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Ci=} R=@ R= pY=L Ot;QO QDt=Q=B x@ C@Uv pOt u}vJty "Ovm|t =O}B Vy=m sDU}U
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xtOkt "1
Ot=H C=a}=[ `iO |=Q@ xw}W u} QDG}=Q 'uOw@ xv} Ry sm p}rOx@ C=a}=[ uiO
|=yC}OwOLt x@ xHwD =@ 'C=a}=[uiO|=Q@ O}OH|=yu=mt O=H}= 'OwHwu}= =@ "CU=
uiO |=yu=mt QO |oOwr; |q=@ lU} Q xwqax@ "CU}v Q}PBu=mt= |v}tR `@=vt
xQ=W= u=mt u}= R= =yR=o uOW Oa=YDt x@ u=wD|t p=Ft |=Q@ "OQ=O OwHw C=a}=[
xHwD =@ u}=Q@=v@ "OwW|t |OH |D_=iL w |DW=Oy@ '|]}Lt p�=Ut x@ QHvt xm OQm
VwQ '|twta CW=Oy@ w CU} R \}Lt Q@ C=a}=[ uiO VwQ |ivt C=Q}F-=D x@
CU= xOW Q=OQwNQ@ C=a}=[ `t=H C} Q}Ot QO |QDq=@ C}ty= xHQO R= Ci=} R=@
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xHwD =@ CU= umtt |rw OW Oy=wN |]}LtCU} R C=Q}F-=D Vy=m w uiO |=yu=mt
hOy "OwW QHvt |QDq=@ |tDU}U |=yxv} Ry x@ '|D=}rta w pkvwptL |=yxv} Ry x@
`iO |xv} Ro u} QD?U=vt ?=NDv= 'C=a}=[ C} Q}Ot Q=O}=B sDU}U l} uOQm xO=}B R=
u}= xm [6w5]CU= xat=H |O=YDk= w |a=tDH= '|]}Lt \}=QW x@ xHwD =@ C=a}=[

"CU= �uDU=wNv� |=vat x@ |rm Cr=L QO w OQ=O |Dw=iDt |=y=vat �xr=@ R� |xS=w
u; w OW=@ xDW=Ov VRQ= |}xOvvmhQYt |=Q@ |rwYLt =} xO=t xm =vat u}O@
=} Qo}O |D}akwt QO |Qo}O XNW |=Q@ Ov=wD|t xr=@ R u}= =t= &OR} Q|t QwO =Q
'QD |xr=@ R %OQ=O hrDNt `=wv= xr=@ R "OW=@ xDW=O VRQ= Qo}O nvyQi QO |DL
|xr=@ R EL@t x@ =yvD VywSB u}= QO =t "|DavY |xr=@ R w �Ot=H� lWN |xr=@ R
Ot=H |=yxr=@ R C} Q}Ot sDU}U QO[1]"s} R=OQB|t u; C} Q}Ot w �SW� 1Ot=H
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R= "OQ=O Q@ QO R}v |irDNt |]}LtCU} R CqmWt '=yxv} Ry Q@ xwqa xm OQ=O
x}yD w |DW=Oy@ uiO 'uOv=RwU 'Ci=} R=@ x@ u=wD|t xr=@ R `iO |=yVwQ xrtH
w |R=wy xDiQW}B |=ypOt '|DvUxt}v '|DvU |=ysDU}U R= xO=iDU= =@ CUwBtm
|Q}os}tYD |=yQ=R@= x@ ?U=vt xv} Ro ?=NDv= |=Q@ u}=Q@=v@ "OQm xQ=W= |R=wy Q}e
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|R} Qxt=vQ@ syt Q=R@=l} 'C=}rta QO j}kLD uwvi R= |m} u=wvax@ |QUm |R} Qxt=vQ@
'`@=vt X}YND Ovv=t |vwo =vwo |=yxv}tR QO xm CU= xDWPo |xyO Q=yJ pw] QO
|QUm |R} Qxt=vQ@ "CU= xOW xDiQo Q=mx@ """ w |r=t w O}rwD |R} Qxt=vQ@ 'pkvwptL
u}= "OwW|t xO=iDU= hOy OvJ =} l} =@ |ak=w p�=Ut |R=UpOt CyH |rm Qw]x@
xv} Ry x@ VwQi C@Uv p=Ft u=wvax@ 'OQ=O OQ@ Q=m Q=}U@ O}rwD |R} Qxt=vQ@ QO VwQ

"CU= O}rwD |R} Qxt=vQ@ QO |QUm h=Oy= R= |}xvwtv
OvO=O u=Wv w OvDiQo Q=mx@ Pe=m CavY QO =Q |QUm |R} Qxt=vQ@ '|Qwto w Qtr}o
|R=Uxv}tm R= QDsyt s=N O=wt R= xO=iDU= u=R}t x@ C=a}=[ C@Uv |R=Uxv}tm xm
hOy xm O}rwD |R} Qxt=vQ@ |[=} Q |=ypOt ?re= hqNQ@ "CU= C=a}=[ u=R}t
u=Q}Ot |QUm |R} Qxt=vQ@ "CU= xQ}e w xv} Ry |R=Uxv}tm =} OwU |R=Uxv}W}@ =yu;
|x@U=Lt x@ hOy `@=D u}OvJ u=tRty Q}F-=D uDiQo Q_v QO =@ =D OR=U|t QO=k =Q

"OvR=OQB@ u=tR=U |}=Q=m w |QwxQy@
hOy `@=wD xm CU= u; VwQ u}= R= xO=iDU= p}rO u} QDsyt 'Qo}O CQ=@ax@
|tyt |OQmrta |xYN=W 'C}a]k sOa w C}a]k R= sa= |]}=QW Qy QO '|QUm
xm CU= |Dr=L OQ}o|t Q=Qk EL@ OQwt =Hv}= QO xm |Dr=L =t= "OwW|t ?wULt
p�=Ut =Q u; xm OvDUy s}tYD |=yQ}eDt R= |]N `@=wD 'GQNt w CQwY `@=wD
K} QWD xt=O= QO |QUm |]N |R} Qxt=vQ@ pOt "Ovt=v|t |]N |QUm |R} Qxt=vQ@

"CU= xOW
Max(Min)C

tx+ �
Dtx+ �

s:t Ax = b x � 0 (1)

|xOvyOu=Wv D 'C |q=@ t O=tv xm OvDUy 1 � n |Q]U |=yQ=OQ@ Dt 'Ct
&CU= |vwDU Q=OQ@ b w CU= m� n T} QD=t l} A 'CU=yQ=OQ@ u}= |xO=yv=QD

%O} Q}o@ Q_v QO =Q Q} R \}=QW p=L "Ov=|OOa |=yC@=F � w �
&Dtx+ �i0 %s} Q=O x Q}O=kt s=tD |=Q@ "1

&CU= Q}PBjDWt xDUw}B CQwYx@ hOy `@=D "2
"OW=@ Q=Ou=Qm u}vJty w CU= |yD ?=wH |=[i "3

jwi pOt CQwY u}= QO OW=@ xDW=O =Q jwi \}=QW |QUm |R} Qxt=vQ@ pOt xJv=vJ
%Ow@ Oy=wN u=owO |=Q=O Q} R CQwYx@ u;

min g (y; z) = z

Aty +Dtz � ct
�Bty + �z = �

y � 0 (2)

|xOvyOu=Wv t O=tv w T=}kt Q}eDt l} Z 'xir-wtm =@ |vwDU Q=OQ@ l} y u; QO xm
"CU= T} QD=t |xO=yv=QD

hOy l} |QUm |R} Qxt=vQ@ pL |=yVwQ "1"1"2
Q}eDt Q}}eD =@ =Q jwi |xr�Ut QB wm w RrQ=J 1962 p=U QO %QB wm w RvQ=J VwQ �

%[16]OvOQm p}O@D |]N |xt=vQ@ x@
T = 1

Dtx+ �
y = Tx (3)

C} Q}Ot =} Q=O}=B C} Q}Ot "OwW|t Ov=tUB C} Q}Ot |xv=t=U uOQm xv}y@ x@ QHvt Qt=
uiO w |Qw;`tH xHOw@ C}a[w QO |O=YDk= Q_v R= CU= umtt C=a}=[ `t=H
|m =B C}ty= x@ =yu=Uv= "OW=@ Q=PoQ}F-=D sOQt C} wy Q@ |a=tDH= Q_v R= w C=a}=[
"Ov=xOQm xOy=Wt OwN CtqU w CW=Oy@ QO =Q u; Q}F-=D w xOQ@ |B CU} R \}Lt
u}= |] QO =t= OOQo|tR=@ 1970 p=U x@ C=a}=[ C} Q}Ot |R=UpOt xO}=
CLD |}xr=kt QO [7]�2000� 2uv=mUv=D "CU= xOw@ x=Qty |O=} R C=Q}}eD =@ =yp=U
CW=O u=}@ �|QyW Ot=H C=a}=[ C} Q}Ot |=Q@ |R} Qxt=vQ@ |=y|SD=QDU=� u=wva
|R=Uxv}y@ |=ypOt '�1970 xyO� Ot=H C=a}=[ C} Q}Ot |x}rw= |=ypOt xm
p}=Uw u=} QH Ovv=t &OvDiQo|t Q_v QO =Q pmWt X=N |x@vH l} =yvD xm Ov=xOw@
|=ysDU}U� |xr=kt QO [8]�1996� 3Or=vwOlt "xQ}e w ptL |=yx=oDU}= 'x}rkv
QO xm OW xDio u}vJ �Ot=H C=a}=[ |R} Qxt=vQ@ |=Q@ xYN=WOvJ |}=[i |v=@}DWB
C} Q}Ot x@ =Q u; w Ov=xOW p�=k RQt x}rw= sDU}U |=Q@ 1980 |xyO |=y|R=UpOt
=yQwDm =ilDlD x@ xm u; |=Hx@ xmCU=vat u=O@ u}= "OvDN=U pO@t |QyW C=a}=[
xv=}=Q CiQW}B xwqax@ Ov=xDN=OQB =yu; u}@ |x]@=Q x@ Ovvm x=ov xv=o =OH CQwYx@
EL@t �1990� 4OQ=y}rov= xyO u}ty QO "OQm =ypOt Ow@y@ x@ |v=}=W ltm R}v
C=a}=[C} Q}Ot QOCi=} R=@ |O=YDk= |@=} RQ=� u=wvaCLD |}xr=kt QO =QCi=} R=@
C} Q}Ot |x@vH u=tR u; =D xJQo = 'OQm xi=[= jwi |=ypOt x@ �lJwm |=yQyW

"Ow@ xOWv KQ]t EL=@t QO C=a}=[ `t=H C} Q}Ot =} Q=O}=B
C=a}=[C} Q}Ot Qo}O |=yVwQ wCi=} R=@pt=W 1990 |xyO |=ypOt QDW}@
|=ypOt QO Rwvy =t= "OQm x�=Q= [9]�1999� 5|w w nv=J xm |rOt Ovv=t 'OvOw@
|x@vH w OvOw@ xDN=OQB |]}Lt w |O=YDk= |=yx@vH x@ =yvD xyO u}= QO xOWx�=Q=
=@ OwN |xr=kt QO [10]�2000� 6RDB u}=Q@=v@ "OvOw@ xDiQov Q_v QO =Q |a=tDH=
C=a}=[ xv}tR QO Q=O}=B C} Q}Ot xm Ovm|t u=}@ �|QyW C=Ot=H C} Q}Ot� u=wva
7Vv=Q=mty w Q=OmW "OW=@ |a=tDH= w |]}Lt '|O=YDk= \}=QW xOvQ}oQ@ QO O}=@
x�=Q= xiOyOvJ |R} Qxt=vQ@ l} pL |=Q@ |v=tQ; |R} Qxt=vQ@ pOt l} [11]�2001�
8wvq=U "CU= pt=m `iO =D xr=@ R |Qw;`tH R= =yC}r=ai x}rm pt=W pOt u}= xm OvOQm
=@ |k}kLD QO C=a}=[ `t=H C} Q}Ot |=Q@ |]N |R} Qxt=vQ@ pOt R= [12]�2002�
?=NDv= x@ xm OvOQm xO=iDU= �C=}L |xNQJ |x}=B Q@ Ot=H C=a}=[C} Q}Ot� u=wva
|]}Lt |=y|oOwr; w |SQv= 'xv} Ry xrtH R= |i=Oy= x@ xHwD =@ OwHwt |=yOQ@y=Q
=@ =Q |Q}os}tYD |=y|SD=QDU= [13]�2004� 9Vv=Q=mty w |DU=m "Ovm|t ltm
u=wva =@ |k}kLD QO Ot=H C=a}=[ C} Q}Ot |xv}tR QO |]}Lt |=yQDt=Q=B x@ xHwD
u=}@ �|QyW Ot=H C=a}=[ C} Q}Ot QO |]}Lt ?U=vt |Q}os}tYD |=ypOt�
|Q}os}tYD |=ypOt� u=wva=@|}xr=kt QO [14]�2007� 10Vv=Q=mty wnv=y "OvOQm
|Q}os}tYD |=ypOt |NQ@ �|QyW Ot=H C=a}=[ C} Q}Ot EL@t QO O}OH Q=O}=B
h=Oy= xm |]}=QW QO =Q xiOyOvJ |Q}os}tYD |=ypOt Ov=wD|t xm OvOQm x�=Q= =Q
C} Q}Ot [15]�2011� 11Vv=Q=mty w w�S "Ovm pL OvDU}v xU}=kt p@=k Qo}Om} =@
|QUm |R} Qxt=vQ@ OQm} wQ =@ C}a]k sOa \}=QW CLD =Q Ot=H C=a}=[ Q=O}=B
|=Q@ |iO=YD |]N |QUm |R} Qxt=vQ@ OQm} wQ� u=wva=@ |k}kLD QO |iO=YD |]N
w Ovm pL =Q C}a]k sOa pmWt sy Ov=wD@ =D OQm x�=Q= �C=a}=[ Q=O}=B C} Q}Ot
|=yxt=vQ@ QO xm =Hv; R= "OyO Q=Qk |@=} RQ= OQwt =Q sDU}U |}=Q=m u; =@ u=tRty sy
x@ u=tR=U h=Oy= w =yC} wrw= R= =yxr=@ R Ci=} R=@ |R=Uxv}W}@ '|Q=OQyW u=tR=U
"CU= xOW xDiQo hOy C=a}=[ C} Q}Ot sDU}U |}=Q=m |R=Uxv}W}@ 'OwQ|t Q=tW
Vv=Q=mty w w�S pOt R= Ov=|r=tDL= w OvDU}v |a]k =yxO=O xm =Hv; R= VywSB u}= QO
|}=Q=m |R=Uxv}y@ hOy =@ w pOt QO C}a]k sOa uDiQo Q_v QO p}rOx@ [15]�2011�

"CU= xOW xO=iDU= sDU}U
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|U
Ovyt |R} Qxt=vQ@ |rY= |xr�Ut |rm pmW [22�17]"OQm pL |]NQ}e w |]N |R} Qxt=vQ@

%s} Q}o|t Q_v QO u}vJ =Q =RHt |r=tDL= Ow}k =@
Max z

nX
j=1

cjxj

S:t P
nX

aijxj � bi
o � �i

ai 2 [0; 1] xj > 0 i = 1; :::;m (6)

"OW=@ Q=QkQ@1� �i p=tDL= =@ O}=@ s=i O}k xm
QO =Q Q} R Cr=L |a]k pO=at |xr�Ut =@ jwi |iO=YD |xr�Ut p}O@D |=Q@
p=tQv `} RwD =@ |iO=YD |=yQ}eDt =ybi Qo = "[17]�2010 '|v}ULQ}t� s} Q}o|t Q_v

[24�21w6]%OvW=@ var(bi) Tv=} Q=w w E(bi) u}ov=}t w
P
n
bi �X aijxj

o � �i i = 1; :::;m

p

(
bi � E(bi)p

var(bi)
�
P
aijxj � E(bi)p

var(bi)

)
� ai i = 1; :::;m (7)

%s}W=@ xDW=O xm CU= Q=QkQ@ |Dkw jwi CQ=@aP
aijxj � E(bi)

var(bi)
� K�i i = 1; :::;m (8)

%CU= Q} R |a]k |]N O}k pO=at jwi |r=tDL= O}k u}=Q@=v@X
aijxj � E(bi) +K�i

p
var(bi) i = 1; :::;m (9)

'OQm p}O@D |a]k O}k l} x@ u=wD|t =Q xr�Ut |r=tDL= O}k 'Cr=L u}= QO u}=Q@=v@
"OwW|t pY=L u; R= 10 |]N |R} Qxt=vQ@ pOt xm

Man
nX
j=1

cjxj

S:T:
nX
j=1

aijxj � E(bi) + k�i
p

varbi i = 1; :::;m

xj � 0 ai 2 (0; 1) i = 1; :::;m j = 1; :::; n (10)

�SLFP� 13|iO=YD |]N |QUm |R} Qxt=vQ@ "3"2
|r=L QO CU}v |R=UxO=}B p@=k =yQDt=Q=B uOw@ |r=tDL= CQwY QO LFP pOt
|=yQDt=Q=B uOw@ |iO=YD u=wD|t �CCP� 14|iO=YD |xOQWi |R} Qxt=vQ@ QO xm
VwQl} LFP ?wJQ=J QO CCP s=eO= u}=Q@=v@ "OQm ^=Lr =Q =yO}kCU=QCtU
|iO=YD |]N |QUm |R} Qxt=vQ@ pOt x@ Qt= u}= "CU= LFP |=kDQ= |=Q@ xwkr=@

"OwW|t QHvt �SLFP�
Max f(x)Cx+ �

Dx+ �

pr [Ai(t)x � bi(t)] � 1� pi;i=1;2;:::;m

x � 0 (11)

'n� 1 |Q]U |=yQ=OQ@ D w C '1� n |vwDU w |Q}os}tYD Q=OQ@ x =Hv}= QO
w pi = [0; 1] w i C}OwOLt QO ?}=Q[ Q=OQ@ 'Ai |OOa |=yC@=F � w �
`t=H pOt u}=Q@=v@ "CU= i |iO=YD C}OwOLt |=Q@ X=N u=v}t]=p@=k K]U l}
`} RwD CQwYx@ xm =Q |}=yC}a]k sOa 'hOy wO C}@Uv Q@ xwqa Ov=wD|t SLFP

"Ovm ^=Lr |R=UpOt QO 'Ov=xOW xO=O KQW Cq=tDL=

|Dr=L |=Q@ "Ot; CUOx@ 4 pwtQi j@=]t |]N |R} Qxt=vQ@ |xr�Ut Q}}eD u}= =@
%R= CU= CQ=@a pOt 'OW=@ C@Ft Q}PBu=mt= |x}L=v QO QUm GQNt xm

Max(min)Cty + �T

s:t Ay � bT = 0; Dty + �T = 1 y > 0; T > 0 (4)

Oy=wN CQ=@a pOt OW=@ |ivt Q}PBu=mt= |x}L=v QO QUm GQNt xm |Dr=L |=Q@ w
%R= Ow@

Max(min)� Cty � �T
s:t Ay � bT = 0; Dty + �T = �1 y > 0; T > 0 (5)

|rY= |xt=vQ@ pO=at OwN \}=QW QO s=Om Qy xt=vQ@ wO u}= s}v=O@ xm u}= |=Q@
Dty+�T = 1 |xrO=at R= w xO=O Q=Qk Tx|w=Ut =Q yCU=|i=m 'xv =}CU=
CUOx@ =Q T swO pOt |=Q@ Dty + �T = �1 |xrO=at R= w pw= pOt |=Q@
pOt x@ Cr=L wO QO xm O}O s}y=wN 's}vm|t u} Ro}=H hOy `@=D QO w xOQw;
%R= Ov=CQ=@a xm OQ=O OwHw umtt Cr=L xU uwvm = "s}vm|t =O}B CUO |rY=
"s}vm|t pL =Q pw= pOt OW=@ C@Ft Q}PBu=mt= |x}L=v s=tD QO GQNt Qo = "1
"s}vm|t pL =Q swO pOt OW=@ |ivt Q}PBu=mt= |x}L=v s=tD QO GQNt Qo = "2
VN@ QO w 1 pOt C@Ft VN@ QO OW=@ |ivt |WN@ w C@Ft |WN@ Qo = "3
=Q u} QDy@ xOt; CUOx@ ?=wH wO u}= u}@ R= w s}vm|t pL =Q 2 pOt |ivt

"s}vm|t ?=NDv=
Q}PBu=mt= xawtHt S xm CU= u; Q@ ZQi VwQ u}= QO %|Qwto w Qtr}o sD} Qwor= �
hOy `@=D xm f u}vJty "CU= QiY hr=Nt hOy `@=D QUm GQNt w ?OLt
=@ "CU= Qkat x@W w ?OLt x@W S Q}PBu=mt= |x}L=v |wQ CU= xr�Ut |QUm
|x}L=v |wQ |rm |xv}y@ ?=wH |=Q=O hOy `@=D xm OwW|t C@=F C=}[Qi u}=
QO xm |WwQ "OwW|t `k=w xWwo \=kv R= |m} QO ,=tDL ?=wH u}= w CU= S
x@ xHwD =@ TBU w Ovm|t ẁQW x}rw= |}x}=B ?=wH l} =@ OwW|t KQ]t =Hv}=
?=wH x@ OQm CmQL u=wD|t CyH u}= QO xm |Q=Okt w hOy `@=D Ow@y@ CyH
|DyH Qo}O xm O};|t CUOx@ |akwt xv}y@ ?=wH "Ovm|t CmQL |Oa@ |x}=B
Ov};|tCUOx@ x}=B |=y?=wH\ki VwQ u}= QO xm =Hv; R= "OwWv =O}B Ow@y@ |=Q@
l} |OL |=y?=wH O=OaD xm u}= w OW=@ QDy@ O}=@ |r@k ?=wH R= |@=wH Qy w
"CU= Q=OQwNQ@ R}v sRq |}=Qoty R= VwQ u}= u}=Q@=v@ CU= OwOLt ?OLt x}L=v

|r=tDL= |R} Qxt=vQ@ "2"2
|=Hx@ |R=Uxv}y@ |=yQDt=Q=B |xty =}|NQ@ xmCU= KQW u}O@|iO=YD |R} Qxt=vQ@
T} QD=t '|ak=w p�=Ut QO "OvwW|t u=}@ |iO=YD |=yQ}eDt =@ u}at |=yC}tm
Qw]x@ "OvDU}v u}at pta QO hOy `@=D ?}=Q[ w O}k Qy CU=Q |=yQDt=Q=B '?}=Q[
umtt xr�Ut ẁv w C}y=t x@ xDU@ w Ov=|iO=YD ?re= Ca}@] QO ?}=Q[ u}= '|rm
=t}B=wy |L=Q] QO ,qFt "OvW=@ xDW=O OwHw |iO=YD |=yQ}eDt |=Q@ `@vt OvJ CU=
"OQ=O |oDU@ R=wQB u=tR QO sm =L |wH \}=QW x@ =yu; Q@ OQ=w |=ywQ}v '=ylWwt w
u=wvax@ =Q =yu; O}=@ u}=Q@=v@ OQm u}}aD j}kO Qw]x@ V}B R= u=wD|tv =Q =ywQ}v u}=

"OQm |UQQ@ p�=Ut ẁv u}= pL QO |iO=YD |=yQ}eDt
|a]k p�=Ut x@ =yu; p}O@D '|iO=YD |R} Qxt=vQ@ p�=Ut pL QO |rY= |xO}=
xOWxDN=vW |=yVwQ R= xO=iDU= =@ u=wD|t =Q pY=L |a]k p�=Ut "CU= pO=at
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"""|
QyW

Ot=H
|=y

xr=@
RQ=

O}=B
C}

Q}OtQw_vtu}O@ "Ow@ s}y=wN `} RwD `@=D l} x@ OvtR=}v u}=Q@=v@ &OwW u}}aD u}at p=tDL=
xQwO |=Q@ RwQ 165 |=Q@ |OQwt CQwYx@ jwi |=yQDt=Q=B =@ \@DQt |=yxO=O =OD@=
u}= Q}O=kt 'C}atH |v}@V}B |=yVwQ R= xO=iDU= =@ TBU "OW |Qw;OQo 1392
=yQ}eDt u}= |[=} Q Q=DiQ "OW xOR u}tND 1402 w 1397 |=yxQwO |=Q@ =yxO=O
xm Ow@ u}= R= |m =L G}=Dv "CiQo Q=Qk |UQQ@ OQwt Minitab Q=Ri=sQv ltm x@
|NQ@ p=tQv `} RwD uwtR; |vLvt xvwtv |=Q@ "Ov=p=tQv `} RwD |=Q=O =yQ}eDt x}rm
QDnQR@ P-Value Q=Okt x@ xHwD =@ "CU= xOW xOQw; 1 Q=Owtv QO =yQ}eDt R=
xO=iDU= =@ TBU "OvQ=OQwNQ@ p=tQv `} RwD R= =yxO=O xm OwW|t xH}Dv �50 R=
l} Qy Q}O=kt 'p=tQv `} RwD R= xO=iDU= =@ w =yxO=O Q=}at h=QLv= w u}ov=}t R=
1 pwOH KQW x@ Q}O=kt u}= "OW u}}aD 'hrDNt p=tDL= Kw]U QO =yQ}eDt R=

"CU=

OR} QyW Ot=H |=yxr=@ R C} Q}Ot CyH SLFP pOt "2"3
|]N |R} Qxt=vQ@ pOt R= Q[=L VywSB QO |r=UQ= C=a}=[ Q}O=kt X}YND |=Q@

"OwW|t xO=iDU= 'O=O s}y=wN xaUwD =Q u; xm [15]�2011� nv=y w w�S |QUm
pOt hOy `@=D "1"2"3

p}O@D C=a}=[ u=R}t hQat QUm CQwY w OQ=O |QUm hOy `@=D xm pOt u}= QO
Ov=CQ=@a pOt |=yQDt=Q=B w =yQ}eDt 'CU= sDU}U |=yxv} Ry QUm GQNt w xOW
C}iQ_ |=Q@ xOvvm OwOLt xrO=at |]ND p=tDL= %Pcl &�RwQ� k xQwO pw] %Lk %R=
C}iQ_ C}OwOLt |=Q@ xOvvm OwOLt |xrO=at |]ND p=tDL= %PkCF &uiO u=mt
C}OwOLt |=Q@ xOvvm OwOLt |xrO=at|]ND p=tDL= %Pjk;WG &Ci=} R=@ C=U}U-=D
pLt x@ j |xk]vt R= |r=UQ= C=a}=[ u=R}t %X1jk &C=a}=[ C} Q}Ot |=[=kD
xQwO QO uiO pLt x@ j |xk]vt R= |r=UQ= C=a}=[ u=R}t %X2jk &k xQwO QO uiO
%WG &Ci=} R=@ C=U}U-=D C}iQ_ C}OwOLt %CF &uiO u=mt C}iQ_%CL(t)

"C=a}=[ C} Q}Ot |=[=kD C}OwOLt

"1392 p=U |=yxr=@ R uiO pm u=R}t p=tQv `} RwD "1 Q=Owtv

|OQwt |xar=]t "3
xar=]t OQwt QyW Q@ |QwQt "1"3

\UwD xOW O}rwD |=yxr=@ R u; QO xm CU= |vwmUt |xk]vt xU pt=W OR} QyW
"1 %OwW|t ptL C=U}U-=D wO x@ �1 pmW� `iO =} |Qw;Qi |=Q@ u=OvwQyW
|QyW uqw�Ut "Ci=} R=@ x@ \w@ Qt C=U}U-=D "2 'uiO x@ \w@ Qt C=U}U-=D
l}miD CQwY wO x@ =Q xr=@ R l}miD 'Ci=} R=@ C=U}U-=D QDy@ OQmrta Qw_vtx@
-=O@t QO l}miD xm CQwYu}O@ "OvyO|t s=Hv= OYkt QO l}miD w -=O@t QO
C=U}U-=D x@ uiO pLt R= OYkt QO l}miD w Ci=} R=@ C=U}U-=D x@ s}kDUt
pm R= �10 ,=@} QkD xOWs=Hv= C=k}kLD |=v@tQ@ u}vJty "OwW|t xO=DUQi Ci=} R=@
xO=DUQi uiO pLt x@ Ov=tUB u=wvax@ 'Ci=} R=@ C=U}UU-=D x@ |OwQw C=a}=[

"OwW|t
1392 p=U QO OR} |Q=OQyW R= j}kLD |O=yvW}B pOt |=Q@ sRq |=yxO=O
u}= "OW |v}@V}B 1402 w 1397 |=yp=U |=Q@ sQwD MQv T=U=Q@ w OW |Qw;`tH
|=yQ}eDt "CU= xOt; 1 pwOH QO 1402 w 1397 '1392 xQwO xU |=Q@ =yxO=O
|xk]vt R= ptL |xv} Ry %TRijk %OwW|t K} QWD u}vJ 1 pwOH QO xOW xO=O
&(k = 1; 2; 3) k |v=tR |xQwO QO �Ci=} R=@ "2 w uiO "1� i C=U}U-=D x@ j
QO l}miD QO Ci=} R=@ |D=}rta |xv} Ry %OP2k &uiO |D=}rta |xv} Ry %OP1k
R= Ov=tUB u=} QH u=R}t %RF &OYkt QO l}miD |D=}rta |xv} Ry %OP �2k &-=O@t
|xv} Ry %RTRk &Ci=} R=@ x@ uiO R= Ov=tUB u=} QH u=R}t %RF � &uiO x@ Ci=} R=@
pkvwptL |xv} Ry %RTR�k &k xQwO QO uiOpLt x@Ci=} R=@ C=U}U-=D R=pkvwptL
xQwO QO Ci=} R=@ Ot;QO %REk &k xQwO QO Ci=} R=@ pLt x@ uiO C=U}U-=D R=

"k
u=R}t w uiO C}iQ_ 'Ci=} R=@ C}iQ_ =D CU= sRq jwi |=yQ}eDt Q@ xwqa
|=yQ}eDt Q}O=kt u}}aD |=Q@ "OwW u}}aD xQwO Qy QO w xk]vt Qy QO C=a}=[ O}rwD
K]U QO =yxO=O R= l} Qy Q=Okt 'OwHwt |=yxO=O R= xO=iDU= =@ CU= sRq QwmPt

"xar=]t OQwt sDU}U "1 pmW

Max f =

3P
j=1

3P
k=1

Lk:x2jk(1�RF )

3P
j=1

3P
k=1

Lk :x1jk(TR1jk+OP1k)+
3P
j=1

3P
k=1

Lk:x2jk[(TR2jk+OP2k)+RF (RTRk+OP1k)�REk]
(12)
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1/
2|

xQ=t
W'

33
�1

|xQ
wO'

�13
96

u=DU
@=D�

h}
QW

C}
Q}Ot

w`}
=vY

|U
Ovyt "1402 w 1397 '1392 |v=tR xQwO xU QO j}kLD |=yQ}eDt "1 pwOH

1402 =yQ}eDt 1394 =yQ}eDt 1392 =yQ}eDt
2126 966 TR113 714 3952 TR112 245 TR111
1996 743 TR123 670 6567 TR122 230 TR121
1823 113 TR133 612 3387 TR132 210 TR131
1041 779 TR213 349 9078 TR212 120 TR211
1085 187 TR223 364 4873 TR222 125 TR221
1128 594 TR233 379 0668 TR232 130 TR231
477 4821 OP13 160 3744 OP12 55 OP11
22571 88 OP23 7581 337 OP22 2600 OP21
5521 429 OP�23 1854 512 OP�22 636 OP�21

0 1 RF 0 1 RF 0 1 RF

0 015 RF� 0 015 RF� 0 015 RF�

868 1493 RTR3 291 5899 RTR2 100 RTR1
868 1493 RTR�3 291 5899 RTR�2 100 RTR�1
26044 48 RE3 8747 696 RE2 3000 RE1

Ci=} R=@ pLt x@ uiO pLt R= xr=@ R u=} QH u=R}t [15]�2011� nv=y w w�S pOt
x@ "s}vm ^=Lr R}v =Q ẁ[wt u}= s}v; Q@ j}kLD u}= QO "CU= xOWv xDiQo Q_v QO
h} QaD w |iQat p@k VN@ QO RTR�k � RF � � OP �2k |=yQ}eDt p}rO u}=

"OvOW
pOt 'nv=y w w�S pOt x@ =yv; uOQm xi=[= w Q} R |=yQ}eDt uDiQo Q_v QO =@

%R= Ow@ Oy=wN CQ=@a j}kLD |QUm |]N |R} Qxt=vQ@

Pr

" 3X
j=1

3X
k=1

Lk (x1jk (1�RF �) +RF:x2jk) � CL(t)

#
� 1� Pcl (17)

Pr

" 3X
j=1

(x2jk +RF �:x1jk) � CF(t)

#
� 1� PkCF k = 1; 2; 3

(18)

Pr

" 2X
i=1

xijk �WGjk(t)

#
� 1� Pjk;WG j = 1; 2; 3

k = 1; 2; 3 xijk � 0 i = 1; 2 j = 1; 2; 3 k = 1; 2; 3
(19)

%u}=Q@=v@ "s}yO|t Q=Qk 1
T Q@=Q@ =Q hOy `@=D GQNt jwi pOt pL |=Q@

pOt |=yC}OwOLt "2"2"3
%R= CU= CQ=@a t xQwO QO (CL) uiO u=mt C}iQ_ C}OwOLt "1

Pr

" 3X
j=1

3X
k=1

Lk (x1jk +RF:x2jk) � CL(t)

#
� 1� Pcl (13)

QO 14 pwtQi j@=]t t xQwO QO (CF ) Ci=} R=@ C=U}U-=D C}iQ_ C}OwOLt "2
%CU= xOW xDiQo Q_v

Pr

" 3X
j=1

x2jk � CF(t)

#
� 1� PkCF K = 1; 2; 3 (14)

u}vJ k xQwO QO j |xk]vt QO (WG) C=a}=[ C} Q}Ot |=[=kD C}OwOLt "3
%CU=

Pr

" 2X
i=1

xijk �WGjk(t)

#
� 1� Pjk;WG j = 1; 2; 3

k = 1; 2; 3 (15)

QO j |xk]vt R= |r=UQ= C=a}=[ u=R}t 'jwi |QUm |R} Qxt=vQ@ pOt pL =@
p}O@D R= u=wD|t jwi pOt pL |=Q@ "OwW|t XNWt i C=}UU=D x@ k xQwO
QO "OW Oy=wN xO=iDU= p}O@D u}= R= R}v j}kLD u}= QO &OQm xO=iDU= QB wm w RrQ=J

7

Max f =

3P
j=1

3P
k=1

Lk:x2jk(1�RF )+
3P
j=1

3P
k=1

Lk:RF
�:x1jk

3P
j=1

3P
k=1

Lk :x1jk[(TR1jk+OP1k)+RF�(RTR�k+OP�2k+OP2k)�REk]+
3P
j=1

3P
k=1

Lk:x2jk[(TR2jk+OP2k+OP�2k)+RF (RTRk+OP1k)�REk]

(16)



"""|
QyW

Ot=H
|=y

xr=@
RQ=

O}=B
C}

Q}OtxO=iDU= =@ =Q s}tYD Q}eDt Q}O=kt 'hrDNt p=tDL= Kw]U QO jwi pOt pL R= TB
"OQm s}y=wN u}}aD xijk = yijk

T pwtQi R=

xv} Ry |R=Uxv}tm hOy =@ CCP pOt "3"3
w OvQ=O |O=YDk= p�=Ut Q@ |QDW}@ |xeOeO w O}m -=D C=a}=[ u=Q}Ot xm |v=tR
4"2 pOt QO xm xv}y@ C@Uv |xr�Ut 'CU= sDU}U |xv} Ry uOQm xv}tm =yu; hOy
|v} Ro}=H =@ Q=m u}= "OQm p}O@D xv} Ry u} QDsm =@ xr�Ut l} x@ u=wD|t =Q xOW x�=Q=
u}ty =@ "OQ}o|t CQwY xv} Ry uOQm xv}tm hOy `@=D =@ jwi pOt hOy `@=D
|xr}Uwx@ Pi hrDNt Kw]U CLD |H}=Dv u=wD|t |iO=YD |=yQDt=Q=B xawtHt

"OQw; CUO x@ xt=O= QO xOW x�=Q= LP pOt R= CCP VwQ

Min =
3X
j=1

3X
k=1

Lk :x1jk
��
TR1jk +OP1k

�
+RF �

�
RTR�k

+OP �2k +OP2k
��REk�+

3X
j=1

3X
k=1

Lk:x2jk
��
TR2jk

Op2k +OP �2k
�

+RF (RTRk +OP1k)�REk� (30)

Pr

" 3X
j=1

3X
k=1

Lk (x1jk (1�RF �) +RF:x2jk) � CL(t)

#
� 1� Pcl (31)

Pr

" 3X
j=1

(x2jk +RF �:x1jk) � CF(t)

#
� 1� PkCF k = 1; 2; 3

(32)

Pr

" 2X
i=1

xijk �WGjk(t)

#
� 1� Pjk;WG j = 1; 2; 3

k = 1; 2; 3 xijk � 0 i = 1; 2 j = 1; 2; 3 k = 1; 2; 3
(33)

j C=U}U-=D x@ i |xk]vt R= |r=UQ= C=a}=[ u=R}t u}}aD Q[=L j}kLD hOy
u=R}t C@Uv xm OQ}o CQwY |}xvwo x@ O}=@ X}YND u}= "CU= k |v=tR xQwO QO
xar=]t OQwt xQwO 3 pw] QO sDU}U |=yxv} Ry x@ xOW p}O@D C=a}=[ Xr=N
pOt p=tDL= K]U Qy |=Q@ 'j}kLD |=yQ}eDt R= |NQ@ x@ xHwD =@ "OwW xv}W}@

"CU= xOt; 2 pwOH QO u; G}=Dv xm OW pL |}xv=o =OH

|Ov@`tH "4
pLt wO x@ OR} QyW |xk]vt 3 R= |r=UQ= C=a}=[ u=R}t u}}aD hOy 'VywSB u}= QO
C@Uv xm |Qw]x@ CU= 1402 w 1397 '1392 xQwO xU |] Ci=} R=@ =} uiO
QwQt Q@ x}mD =@ "OwW xv}W}@ sDU}U |=yxv} Ry x@ xOW p}O@D C=a}=[ Xr=N u=R}t
|[=} Q pOt 'OR} QyW QO |v=O}t xar=]t w |QyW Ot=H C=a}=[ C} Q}Ot C=}@O=
uOQm xv}W}@ hOy =@ Ci=} R=@ =} uiO pLt wO x@ |r=UQ= C=a}=[ u=R}t u}}aD
'xar=]t |rY= hOy "Ci=} xaUwD |R} Qxt=vQ@ OwOLt |v=tR ji= QO sDU}U |}=Q=m
sDU}U w =yC}OwOLt x@ xHwD =@ OR} QyW QO u; |Q}oQ=mx@ w |O=yvW}B pOt VQDUo

3X
j=1

3X
k=1

Lk:x1jk
��
TR1jk +OP1k

�
+RF �

�
RTR�k

+OP �24 +OP2k �REk��+
3X
j=1

3X
k=1

Lk:x2jk��
TR2jk +OP2k +OP �2k

�
+RF

�
TRRk +OP1k

�
�REk� = 1

T
(20)

3X
j=1

3X
k=1

Lk:T:x1jk
��
TR1jk +OP1k

�
+RF �

�
RTR�k

+OP �24 +OP2k �REk��+
3X
j=1

3X
k=1

Lk:T:x2jk��
TR2jk +OP2k +OP �2k

�
+RF

�
TRRk +OP1k

�
�REk� = 1 (21)

%R= Ow@ Oy=wN CQ=@a hOy `@=D pmW xH}Dv QO

Max f =

3P
j=1

3P
k=1

Lk:x2jk (1�RF ) +
3P
j=1

3P
k=1

Lk:RF �:x1jk

1
T

=
3X
j=1

3X
k=1

Lk:T::x2jk (1�RF ) +
3X
j=1

3X
k=1

Lk:RF �:T:x1jk

(22)

%xm |Qw]x@ 's}vm|t xO=iDU= Q}eDt Q}}eD R= p=L
yijk = T:xijk ) xijk = yijk

T
(23)

|R} Qxt=vQ@ pOt x@j}kLD |QUm|]N|R} Qxt=vQ@ pOt 'jwi Q}eDt Q}}eD p=ta= =@
"OW Oy=wN p}O@D Q} R |]N

Max f :
3X
j=1

3X
k=1

Lk: Y2jk (1�RF ) +
3X
j=1

3X
k=1

Lk:Y1jk:RF �

(24)

s:t :
3X
j=1

3X
k=1

Lk:Y1jk
��
TR1jk +OP1k

�
+RF �

�
RTR�k +OP �24

+OP2k �REk��+
3X
j=1

3X
k=1

LkY2jk
��
TR2jk +OP2k

+OP �2k
�

+RF
�
TRRk +OP1k

��REk� = 1 (25)

3X
j=1

3X
k=1

Lk: [y1jk (1�RF �) + y2jk:RF )] � T:CL(t) (26)X
j

(y2jk + y1jk:RF �) � T:CF(t) k = 1; 2; 3 (27)X
i

yijk � T:WGjk j = 1; 2; 3 k = 1; 2; 3 (28)

yijk � 0 i = 1; 2 j = 1; 2; 3 k = 1; 2; 3 (29)
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u=DU
@=D�

h}
QW

C}
Q}Ot

w`}
=vY

|U
Ovyt "k |v=tR xQwO QO j C=U}U-=D x@ i |xk]vt R= |r=UQ= C=a}=[ Q=Okt "2 pwOH

0 95 0 9 0 75 0 5 0 25 0 1 0 05 0 01 0 p

7353 987 137 7982 6282 268 7353 987 137 7982 6282 268 5542 011 4801 752 4127 786 X211
15653 92 14877 55 13562 02 15653 92 14877 55 13562 02 12117 09 10672 17 9356 638 X212
18203 09 17300 31 15770 6 18203 09 17300 31 15770 6 14090 42 12410 24 10880 53 X213

0 0 0 0 0 0 0 0 0 X221
0 0 0 0 0 0 0 0 0 X222
0 0 0 0 0 0 0 0 0 X223
0 0 0 0 0 0 0 0 0 X231
0 0 0 0 0 0 0 0 0 X232
0 0 0 0 0 0 0 0 0 X233

87262 22 91758 58 81005 57 87262 22 91758 58 81005 57 76683 99 72362 4 68427 82 X111
86374 52 84218 34 80564 83 86374 52 84218 34 80564 83 76551 92 72539 02 68885 48 X112
100439 6 97932 14 93683 34 100439 6 97932 14 93683 34 89016 58 84349 85 80101 04 X113
95006 53 92273 07 87641 31 95006 53 92273 07 87641 31 82554 01 77466 69 72834 96 X121
102450 3 99502 64 94507 94 102450 3 99502 64 94507 94 89022 83536 04 78541 37 X122
119131 4 115703 9 109896 1 119131 4 115703 9 109896 1 103517 97137 93 91330 12 X123
78940 24 76720 47 72959 22 78940 24 76720 47 72959  22 68828 01 64696 79 60935 52 X131
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