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w p=wR x@ wQ |=yQ=m =@ |y=oQ=m u=} QH
u=tRty Q}e |=y|OwQw

�Q=}Wv=O� �O=RQNi Qk=@OtLt
�OWQ= |U=vWQ� |wHWv=O� uWwOv u=}t}rUOtLt

OR} x=oWv=O '`}=vY |UOvyt xwQo

wO |y=oQ=m u=} QH |wQ |]N p=wR `@=D =@ p=wR x@ wQ |=yQ=m |Ov@u=tR 'xr=kt u}= QO
|UQQ@ =yQ=m u=tRty Q}e OwQw ZQi =@ w Q=OQ}N-=D |=yQ=m O=OaD uOQmxv}tm hOy =@ u}W=t
|Q=mD@= VwQ l} 'x=Dwm |v=tR QO xv}y@ x@ l}ORv |@=wH uOQw; CUO x@ |=Q@ "CU= xOW

OyO|t u=Wv G}=Dv "CU= xOW x�=Q= u=Qm w xN=W sD} Qwor= l} u; j}kO pL |=Q@ w
p�=Ut xOQ QO Q=m 22 w nQR@ p�=Ut xOQ QO Q=m 24 =D =Q p�=Ut u=Qm w xN=W sD} Qwor=
w xN=W VwQ QO =yxQo R= |}q=@ OYQO u}vJty "Ovm|t pL |k]vt u=tR QO 'lJwm

xN=W sD} Qwor= |}=Q=m |xOvyOu=Wv xm OwW|t `]k u}}=B OwOL w x@re pwY= \UwD u=Qm
1 15 Q@=Q@ QFm =OL |Q=mD@= sD} Qwor= ?=wH x@ xv}y@ ?=wH C@Uv \UwDt "CU= u=Qm w

Q=}U@ OOa Q=OQ}N-=D |=yQ=m O=OaD x@ \w@ Qt C=k}kLD Q}=U =@ xU}=kt QO OOa u}= xm CU=
"CU= |@ wN

mfakhrzad@yazd.ac.ir
mohamadsolimian88@gmail.com

'Q=OQ}N-=D |=yQ=m O=OaD '|y=oQ=m u=} QH 'p=wR x@ wQ |=yC}r=ai %|O}rm u=oS=w
"u=tRty Q}e OwQw 'u=Qm w xN=W

xtOkt "1
xr�Ut hOy `@=D |xOvyOu=Wv  w xr�Ut |=y|oS} w |xOvyOu=Wv � 'u}W=t

"CU=
Q=Qk |UQQ@ OQwt =Q 1jPi = ai + bt; rijCmax |xr�Ut [4]u=Q=mty w |r
wO w x@re pY= u}OvJ x=Qtyx@ u=Qm w xN=W sD} Qwor= l} |UQQ@ u}= QO =yv; "OvO=O
|@U=vt u=tR QO =Q C}r=ai 20 O=OaD =@ p�=Ut xm |Qw] x@ Ov=xOQm x�=Q= u}}=B OL

"Ovm|t pL
F2jPi = ai + btjCmax |xr�Ut |Qo}O |UQQ@ QO [5]u=Q=mty w |r
QO =@ =Q u=Qm w xN=W sD} Qwor= l} |UQQ@ u}= QO =yv; "Ov=xOQm xar=]t =Q
=Q C}r=ai 24 pt=W p�=Ut w 'x�=Q= u}}=B OL wO w x@re pwY= uDiQo Q_v
Q@ |vD@t |Q=mD@= sD} Qwor= OvJ u}vJty =yu; "Ov=xOQm pL |@U=vt u=tR QO
sD} Qwor= u}= |=]N xm Ov=xO=O u=Wv w x�=Q= 2VR=OQB u=tR u} QDlJwm |xOa=k
OwHwt |r=wD xm xOW xO=O u=Wv u}vJty "CU= �16 =@ Q@=Q@ QFm =OL w 'sm
|Q=mD@= |=ysD} Qwor= u}@ QO ?=wH u} QDy@ 'ai T=U=Q@ SPT |xOa=k j@]

"CU=
|Ov@u=tR |xr�Ut xm Ov=xOQm u=wva OwN |UQQ@ QO [6]u=Q=mty w nv=w
|xr�Ut l} x}=B Cr=L QO pm p}tmD u=tR uOQmxv}tm |=Q@ |y=oQ=m u=} QH
|]N p=wR x@ wQ `@=D uDiQo Q_v QO =@ xr�Ut u}= u}=Q@=v@ "CU= NP-hard

=Q CiPF2jPi = bitj |xr�Ut OwN j}kLD QO =yu; "CU= NP-hard R}v

w C@=F Q=Okt =yC}r=ai VR=OQB u=tR xm OwW|t ZQi |Ov@u=tR |x}=B p�=Ut QO
pw] QO Cq;Q=R@= =} u}W=t xm u}= x@ xHwD =@ ZQi u}= "CU= |}xOW u}}aD V}B R=
Q_v x@ |ak=w Q}e OQ=wt QDW}@ QO 'O};|t u}}=B u; |};Q=m w OwW|t lryDUt u=tR
|=Q@ Q=m l} uOv=t Q_Dvt Oqwi CavY Ovv=t `}=vY R= |NQ@ QO xwqax@ "OUQ|t
T=U=Q@ =yCr=L u}= QO VR=OQB u=tR "OyO|t V}=Ri= =Q VR=OQB u=tR 'VR=OQB
u}= '|Ov@u=tR C=}@O= QO "OwW|t xDiQo Q_v QO |W}=Ri=Q}e =} |Wy=mQ}e `@=D l}

"Ovt=v|t �1p=wR� =Q xO}OB
"OwW|t xOy=Wt |H=Uv w Oqwi |=yxv=NQ=m QO xr�Ut u}= OQ@ Q=m R= |}=yxvwtv
Q=tW x@ xv}tR u}= QO |Qo}O |rta |xvwtv R}v |Q=mW=QD Ov}=Qi R= pY=L C=a]k
u}ty x@ w 'OvwW|t xOwUQi |Q=mW=QD Ov}=Qi s=Hv= =@ |Q=mW=QD Cq;Q=R@= "O};|t
C=a]k VR=OQB u=tR T=U=Q@ |Oa@ C=a]k |Q=mW=QD |=Q@ R=}v OQwt u=tR p}rO
x@ wQ |=yQ=m OQwtQO xOW s=Hv= C=k}kLD QDW}@ [1]"O@=}|t V}=Ri= xOW |Q=mW=QD
|wQ C=k}kLD QDW}@ R}v hOy `@=D Q_v R= "CU= xOW s=Hv= u}W=tlD |wQ p=wR

[2]"Ov=xOW RmQtDt p}tmD u=tR u} QDW}@ uOQmxv}tm
xO=iDU= [3]s=y=Qo |Q=PoO=tv R= xr�Ut uO=O u=Wv QO CrwyU |=Q@ xt=O= QO
\}Lt |xOvyOu=Wv � u; QO xm CU= �j�j CQwYx@ |Q=PoO=tv u}= "OwW|t

pw�Ut xOvU} wv �
"1394 6 28 VQ}PB '1394 6 15 x}LqY= '1393 10 7 Ci=} QO %M} Q=D
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mxv}
tmw xN=W sD} Qwor= TBU "OwW|t x�=Q= x=Dwm |v=tR QO xv}y@ x@ l}ORv |r=wD l}

C=@F= w u=}@ sD} Qwor= u}= |}=Q=m uOQ@ q=@ |=Q@ xOW xO=O xaUwD |=ysr w x�=Q= u=Qm
"OwW|t

xr�Ut |=yQ}eDt w =yQDt=Q=B "3
&1 u}W=t |wQ � |�RH |r=wD p}tmD u=tR %A
&m u}W=t |wQ i Q=m |}x}=B VR=OQB u=tR %am
&2 u}W=t |wQ � |�RH |r=wD p}tmD u=tR %B

&p=wR MQv %b
&m u}W=t |wQ i Q=m p}tmD u=tR %Cim

&i Q=m p} wLD Oawt %di
&s=i Q=m %ji

&nQR@ OOa l} %M
&OwW |Ov@u=tR O}=@ xm |}=yQ=m O=OaD %n

&i Q=m OwQw u=tR %ri
Q=Okt w x}=B u=tR ẁtHt R= xm m u}W=t |wQ i Q=m |ak=w VR=OQB u=tR %Pim

&O};|t CUO x@ p=wR
&m u}W=t |wQ i C}r=ai ẁQW u=tR %Sim

&CU= 1 =@ Q@=Q@ CQwY u}= Q}e QO w QiY pO=at di � Ci2 Qo = %Ui
&CU= QiY CQwYu}= Q}e QO w 1 OwW s=Hv= |r=wD R= j C@ wv QO i Q=m Qo = %Xi[j]

&i =D 1 |=yQ=m pt=W xOW |Ov@u=tR |�RH |r=wD l} %�
&�� |xawtHt ptmt� xOWv |Ov@u=tR |=yQ=m |xawtHt %�0

&=yQ=m s=tD pt=W |r=wD l} %�
&j C@ wv QO Q=m OQmQ}O Q=Okt %T[j]

&(i = 1; 2; 3; :::; n) Q=m T}Ov= %i
&(m = 1; 2) u}W=t T}Ov= %m

"(j = 1; 2; 3; :::; n) |r=wD C@ wv T}Ov= %j

|]N |R} Qxt=vQ@ pOt "4
TB xt=O= QO "CU= Q} R CQwYx@ xr�Ut\rDNt K}LY OOa|]N |R} Qxt=vQ@ pOt
"OvwW|t K} QWD R}v pOt |=yC}OwOLt w hOy `@=D xOW |L=Q] pOt |x�=Q= R=

Minimize NT =
nX
j=1

U[j] (1)

s:t :
nX
j=1

xi[j] = 1 i = 1; 2; ::::n (2)

nX
i=1

xi[j] = 1 j = 1; 2; :::; n (3)

C[j]1 �
nX
i=1

rixi[j] +
nX
i=1

Pi1xi[j] j = 1; 2; :::; n (4)

Cr=L Q=yJ QO =Q xr�Ut pw= VN@ QO "Ov=xO=O Q=Qk |UQQ@ OQwt VN@ wO QO
xr�Ut |=Q@ swO VN@ QO "Ov=xOQm x�=Q= u; |=Q@ xv}y@ |@}DQD w |UQQ@ X=N
w x@re |oS} w OvJ uDiQo Q_v QO =@ u=Qm w xN=W sD} Qwor= l} |rm Cr=L QO
QO [7]u=Q=mty w |r "Ov=xOQm pL =Q C}r=ai 14 =@ p�=Ut w x�=Q= u}}=B OL 2
=yu; "Ov=xOQm |UQQ@ =Q PFmjPi = ai + bitjPCi |xr�Ut OwN xar=]t
OL w x@re pwY= uDiQo Q_v QO =@ u=Qm w xN=W sD} Qwor= l} |UQQ@ u}= QO
|rw@k p@=k u=tR QO =Q u}W=t 2 w C}r=ai 18 O=a@= =@ p�=Ut w 'x�=Q= u}}=B
xm Ov=xO=O u=Wv w 'x�=Q= |Q=mD@= sD} Qwor= OvJ u}vJty "Ov=xOQm pL xv}y@ CQwYx@
u=} QH \}Lt QO OQmQ}O uOQm xv}tm |xr�Ut [8]u=Q=mty w |r "OvDUy =Q=m |oty
|vD@t |Q=mD@==Qi VwQ l} w OvOQm |UQQ@ =Q p=wR x@ wQ |=yQ=m =@ w |y=oQ=m
VwQ xm 'OvOQm O=yvW}B pL |=Q@ u=Qm w xN=W VwQ l} w l}DvS sD} Qwor= Q@
pL ?U=vt |v=tR QO xv}y@ CQwYx@ =Q Q=m 20 =@ |r�=Ut |O=yvW}B u=Qm w xN=W

"Ovm|t
uOQmxv}tm OwW|t xDiQo Q_v QO |Ov@u=tR p�=Ut QO xm syt |=yQ=}at R= |m}
"CU= |O}rwD |=y\}Lt QO Ow@tm |xv} Ry =@ Q_=vDt xmCU= Q=OQ}N-=D |=yQ=m O=OaD
u=Wv 1jpi = ai + bSjPUi |xr�Ut |UQQ@ ut[ [9]|LrYt w |QiaH
xN=W sD} Qwor= l} |UQQ@ u}= QO =yu; "CU= NP-hard ẁv R= xr�Ut xm Ov=xO=O
sD} Qwor= l} w Ovm pL x=Dwm |v=tR QO =Q Q=m 28 =@ |r�=Ut CU= QO=k xm u=Qm w
u=Wv xvwtv |xr�Ut 1800 pL =@ TBU &Ov=xOQm x�=Q= QDnQR@ p�=Ut |=Q@ |Q=mD@=
|}=y?=wH Ov=wD|t w CU= Q=OQwNQ@ |}q=@ |}=Q=m R= |Q=mD@= sD} Qwor= xm Ov=xO=O

"Ovm O}rwD xv}y@ x@ l}ORv
w xO=O Q=Qk |UQQ@ OQwt =Q F2jrijPUi |xr�Ut [10]u=Q=mty w u=}t}mL
sD} Qwor= xU u; pL |=Q@ TBU "CU= NP-hard xr�Ut u}= xm Ov=xO=O u=Wv
u}}=B OL xU w x@re pY= u}OvJ x=Qty x@ u=Qm w xN=W sD} Qwor= l} w |Q=mD@=

"Ov=xOQm pL |@U=vt u=tR QO =Q C}r=ai 28 pt=W p�=Ut w 'xOQm x�=Q=
u=} QH |wQ p=wR x@ wQ |=yQ=m |Ov@u=tR |xr�Ut 'OW xOy=Wt xm Qw]v=ty
u=tRty Q}e OwQw =@ w Q=OQ}N-=D |=yQ=m O=OaD uOQmxv}tm hOy =@ u}W=t wO |y=oQ=m
OQwt xr�Ut u}= xr=kt u}= QO u}=Q@=v@ "CU= xDiQov Q=Qk |UQQ@ OQwt uwvm =D =yQ=m

"OQ}o|t Q=Qk |UQQ@
xr�Ut pL OQm} wQ TBU w '|iQat Q_v OQwt |xr�Ut swO VN@ QO xt=O= QO
w |Q}oxH}Dv sQ=yJ VN@ QO w 'OwW|t x�=Q= |D=@U=Lt G}=Dv TBU "OwW|t u=}@

"OW Oy=wN x�=Q= xOv}; |=yVywSB |=Q@ O=yvW}B

xr�Ut |iQat "2
|wQ |]N p=wR `@=D =@ p=wR x@ wQ |=yQ=m |Ov@u=tR |xr�Ut CtUk u}= QO
=@ w Q=OQ}N-=D |=yQ=m O=OaD uOQm xv}tm hOy =@ u}W=t wO |y=oQ=m u=} QH
|=Q@ p=wR MQv |xr�Ut u}= QO "OwW|t |UQQ@ =yQ=m u=tRty Q}e OwQw ZQi
=yu}W=t u}vJty "OvwW|t ZQi Qo}Om} R= pkDUt =yQ=m w 'u=Um} =yQ=m s=tD
CQwYx@ xr�Ut u}= "OwW|t ZQi TQDUO QO |R} Qxt=vQ@ xQwO pw] s=tD QO
w =yQDt=Q=B =OD@= "CU= xOW xO=O u=Wv PF2jPi = ai + bS; rijPn

i=1 Ui
xr�Ut K}LY OOa |]N |R} Qxt=vQ@ pOt TBU "OwW|t |iQat xr�Ut |=yQ}eDt
OwW|t C@=F w xDiQo Q=Qk |UQQ@ OQwt xr�Ut |oO}J}B xt=O= QO "OwW|t |iQat
x@ |@=}CUO |=Q@ |Q=mD@= VwQ Oa@ CtUk QO "CU= NP-hard ẁv R= xr�Ut
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=vY

|U
Ovyt p�=Ut OW=@ C@=F C=}[Qi Q}=U xm |DQwY QO Ov=xO=O u=Wv [12]nv}O w nvJ

`@=D =@ =yQ=m uOw@ p=wR x@ wQ ZQi Qo = p=L "OvDUy u=Um} 1jrijCmax w 1jjLmax

p�=Ut OwW xi=[= xr�Ut wO Qy x@ =yQ=m xty |=Q@ u=Um} p=wR MQv =@ w |]N p=wR
Ovy=wN u=Um} R}v 1jPi = ai + bS; rijCmax w 1jPi = ai + bSjLmax

|oO}J}B |=Q=O 1jPi = ai + bS; rijCmax |xr�Ut xm CU= xOW C@=F "Ow@
1jPi = ai + bSjLmax |xr�Ut xm OwW|t xH}Dv u}=Q@=v@ "CU= NP-hard

1jPi = ai+ bSjLmax |xr�Ut xm u}= x@ xHwD =@ p=L [9]"CU= NP-hard R}v
Vy=m p@=k R}v xr�Ut u}= w 1jPi = ai + bSjPUi |xr�Ut x@ Vy=m p@=k
R}v xr�Ut u}= xm OwW|t xH}Dv CU= PF2 jPi = ai + bS; rijPn

i=1 Ui x@
"CU= NP-hard

|=yVwQ R= xr�Ut u}= |xv}y@ pL |=Q@ xm CU= |k]vt 'C=@F= u}= x@ xHwD =@
|@=wH uOQw; CUO x@ |=Q@ w u=Qm w xN=W Ovv=t |Ov@u=tR p�=Ut pL |twta

"OwW xO=iDU= |Q=mD@= |=yVwQ R= u; |=Q@ xv}y@ x@ l}ORv

xr�Ut pL "6
|Q=mD@= sD} Qwor= "1"6

[13]"OwW|t xv}y@ ?=wH x@ QHvt 1jjPUi |xr�Ut |=Q@ uwUH=y � Qwt sD} Qwor=
PF2 jPi = ai + bS; rijPn

i=1 Ui |xr�Ut |=Q@ 'sD} Qwor= u}= R= s=yr= =@ =Pr
%CU= xOW x�=Q= s=o Q=yJ QO H1 s=v x@ |Q=mD@= |tD} Qwor=
"OvwW ?DQt 3p} wLD Oawt u} QDOwR CQwYx@ =yQ=m =OD@= "1

TQDUO QO u=tR x@ xHwD =@ w p} wLD Oawt u} QDOwR ?}DQD T=U=Q@ =yQ=m TBU "2
x@U=Lt Q=m Qy p}tmD u=tR w O@=} X}YND swO w pw= u}W=t x@ '(ri) Q=m Qy

"OwW
Qy j C@ wv =D ?}DQD |=OD@= R= 'OW=@ |r=wD R= j C@ wv QO Q=OQ}N-=D Q=m u}rw= Qo = "3
C@ wv QO Q=m sDN u=tR QO |} wHxiQY u=R}t w xOW hPL =yQ=m R= |m} xaiO
u=tR QO Vy=m u} QDW}@ x@ QHvt u; hPL xm |Q=m "OwW xOQw; CUO x@ j
u}= w xDiQo Q=Qk |r=wD QN; QO OwW|t swO u}W=t |wQ 'j C@ wv QO Q=m sDN
|m} =yQ=m pm O=OaD R= OwW xOQ@ |r=wD QN; x@ |Q=m `kwtQy "CU= Q=OQ}N-=D Q=m
Q=m u}twO w OQ}o|t Q=Qk |r=wD QN; QO xOW hPL Q=m u}rw= |va}� OwW|t sm
|=yQ=m pLt ?}DQD u}tyx@ w 'n� 1 C@ wv QO |Oa@ |xrLQt QO xOW hPL

"�OwW|t XNWt |Oa@ Q=OQ}N-=D
=QH= OwW Ci=} Q=OQ}N-=D Q=m xm |t=O=t '3 w 2 |=ys=o ,=OOHt =yQ=m |x}k@ |=Q@ "4

"OwW|t
xU "CU= Q=OQwNQ@ |@ wN |}=Q=m R= sD} Qwor= u}= xm OyO|t u=Wv pL G}=Dv
"CU= xDiQo Q=Qk |UQQ@ OQwt R}v H4 w H3 'H2 s=vx@ Qo}O |Q=mD@= sD} Qwor=
u=tR u} QDW}@ xm |Q=m 'H1 sD} Qwor= swU s=o QO xOWhPL Q=m |=H x@ H2 QO
=@ Q=m 'Qo}O CQ=@ax@ "OwW|t hPL OW=@ xDW=O swO w pw= u}W=t |wQ VR=OQB
s=o l} ?}DQDx@ H4 w H3 |=ysD} Qwor= QO "OwW|t hPL Pi1 +Pi2 u} QDW}@
OtaQ}e |=y|Q=m}@ =D OwW|t xi=[= H2 w H1 |=ysD} Qwor= 3 w 2 |=ys=o u}@

%OwW|t =QH= Q} R CQwYx@ s=o u}= "O@=} Vy=m =yQ=m u=tRtyQ}e OwQw R= |W=v
'OW=@ ri[j] > Ci[j�1] Qo = j C@ wv Qy |=Q@ %H4 w H3 |=ysD} Qwor= 3 s=o
ri u} QDlJwm xm |Q=m 'u; R= Oa@ |=yC@ wv w j C@ wv QO xDiQo Q=Qk |=yQ=m u}@ R=

C[j]1 � C[j�1]1 +
nX
i=1

Pi1xi[j] j = 1; 2; :::; n (5)

Pi1 = ai1 + bSi1 i = 1; 2; :::; n (6)

Si1 �
nX
j=1

C[j�1]1xi[j] i = 1; 2; :::; n (7)

Si1 � ri i = 1; 2; :::; n (8)

C[j]2 � C[j]1 +
nX
i=1

Pi2xi[j] j = 1; 2; :::; n (9)

C[j]2 � C[j�1]2 +
nX
i=1

Pi2xi[j] j = 1; 2; :::; n (10)

Pi2 = ai2 + bSi2 i = 1; 2; :::; n (11)

Si2 �
nX
j=1

C[j�1]2xi[j] i = 1; 2; :::; n (12)

Si2 �
nX
j=1

C[j]1xi[j] i = 1; 2; :::; n (13)

T[j] � C[j]2 �
nX
i=1

dixi[j] i = 1; 2; :::; n (14)

T[j] � 0 j = 1; 2; :::; n (15)

T[j] �M:U[j] j = 1; 2; :::; n (16)

xi[j] 2 f0; 1g i; j = 1; 2; :::; n (17)

U[j] 2 f0; 1g j = 1; 2; :::; n (18)

R= l} Qy xm Ovm|t u}t[D 2 |x]@=Q "OyO|t u=Wv =Q xr�Ut hOy `@=D 1 |x]@=Q
OyO|t u=Wv 3 |x]@=Q "OQ}o Q=Qk |r=wD R= C@ wv n R= |m} QO x@DQt l} ,=tDL =yQ=m
u=tR 5 w 4 |=yC}OwOLt "OW=@ Q=m l} pt=W O}=@ ,=tDL j Ovv=t C@ wv Qy xm
xm OyO|t u=Wv 6 |x]@=Q "Ovm|t u}}aD =Q 1 u}W=t |wQ =yQ=m R= l} Qy p}tmD
7 |=yC}OwOLt "O};|t CUO x@ xvwoJ 1 u}W=t |wQ =yQ=m |ak=w VR=OQB u=tR
9 |=yC}OwOLt "Ovm|t u}}aD =Q 1 u}W=t |wQ =yQ=m R= l} Qy ẁQW u=tR 8 w
u=tR 'p}tmD u=tR ?}DQDx@ w OvQ=O 8 =D 4 |=yC}OwOLt x@=Wt |OQmrta 13 =D
|=yC}OwOLt R= "Ovvm|t u}}aD =Q 2 u}W=t |wQ =yQ=m ẁQW u=tR w |ak=w VR=OQB

"CU= xOW xO=iDU= =yQ=m OQmQ}O R= |Q=OQwNQ@ u}}aD |=Q@ 16 =D 14

xr�Ut |oO}J}B |UQQ@ "5
u; C=@U=Lt |DNU |xHQO =@ |t}kDUt |x]@=Q |Ov@u=tR |xr�Ut pL u=tR
"OwW|t XNWt |oO}J}B |x} Q_v T=U=Q@ xr�Ut l} C=@U=Lt |DNU "OQ=O
xO=U xwQo wO R= l} s=Om QO |D=@U=Lt Q_v R= p�=Ut Ovm|t XNWt x} Q_v u}=
Ow@ Oy=wN pL p@=k |}xrtHOvJ u=tR QO xr�Ut l} =}; w 'xDiQo Q=Qk CNU w
|xr�Ut |wQ |}xar=]t uwvm =D ẁ[wt C=}@O= QO xm u}= x@ xHwD =@ [11]"Q}N =}
=OD@= CU= sRq 'CU= xOWv xOy=Wt PF2 jPi = ai + bS; rijPn

i=1 Ui
"OwW |UQQ@ u; |oO}J}B

Q}=U xm |DQwY QO Lmax hOy `@=D =@ xr�Ut Qy CU= xO=O u=Wv [11]QmwQ@
"CU= PUi hOy `@=D =@ |y@=Wt |xr�Ut x@ Vy=m p@=k OW=@ C@=F C=}[Qi
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mO=

OaD
uOQ

mxv}
tmR= C@ wv Qy QO Q=m u}= 'OW=@ Q=QkQ@ i Q=m OQwtQO di � maxfCmaxg \QW Qo =

O=OaD OQ}o Q=Qk |r=wD |=yDv= QO Qo = u}=Q@=v@ "OW Oy=wNv Q=OQ}N-=D OQ}o Q=Qk xm |r=wD
�"O=O Oy=wNv V}=Ri= =Q Q=OQ}N-=D |=yQ=m

'ri = min
j2�0frjg Qo = PF2 jPi = ai + bS; rijPn

i=1 Ui |xr�Ut QO "2 sr
xJv=vJ x=ov; 'OW=@ di = min

j2�0fdjg w ai2 = min
j2�0faj2g 'ai1 = min

j2�0faj1g
"OwW|t |Ov@u=tR A u=tR QO xv}y@ |r=wD QO 'OW=@v Q=OQ}N-=D �i |r=wD QO i Q=m
u}=Q@=v@ OQ=O 2 w 1 u}W=t |wQ =Q x}=B VR=OQB u=tR u} QDsm i Q=m xm =Hv; R= %C=@F=
|=yQ=m VR=OQB w ẁQW u=tR 'u; `@D x@ w CW=O Oy=wN =Q p}tmD u=tR u} QDsm
Q=OQ}N-=D w p} wLD Oawt u} QDsm uDW=O p}rO x@ |iQ] R= "OwW|t QDsm R}v |Oa@
Q=OQ}N-=D |=yQ=m O=OaD A u=tR QO i Q=m |Ov@u=tR xm OW u�t]t u=wD|t u; uOWv

�"OyO|tv V}=Ri= =Q
Vy=m OL=w l} ?=wH |=[i sD} Qwor= ẁQW |=OD@= QO sr u}= |=QH= =@ "1 xH}Dv
Vy=m Ea=@ Qt= u}= "OQ@ Q=m x@ =Q jwi sr Q=@ u}OvJ u=wD@ CU= umtt "O@=}|t
QO |kta |wHDUH Ov}=Qi QO u; Q@ xwqa "OwW|t ?=wH |=[i |OL=w u}OvJ
|=yQ=m |xawtHt R= Q=m u} QDy@ OwW|t Ea=@ sr u}= |=QH= 'u=Qm w xN=W sD} Qwor=
|=yxN=W |UQQ@ x@ |R=}v u}=Q@=v@ w OwW ?=NDv= ��0 xawtHt� xOWv |Ov@u=tR

"CU}v Qo}O
QO uO}J |=Q@ xOWv |Ov@u=tR |=yQ=m |xawtHt R= i Q=m L xQo QO Qo = "3 sr
'(di < Ci2(�i)) OwW Q=OQ}N-=D C@ wv u}= QO i Q=m w OwW ?=NDv= � |r=wD |=yDv=

"OQ}o|t Q=Qk |r=wD QN; QO i Q=m u; QO xm OQ=O OwHw |}xv}y@ ?=wH
|D@ wv Qy QO OwW u; uOW Q=OQ}N-=D ?Hwt A u=tR QO i |Ov@u=tR Qo = %C=@F=
x@ Q=OQ}N-=D Q=m p=kDv= =@ xm CU= K[=w |iQ] R= "Ow@ Oy=wN Q=OQ}N-=D sy u; R= Oa@
QN; x@ Q=m u}= p=kDv= =@ u}=Q@=v@ "O@=}|tv V}=Ri= =yQ=m x}k@ ẁQW u=tR '|r=wD QN;

�"O@=}|tv V}=Ri= Q=OQ}N-=D |=yQ=m O=OaD |r=wD
di < |x]@=Q Qo = PF2 jPi = ai + bS; rijPn

i=1 Ui |xr�Ut QO "2 xH}Dv
"CU= Q=OQ}N-=D ,=tDL OQ}o Q=Qk |D@ wv Qy QO Q=m u}= 'OW=@ Q=QkQ@ ri + ai1 + ai2
Q=OQ}N-=D |=yQ=m |xawtHt QO i Q=m u; QO xm OQ=O OwHw xv}y@ |r=wD l} u}=Q@=v@

"CU=
Q=QkQ@ 20 w 19 \@=wQ w OvW=@ xDW=Ov OQmQ}O �ij |r=wD QO j w i Q=m wO Qo = "4 sr
"OwW|t VR=OQB i Q=m R= Oa@ j Q=m u; QO xm OQ=O OwHw |}xv}y@ ?=wH x=ov; 'OW=@
C1(�ij) � C1(�ji) (19)

C2(�ij) � C2(�ji) (20)

Q=QkQ@ 21 |x]@=Q OvQ=Ov OQmQ}O �ij |r=wD QO j w i Q=m wO xm u}= x@ xHwD =@ %C=@F=
%CU=

NT (�ij) = NT (�) (21)

Q=QkQ@ 22 |x]@=Q =yQ=m p}tmD u=tR Q}}eD x@ xHwD =@ �ji |�RH |r=wD QO |rw
%OwW|t

NT (�) � NT (�ij) � NT (�) + 2 (22)

Qy |wQ �ij |r=wD p}tmD u=tR xm u}= x@ xHwD =@ R}v w '22 w 21 \@=wQ |xU}=kt =@
�ji |r=wD Q@ �ij |r=wD xm OwW|t xH}Dv 'CU}v �ji |r=wD R= QDW}@ u}W=t wO

�"CU= ?r=e

j C@ wv QO |r@k Q=m w xOQm pkDvt j C@ wv x@ =Q �k C@ wv Q=m ,qFt� OW=@ xDW=O =Q
CtU x@ C@ wv l} k � 1 =D j C@ wv |=yQ=m pm TBU "O}vm pkDvt j + 1 x@ =Q

"O@=}|t p=kDv= |r=wD |=yDv=

u=Qm w xN=W sD} Qwor= "2"6
|SD=QDU= R= xm u=Qm w xN=W sD} Qwor= l} 'xr�Ut |xv}y@ ?=wH uOQw; CUO x@ |=Q@
u} QDy@ R= sD} Qwor= u}= QDy@ OQmrta |=Q@ "CU= xOW xO=iDU= OQ}o|t xQy@ 4wQUB
"OwW|t xO=iDU= q=@ OL u=wvax@ |Q=mD@= |=ysD} Qwor= \UwD xOt; CUO x@ ?=wH

"CU= xOW xO=O xaUwD x@re pwY= w u}}=B OL |O=OaD u}vJty
u=tR =@ � |�RH |r=wD xm OwW|t ZQi u}}=B OwOL w x@re pwY= u=}@ |=Q@
� R= Oa@ i Q=m Qo = "CU= CUO QO 2 u}W=t |wQ B w 1 u}W=t |wQ A p}tmD
|r=wD "OwW|t xO=O u=Wv �ij =@ OQ}o Q=Qk �i R= Oa@ j Q=m Qo = w �i =@ OQ}o Q=Qk

"O};|t CUO x@ �ij |r=wD QO j w i Qw=Ht CiH |}=Hx@=H R= �ji
x@re pwY= "1"2"6

|}xawtHtQ} R xm OwW|t Ea=@ |Ov@u=tR p�=Ut pL QO x@re pwY= R= xO=iDU=
QDlJwm =@ w 'OwW XNWt OQ=O Q=Qk u; QO xv}y@ ?=wH xm ?=wH |xawtHt R=
COt QO xv}y@ |r=wD 'xr�Ut pL CaQU V}=Ri= xH}DvQO w wHwCUH |=[i uOW
x�=Q= u=Qm w xN=W sD} Qwor= QO pL u=tR Vy=m Qw_vtx@ "O}; CUO x@ |QDx=Dwm u=tR

"CU= xOW C=@F= w u=}@ sr |O=OaD 'xOW
|x]@=Q Qo = PF2 j Pi = ai + bS; ri j Pn

i=1 Ui |xr�Ut QO "1 sr
u}= xv}y@ |r=wD QO u=wD|t x=ov; OW=@ Q=QkQ@ i Q=m OQwtQO di � maxfCmaxg

"O=O Q=Qk |r=wD |=yDv= QO OQmQ}O uwO@ =Q Q=m
pw= u}W=t |wQ =yQ=m u; QO xm O};|t CUO x@ |r=wD R= maxfCmaxg Q=Okt
?DQt =yai2 |Wy=m Q}e ?}DQDx@ swO u}W=t |wQ w =yai1 |W}=Ri= Q}e ?}DQDx@
"OW=@ max ri Q@=Q@ pw= u}W=t |wQ Q=m u}rw= VR=OQB ẁQW u=tR w OvW=@ xOW

%R= CU= CQ=@a ?}DQDx@ maxfCmaxg |x@U=Lt |=Q@ sRq |=ys=o
?DQt |W}=Ri= Q}e ?}DQDx@ =Q (ai1) 1 u}W=t |wQ =yQ=m VR=OQB |=yu=tR "1

"O}vm
?DQt |Wy=m Q}e ?}DQDx@ =Q (ai2) 2 u}W=t |wQ =yQ=m VR=OQB |=yu=tR "2

"O}vm
"O}vm ?DQt |Wy=m Q}e ?}DQDx@ =Q (ri) =yQ=m TQDUO QO |=yu=tR "3

|r=wD QO pw= C@ wv x@ =Q ai2 w ai1 u}rw= jwi |xOW ?DQt |=yxawtHt R= "4
"O}yO Q=Qk max ri Q@=Q@ =Q C@ wv u}= QO VR=OQB ẁQW u=tR w O}yO X=YDN=
O}vm ?=NDv= jwi |xOW ?DQt |=yxawtHt R= =Q =yai2 w =yai1 |x}k@ ?}DQDx@

"O}yO X=YDN= |Oa@ |=yC@ wv x@ w
"CU= maxfCmaxg Q@=Q@ u=tR u}= "O}vm x@U=Lt =Q C@ wv u} QN; p}tmD u=tR "5
u} QDW}@ max ri u=tR QO pw= u}W=t |wQ Q=m u}rw= VR=OQB ẁQW =@ %C=@F=
?}DQDx@ =Q =yai1 |Dkw |iQ] R= "CW=O s}y=wN 1 u}W=t |wQ =Q |Ota |Q=m}@
s}yO X}YND |r=wD |=yC@ wv x@ |Wy=m Q}e ?}DQDx@ =Q =yai2 w |W}=Ri= Q}e
?}DQD u}vJty "s}W=@ xDW=O =Q |Q=m}@ u} QDW}@ R}v 2 u}W=t |wQ OwW|t Ea=@
Q=Okt u} QDW}@ pw= u}W=t |wQ =yQ=m p}tmD u=tR OwW|t Ea=@ =yai1 |W}=Ri=Q}e
1 u}W=t |wQ =yQ=m s=Hv= |=Q@ p=wR Q=Okt u} QDW}@ xH}Dv QO &OW=@ xDW=O =Q umtt
p=L "O};|t CUO x@ Cr=L u}= QO Cmax Q=Okt u} QDW}@ u}=Q@=v@ "OwW|t O=H}=
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|U
Ovyt maxfCj1; Ci2g+ aj2 + bSj2 =@ CU= Q@=Q@ 'OW=@ xOW |Ov@u=tR i pFt |Q=m

"CU= 2 u}W=t |wQ j Q=m ẁQW u=tR x@ \w@ Qt |ak=w p=wR Q=Okt Q@=Q@ bSj2 xm
Q=Okt '|ak=w p=wR Q=Okt |=H x@ w min

i2�0(ai2) Q=Okt aj2 |=H x@ xm |DQwY QO
�2 u}W=t |wQ � |�RH |r=wD Q=m u} QN; p}tmD u=tR� C�2 u=tR x@ \w@ Qt p=wR
xDiQo Q_v QO j Q=m p}tmD u=tR |=Q@ u}}=B OL l} 's}yO Q=Qk =Q C�2b Q=Okt |va}

"CU= xOW
p=L "CU= maxfCj1; Cj2g =@ Q@=Q@ 2 u}W=t |wQ j Q=m ẁQW u=tR |iQ] R=
|=Q@ =yQ=m R=l}I}y xm |}xvwox@CU= OwHwt O=} R O=OaD x@ 2 u}W=t s}vm ZQi Qo =
Q=m Qy VR=OQB p}tmD ZLtx@ w Ov=t@ hY QO O}=@v 2 u}W=t |wQ VR=OQB ẁQW
ẁQW u=tR CQwY u}= QO 'OwW|t ẁQW 2 u}W=t |wQ u; VR=OQB '1 u}W=t |wQ
x@ "Cj1 � maxfCj1; Ci2g xm OwW|t Cj1 Q@=Q@ 2 u}W=t |wQ j Q=m VR=OQB
xOW xDiQo Q_v QO 2 u}W=t |wQ j Q=m VR=OQB ẁQW |=Q@ u}}=B OL l} ?}DQD u}=

"CU=
u}W=t |wQ �0 |xawtHt R= j Q=m Qy VR=OQB p}tmD R= TB 'jwi C=}[Qi =@
sy 2 u}W=t |wQ Q=m u; VR=OQB =D OWm|t pw] min

i2�0(ai2)+C�2b |xR=Ov=x@ 1
Q=OQ}N-=D j Q=m xm u}= |=Q@ "Cj2 = Cj1 + min

i2�0(ai2) +C�2b |va} 'OwW s=tD
CQ=@ax@ 'Cj1 + min

i2�0(ai2) + C�2b � dj |va} 'OW=@ Cj2 � dj O}=@ OwWv
xH}Dv u}=Q@=v@ "OW=@ Q=QkQ@ Cj1 � dj � (min

i2�0(ai2) +C�2b) |x]@=Q O}=@ Qo}O
R= min
i2�0(ai2) +C�2b Q=Okt uOQmsm w jwi C=}[Qi uDiQo Q_v QO =@ xm OwW|t

u}W=tlD |xr�Utl} x@ =Q xr�Ut u=wD|t �0 |xawtHt |=yQ=m s=tD p} wLD Oawt
l} Qy p} wLD Oawt |=H x@ w O=O p}rkD OQ=O OwHw u; QO 1 xQ=tW u}W=t \ki xm
\ki p=L "d0j = dj � (min

i2�0(ai2) + C�2b) xm O=O Q=Qk =Q d0j Q=Okt =yQ=m R=
uOQw; CUO x@ |=Q@ =Q 8 sr u=wD|t (d0j) O}OH |=yp} wLD Oawt uDiQo Q_v QO =@

"CiQo Q=m x@ xr�Ut u}}=B OL l}
u=tR x@ xHwD =@ uwUH=y � Qwt sD} Qwor= T=U=Q@ NT (�0moore1) Qo = "8 sr
u=tR QO p=wR Q=Okt uDiQo Q_v QO =@ w 1 u}W=t |wQ �0 |xawtHt |=yQ=m VR=OQB
u=wvax@ d0j Q}O=ktuDiQo Q_v QO =@ R}v w �0 |xawtHt |=yQ=m |xty |=Q@A = C�1
CUO x@ d0j = dj�(min

i2�0(ai2)+C�2b) xm �0 |xawtHt |=yQ=m p} wLD Oawt
PF2 jPi = ai + bS; rijPn

i=1 Ui |xr�Ut |=Q@ u}}=B OL l} x=ov; 'O};
%O};|t CUO x@ 30 |x]@=Q CQwYx@

LB2 = NT (�) +NT (�0moree1) (30)

xm |Dr=L =@ Q@=Q@ |r=wR Q=Okt �0 |xawtHt |=yQ=m x@ Qo = CU= |y}O@ %C=@F=
QDsm u; |ak=w p=wR R= Q=Okt u}= 's}yO C@Uv OwW ẁQW A u=tR QO Q=m VR=OQB
Q=OQ}N-=D |=yQ=m O=OaD uwUH=y � Qwt sD} Qwor= xm u}= x@ xHwD =@ u}vJty "Ow@ Oy=wN
|WwBsWJ =@ u}=Q@=v@ "Ovm|t xv}tm �p=wR uwO@ u}W=tlD� x}=B |xr�Ut QO =Q
|xty |=Q@ A u=tR QO p=wR Q=Okt uDiQo Q_v QO w =yQ=m |ak=w p=wR Q=Okt R=
u}W=t |wQ =yQ=m C=}rta u=tR R= xm u}= =@ xHwD =@ R}v w '�0 |xawtHt |=yQ=m
p} wLD Oawt Q=Okt u=wD|t Cr=L u}= QO 7 sr j@=]t 'CU= xOW Q_v hQY 2
w CiQo Q_v QO d0j = dj � (min

i2�0(ai2) + C�2b) =@ Q@=Q@ =Q =yQ=m R= l} Qy
Oy=wNvNT (�0moore1) R= QDsm �0 |xawtHt Q=OQ}N-=D |=yQ=m O=OaD xm OW u�t]t

�"Ow@
u=wD|t =yQ=m |ak=w p} wLD Oawt uDiQo Q_v QO =@ w 8 sr x@=Wt |rqODU= =@ "9 sr
C@Uv =Q T2 u=tR x@ \w@ Qt p=wR Q=Okt �0 |xawtHt |=yQ=m x@ Qo = xm OQm C@=F

QO |=yu=tR u} QDlJwm �0 |xawtHt |=yQ=m u}@ R= xm j w i Q=m wO |=Q@ "5 sr
OQ=O OwHw xv}y@ ?=wH l} ,=tDL OW=@ Q=QkQ@ 24 w 23 \wQW Qo = 'OvQ=O =Q TQDUO

"OwW|t VR=OQB j Q=m R= p@k i Q=m xm
ri � 0; rj � max(ri + Pi1; A+ Pi1) (23)

max(ri; A) + Pi1 + Pi2 � rj + Pj1 (24)

u} QDlJwm |=Q=O Q=m wO w OW=@ xOW xO}J � |xawtHt |=yQ=m xm |t=ovy %C=@F=
Q=m R= p@k O}=@ i Q=m ,=trUt Ovvm xOQw;Q@ R}v =Q 24 w 23 \@=wQ w xOw@ OwQw u=tR
"OQ=Ov |Q}F-=D j Q=m ẁQW u=tR QO i Q=m s=Hv= sOa =} s=Hv= uwJ 'OwW s=Hv= j
"OwW s=Hv= j Q=m R= p@k ,=tDL O}=@ i Q=m 'Q=OQ}N-=D |=yQ=m O=OaD Vy=m |=Q@ u}=Q@=v@
x@U=Lt 26 w 25 \@=wQ j@=]t � R= Oa@ ji w ij |�RH |r=wD wO p}tmD |=yu=tR

%OwW|t
C2(�ij) = rj + Pj1 + Pj2 (25)

C2(�ji) = rj + Pj1 + max(Pi1; Pj2) + Pi2 (26)

Q=m R= p@k O}=@ i Q=m u}=Q@=v@ 'C2(�ji) � C2(�ij) xm OwW|t xO}O |oO=U x@
�"OwW s=Hv= j

u}}=B OL "2"2"6
R= |v}tND w � |�RH |r=wD hOy `@=D `tH R= hOy `@=D u}}=B OL 'xQo Qy QO
|=Q@ "O};|t CUO x@ �0 xOWv |Ov@u=tR |=yQ=m |xawtHt |=Q@ hOy `@=D Q=Okt

"OwW|t pta Q} R |=ysr T=U=Q@ u}}=B OL |x@U=Lt
VwQ QO xQo Qy |=Q@ PF2 jPi = ai + bS; rijPn

i=1 Ui |xr�Ut QO "6 sr
x@ Q} R CQwYx@ u}}=B OL l} 'CU= � |�RH |r=wD l} =@ Q_=vDt xm u=Qm w xN=W

%O};|t CUO
LB1 = NT (�) +NT (�0) (27)

xOW xO}J |�RH |r=wD QO Q=OQ}N-=D |=yQ=m O=OaD Q@=Q@ NT (�) Q=Okt x]@=Q u}= QO
'A u=tR QO xv=o =OH CQwYx@ '�0 |xawtHt |=yQ=m s=tD Qo = u}vJty "CU= �
|=yQ=m O=OaD NT (�0) OvwW |Ov@u=tR 1 u}W=t |wQ 'A = C1(�) u; QO xm
CUO x@ 28 |x]@=Q R= w OyO|t u=Wv Cr=L u}= QO =Q �0 |xawtHt Q=OQ}N-=D

"O};|t
NT (�0) =

X
i2�0

X(�i) (28)

X(�i) =

8<:1 if Ci2(�i) > di

0 if Ci2(�i) � di
(29)

|Q}F-=D OW=@ xm |@}DQD Qy x@ �0 |xawtHt |=yQ=m |r=wD xm CU= K[=w %C=@F=
R= l} Qy |Ov@u=tR Qo = u}vJty "OQ=Ov � |�RH |r=wD hOy `@=D Q=Okt Q@
'OwW Q=m u; OQmQ}O ?Hwt '1 u}W=t |wQ A u=tR QO �0 |xawtHt |=yQ=m
Q=OQ}N-=D |=yQ=m O=OaD u}=Q@=v@ "OwW|t Q=OQ}N-=D R}v A R= Oa@ |v=tR Qy QO
hOy `@=D Q=Okt =Pr "Ow@ Oy=wNv QDsm NT (�0) Q=Okt R= x=oI}y �0 |xawtHt
Oy=wNv QDsm LB1 Q=Okt R= O}; CUO x@ � |r=wD T=U=Q@ xm pt=m |r=wD Qy

�"Ow@
u; R= p@k xm |DQwY QO '2 u}W=t |wQ �0 |xawtHt R= j Q=m Qy p}tmD u=tR "7 sr
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1 32 1 09 95 66 3 41 4 15 55 35 0 00 4 07 6 28 9 80 3 31 10 28 3 34 487 411 2 28

w High1 |=yxwQo R= CU= QDsm Q=m 26 O=a@= =@ p�=Ut |=Q@ Ov=xO}UQv xv}y@ ?=wH
|=Q@ pL u=tR \UwDt Q}O=kt u}vJty "CU= 0 05 Q@=Q@ =yu; p=wR MQv xm Low1
R= QDsm ,=twta Low3 w High3 |=yxwQo QO Ov=xO}UQ xv}y@ ?=wH x@ xm |r�=Ut

"CU= Low1 w High1 |=yxwQo
Zopt=ZheuXN=WR=|Q=mD@=sD} Qwor= OQmrta|UQQ@|=Q@ [16]xqLwu}irw@
sD} Qwor= R= pY=L |xv}y@ ?=wH ?}DQDx@ Zheu w Zopt u; QO xm Ov=xOQm xO=iDU=
hOy `@=D =@ |Q=mD@= |=ysD} Qwor= R= xOt; CUO x@ ?=wH u} QDy@ w u=Qm w xN=W
QO =yxO=O xwQo R= l} Qy |=Q@ XN=W u}= \UwDt Q=Okt "CU= P(1 � Ui)

"CU= xOW xO=O u=Wv 4 w 3 pw=OH
1 OOa x@ xJ Qy w CU= 1 |w=Ut =} QDnQR@ xW}ty Zopt=Zheu XN=W
Zopt=Zheu XN=W \UwDt Q=Okt "CU= QDq=@ sD} Qwor= |}=Q=m OW=@ QDl}ORv
\UwDt Q=OQ}N-=D |=yQ=m O=OaD x@ \w@ Qt C=k}kLD Q}=U QO "CU= 1 15 Q@=Q@ QFm =OL
1 43 =D xm OQ=O QDnQR@ |QOk =} OOa u}ty x@ l}ORv |Q=Okt ,qwtat XN=W u}=
xU}=kt sy =@ hrDNt C=k}kLD QO XN=W u}= Q=Okt 6 pwOH QO [17]"OUQ|t R}v
u=wD|t Ov=xOQm pL =Q QDxO=U |=yZQi =@ |r�=Ut xm u}= x@ xHwD =@ xm CU= xOW

hrDNt |=yxwQo |=Q@ u=Qm w xN=W sD} Qwor= OQmrta xm OyO|t u=Wv pL G}=Dv
"CU= Cw=iDt =yxO=O

p} wLD |=yOawt xR=@ xm u}= x@ xHwD =@ Low3 w Low2 'Low1 |=yxwQo QO
O=OaD "OvQDCNU p�=Ut CU= |QDlJwm xR=@ (ri) TQDUOQO |=yu=tR w (di)

=yxwQo u}= QO Q=m 26 O=a@= =@ x}v=F 3600 |v=tR |xOwOLt QO xOWv pL p�=Ut
w High2 'High1 |=yxwQo QO xm |r=L QO CU= 6 w 13 '15 Q@=Q@ ?}DQDx@
|=yxwQo p�=Ut uOw@ QDCNU Qou=Wv xm CU= QiY w QiY '4 ?}DQDx@ High3
xv}y@ ?=wH x@ xm |r�=Ut pL u=tR \UwDt xU}=kt =@ u}vJty "CU= u}}=B
R= QDW}@ Low |=yxwQo p�=Ut pL u=tR ,=twta xm OwW|t XNWt Ov=xO}UQ
u}vJty w 'xO=O hrDNt |=yxwQo p�=Ut pL u=tR "CU= High |=yxwQo p�=Ut
xOW xU}=kt sy =@ 2 w 1 pmW QO ?}DQDx@ 'xwQo Qy xOWv pL p�=Ut O=OaD

"CU=
p=wR MQv |=Q@ sD} Qwor= xm O}UQ xDmv u}= x@ pL G}=Dv R= u=wD|t u}vJty
MQv xm Low3 w High3 |=yxwQo |=Q@ xm |}xvwox@ OQ=O |QDy@ OQmrta QDnQR@
x@ xOW xDiQo Q_v QO |v=tR xOwOLt QO xm |}=yxvwtv O=OaD "CU= 0 25 Q@=Q@ p=wR
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w`}
=vY

|U
Ovyt "Low1 xwQo |=Q@ |Q=mD@= w u=Qm w xN=W sD} Qwor= |=Q@ pL G}=Dv "4 pwOH

?=wH O=OaD C@Uv \UwDt \UwD xOW `]k |=yxQo OYQO \UwDt \UwDt O=OaD

Q=m
O=Oa

D
xO=O

xwQo

|Q=mD@= x@ xv}y@ OYQO u=tR |=yxvwtv
QFm=

OL

\U
wDt pm sr sr OL OL OL OL sr sr sr xH}Dv pL xOWvpL

|=yxQo 4 5 u}}=B u}}=B u}}=B u}}=B 1 3 2 2 B&B \UwD
xOW`]k 4 3 2 1 �x}v=F� B&B

1 37 1 15 92 61 8 24 6 67 53 52 11 79 7 79 4 45 0 00 2 43 0 61 4 50 0 039 0 8

L
ow

1

1 30 1 09 84 36 1 79 8 96 48 11 8 14 10 77 5 83 0 00 11 40 0 82 4 18 0 591 0 12
1 41 1 15 89 77 6 17 1 71 48 96 6 85 7 83 6 49 4 16 10 15 0 48 7 22 7 391 0 16
1 30 1 13 81 31 1 00 0 54 51 10 12 74 3 22 5 66 0 00 17 08 1 30 7 36 90 091 0 20
1 41 1 13 88 61 3 89 8 10 44 72 1 36 6 42 0 00 0 00 18 05 7 60 9 86 880 558 0 22
1 51 1 14 91 52 15 13 7 07 34 86 1 09 2 29 4 06 4 10 21 13 4 52 5 75 997 644 0 24
1 32 1 09 90 28 7 68 4 14 52 93 19 65 1 41 4 15 4 82 4 14 1 08 0 00 1620 807 15 26
1 27 1 15 88 39 2 11 1 14 59 31 16 77 12 43 1 10 0 00 5 98 0 00 1 17 0 016 0 8

L
ow

2

1 29 1 07 90 33 7 96 2 13 57 36 11 93 8 67 5 08 0 00 1 92 2 00 2 95 0 203 0 12
1 50 1 14 91 19 5 04 2 71 40 17 7 20 12 93 3 13 0 00 23 00 1 66 4 16 2 739 0 16
1 39 1 12 82 12 6 71 3 61 36 98 19 83 1 53 6 03 0 00 18 31 2 80 4 20 17 539 0 20
1 35 1 12 92 66 2 57 1 39 50 91 13 62 1 79 5 01 0 00 17 31 3 96 3 44 434 947 0 22
1 42 1 11 81 88 9 07 4 73 55 16 2 23 0 55 0 00 0 00 19 45 5 88 2 93 1098 568 3 24
1 19 1 14 89 38 2 02 1 09 42 87 12 50 10 25 19 12 0 00 3 12 6 56 2 48 1442 897 13 26
1 36 1 13 91 84 11 48 6 18 51 29 10 31 2 14 7 43 0 00 8 15 0 56 2 46 0 0 8

L
ow

3

1 24 1 08 90 47 0 84 0 45 68 56 7 77 0 48 4 66 4 78 8 11 0 97 3 38 0 351 0 12
1 37 1 08 92 27 10 03 6 17 57 95 6 89 1 07 5 43 0 00 3 31 1 10 8 04 3 542 0 16
1 36 1 12 87 64 8 83 4 75 61 50 3 31 1 33 6 01 0 00 3 69 4 13 6 46 62 604 0 20
1 40 1 11 93 49 6 46 2 10 58 25 10 54 1 74 5 01 0 00 7 26 1 59 7 05 263 457 0 22
1 38 1 10 93 69 11 79 6 35 53 55 6 62 0 93 2 02 0 00 3 77 5 49 9 48 612 358 0 24
1 40 1 12 87 20 12 10 7 13 50 08 3 08 1 27 5 00 5 13 5 26 4 17 6 79 870 887 6 26

"hrDNt Cq=kt QO u=Qm w xN=W sD} Qwor= \UwD xv}y@ CQwYx@ xOW pL p�=Ut O=a@= |xU}=kt "5 pwOH
p�=Ut O=a@= OwQw ZQi p=wR `@=D pmW \}Lt `@=D QoWR=OQB p=U |xQ=tW
xv}y@ pL u=tRtyQ}e |v}W=t hOy `HQt

18 �� Simple linear PF2 P
Ci Intel Core2, 2 13 GHz 2011 [7]

28 �� Simple linear 1 P
Ui Pentium4, 2 4 GHz 2012 [9]

20 ri Simple linear 1 Cmax Intel Core2, 2 13 GHz 2013 [4]

20 �� Simple linear F2 P
Ti Intel Core2 Quad CPU, 2 66 GHz 2014 [8]

24 ri Simple linear PF2 P
Ui Intel Core i3, 2 1 GHz �� Q[=L xr=kt

"hrDNt C=k}kLD QO |Q=mD@= x@ xv}y@ ?=wH O=OaD C@Uv XN=W |xU}=kt "6 pwOH
?=wH O=OaD C@Uv OwQw ZQi p=wR `@=D pmW \}Lt `@=D QoWR=OQB p=U |xQ=tW
|Q=mD@= x@ xv}y@ =yQ=m u=tRtyQ}e |v}W=t hOy `HQt

1 20 �� Simple linear F2 Cmax Pentium4, 2 4 GHz 2008 [5]

1 18 �� Simple linear PF2 P
Ci Intel Core2, 2 13 GHz 2011 [7]

1 11 �� Simple linear 1 P
Ui Pentium4, 2 4 GHz 2012 [9]

1 19 ri Simple linear 1 Cmax Intel Core2, 2 13 GHz 2013 [4]

1 15 ri Simple linear PF2 P
Ui Intel Core i3, 2 1 GHz �� Q[=L xr=kt
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uOQ

mxv}
tm"|Q=mD@= sD} Qwor= |=Q@ pL G}=Dv "7 pwOH

�x}v=F� pL u=tR O=OaD xwQo
QFm =OL \UwDt pk=OL Q=m xO=O
0 265 0 203 0 125 200

High1
2 075 1 638 1 092 400
5 678 4 727 3 604 600
13 478 11 076 8 627 800
25 537 21 809 17 410 1000
0 217 0 182 0 122 200

High2
2 049 1 462 1 046 400
5 410 4 689 3 198 600
14 533 12 647 9 622 800
34 826 25 854 16 005 1000
0 197 0 173 0 121 200

High3
1 989 1 050 0 937 400
6 215 5 802 4 415 600
10 424 8 505 7 632 800
22 393 18 286 16 212 1000
0 390 0 325 0 286 200

Low1
2 678 2 405 2 132 400
6 315 6 269 5 280 600
23 246 18 798 16 861 800
56 498 41 704 33 215 1000
0 328 0 275 0 217 200

Low2
1 654 1 457 1 391 400
7 582 6 965 6 927 600
19 248 10 576 10 013 800
33 828 27 857 25 779 1000
0 306 0 244 0 1844 200

Low3
2 234 1 886 1 466 400
6 597 5 836 4 946 600
17 604 13 659 9 535 800
36 688 28 733 22 972 1000

|Q}oxH}Dv "8
u=} QH |wQ |]N p=wR `@=D =@ p=wR x@ wQ |=yQ=m |Ov@u=tR |xr�Ut j}kLD u}= QO
Q}e OwQw ZQi =@ w Q=OQ}N-=D |=yQ=m O=OaD uOQmxv}tm hOy =@ u}W=t wO |y=oQ=m
uwt=Q}B |}xar=]t ẁ[wt C=}@O= QO xm u}= x@ xHwD =@ "OW |UQQ@ =yQ=m u=tRty
ẁv R= xr�Ut xm OW C@=F w '|UQQ@ xr�Ut |oO}J}B =OD@= 'OWv xOy=Wt xr�Ut u}=

|=Q@ w 'u=Qm w xN=W sD} Qwor= l} u; j}kO pL |=Q@ wQ u}= R= "CU= NP-hard

pt=W |Q=mD@= VwQ l} 'x=Dwm |v=tR QO xv}y@ x@ l}ORv |@=wH uOQw; CUO x@
2400 O=OaD xOW x�=Q= |=ypL x=Q OQmrta |UQQ@ Qw_vtx@ "OW x�=Q= sD} Qwor= Q=yJ
G}=Dv "OW pL w O}rwD u}}=B w q=@ |rY= xwQo wO ?r=k QO w |QU 48 QO xr�Ut

"u=Qm w xN=W sD} Qwor= pL u=tR \UwDt "1 pmW

"x}v=F 3600 |v=tR xR=@ QO xOWv pL p�=Ut O=OaD "2 pmW

"xO=O hrDNt |=y|QU |=Q@ |Q=mD@= x@ xv}y@ ?=wH C@Uv "3 pmW

"OQ=O p�=Ut pL QO |rw@k p@=k |}=v=wD xOW x�=Q= |Q=mD@= sD} Qwor= xm CiQo xH}Dv
xOW xO=O u=Wv xO=O hrDNt |=y|QU |=Q@ Zopt=Zheu C@Uv 3 pmW QO

"CU=
pL |=Q@ u; R= lJwm p�=Ut |=Q@ |Q=mD@= sD} Qwor= |q=@ |}=Q=m x@ xHwD =@
1500 '[15]|r@k C=ar=]t R= |Q}owor= =@ w "CU= xOW xO=iDU= R}v nQR@ p�=Ut
"�7 pwOH�CU=xOWpL w O}rwD Q=m 1000 w 800 '600 '400 '200 O=a@= =@ xr�Ut
QO xm CU= x}v=F 41 704 Q@=Q@ QFm =OL nQR@ O=a@= =@ p�=Ut |=Q@ pL u=tR \UwDt
OQmrta R}v nQR@ O=a@= =@ p�=Ut QO |Q=mD@= sD} Qwor= '[9]|r@k |=yxO=O =@ xU}=kt

"OyO|t u=Wv OwN R= |@U=vt

84



1/
1|

xQ=t
W'

33
�1

|xQ
wO'

�13
96

u=DU
@=D�

h}
QW

C}
Q}Ot

w`}
=vY

|U
Ovyt xr�Ut 1500 O=OaD 'lJwm O=a@= =@ p�=Ut QO |Q=mD@= sD} Qwor= ?wN OQmrta x@

sD} Qwor= u}= OyO|t u=Wv xm xOW x�=Q= u; G}=Dv w pL w O}rwD R}v nQR@ O=a@= =@
"OQ=O |@ wN |r}N OQmrta R}v nQR@ p�=Ut |=Q@

C=k}kLD |=Q@ ?=PH |=yxv}tR R=|m} p=wR x@ wQ |=yC}r=ai |Ov@u=tR p�=Ut
O=OaD =} 3 =@ |y=oQ=m u=} QH |wQ xr=kt u}= QO xOW pL |xr�Ut pL "CU= xOv};
'|y=oQ=m O}rwD \}Lt QO =} w |R=wt |=yu}W=t |wQ u; pL =} 'u}W=t |QDW}@
ZQi =@ xr�Ut |UQQ@ "OW=@ KQ]t xOv}; C=k}kLD |=Q@ |}xv}tR u=wvax@ Ov=wD|t
"OW=@ xr�Ut VQDUo O=a@= R= |m} Ov=wD|t R}v |]NQ}e =} |}xmD � |]N p=wR
xm CU= |D=O=yvW}B Qo}O R= u}W=t x@ |UQDUO C}OwOLt ZQi uDiQo Q_v QO

"OW=@ ?=PH Ov=wD|t

24 xR=Ov= =D =Q p�=Ut s=tD CU= QO=k u=Qm w xN=W sD} Qwor= xm O=O u=Wv |D=@U=Lt
|[a@ QO "Ovm pL |k]vt u=tR QO u}}=B |xDUO QO Q=m 22 w q=@ |xDUO QO Q=m
"CU= xOW pL R}v QDnQR@ O=a@= =@ p�=Ut Low3 w High3 'High2 Q}_v =yxwQo
|xawtHt \UwD xOW `]k |=yxQo OYQO \UwDt xm O=O u=Wv G}=Dv u}vJty
Q@=Q@ u; Q=Okt u} QDsm w CU= |}q=@ OYQO p�=Ut |xty QO u}}=B OwOL w =ysr
|}=Q=m R= xOW x�=Q= u=Qm w xN=W sD} Qwor= OyO|t u=Wv xm CU= OYQO 81 31
Q=Qk |UQQ@ OQwt R}v |Q=mD@= sD} Qwor= OQmrta u}= Q@ xwqa "CU= Q=OQwNQ@ |}q=@
|Q=mD@= sD} Qwor= ?=wH x@ xv}y@ ?=wH C@Uv \UwDt xm O=O u=Wv G}=Dv w CiQo
Q}=U =@ xU}=kt QO OOa u}= xm CU= 1 15 Q@=Q@ QFm =OLP(1�Ui) hOy `@=D =@
xHwD =@ u}vJty "CU= |@ wN Q=}U@ OOa Q=OQ}N-=D |=yQ=m O=OaD x@ \w@ Qt C=k}kLD

=yCWwv=B
1. deterioration
2. shortest prossessing time (SPT)
3. earliest due date (EDD)
4. back-tracking
5. low
6. high
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