt ,qt=m wo w nv=S |O=yvW}B |=y?=wH
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=yxv} Ro |Ov@x@DQ =yxv} Ro u=Rw= Q}O=kt u=wva6 5 4 3 2 1 6 5 4 3 2 1

- 5 4 3 2 1 - 0 075 0 112 0 122 0 270 0 421 |rY= |xr�Ut
6 5 4 3 2 1 0 056 0 066 0 066 0 140 0 253 0 419 1 w} Q=vU
1 5 5 5 5 4 3 2 0 316 0 066 0 066 0 100 0 182 0 270 2 w} Q=vU
- - 4 3 2 1 - - 0 113 0 163 0 256 0 468 3 w} Q=vU
- 4 - 3 2 1 - 0 109 - 0 143 0 244 0 504 4 w} Q=vU
- 3 4 - 2 1 - 0 176 0 097 - 0 286 0 441 5 w} Q=vU
- 3 4 2 - 1 - 0 121 0 050 0 347 - 0 483 6 w} Q=vU
- 4 3 1 5 1 5 - - 0 08 0 200 0 360 0 360 - 7 w} Q=vU

&|HwR C=U}=kt T} QD=t uOw@ Xk=v ZQi "5
&u=oOvQ}os}tYD C}ty= u=Rw= G=QNDU= "6

&xOvQ}os}tYD Qy Q_vx]kv R= =yxv} Ro C}ty= u=Rw= G=QNDU= "7
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&?=wH l} =yvD O=yvW}B |=Hx@
"|ywQo |Q}os}tYD |O=yvW}B VwQ|HvUQ=@Da= |=Q@ O}OH OQm} wQl} |x�=Q= "9
C=U}=kt |=yT} QD=t x}=QO x@ x}=QO KqY= |=Q@ |}=ysD} Qwor= |R=Usy=Qi
w |}=U=vW j} Q] R= Ovvm|tv sy=Qi =Q |Q=oR=U XN=W R= |YNWt OL xm |HwR
xOv}; |=yVywSB |=Q@ |@U=vt |xRwL 'OwHwt |=yCw=[k O=OaD u} QDsm KqY=
ẁ[wt C=}@O= R= |Qo}O |xRwL C=aq]= |Qw;`tH |=yODt xRwQt= "OwW|t |krD
|oDU@=w OwHw =@ xm CU= |r=L QO u}= "OyO|t p}mWD =Q |ywQo |Q}os}tYD
xRwL wO u}= s}DUy Oy=W =t= '|ywQo |Q}os}tYD |tm |=yODt =@ xRwL u}= OwyWt
u}= s=wD |xar=]t OwW|t O=yvW}B u}=Q@=v@ "Ov@=}|t VQDUo sy R= |R=wt CQwYx@

"OQ}o Q=Qk xHwD OQwt |D; C=k}kLD QO Ov=wD|t xRwL wO

Q=oR=U |rY= |xr�Ut |Ov@x@DQ =@ xOW h} QaD |=yw} Q=vU QFm = QO =y|Ov@x@DQ
"CU=

|D; C=ar=]t w |Q}oxH}Dv "7
|xr�Ut QO �=yQ=}at� =yxv} Ro |D}ty= u=Rw= G=QNDU= |=Q@ |WwQ xar=]t u}= QO
C=L}HQD u=}@ Cw=iDt p=mW= ZQi =@ u=v}t]= sOa\}=QW QO ��|ywQo |Q}os}tYD
�� |HwR C=U}=kt |=yT} QD=t ?r=k QO |L}HQD \@=wQ uOw@ Xk=v ZQi =@ w
|O=yvW}B VwQ |=y|oS} w "CU= Q=wDU= |[=} Q |R} Qxt=vQ@ |=ypOt Q@ xm OW x�=Q=

%R= CU= CQ=@a xYqN Qw]x@
&|D=aq]= hqD= u=R}t Vy=m "1

&u=Rw= G=QNDU= QO xv=oOvJ hOy `@=wD h} QaD "2
&|}=yv u=Rw= |Q=O}=B x@ xHwD "3

&C=L}HQD u=}@ Cw=iDt p=mW= C=}[Qi "4

=yCWwv=B
1. group consensus
2. incomplete preference relation
3. interval multiplicative preference relation
4. interval fuzzy preference relation
5. interval-valued linguistic preference relation
6. interval preference sequence
7. intuitionistic fuzzy preference relation
8. rank reversal
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