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xOW =yu=Uv= |xQtRwQ |oOvR QO x=Qty |=yuirD Vkv uOW QDnvQQB Ea=@ nQR@
CQwY xawtHt wO |xr}Uw x@ x=Qty |=yuirD j} Q] R= =yu=Uv= u}@ \=@DQ= "CU=
|xOvyOx�=Q= |=yQwD=QB= |Qo}O w CU= x=Qty uirD |=yx=oDUO |m} xm OQ}o|t
u=oOvR=U 'x=Qty |=yuirD u}t-=D |xQ}HvR syt w[a wO xH}Dv QO "|D=Q@=Nt C=tON
u}= QO xm OvDUy |D=Q@=Nt C=tON |xOvyOx�=Q= |=yQwD=QB= w x=Qty *OvtWwy |=yuirD
?wN \=@DQ= l} "Ovvm|t Q=QkQ@ O=} R w sm |=yxrY=i R= =Q =yu=Uv= u}@ \=@DQ= u}@

pw�Ut xOvU} wv �
"1395 5 20 VQ}PB '1395 5 12 x}LqY= '1394 6 25 Ci=} QO %M} Q=D

DOI:10.24200/J65.2018.5608



"""u
=oOv

vmO}
rwDl

QDW
tw

O=R;
Cq

wYL
t|

Q=Po
Ct

}k|irDNt CQOk |=yQ=DN=U w CU= |D=Q@=Nt C=tON QwD=QB= l} w xOvvmO}rwD l}
x@ =Q x=Qty uirD |=yx=oDUO xm CU= umtt xOvvmO}rwD "CU= xOW |UQQ@ 'OQ=O
R= =Q =yu; CU= umtt =} OWwQi@ u=oOvvmhQYt x@ O=R; p=v=m l} QO s}kDUt CQwY
"OWwQi@ u=oOvvmhQYt x@ x=Qty p=v=m l} QO w |D=Q@=Nt C=tON QwD=QB= l} j} Q]
OvtWwy |=y|Wwo Q=R=@ QO =y|Wwo O=} R Q=}U@ hqDN= w q=@ |=yCt}k p@=kt QO
,=D@Uv C=tON Ct}k '|Qw=:vi `} QU xaUwD w pwYLt x=Dwm Qta |xNQJ x@ xHwD =@
Q@ xOta Qw]x@ VywSB u}= 'p=v=m ?=NDv= |xr�Ut Q@xwqa 'u}=Q@=v@ "CU= QDC=@F =@

"OQ=O RmQtD u=oOvvmO}rwD OvtWwy |=y|Wwo |Q=PoCt}k |=yCU=}U
Qo}Om} =@ C@=kQ QO u}t-=D |xQ}HvR hrDNt |=[a= xm OwW xQ=W= CU= sRq
w Q@=Q@ u}t-=D |xQ}HvR R= w[a wO CQOk `k=wt |NQ@ xm OvQ=O |Dw=iDt |=yCQOk
Ovv=t� CU= QDW}@ Qo}O |w[a R= u}t-=D |xQ}HvR R= |w[a CQOk OQ=wt |NQ@ QO
w |O=YDk= |=yx=ov@ w CrwO u}@ \@=wQ 'u=R=Uxa]k w u=R=UwQOwN u}@ \@=wQ
R= sy %CU= Q=PoQF= |D@=kQ Q=R=@ l} QO C=t}tYD P=ND= QO CQOk Cw=iD u}= "�"""
|=yQ=R=@ `=wv= x@ xHwD =@ "C=t}tYD P=ND= ẁv sy w C=t}tYD P=ND= |r=wD ^=Lr
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C=t}tYD |wQ Q@ u}t-=D |xQ}HvR |=[a=hrDNt CQOk |=yQ=DN=U w u=oOvvmO}rwD
RmQtDt |OvtDQOk u=WwQixOQN Q@ OwNVywSB QO [21]|wJ "CU= xv}y@ |Q=PoCt}k
x@ =Q OvQ@ u}OvJ w OvDUy QDnQR@ u=oOvvmO}rwD R= OQ=wt |NQ@ QO xm CU= xOW
xDN=OQB u}t-=D |xQ}HvR QO Ct}k C@=kQ |=ypOt |UQQ@ x@ w Ovv=UQ|t VwQi
wO w xOvvmO}rwD wO pt=W xm CU= xO=O Q=Qk Q_v Ot =Q |r=v=m Q=DN=U l} |wJ "CU=
x@ pwYLt R}=tD xm OyO|t u=Wv |wJVywSB |=yxDi=} "CU= lQDWt VwQixOQN
OyO|t u=Wv u}vJty w OvR|t xt]r u=WwQixOQN x@ =t= Ovm|t ltm u=oOvvmO}rwD
xt]r u=oOvvmO}rwD x@ TmaQ@ =t= Ovm|t ltm u=WwQixOQN x@ x=oWwQi R}=tD xm

"OvR|t
|xQ}HvR |=yVywSB QO p=v=m C} Q}Ot |wQ xHwD V}=Ri= OwHw =@ 'p=L u}= =@
xm 'OvtWwy |=yuirD CavY T=U= Q@ |tm Q=}U@ C=ar=]t '|@=} Q=R=@ w u}t-=D
'u}= Q@ xwqa [1]"CU= xDiQo CQwY 'CU= xDW=O xDWPo |xyO QO =Q OWQ u} QD`} QU
'xOvvmO}rwD Q@ u}t-=D |xQ}HvR *hrDNt *CQOk *|=yQ=DN=U QF= |wQ xr=kt |tm O=OaD
"Ov=xOQm RmQtD |D@=kQ p=v=m wO \}Lt QO u}t-=D |xQ}HvR pm w C=tON |xOvyOx�=Q=
|UQQ@ hrDNt CQOk |=yQ=DN=U =@ =Q p=v=m ?=NDv= C=t}tYD [1]u=Q=mty w uJ
QwD=QB= l} w x=Qty uirD |xOvvmO}rwD l} pt=W |v}t-=D |xQ}HvR =yu; "Ov=xOQm
|UQQ@ xQ}HvR u}= Q@ =Q CQOk Q=DN=U QF= w Ov=xDiQo Q_v QO =Q |D=Q@=Nt C=tON
xOW xDiQo Q_v QO u}t-=D |xQ}HvR uOw@ QwO =yu; Q=m |=yha[ R= |m} |rw "Ov=xOQm
l} w xOvvmO}rwD l} ZQi =Q} R "CU= |ak=w |=}vO R= xOW ZQi |=[=kD `@=D R}v w
x@ =Q =yQwD=QB= w u=oOvvmO}rwD u}@ C@=kQ C=QF= =[=kD `@=D xm CU= xOW Ea=@ QwD=QB=
'xOvvmO}rwD *O=R; pwYLt uDiQov Q_v QO =yu; Q=m Qo}O ha[ "OyOv u=Wv |DUQO
x=Qty p=v=m QO =yu; xH}Dv QO xm "CU= x=Qty p=v=m l} QO lQDWt *pwYLt =@ x=Qty
|=}vO QO ZQi u}= xm OQ=Ov OwHw Q=R=@ QO |O=R; pwYLt xvwoI}y xm Ov=xOQm ZQi
VywSB u}= QO "CU= Q=PoQ}F-=D Q=}U@ xr�Ut G}=Dv QO xH}Dv QO w OQ=Ov OwHw |ak=w
"CU= xr�Ut u}= |=} wo |@ wN x@ R}v G}=Dv w xOW hQ]Q@ xOW QmP |=yha[
x=Qty uirD |=yxQ}HvR |UQQ@ =@ X=N Qw]x@ =Q OwHwt |=yVywSB Q[=L VywSB

C=ar=]t u=}t QO "OyO|t x�=Q= ?U=vt |=yOQ@y=Q P=ND= |=Q@ OwU X}YND w Q=R=@
w u=oOvQ}os}tYD x@ ltm |=Q@ Q=mwR=U l} [7]u=Q=mty w nv=}H '|:tm OQm} wQ =@
OwU u} QDW}@ =@ ?U=vt |=yOQ@y=Q ?=NDv= QO x=Qty uirD u}t-=D |xQ}HvR |=[a=
|=yQ=mwR=U |xar=]t |=Q@ |R=Ux}@W OQm} wQ l} R= Q=m u}= |=Q@ =yu; "Ov=xOQm x�=Q=
|rY= |xO}= "Ov=xDiQo xQy@ x=Qty uirD C=tON |=yxQ}HvR |=Q@ |DmQ=Wt w |D@=kQ
p}rLD w x} RHD x@ [8]|QOw=J "CU= |rt=aOvJ sDU}U l} T=U= Q@ =yu; OQm} wQ
|R=i |@D=Qt xrUrU p}rLD Ov}=Qi =@ Ovy QwWm QO |D=Q@=Nt C=tON C}i}m pt=wa

"CU= xDN=OQB
l} |Q=PoCt}k |=yOQ@y=Q x@ \w@ Qt p�=Ut |UQQ@ x@ [9]u=Q=mty w uJ
wO w xOvvmO}rwD l} pt=W xm |L]U wO u}t-=D |xQ}HvR l} QO xOvvmO}rwD
COt x@ xDU@=w =yu; VywSB QO =[=kD `@=wD "Ov=xDN=OQB CU= ?}kQ VwQixOQN
|=yOQ@y=Q C=QF= |UQQ@ x@ u}vJty =yu; "CU= xOW xDiQo Q_v QO pwYLt |Dv=Q=o
"Ov=xDN=OQB u}t-=D |xQ}HvR OwU w C=t}tYD |wQ Q@ xOvvmO}rwD hrDNt |Q=PoCt}k
|xQ}HvR l} QO VQ=iU w |Q=PoCt}k C=t}tYD |UQQ@ x@ [10]u=Q=mty w |QiaH
'CU= VwQixOQN wO w |Q=YLv= |xOvvmO}rwD l} R= pmWDt xm |r=v=m wO u}t-=D
hrDNt |R=@ |=yw} Q=vU =@ =Q |rO=aD C=t}tYD OwN VywSB QO =yu; "Ov=xDN=OQB
w |r "Ov=xDN=OQB =yu; |xU}=kt x@ w xOQm u}}aD xOvvmO}rwD w u=WwQixOQN u}@
pwYLt O}rwD |=yCU=}U w |Q=PoCt}k |=yCU=}U |UQQ@ x@ [11]u=Q=mty
xOvvmO}rwD u; QO xm Ov=xDN=OQB xv=owO `} RwD p=v=m =@ u}t-=D |xQ}HvR l} QO R@U
|WwQixOQN w s}kDUt VwQi |=yp=v=m j} Q] R= w O}rwD =Q R@U pwYLt l}
QO =Q uOw@ R@U |xv} Ry OwN pOt QO =yu; "Ov=UQ|t |}=yv |QDWt CUO x@
OQm} wQ R= xO=iDU= =@ RmQtDtQ}e w RmQtDt Cr=L wO QO =Q xr�Ut w xDiQo Q_v
xU}=kt sy =@ =Q Cr=L wO Qy R= xOt; CUO x@ G}=Dv w Ov=xOQm pL |R=@ |x} Q_v
QO |WwQixOQN Ct}k =yu; VywSB QO xm OyO|t u=Wv =yu; |=yxDi=} "Ov=xOQm
R@U u}t-=D |xQ}HvR QO |WwQixOQN Ct}k R= QDW}@ RmQtDt R@U u}t-=D |xQ}HvR
Zk=vD 4xv=owO |Q=Pox}W=L R= pY=L G}=Dv =@ xH}Dv u}= xm CU= RmQtDtQ}e
RmQtDt u}t-=D |xQ}HvR l} QO |Q=PoCt}k |xr�Ut [12]u=Q=mty w |W=O=O "OQ=O
xOvvm pkv w ptL wO w VwQixOQN l} pt=W xm Ov=xOQm |UQQ@ =Q |L]UwO
xO=iDU= |rO=aD C=t}tYD uOQw; CUO x@ |=Q@ |R=@ |x} Q_v OQm} wQ R= w CU=

"Ov=xOQm
'xOvvmu}t-=D |wQ Q@ p=v=m |ovy=ty w p=v=m |=yQ=DN=U Q}F-=D |UQQ@ x@ [13]|=m
|=yx}L=v OwN VywSB QO |=m "CU= xDN=OQB u}t-=D |xQ}HvR pm w VwQixOQN
C=L}HQD |ovy=ty w p=v=m ?=NDv= xm CU= xDi=} QO w xOQm p}rLD w x} RHD =Q wDQ=B
|=yxv} Ry w p=v=m |v} Ro}=H C}r@=k 'p=v=m |x}=B |=[=kD Ovv=t |}=yQDt=Q=B x@ xDU@=w
l} w xOvvmO}rwD wO pt=W u}t-=D |xQ}HvR l} [14]u=Q=mty w uB "CU= |D=}rta
O=OQ=Qk ẁv wO u}@ R= Ov=wD|t xOvvmO}rwD Qy u; QO xm Ov=xDiQo Q_v QO =Q VwQixOQN
"Ovm ?=NDv= VwQixOQN =@ |Q=mty |=Q@ =Q |m} |WwQixOta Ct}k w Ot;QO s}yUD
"Ov=xOQm |UQQ@ O=OQ=Qk ẁv wO Qy G}=Dv |wQ Q@ =QhrDNt CQOk |=yQ=DN=U QF= =yu;
QF= xOvvmO}rwD l} w VwQixOQN wO uDiQo Q_v QO =@ u}vJty OwN VywSB QO =yu;
|UQQ@ R}v u=WwQixOQN |=Q@ O=OQ=Qk ?=NDv= ẁv Q@ =Q hrDNt CQOk |=yQ=DN=U
wO |=Q@ O}rwD w |Q=PoCt}k |=yCU=}U |UQQ@ x@ [15]u=Q=mty w uJ "Ov=xOQm
|=Q@ CrwO \UwD xOW p=ta= C=}r=t QF= w Ov=xDN=OQB Cw=iDt |=y|}=Q=m =@ xv=NQ=m
pL |=Q@ "Ov=xOQm |UQQ@ |}=yv pwYLt |Q=PoCt}k Q@ =Q |}xv=Npo |=yR=o Q=WDv=

"CU= xOW xO=iDU= =y|R=@ |x} Q_v OQm} wQ R= R}v xr�Ut
l} w xOvvmO}rwD wO R= ptmt pwYLt wO |Q=PoCt}k [16]u=Q=mty w |w
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rwDl
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tw
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Cq

wYL
t|

Q=Po
Ct

}kO=R; p=v=m QO 2 w 1 |=yQwD=QB= |D=Q@=Nt C=tON OL=w Ct}k pfo1; pfo2

s}tYD |=yQ}eDt �
QO 2 w 1 x=Qty uirD |=yxOvvmO}rwD x=Qty uirD |WwQixOQN Ct}k pfm1 ; p

f
m2

O=R; p=v=m
"OyO|t 1 x=Qty uirD xOvvmO}rwD x@ 1 |D=Q@=Nt C=tON QwD=QB= xm |}xv=Q=} u=R}t �bm1

x=Qty p=v=m QO 1 QwD=QB= w 1 xOvvmO}rwD lQDWt pwYLt x=Qty uirD Ct}k pbm1

|mtm |=yQ}eDt �
O=R; p=v=m QO 2 w 1 x=Qty uirD |=yxOvvmO}rwD |=[=kD `@=D Df

m1 ; D
f
m2

O=R; p=v=m QO 2 w 1 |D=Q@=Nt C=tON |=yQwD=QB= |=[=kD `@=D Df
o1 ; D

f
o2

p=v=m QO 1 QwD=QB= w 1 x=Qty uirD xOvvmO}rwD lQDWt pwYLt |=[=kD `@=D Db
m1

x=Qty
O=R; p=v=m QO 2 w 1 x=Qty uirD |=yxOvvmO}rwD OwU `@=D �fm1 ; �

f
m2

O=R; p=v=m QO 2 w 1 |D=Q@=Nt C=tON |=yQwD=QB= OwU `@=D �fo1 ; �
f
o2

x=Qty p=v=m QO 1 x=Qty |=yuirD |xOvvmO}rwD OwU `@=D �bm1
x=Qty p=v=m QO 1 |D=Q@=Nt C=tON QwD=QB= OwU `@=D �bo1

O=R; p=v=m pOt "1"3
wO pt=W xm OwW|t xDiQo Q_v QO |v}t-=D |xQ}HvR xr=kt u}= QO OW QmP xm Qw]u=ty
u=oOvvmO}rwD R= s=Om Qy "CU= |D=Q@=Nt C=tON QwD=QB= wO w x=Qty uirD |xOvvmO}rwD
pwYLtl} w |Q=mty|D=Q@=Nt C=tON |=yQwD=QB= R= s=Om Qy =@ Ov=wD|t x=Qty uirD
=Q OwN CtON =} pwYLt O=R; CQwY x@ xmu}= =} Ovm x[Qa u=} QDWt x@ lQDWt

"Ovm x[Qa u=} QDWt x@
O=R; p=v=m QO "CU= 1 pmW CQwY x@ Q_v OQwt u}t-=D |xQ}HvR |rm |=tv
x@ w O}rwD =Q OwN C=tON w CqwYLt xv=o =OH CQwY x@ u=vm|R=@ R= s=Om Qy

"Ovvm|t x[Qa u=} QDWt
%Ow@ Oy=wN Q} R CQwY x@ R}v s=Om Qy |=[=kD `@=wD

Df
m1 = �1 � �1pfm1 � �2(pfo1 + pfo2) + �3pfm2 (1)

Df
m2 = �2 � �5pfm2 � �6(pfo1 + pfo2) + �7pfm1 (2)

Df
o1 = �4 � �1pfo1 � �2(pfm1 + pfm2) + �3pfo2 (3)

"O=R; p=v=m Cr=L QO x=Qty uirD u}t-=D |xQ}HvR |rm |=tv "1 pmW

p=v=m ?=NDv= |=y|Q}os}tYD '|Q=PoCt}k |wQ hrDNt CQOk |=yQ=DN=U QF= w
u=oOvvmO}rwD u; QO xm OyO|t VQDUo OvtWwy |=yuirD u}t-=D |xQ}HvR |xv}tR QO
wQ@ wQ u=oOvvmhQYt =@ s}kDUt CQwY x@ CUOu}}=B C=tON |=yQwD=QB= w CUOq=@
u=oOvvmhQYt |=yR=}v `iQ |=Q@ =yu; \UwD xOWx�=Q= CtON w pwYLt w OvwW|t

"CU= |QwQ[

C=}[Qi w pOt "3
uirD |xOvvmO}rwD wO pt=W xm s} Q}o|t Q_v QO =Q |v}t-=D |xQ}HvR VywSB u}= QO
x=Qty uirD |=yx=oDUO|WwQixOQNCt}k "CU=|D=Q@=Nt C=tON QwD=QB= wO w x=Qty
|Wwo OL=w Qy O}rwD |xv} Ry wCU= pm2 w pm1 =@ Q@=Q@?}DQD x@ 2 w 1 u=oOvvmO}rwD
Qy Ct}k "(pm2 > cm2) w (pm1 > cm1) 'CU= cm2 w cm1 =@ Q@=Q@ x=Qty uirD
C=tON OL=w Qy |xv} Ry w CU= po2 w po1 =@ Q@=Q@ =yQwD=QB= |D=Q@=Nt C=tON OL=w
w Ct}k "(po2 > co2) w (po1 > co1) 'CU= co2 w co1 =@ Q@=Q@ R}v =yQwD=QB=
|xOvvmO}rwDl} |=Q@ "OyO|tVWwB =Q C=tON O=OQ=Qk COt pw] C=tON |xv} Ry
l} =yvD 'O=R; u}t-=D |xQ}HvR p=v=ml} QO �1 xOvvmO}rwD ,qFt� X=N x=Qty |=yuirD
|=yx=oDUO OwN VwQi xm 'OQ=O OwHw OvtWwy |=yuirD xOvvmO}rwD |=Q@ Ot;QO `@vt
OwN VwQi R= |W=v xOvvmO}rwD |=yOt;QO 'x=Qty p=v=m l} QO "CU= OvtWwy uirD
CU= �(�pm < � < po) |}xv=Q=} u=R}t |xwqa x@ OvtWwy uirD |=yx=oDUO
'u=tR u=ty QO "OyO|t xOvvmO}rwD x@ �1 QwD=QB= ,qFt� |D=Q@=Nt C=tON QwD=QB= xm
xv=Q=} u=R}t |=yvt C=tON R= pY=L Ot;QO =@ Q@=Q@ |D=Q@=Nt C=tON QwD=QB= Ot;QO
KQW x@ =yQ}eDt w =yQDt=Q=B x=Qty x@ pOt |O}rm C=}[Qi R= |NQ@ 'u}=Q@=v@ &CU=

%Ow@ Oy=wN Q} R
|xOvvmO}rwD wOpt=W xm|r=wDtu}t-=D |xQ}HvR pOtl} QO p=v=m?=NDv= |xr�Ut �
u}= "CU= xOW xDiQo Q_v QO 'CU= CUOu}}=B C=tON QwD=QB= wO w CUOq=@
=QH= p@=k w xO=iDU= u}t-=D |xQ}HvR p=v=m C} Q}Ot QO |}xOQDUo Qw]x@ ZQi
|Qw=:vi |=Q=O xm CqwYLt R= xDUO u; xS} w x@ CU=y\}Lt R= |Q=}U@ |=Q@

"OvtWwy |=yuirD xrtH R= OvDUy q=@
u}= "CU= C@=F xm xOW ZQi po2 w po1 =yQwD=QB= |D=Q@=Nt C=tON OL=w Ct}k �
=@ xU}=kt QO ,=D@Uv C=tON Ct}k xm CU= G}=Q OvtWwy |=yuirD Q=R=@ QO R}v
[1]"CU= QDC=@F =@ OvtWwy uirD |=y|Wwo O=} R Q=}U@ hqDN= w q=@ |=yCt}k
|a]k w |]N CQwY x@ =[=kD `@=wD R}v =Hv}= QO 'hQ=aDt |=[=kD `@=D x@ x}@W �
|@=} Q=R=@ C=k}kLD w C=}rta C} Q}Ot QO ?re= =[=kD `@=D u}= "OwW|t ZQi

[1]"OwW|t xO=iDU= |O=YDk= C=k}kLD |NQ@ QO w
xr�Ut |=yQDt=Q=B �

C=Q}}eD x@ 2 w 1 xOvvmO}rwD x=Qty uirD |=[=kD C}U=UL QwDm =i ?}DQD x@ �1; �5
=yu; Ct}k

Ct}k C=Q}}eD x@ 2 w 1 QwD=QB= C=tON |=[=kD C}U=UL QwDm =i ?}DQD x@ �1; �4
=yu;

CqwYLt R= s=Om Qy |=[=kD C}U=UL QwDm =i �2; �7; �5; �8 '�2; �3; �6; �7
C=tON =} CqwYLt Q}=U Ct}k C=Q}}eD x@ C=tON =}

2 w 1 xOvvmO}rwD x=Qty uirD |x}=B |=[=kD ?}DQD x@ �1; �2
2 w 1 QwD=QB= C=tON |x}=B |=[=kD ?}DQD x@ �7; �8
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|U

Ovyt x=Qty |=yuirD |WwQixOQN |=yCt}k 1 |x}[k w �16� T=U= Q@ %1 xH}Dv �
w cm2 w cm1 ?UL Q@ |OwaY |a@=wD Vv pO=aD |x]kv QO xOvvmO}rwD wO Qy
Q=DN=U w O=R; p=v=m l} QO 'u}=Q@=v@ "OvDUy pfo2 w pfo1 ?UL Q@ |rwRv |a@=wD
|xOvvmO}rwD 'OW=@ q=@ OvtWwy |=yuirD O}rwD |xv} Ry w x}rw= |=[=kD Qo = Vv
Qo = 'Qo}O |wU R= "OQm Oy=wN u}}aD q=@ =Q |WwQixOQN Ct}k OvtWwy |=yuirD
C=tON Ct}k w OvtWwy |=yuirD |WwQixOQN Ct}k x@ u=} QDWt C}U=UL
|WwQixOQN |=Q@ |v}}=BCt}k xOvvmO}rwD x=ov; 'OW=@ q=@ |D=Q@=Nt C=tON QwD=QB=

"OQm Oy=wN u}}aD

x=Qty p=v=m pOt "2"3
C=tON QwD=QB= w 1 x=Qty |=yuirD xOvvmO}rwD xm OwW|t ZQi x=Qty p=v=m |=Q@
O=R; p=v=m C=tON w pwYLt Q@xwqa s=Om Qy w Ovvm|t |Q=mty sy =@ 1 |D=Q@=Nt
l} pt=W xm Ovvm|t x�=Q= u=} QDWt x@ lQDWt pwYLt l} Ov=xDW=O ,q@k xm OwN
|D=Q@=Nt C=tON u}vJty w 1 |xOvvmO}rwD \UwD xOW O}rwD x=Qty uirD x=oDUO
|va} p@k Cr=L Ovv=ty u=vm} R=@ Q}=U xm s}vm|t ZQi u}vJty "CU= 1 QwD=QB=
u=} QDWt x@ w O}rwD =Q OwN C=tON w pwYLt xv=o =OH CQwY x@ O=R; p=v=m Ovv=ty
CU= Q=QkQ@ 1 QwD=QB= w 1 |xOvvmO}rwD u}@ \ki x=Qty p=v=m u}=Q@=v@ "Ovvm|t x[Qa

"�2 pmW�
R= pY=L VwQi Ot;QO %OQ=O Ot;QO `@vt xU 1 |xOvvmO}rwD 'x=Qty p=v=m QO
|}xv=Q=} |xwqa x@ 'lQDWt pwYLt R= pY=L VwQi Ot;QO |xwqax@ 'O=R; pwYLt
Q@=Q@ R}v 1 |D=Q@=Nt C=tON QwD=QB= Ot;QO "OQ}o|t 1 |D=Q@=Nt C=tON QwD=QB= R= xm
|=yvt 'x=Qty pwYLt R= pY=L Ot;QO |xwqa x@ 'O=R; C=tON Ot;QO =@ CU=
'R}v 2 QwD=QB= w 2 |xOvvmO}rwD |Ot;QO `@vt "OyO|t 1 |xOvvmO}rwD x@ xm |}xv=Q=}
VwQi R= pY=L Ot;QO \ki =@ CU= Q@=Q@ 'O=R; p=v=m Cr=L |va} p@k Cr=L Ovv=ty
%Ow@ Oy=wN Q} R CQwY x@ =[=kD `@=wD Cr=L u}= QO "OwN O=R; C=tON =} CqwYLt

%x=Qty p=v=m QO 1 x=Qty uirD |xOvvmO}rwD O=R; pwYLt |=[=kD `@=D
Df
m1 = �1��1pfm1��2(pfo1 +pfo2)+�3pfm2 +�4(pbm1 +pbo1) (11)

p=v=m QO 1 QwD=QB= w 1 x=Qty uirD |xOvvmO}rwD lQDWt pwYLt |=[=kD `@=D
%x=Qty

Db
m1 = �3 � �9(pbm1 +pbo1)+�10(pfm1 +pfm2)+�11(pfo1 +pfo2)

(12)

"x=Qty p=v=m Cr=L QO x=Qty uirD u}t-=D |xQ}HvR |rm |=tv "2 pmW

Df
o2 = �5 � �4pfo2 � �5(pfm1 + pfm2) + �6pfo1 (4)

'Ovm|t ?=NDv= =Q O=R; p=v=m l} OvtWwy |=yuirD u}t-=D |xQ}HvR xm |t=ovy
"Ow@ Oy=wN Q} R KQW x@ C=k=iD= |xr=@vO

|WwQixOQN Ct}k xm OQ}o|t s}tYD OvtWwy |=yuirD |xOvvmO}rwD '=OD@=
|=[=kD xm |t=ovy 'TBU "OW=@ QOkJ |QDWt |=[=kD x@ xHwD =@ OvtWwy uirD
C=tON QwD=QB= w O}UQ Oy=wN VwQi Ot;QO x@ xOvvmO}rwD 'CUw}B ẁkw x@ |QDWt
x@ R}v s=Om Qy OwU `@=wD "Ovm|t =O}B CUO OwN C=tON Ot;QO x@ R}v |D=Q@=Nt

%Ow@ Oy=wN Q} R CQwY
�fm1 = pfm1D

f
m1 � cm1D

f
m1 (5)

�fm2 = pfm2D
f
m2 � cm2D

f
m2 (6)

�fo1 = pfo1D
f
o1 � co1D

f
o1 (7)

�fo2 = pfo2D
f
o2 � co2D

f
o2 (8)

=} O}rwD |xv} Ry =@ Q@=Q@ swO VN@ w VwQi Ot;QO =@ Q@=Q@ q=@ |=yCQ=@a pw= VN@
"CU= C=tON

O=R; p=v=m Vv |R=@ "1"1"3
OwN C=t}tYD u=tRsy CQwY x@ u=vm} R=@ |xty 'Vv |R=@ w O=R; p=v=m pOt QO
u=vm} R=@ Q}=U C=t}tYD x@ ?=wH QO =Q OwN MU=B `@=D s=Om Qy w Ovvm|t PN= =Q
u}= QO "Ovvm xv}W}@ u=vm} R=@ Q}=U Q@=Q@ QO =Q OwN OwU u; T=U= Q@ =D Ovvm|t u}}aD

"OwW|t ZQi K]U l} QO u=vm} R=@ CQOk �Vv� |R=@

O=R; p=v=m l} QO x=Qty uirD u=oOvvmO}rwD |xv}y@ |WwQixOQN Ct}k "1 x}[k �
%=@ Ow@ Oy=wN Q@=Q@ Vv Q=DN=U =@ w

pfm1 =
C1 � C2(pfo1 + pfo2)

A
(9)

pfm2 =
C3 � C4(pfo1 + pfo2)

A
(10)

xm
A = 4�1�5 � �3�7 C4 = 2�1�6 + �2�7

C1 = �2�3 + 2�1�5 + 2cm1�1�5 + cm2�3�5

C2 = 2�2�5 + �3�6

C3 = 2�2�1 + 2cm2�1�5 + �1�7 + cm1�1�7

%C=@F=
d2�fm1
dpfm12 = �2�1 < 0
d2�fm2
dpfm22 = �2�5 < 0
d�fm1
dpfm1

= 0 QO w OvDUy Qakt pfm2 w pfm1 ?UL Q@ �fm2 w �fm1 `@=wD u}=Q@=v@
�"OvDUy xv}W}@ |=Q=O d�fm2

dpfm2
= 0 w

|=yxOvvmO}rwD |xv}y@ *|WwQixOQN |=yCt}k O=R; p=v=ml} QO '1 |x}[k Q@=v@
"OvDUy R}v =Dm} w OQ=O OwHw x=Qty |=yuirD

19



"""u
=oOv

vmO}
rwDl

QDW
tw

O=R;
Cq

wYL
t|

Q=Po
Ct

}k

"xr�Ut Vv |R=@ |rm |=tv "3 pmW

OwN OwU =D Ovm|t u}}aD 'OyO|t 1 |xOvvmO}rwD x@ xm =Q |}xv=Q=} |=Q@ MU=B `@=D
u}ty x@ R}v 2 |xOvvmO}rwD "Ovm xv}W}@ 2 |xOvvmO}rwD w 1 |xOvvmO}rwD Q@=Q@ QO =Q
OwU =D Ovm|t u}}aD =Q OwN O=R; pwYLt |WwQixOQN Ct}k MU=B `@=D CQwY

"�3 pmW�"Ovm xv}W}@ 1 QwD=QB= w 1 |xOvvmO}rwD Q@=Q@ QO =Q OwN
|xOvvmO}rwD lQDWt pwYLt w O=R; pwYLt |xv}y@|WwQixOQNCt}k "2 x}[k �
u}vJty w 2 |xOvvmO}rwD O=R; pwYLt |xv}y@ |WwQixOQNCt}k w 1 QwD=QB= w 1

%=@ CU= Q@=Q@ Vv Q=DN=U QO 1 QwD=QB= |xv}y@ |xv=Q=}

pfm1 =
A1cm2 +A2pbo1 +A3cm1 +A4 +A5(pfo1 + pfo2)

Y1
(21)

pbm1 =
A6cm2 +A7pbo1 +A8cm1 +A9 +A10(pfo1 + pfo2)

�Y1
(22)

pfm2 =

A11cm2 +A12pbo1 + (A12 +A13)cm1 +A14 +A15(pfo1 + pfo2)
�Y1

(23)

�bm1 =

A16cm2 +A17pbo1 + (A17 +A18)cm1 +A19 +A20(pfo1 + pfo2)
Y1

(24)

"CU= xOt; CUw}B QO A20 =D A1 Q}O=kt xm
%C=@F=

d2�bm1
dpf2
m1

= �2�1 < 0; d
2�bm1
dpb2m1

= �2�9 < 0
d2�fm2
dpf2
m2

= �2�5 < 0; d
2�bo1
d�b2m1

= �2�9 < 0

Hes =

 
@2�bm1=@p

f2
m1 @2�bm1=@p

f
m1@p

b
m1

@2�bm1=@p
b
m1@p

f
m1 @2�bm1=@p

b2
m1

!
=

 �2�1 �4+�10
�4+�10 �2�9

!
Det

 
= �2�1 �4+�10
�4+�10 �2�9

!
> 0) 4�1�9 > 2�4�10 + �210 + �24

d�fm2
dpfm2

= 0 QO w OvDUy Qakt �bm1 w pfm2 ?ULQ@ �bo1 w �fm2 w `@=wD u}=Q@=v@
pbm1 w pfm1 ?ULQ@ �bm1 `@=D u}vJty "OvDUy xv}W}@ |=Q=O d�bo1

d�bm1
= 0

QO w CU= Qakt 4�1�9 > 2�4�10 + �210 + �24 |x]@=Q |Q=QkQ@ CQwY QO
"CU= xv}W}@ |=Q=O d�bm1

dpbm1
= 0 ' d�bm1

dpfm1
= 0

%2 x=Qty uirD |xOvvmO}rwD |=[=kD `@=D
Df
m2 = �2��5pfm2 � �6(pfo1 +pfo2)+�7pfm1 +�8(pbm1 +(pbo1))

(13)

%x=Qty p=v=m QO 1 |D=Q@=Nt C=tON QwD=QB= O=R; pwYLt |=[=kD `@=D
Df
o1 = �4��1pfo1 � �2(pfm1 +pfm2)+�3pfo2 +�4(pbm1 +pbo1) (14)

%2 |D=Q@=Nt C=tON QwD=QB= |=[=kD `@=D
Df
o2 = �5��5pfo2��6(pfm1 +pfm2)+�7pfo1 +�8(pbm1 +pbo1) (15)

%�x=Qty w O=R; p=v=m wO Qy |=Q@� CU= Q=QkQ@ pOt |=yQDt=Q=B u}@ Q} R \@=wQ w
�2; �3 � �4

�6; �7 � �8

�1; �5; �9 � �2; �3; �4; �6; �7; �8; �10; �11

�i > 0; �j > 0; �k > 0
i = 1; 2; : : : ; 5
j = 1; 2; : : : ; 11
k = 1; 2; : : : ; 8 (16)

%Ow@ Oy=wN Q} R CQwY x@ �x=Qty p=v=m � Cr=L u}= QO R}v OwU `@=wD
%x=Qty p=v=m QO 1 x=Qty |=yuirD |xOvvmO}rwD OwU `@=D

�bm1 = pfm1D
f
m1 + pbm1D

b
m1 + �bm1D

b
m1 � cm1(Df

m1 +Db
m1)

(17)

%2 x=Qty |=yuirD |xOvvmO}rwD OwU `@=D
�fm2 = pfm2D

f
m2 � cm2D

f
m2 (18)

%x=Qty p=v=m QO 1 |D=Q@=Nt C=tON QwD=QB= OwU `@=D
�bo1 = pfo1D

f
o1 + pbo1D

b
m1 � �bm1D

b
m1 � co1(Df

o1 +Db
m1) (19)

%2 |D=Q@=Nt C=tON QwD=QB= OwU `@=D
�fo2 = pfo2D

f
o2 � co2D

f
o2 (20)

x=Qty p=v=m Vv pOt "1"2"3
1 |D=Q@=Nt C=tON QwD=QB= w 1 x=Qty uirD |xOvvmO}rwD xm x=Qty p=v=m pOt QO
lQDWt pwYLt w O=R; pwYLt Ct}k u}}aD |B QO xOvvmO}rwD 'Ovvm|t |Q=mty
=@ |Q=mty |=Q@ xv}y@ |xv=Q=} u}}aD |B QO R}v 1 QwD=QB= w CU= 1 QwD=QB= =@ OwN
|B QO R}v 2 |xOvvmO}rwD "CU= Q_v OQwt lQDWt pwYLt |=Q@ 1 |xOvvmO}rwD

"CU= OwN O=R; pwYLt Ct}k u}}aD
C=t}tYD u=tRsy CQwY x@ u=vm} R=@ |xty 'Vv Q=DN=U w x=Qty p=v=m pOt QO
`@=D 1 |xOvvmO}rwD xm Ow@ Oy=wN CQwY u}= x@ C=k=iD= OvwQ "Ovvm|t PN= =Q OwN
u}}aD =Q OwN O=R; pwYLt w lQDWt pwYLt |WwQixOQN Ct}k |=Q@ OwN MU=B
R}v 1 QwD=QB= "Ovm xv}W}@ 1 QwD=QB= w 2 |xOvvmO}rwD Q@=Q@ QO =Q OwN OwU =D Ovm|t

20



1 2
|xQ

=tW
'34

�1
|xQ

wO'
�13

97
u=DU

@=D�
h}

QW
C}

Q}Ot
w`}

=vY
|U

Ovyt %C=@F=

d2�bm1
dpf2
m1

= �2�1 < 0 d2�bm1
dpb2m1

= �2�9 < 0
d2�bo1
d�b2m1

= �2�9 < 0 d2�fm2
dpf2
m2

= �2�5 < 0

\=kv QO pfm1 ; p
b
m1 ; p

f
m2 ; �

b
m1 ?ULQ@ pibm1 ; �

f
m2 ; �

b
o1 `@=wD 'u}=Q@=v@

"OvDUy xv}W}@ |=Q=O OwN QiY |w=Ut jDWt
- nQ@rmDU= CQOk Q=DN=U w x=Qty p=v=m l} QO xm CU= |vat u}= x@ x}[k u}=
w 1 |xOvvmO}rwD lQDWt w O=R; pwYLt |xv}y@ *|WwQixOQN |=yCt}k 'Vv
=Dm} w OvQ=O OwHw 1 QwD=QB= |xv}y@ |xv=Q=} u}vJty w 2 |xOvvmO}rwD O=R; pwYLt

"OvDUy R}v

C}U=UL p}rLD w |OOa p=Ft "4
u}vJty w xr�Ut pOt uOw@ |vOW uO=O u=Wv |=Q@ |OOa |r=Ft CtUk u}= QO
CLD w x=Qty p=v=m QO u=vm} R=@ R= s=Om Qy OwU Q@ C=tON Ct}k QF= uO=O u=Wv
|x]@=Q \}=QW QO xm |wLv x@ =yQDt=Q=B |[Qi Q}O=kt "CU= xOW xOQw; Vv Q=DN=U

"CU= xOt; xt=O= QO Ovvm jOY 16

�1=3 �2=2 �3=1 5 �4=1 �5=3
�6=2 �7=1=5 �8=1 �9=3 �10=1=5
�11=1 �1=3 �2=2 �3=1 5 �4 =1
�5 =3 �6=2 �7=1 5 �8=1 cm1=2
cm2=2 co1=1 co2=1 �1=1000 �2=500
�3=1000 �4=1000 �5=1000 pfO1=20 pfO2=20
pbo1 = 10
w xr�Ut |=yQ}eDt Q}O=kt 'u; |=QH= w pOt QO =yQDt=Q=B Q}O=kt uO=O Q=Qk =@
Oy=wN CUO x@ hrDNt |=y|R=@ QO u}t-=D |xQ}HvR hrDNt |=[a= OwU u}vJty

%=@ CU= Q@=Q@ x=Qty p=v=m Vv |R=@ |=Q@ Q}O=kt u}= "Ot;

pfm1 = 323 pbm1 = 413 pfm2 = 133 �bm1 = �152
�fm2 = 302592 �fm2 = 86804 �bo1 = 82542 �fo2 = 9109
hrDNt |=[a= OwU w =yQ}eDt Q}O=kt '1 QwD=QB= C=tON Ct}k Q=Okt Q}}eD =@

"OQm Oy=wN Q}}eD u}t-=D |xQ}HvR
QO 1 QwD=QB= O=R; C=tON Ct}k Q}}eD CU= XNWt 5 pmW R= xm xvwou=ty
u}t-=D |xQ}HvR hrDNt |=[a= OwU V}=Ri= =} Vy=m ?Hwt x=Qty p=v=m Vv |R=@
1 QwD=QB= O=R; C=tON Ct}k V}=Ri= =@ u=oOvvmO}rwD OwU Q=Okt x@ xHwD =@ xm OwW|t
QO 2 QwD=QB= OwU V}=Ri= u=R}t xm O@=}|t V}=Ri= 2 QwD=QB= w 1 QwD=QB= OwU w Vy=m
=@ G} QOD x@ xm CU= XNWt pmW R= u}vJty "CU= R}J=v Q=}U@ 1 QwD=QB= p@=kt
QDW}@ R}v 2 |xOvvmO}rwD R= |DL 1 QwD=QB= OwU 1 QwD=QB= O=R; C=tON Ct}k V}=Ri=

"OwW|t
|=[a= OwU Q@ 1 QwD=QB= lQDWt C=tON Ct}k Q}}eD QF= |xOvyOu=Wv 6 pmW
pmW u}= R= xm xvwou=ty "OyO|t u=Wv =Q x=Qty p=v=m Vv |R=@ QO u}t-=D |xQ}HvR

"xr�Ut Vv - nQ@rmDU= |R=@ |rm |=tv "4 pmW

|xv}y@ *|WwQixOQN |=yCt}k 'Vv Q=DN=U w x=Qty p=v=m l} QO xH}Dv QO
u}vJty w 2 |xOvvmO}rwD O=R; pwYLt w 1 |xOvvmO}rwD lQDWt w O=R; pwYLt

"OvDUy R}v =Dm} w OvQ=O OwHw 1 QwD=QB= |xv}y@ |xv=Q=}
2 xH}Dv �

lQDWt pwYLt QO 1 |xOvvmO}rwD x=Qty uirD Ct}k '2 |x}[k w �16� T=U= Q@
pbo1 ?ULQ@ w |OwaYpfo2 'pfo1 'pfm1 'cm2 'cm1 ?ULQ@ Vv pO=aD |x]kv QO
Q@ w |OwaY pbo1 w cm1 ?UL Q@ 1 |D=Q@=Nt C=tON QwD=QB= |xv=Q=} "CU= |rwRv
|xOvvmO}rwD x=Qty uirDCt}k u}vJty "CU= |rwRv pfo2 w pfo1 'pfm1 'cm2 ?UL
"CU= |rwRv pfo2 w pfo1 ?UL Q@ w |OwaY pbo1 w pfm1 'cm2 'cm1 ?ULQ@ 2
OwHwt \@=wQ R= R}v =Hv}= QO =Q 1 |xH}Dv Ovv=ty |}=y|Q}oxH}Dv u=wD|t u}=Q@=v@

"OQm G=QNDU=
�1 |xOvvmO}rwD Q@yQ� x=Qty p=v=m Vv - nQ@rmDU= pOt "2"2"3

=Q OwN C=t}tYD |D=Q@=Nt C=tON QwD=QB= w 1 |xOvvmO}rwD 'CQOk Q=DN=U u}= QO
"CU= Q} R CQwY x@ `}=kw ?}DQD xm Ovvm|t PN= xr=@vO l} CQwY x@

pwYLt w O=R; pwYLt|WwQixOQNCt}k x@MU=B QO OwN|xv=Q=} 1 QwD=QB= =OD@=
1 |xOvvmO}rwD TBU "Ovm|t u}}aD 1 |xOvvmO}rwD \UwD =Q xOW xO=O lQDWt
w lQDWt pwYLt |xv}y@ |WwQixOQN Ct}k u}}aD QO =Q 1 QwD=QB= MU=B `@=D
w 1 |xOvvmO}rwD u; R= TB "OQ}o|t Q=m x@ OwN OwU uOQm xv}W}@ |=Q@ O=R; pwYLt
Vv |R=@ l} w Ovvm|t PN= =Q OwN C=t}tYD u=tRsy CQwY x@ 2 |xOvvmO}rwD
OwN OwU x@ u}iQ] R= s=Om Qy '=[=kD uO=O MQ R= TB C}=yv QO "OvyO|t s=Hv=

"�4 pmW� OvUQ|t
|xOvvmO}rwD lQDWt pwYLt w O=R; pwYLt |xv}y@|WwQixOQNCt}k "3 x}[k �
|xv=Q=} u}vJty w 2 |xOvvmO}rwD O=R; pwYLt |xv}y@ |WwQixOQN Ct}k w 1

%=@ Ow@ Oy=wN Q@=Q@ xOW QmP CQOk Q=DN=U QO 1 QwD=QB= |xv}y@

pfm1 =
B1cm2 +B2pbo1 +B3cm1 +B4 +B5(pfo1 + pfo2)

Y2
(25)

pbm1 =
B6cm2 +B7pbo1 +B8 +B9cm1 +B10(pfo1 + pfo2)

Y2
(26)

pfm2 =

B11cm2 + (B12 +A12)cm1 +B13 +A12pbo1 +B14(pfo1 + pfo2)
Y2

(27)

�bm1 =

A16cm2 +A17pbo1 + (A17 +A18)cm1 +A19 +A20(pfo1 + pfo2)
Y3

(28)
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u}t-=D |xQ}HvR |=[a= OwU Q@ 1 QwD=QB= lQDWt C=tON Ct}k Q}}eD QF= "8 pmW
"x=Qty p=v=m Vv - nQ@rmDU= |R=@ QO

p@k x=Qty uirD u=oOvvmO}rwD OwU Q@ 1 QwD=QB= O=R; C=tON Ct}k Q}}eD QF= "9 pmW
"|Q=mty R= Oa@ w

|D=Q@=Nt C=tON |=yQwD=QB= OwU Q@ 1 QwD=QB= O=R; C=tON Ct}k Q}}eD QF= "10 pmW
"|Q=mty R= Oa@ w p@k x=Qty uirD

u}@ |Q=mty QF= QDy@ lQO |=Q@ =t= "O@=}|t V}=Ri= =[a= Q}=U OwU w Vy=m 1
p@k xQ}HvR |=[a= OwU 'u}t-=D |xQ}HvR |=[a= OwU Q@ 1 QwD=QB= w 1 |xOvvmO}rwD
OQm s}y=wN |UQQ@ 1 QwD=QB= O=R; C=tON Ct}k Q}}eD QF= QO =Q |Q=mty R= Oa@ w

�"Ov=xOW ZQi u=Um} Cr=L wO Qy QO =yQDt=Q=B Q}=U Q}O=kt�
x=Qty uirD u=oOvvmO}rwD OwU Q@ =Q 1 QwD=QB= O=R; C=tON Ct}k Q}}eD QF= 9 pmW
Ea=@ 1 |xOvvmO}rwD w 1 QwD=QB= u}@ |Q=mty "OyO|t u=Wv |Q=mty R= Oa@ w p@k
pmW u}= QO xm O@=} V}=Ri= |yHwD p@=k Qw]x@ 1 |xOvvmO}rwD OwU xm CU= xOW

"CU= XNWt Kw[w x@ R}v
C=tON |=yQwD=QB= OwU Q@ 1 QwD=QB= O=R; C=tON Ct}k Q}}eD QF= 10 pmW

QO u}t-=D |xQ}HvR |=[a= OwU Q@ 1 QwD=QB= O=R; C=tON Ct}k Q}}eD QF= "5 pmW
"x=Qty p=v=m Vv |R=@

u}t-=D |xQ}HvR |=[a= OwU Q@ 1 QwD=QB= lQDWt C=tON Ct}k Q}}eD QF= "6 pmW
"x=Qty p=v=m Vv |R=@ QO

QO u}t-=D |xQ}HvR |=[a= OwU Q@ 1 QwD=QB= O=R; C=tON Ct}k Q}}eD QF= "7 pmW
"Vv - nQ@rmDU= |R=@

1 |xOvvmO}rwD OwU 1 QwD=QB= lQDWt C=tON Ct}k V}=Ri= =@ CU= XNWt R}v
"O@=}|t V}=Ri= =[a= Q}=U OwU w Vy=m

|=[a= OwU Q@ 1 QwD=QB= lQDWt C=tON Ct}k Q}}eD QF= |xOvyOu=Wv 7 pmW
u}= R= xm xvwou=ty "OyO|tu=Wv =Q x=Qtyp=v=mVv -nQ@rmDU=|R=@ QOu}t-=D|xQ}HvR
u=oOvvmO}rwD OwU 1 QwD=QB= lQDWt C=tONCt}kV}=Ri= =@CU=XNWt R}v pmW
"CU= R}J=v Q=}U@ 2 QwD=QB= OwU V}=Ri= xm O@=}|t V}=Ri= =yQwD=QB= OwU w Vy=m

|xQ}HvR |=[a= OwU Q@ 1 QwD=QB= lQDWt C=tON Ct}k Q}}eD QF= 8 pmW QO
pmW R= xm xvwou=ty "CU= xOW |UQQ@ x=Qty p=v=m Vv - nQ@rmDU= |R=@ QO u}t-=D
|xOvvmO}rwD OwU 1 QwD=QB= lQDWt C=tONCt}kV}=Ri= =@CU=XNWt R}v QwmPt
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"OwW|t |Q=mty u}iQ] OwU Q}osWJ

C=tON w CqwYLt Qta QF= |UQQ@ Ov=wD|t xOv}; |D=k}kLD |=yxv}tR R= |m}
|Q=QkQ@ u=mt= w |yOVWwB "OW=@ p=v=m ?=NDv= |=yCU=}U w xv}y@ |Q=PoCt}k Q@
CU= Cw=iDt =yQyW hrDNt |L=wv QO hrDNt |D=Q@=Nt C=tON |=yQwD=QB= \=@DQ=
Qo}O |NQ@ w OvQ=O OwHw =yQwD=QB= |NQ@ |=yuDv; |L=wv |NQ@ QO xm |wLv x@
OQ=O |@U=vt |yOVWwB x}L=v l} QO xm |QwD=QB= u=mQDWt xH}Dv QO "OQ=Ov OwHw
\=@DQ= |Q=QkQ@ x@ QO=k =yQwD=QB= Q}=U u=mQDWt |rw OvDUy \=@DQ= |Q=QkQ@ x@ QO=k
QO =yQwD=QB= |NQ@ w OQ=O OwHw Qt= u}= R}v =t QwWm QO "OvDU}v |L=wv u; QO
|yOVWwB Qo}O |NQ@ TmaQ@ |rw OvQ=Ov |@U=vt |yOVWwB |L=wv |NQ@
sy=Qi =Q u=mt= u}= pw= x=Qty w pUv=Q}= QwD=QB= Q}N= |=yp=U QO "OvQ=O |@U=vt
=yu; C=tON |yOVWwB CQOk R= Ovv=wD@ p@=kt hQ] QwD=QB= u=mQDWt xm Ov=xDN=U
QO "Ovvm xO=iDU= 'OQ=Ov |@U=vt |yOVWwB u=mQDWt OwN QwD=QB= xm |k]=vt QO
xOW QmP |xr�Ut |UQQ@ Ov=wD|t xOv}; |D=k}kLD |=yxv}tR R= Qo}O |m} xH}Dv
|xQ}HvR |=[a= OwU Q@ |Q=mty ẁv u}= QF= |UQQ@ R}v w xv}y@ O=O Q=Qk u}}aD w
|xv}y@ COt pw] |UQQ@ xOv}; C=k}kLD |=Q@ Qo}O ?U=vt |xv}tR "OW=@ u}t-=D
"CU= x=Qty uirD u=oOvvmO}rwD w =yQwD=QB= u}@ x=Qty uirD x=oDUO Qy |=Q@ O=OQ=Qk
Ov=wD|t R}v �[23w22]x@=Wt p=Ft |=Q@� C=e}r@D =} =} wB |Q=PoCt}k uDiQo Q_v QO
Q}=U uDiQo Q_v QO =@ xr�Ut |UQQ@ u}vJty "OW=@ |D; C=k}kLD |=Q@ |}xv}tR
|=Q@� CU= |D; C=k}kLD |=Q@ Qo}O C=aw[wt xrtH R= u}t-=D |xQ}HvR |=RH=

"�[25w24]p=Ft

R}v QwmPt pmW R= xm Qw]u=ty "OyO|t u=Wv |Q=mty R= Oa@ w p@k =Q |D=Q@=Nt
QwD=QB= OwU xm CU= xOW ?@U xOvvmO}rwD w QwD=QB= u}@ |Q=mty OwW|t CW=OQ@

"O@=} V}=Ri= |yHwD p@=k Qw]x@ R}v
1 QwD=QB= w 1 |xOvvmO}rwD u}@ |Q=mty CU= XNWt R}v =ypmW R= xm u=vJ
xm OvyO|t u=Wv Kw[w x@ =ypmW "OQ=O u}iQ] R= s=Om Qy OwU QO |}=RU@ Q}F-=D
OwU w 2 |xOvvmO}rwD R= QDW}@ 1 |xOvvmO}rwD OwU CU= xOW ?@U |Q=mty u}=
"OwW |Q=mty sOa Cr=L R= QDW}@ R}v s=Om Qy OwU w 2 QwD=QB= R= QDW}@ 1 QwD=QB=

C=O=yvW}B w |Q}oxH}Dv "5
|=yQ=DN=U =@ p=v=m ?=NDv= |=yCU=}U w |Q=PoCt}k |=yCU=}UVywSB u}= QO
wO w x=Qty uirD |xOvvmO}rwD wO pt=W |v}t-=D |xQ}HvR "OW |UQQ@ CQOk hrDNt
|=yp=v=m QO s=Om Qy |=y=[=kD `@=wD w OW xDiQo Q_v QO |D=Q@=Nt C=tON QwD=QB=
xr�Ut |=Q@ x=Qty w O=R; p=v=m wO "OW |U} wvpwtQi xv=o =OH CQwY x@ x=Qty w O=R;
s=Hv= Q_v OQwt |=y|R=@ |ak=w |=}vO =@ ?U=vDt s=Om Qy |=Q@ w CiQo Q=Qk Q_v Ot
wO Qy QO QwD=QB= |xv}y@ |xv=Q=} R}v w u=oOvvmO}rwD |WwQixOQN |=yCt}k w CiQo
|OOa p=Ft l} R}v C}=yv QO w Ot; CUO x@ CQOk hrDNt |=yQ=DN=U =@ w p=v=m
x�=Q= xOt; CUO x@ |=y?=wH uOw@ |vOW uO=O u=Wv R}v w xr�Ut QDy@ lQO |=Q@
QwD=QB= l} w p}=@ wt |xOvvmO}rwD l} u}@ |Q=mty xm OyO|t u=Wv G}=Dv "OW

=yCWwv=B
1. free
2. bundled
3. iphone
4. double marginalization
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Y1 = ��9(2�24�5 + �3�4�8 + 3(�4�1�5 + �3�7)�9)� 2(�4(4�5+

�7) + (2�1 + �3)�8)�9�10 + (�4�8 � (2�5 + �7)�9)�210

A1 = 3�3�5�29 + 2�4�5�9�10 + �5�9�210A2 = 2�4�5�29 + �3�8�29 � 2�5�29�10 + �8�9�210

A3 = (�9(��4(2�4�5 + �3�8) + (2(3�1 + �4)�5 + �3�8)�9)� 2�9(�1�8 + �5(2�4 + �9))�10 + �8(�4 + �9)�210)

A4 = �1�9(6�5�9 � 2�8�10) + 2�3�9(�3�8 + �5(2�4 + �10)) + �2�9(3�3�9 + �10(2�4 + �10))

A5 = (�6�2�5�29 � 3�3�6�29 � 2�4�6�9�10 + 2�2�8�9�10 � �6�9�210 + 2�9(�3�8 + �5(2�4 + �10))�11)

A6 = (��3�4�5�9 � 4�1�5�9�10 � 2�3�5�9�10 + �4�5�210)

A7 = (�2�24�5�9 � �3�4�8�9 + 8�1�5�29 � 2�3�7�29 � 6�4�5�9�10 � 2�4�7�9�10�
4�1�8�9�10 � 2�3�8�9�10 + �4�8�210)

A8 = (2�1�4�5�9 � �3�4�7�9 � 4�1�5�29 + �3�7�29 � 4�1�5�9�10 + 2�4�5�9�10 � 2�1�7�9�10+

2�4�5�210 + �4�7�210 + 2�5�9�210 + �7�9�210)

A9 = (�2�1�4�5�9 � 4�1�5�9�10 � 2�1�7�9�10 + 2�3(�4�1�5�9+

�3�7�9 + �4�5�10) + �2(��3�4�9 � 2(2�1 + �3)�9�10 + �4�210))

A10 = (2�2�4�5�9 + �3�4�6�9 + 4�2�5�9�10 + 4�1�6�9�10 + 2�3�6�9�10 + 2�2�7�9�10 � �4�6�210�
2((4�1�5 � �3�7)�9 � �4�5�10)�11)

A11 = �5�9(�24 � 6�1�9 + 4�4�10 + �210)A12 = (��4�7�29 � 2�1�8�29 + �4�8�9�10 + �7�29�10 + �8�9�210)

A13 = �24�7�9 + �1�4�8�9 � 3�1�7�29 + 2�4�7�9�10 � 2�1�8�9�10 + �4�8�210

A14 = �2�3�4�7�9 � 4�3�1�8�9 � �1�4�8�9 � 3�1�7�29+

�3�4�8�10 � �3�7�9�10 � 2�1�8�9�10 + �2�9(�24 � 6�1�9 + 4�4�10 + �210)

A15 = (��24�6�9 + �2�4�8�9 + 6�1�6�29 + 3�2�7�29 � 4�4�6�9�10 + 2�2�8�9�10 � �6�9�210+

(�2(�4�7 + 2�1�8)�9 � (��4�8 + �7�9)�10)�11)

A16 = (�3�4�5�9 + �24�5�10 � 2�1�5�9�10 � �3�5�9�10 + �4�5�210)

A17 = (4�1�5�29 � �3�7�29 � 4�4�5�9�10 � �4�7�9�10 � 2�1�8�9�10 � �3�8�9�10 + �4�8�210)

A18 = (�2�1�4�5�9 + �3�4�7�9 + 2�24�5�10 + �24�7�10 + �1�4�8�10+

�3�4�8�10 � 2�1�5�9�10 � �1�7�9�10 + 2�4�5�210 + �4�7�210)

A19 = 2�1�4�5�9 � �1�4�8�10 � 2�1�5�9�10 � �1�7�9�10+

�3(2�24�5 + (�4�1�5 + �3�7)�9 + �4(�3�8 + 2�5�10))�2(�3�9(�4 � �10+) + �10(�2�1�9 + �4(�4 + �10)))

A20 = (�2�2�4�5�9 � �3�4�6�9 � �24�6�10 + �2�4�8�10 + 2�2�5�9�10+

2�1�6�9�10 + �3�6�9�10 + �2�7�9�10�4�6�210 + (2�24�5 + (�4�1�5 + �3�7)�9 + �4(�3�8 + 2�5�10))�11)

Y2 = �9(2�24�5 + �3�4�8 + 4(�4�1�5 + �3�7)�9) + 3(�4(4�5 + �7)+

(2�1 + �3)�8)�9�10 + (�2�4�8 + (2�5 + �7)�9)�210

B1 = (�4�3�5�29 � 3�4�5�9�10 � �5�9�210B2 = (�2�4�5�29 � �3�8�29 + 2�5�29�10 � �8�9�210)

B3 = (�9(�4(2�4�5 + �3�8)� (2(4�1 + �4)�5 + �3�8)�9) + �9(3�1�8 + 2�5(3�4 + �9))�10 � �8(2�4 + �9)�210)

B4 = (��1�9(8�5�9 � 3�8�10)� �3�9(3�3�8 + 2�5(3�4 + �10))� �2�9(4�3�9 + �10(3�4 + �10)))

B5 = (8�2�5�29 + 4�3�6�29 + 3�4�6�9�10 � 3�2�8�9�10 + �6�9�210 � �9(3�3�8 + 2�5(3�4 + �10))�11)
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B6 = (��3�4�5�9 � 6�1�5�9�10 � 3�3�5�9�10 + 2�4�5�210)

B7 = (�2�24�5�9 � �3�4�8�9 + 12�1�5�29 � 3�3�7�29 � 10�4�5�9�10�
3�4�7�9�10 � 6�1�8�9�10 � 3�3�8�9�10 + 2�4�8�210)

B8 = �2�1�4�5�9 � 6�1�5�9�10 � 3�1�7�9�10 + �3(�12�1�5�9 + 3�3�7�9+

4�4�5�10) + �2(��3�4�9 � 3(2�1 + �3)�9�10 + 2�4�210)

B9 = (2�1�4�5�9 � �3�4�7�9 � 4�1�5�29 + �3�7�29 � 6�1�5�9�10 + 2�4�5�9�10 � 3�1�7�9�10+

4�4�5�210 + 2�4�7�210 + 2�5�9�210 + �7�9�210)

B10 = (2�2�4�5�9 + �3�4�6�9 + 6�2�5�9�10 + 6�1�6�9�10 + 3�3�6�9�10+

3�2�7�9�10 � 2�4�6�210 + (�3(4�1�5 � �3�7)�9 + 4�4�5�10)�11)

B11 = �5�9(�24 � 8�1�9 + 6�4�10 + �210)

B12 = �24�7�9 + �1�4�8�9 � 4�1�7�29 + 3�4�7�9�10 � 3�1�8�9�10 + 2�4geta8�210

B13 = (�pfo1�
24�6�9 � pfo2�

24�6�9 � 3�3�4�7�9 � 6�3�1�8�9 � �1�4�8�9+

pfo1�2�4�8�9 + pfo2�2�4�8�9 + 8pfo1�1�6�29 + 8pfo2�1�6�29�
4alpha1�7�29 + 4pfo1�2�7�29 + 4pfo2�2�7�29 + 2�3�4�8�10 � 6pfo1�4�6�9�10 � 6pfo2�4�6�9�10 � �3�7�9�10 � 3�1�8�9�10+

3pfo1�2�8�9�10 + 3pfo2�2 + �8�9�10 � pfo1�6�9�210 � pfo2�6�9�210 + �2�9(�24 � 8�1�9 + 6�4�10 + �210))

B14 = (�3(�4�7 + 2�1�8)�9 � (�2�4�8 + �7�9)�10)�11

Y3 = ��(2�24�5 + �3�4�8 + 4(�4�1�5 + �3�7)�9)� 3(�4(4�5 + �7) + (2�1+

�3)�8)�9�10 + (2�4�8 � (2�5 + �7)�9)�210
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