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'|y=oWv=O u=Q_v?L=Y w uqw�Ut =@ x@L=Yt s=Hv= w|r@k C=ar=]t|UQQ@ R=TB
"CU=yxO=O |WWwB p}rLD VwQ '=yxOmWv=O |}=Q=m |x@U=Lt |=Q@ VwQ u} QDy@
j}kLD u}= QO "OvOW |}=U=vW =yxOmWv=O |=y|HwQN w |=y|OwQw Qw_vt u}O@
Q=Qk Q_v Ot O}=@ |HwQN xDUO wO u}=Q@=v@ &Ow@ Q_v Ot |WywSB w |WRwt; Oa@
|UQQ@ =@ "=Q |WRwt; Oa@ |Qo}O w OHvU@ =Q |WywSB Oa@ xmu}= |=Q@ |m} CiQo|t
CvQo R= |WywSB Oa@ |=Q@ Ot; pta x@ |r@k C=ar=]t w x=oWv=O u=U=vWQ=m =@ xm
w OQ}o|t Q@ QO =Q |WywSB |=yx@vH s=tD ,=@} QkD CvQo =Q} R &OW xO=iDU= xv=ywSB =}
|=yR=}Dt= xv=ywSB =} CvQo "CU= TQDUO QO x=oWv=O QO R}v u; C=aq]= u}vJty
'xOW A=J Cq=kt O=OaD T=U= Q@ xm CU= |tra C�}y |=[a= |xvq=U |WywSB
w |WywSB |=yKQ] '?=Dm A=J 'Tv=Qivm w V}=ty QO xOW x�=Q= Cq=kt O=OaD
CYQi w |QDmO =UB jkLt O=OaD xr=UQ =} xt=vu=}=B |}=tvy=Q '|YYND |xQw=Wt
x@U=Lt |tra Q=F; Q}=U w |tra u=oO} RoQ@ 'u=}v@Vv=O CmQW T}U-=D w |D=ar=]t

"OwW|t
VWwB =Q |WRwt; Oa@ =D CiQo Q=Qk Q_v Ot Qo}O |HwQN QO xm |}=yXN=W
Qy xm CU= u}= C}ty= R�=L |xDmv "Ow@ x=oWv=O uq}YLDr=dQ=i O=OaD OyO
|=y|OwQw =yxOmWv=O "OQ=O OwHw xOmWv=O Qy QO Q_v Ot |=y|HwQN R= s=Om
u=U=vWQ=m ji=wD OQwt xm |OQ=wt CUNv s=o QO xar=]t u}= QO xm OvQ=O |O=} R
EL@ =yxOmWv=O R= s=Om Qy QO R}v =yv; C}OwHwt xD@r= 'CiQo Q=Qk Q_v Ot Ow@
u=wva x@� uq}YLDr=dQ=i O=OaD 'xOmWv=O Qy CvQo "O}UQ G}=Dv u}= x@ w OW
w 'OwHwt |=[i 'u=OvtQ=m O=OaD '|tra C�}y |=[a= O=OaD '�|HwQN |=yQ=}at
|x@vH Q_v R= u}=Q@=v@ "OvOW xDiQo Q_v QO =y|OwQw u=wva x@ p@k p=U |xHOw@
xO=iDU= '|v=yH |=y|Ov@x@DQ QO hrDNt |=yXN=W =@ xU}=kt QO '|WywSB
=Q |WywSB hrDNt |=yx@vH xm OwW|t ?@U x=oWv=O QO xv=ywSB =} CvQo R=
|wHWv=O w pO=at |tra C�}y |OwQw =@ R}v |WRwt; |x@vH "OyO VWwB
xHOw@ w =[i "CU= xOW xO=O VWwB pO=at p}YLDr=dQ=i |HwQN w pO=at
"CiQov Q=Qk xO=iDU= OQwt pOt QO C=aq]= Ow@v p}rO x@ =t= OW x�=Q= pOt QO
pOt QO MinMax Q=}at ,=@r=e xm OW XNWt |r@k C=ar=]t |UQQ@ =@
R}=tD CQOk 'l}Uqm |=ypOt x@ C@Uv =yxO=O |WWwB p}rLD |v=tQ; |R} Qxt=vQ@
pOt R= j}kLD u}= QO 'u}=Q@=v@ [16]"OQ=O |r=a VRwt; |=y|Ov@x@DQ QO |QDW}@
|Ov@pwtQi Q} R CQwY x@ pOt u}= "OW xO=iDU= |v=tQ; |R} Qxt=vQ@ MinMax

"OwW|t

MinZ = M (1)
mX
i=1

vixio = 1 (2)

sX
r=1

uiyrj �
mX
i=1

vixij + dj = 0 (3)

M � dj � 0 (4)

r = 1; 2; : : : ; S; i = 1; 2; : : : ;M; j = 1; 2; : : : ; J (5)

"s= j |xOmWv=O |=Q@ s= i |OwQw Q=Okt QDt=Q=B %xij
"s= j |xOmWv=O |=Q@ s= r |HwQN Q=Okt QDt=Q=B %yrj

"s= i |OwQw ?} Q[ Q}eDt %vi
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"""=
@x=o

Wv=O
l}

|=y
xOm

Wv=O
|R}

QxH
Ow@"|}=Q=m ?} Q[ |x@U=Lt "1 pwOH

|}=Q=m ?} Q[ R= =yxOmWv=O |Ov@x@DQ |}=Q=m R=}Dt= u=OvtQ=m C�}y dQ=i O=OaD CvQo xOmWv=O|}=Q=m ^=Lr |tra uq}YLDr=
1 065 6 0 7970738 0 57 0 59 0 60 0 56 |UOvyt w |vi

1 076 5 0 8146663 0 29 0 43 0 44 0 29 |v=Uv= swra

1 043 7 0 7650792 0 09 0 28 0 27 0 35 |[=} Q

1 039 8 0 7580701 0 40 0 23 0 22 0 43 x}=Bswra

1 022 9 0 7325196 0 20 0 32 0 30 0 25 QDw}Bt=m w jQ@

1 11 0 6544861 0 37 0 22 0 18 0 22 w |a}@] `@=vt
|U=vWQ} wm

1 16 3 0 940294 0 06 0 13 0 16 0 22 l} R}i

1 20 1 0 999633 0 09 0 21 0 27 0 21 C} Q}Ot 'O=YDk=
|Q=O@=UL w

1 10 0 6690303 0 11 0 23 0 20 0 16 C=}@O=

1 09 4 0 8409339 0 20 0 15 0 16 0 22 w uOat
|Swr=Dt

1 12 0 51808712 0 43 0 18 0 11 0 09 |Q=tat w Qvy

1 19 2 0 9828963 0 06 0 14 0 17 0 13 swra
|a=tDH=

"OW=@ xDW=O O}=@ xOmWv=O Qy xm |} wHWv=O O=OaD |xv}tm %studentj
"j |xOmWv=O wHWv=O x@ |tra C�}y C@Uv %teacher studentj
"j |xOmWv=O |tra C�}y x@ Q=}Wv=O O=OaD C@Uv%dan teacherj

|tra C�}y x@ Q=}Wv=O R= QDtm |tra C�}y O=OaD C@Uv % ass teacherj
"j |xOmWv=O

"j |xOmWv=O |tra C�}y x@ |r}tmD Cq}YLD O=OaD C@Uv %ma teacherj
|xOmWv=O |tra C�}y x@ |U=vWQ=m |wHWv=O O=OaD C@Uv %bach teacherj

"j
u=} wHWv=O pm x@ |r}tmD Cq}YLD |wHWv=O O=OaD C@Uv %ma studentj

" j |xOmWv=O
"j |xOmWv=O |tra C�}y x@ |WywSB C}r=ai C@Uv %grant teacherj

"u=} wHWv=O pm x@ |r}tmD Cq}YLD |wHWv=O O=OaD C@Uv u=tQ; %Goal1
"|tra C�}y x@ u=} wHWv=O pm C@Uv u=tQ; %Goal2

"|tra C�}y x@ q=@ x@ Q=}Wv=O |tra C}�y O=OaD C@Uv u=tQ; %Goal3
"|tra C�}y x@ �CvQo � x=oWv=O pm |WywSB |=yC}r=ai u=tQ; %Goal4

"j |xOmWv=O QO iXN=W Q=Okt %perij
"wHWv=O pm O=OaD u} QDtm %low student

"wHWv=O pm O=OaD u} QDW}@ %high student

"pm |WywSB C}r=ai u=R}t u} QDtm %low grant

"x=oWv=O |tra C�}y O=OaD u} QDW}@ %high teacher

"x=oWv=O |tra C�}y O=OaD u} QDtm %low teacher

"OW=@ xDW=O O}=@ xOmWv=O Qy xm |tra C�}y |xv}tm %teacherj
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|xQ
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�1
|xQ

wO'
�13

97
u=DU

@=D�
h}

QW
C}

Q}Ot
w`}

=vY
|U

Ovyt grantj
danj + assj

� grant teacherj (25)

maj ; bachj ; assj = int; grantj ; dg � 0
j = 1; 2; : : : ; J; g = 1; 2; : : : ; G (26)

=yC}OwOLt w hOy `@=D |iQat "3"5
=@ C} Q}Ot Q_v Ot O=[Dt w Cw=iDt |=yu=tQ; w h=Oy= OwHw p}rO x@ 'j}kLD u}=
Ot |=yu=tQ; "CUwQx@ wQ Q_v Ot |=yC}OwOLt =@ x=Qty |v=tQ; |[=} Q pOt l}
Q=Qk x@ 'CU= xOW |UQQ@ j}kLD u}= QO xm sWW |xt=vQ@ u=}=B =D OR} x=oWv=O Q_v

%CU= Q} R
u=} wHWv=O pm x@ |r}tmD Cq}YLD u=} wHWv=O C@Uv ��

wHWv=O x@ |tra C�}y C@Uv ��
|tra C�}y x@ q=@ x@ Q=}Wv=O |tra C�}y C@Uv ��

|tra C�}y x@ x=oWv=O |WywSB |=yC}r=ai C@Uv ��
=yxOmWv=O "OR=OQB|t hrDNt |=yVN@ x@ `@=vt X}YND |UQQ@ x@ j}kLD u}=
|v=Uv= |wQ}v u=ty |y=oWv=O `@=vt "OyO|t p}mWD =Q u; |=yVN@ x=oWv=O QO
hOy "CU= u=} wHWv=O w |tra C�}y R= sa= j}kLD u}= QO xm CU= x=oWv=O
|WN@ QF= w |}=Q=m =@ ?U=vDt x=oWv=O QO xOmWv=O Qy |xHOw@ u=R}t u}}aD j}kLD

"CU= u;
|x@DQt =@|traC�}y|=[a= O=OaDpt=W xar=]tu}= QO|UQQ@ OQwt|=yQ}eDt
u=} wHWv=O O=OaD 'Q=}Wv=O R= QDtm |x@DQ =@ |tra C�}y |=[a= 'q=@ x@ Q=}Wv=O
Qy QO |WywSB C}r=ai u=R}t w |U=vWQ=m u=} wHWv=O O=OaD '|r}tmD Cq}YLD

%CU= Q} R OQ=wt pt=W j}kLD u}= QO Q_v Ot h=Oy= "CU= xOmWv=O
`} RwD xm |Qw]x@ x=oWv=O |r}tmD Cq}YLD u=} wHWv=O pm O=OaD |R=Uxv}W}@ ��

"OW=@ xOmWv=O Qy |QwxQy@ =@ ?U=vDt u;
u; `} RwD xm |Qw]x@ x=oWv=O |U=vWQ=m u=} wHWv=O pm O=OaD |R=Uxv}W}@ ��

"OW=@ xOmWv=O Qy |QwxQy@ =@ ?U=vDt
?U=vDt u; `} RwD xm |Qw]x@ q=@ x@ Q=}Wv=O |tra C�}y pm O=OaD |R=Uxv}W}@ ��

"OW=@ xOmWv=O Qy |QwxQy@ =@
?U=vDt u; `} RwD xm |Qw]x@ Q=}Wv=O R= QDtm|traC�}y pm O=OaD |R=Uxv}W}@ ��

"OW=@ xOmWv=O Qy |QwxQy@ =@
=@ ?U=vDt u; `} RwD xm |Qw]x@ x=oWv=O |WywSB |=yC}r=ai |R=Uxv}W}@ ��

"OW=@ xOmWv=O Qy |QwxQy@
Qy u}@ xr�Ut |=yQ}eDt xm CU= xOW xO=iDU= p}rO u}O@ h=Oy= u}= `k=w QO

"OwW s}UkD Ov=wD@ xOmWv=O
K]U QO Q_v Ot |=yu=tQ; xm CU= u}= xr�Ut u}= OQwt QO Qo}O |xDmv
"CU=yxOmWv=O u}@ =yQ}eDt s}UkD hOy xm |DQwY QO 'CU= xOW KQ]t x=oWv=O
xDio j}kLD |xv}W}B QO xJv; w x=oWv=O Q_v Ot h=Oy= w =yu=tQ; x@ xHwD =@
|QDW}@ |Q=oR=U |v=tQ; |R} Qxt=vQ@ |=ypOt =@ j}kLD u}= QO Q_vOt pOt 'OW

"OQ=O
|OQmrta XN=W Q=Okt =yxOmWv=O QO `@=vt `} RwD |=Q@ xOW QmP `@=wD QO
Qy |oDU}=W `k=w QO pt=a u}= ?=UDL= =@ "CU= xDiQo Q=Qk Q_v Ot 'xOmWv=O

|v=tQ; |[=} Q pOt "2"5

MaxZ1 =
nX
i=1

per1jmaj (6)

MaxZ2 =
nX
i=1

per2jbachj (7)

MaxZ3 =
nX
i=1

per3jdanj (8)

MaxZ4 =
nX
i=1

per4jassj (9)

MaxZ5 =
nX
i=1

per5jgrantj (10)

MinZ6 =
nX
i=1

�gdg (11)

JP
j=1

maj

JP
j=1

(maj + bachj)
+ d1 = Goal1 (12)

JP
j=1

(maj + bachj)

JP
j=1

(danj + assj)
� d2 = Goal2 (13)

JP
j=1

danj

JP
j=1

(dan+ assj)
+ d3 = Goal3 (14)

JP
j=1

grantj

JP
j=1

(danj + assj)
+ d4 = Goal4 (15)

low student �
JX
j=1

(maj + bachj) � high student (16)

low teacher �
JX
j=1

(danj + assj) � high teacher (17)

low grant �
JX
j=1

grantj (18)

danj + assj
maj + bachj

� teacher studentj (19)

danj
danj + assj

� dan teacherj (20)

assj
danj + assj

� ass teacherj (21)

maj
danj + assj

� ma teacherj (22)

bachj
danj + assj

� bach teacherj (23)

maj
maj + bachj

� ma studentj (24)
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"""=
@x=o

Wv=O
l}

|=y
xOm

Wv=O
|R}

QxH
Ow@"|r}YLD `]kt Qy QO xOmWv=O Qy u=}wHWv=O R=}Dt= "2 pwOH

Qvy |RQw=Wm w |vi swra swra
|UOvyt x}=B |v=Uv=

2 1 2 66 1 86 1 67 1 |U=vWQ=m
8 4 10 64 7 44 6 67 4 Cq}YLD

|r}tmD

pY=L G}=Dv '`k=w QO "OvOW |yOR=}Dt= xOt; CUO x@ Q}O=kt TBU &Ot; CUO x@
Q=Okt xJ w |tra C�}y w wHWv=O OvJ xOmWv=O Qy xm CU= u}= R= |m =L pOt R=

"OwW l}ORv x=oWv=O h=Oy= x@ Ov=wD@ =D OW=@ xDW=O CvQo
R=}Dt= QO xOmWv=O Qy |wHWv=O O=OaD ?Q[ R= xOmWv=O Qy |wHWv=O R=}Dt=
QO pY=L OOa w Ot; CUO x@ 'CU= xOt; 2 pwOH QO xm 'swra CQ=Rw QO Q_v Ot

"CiQo Q=Qk 50�0 |xrY=i
|tra C�}y O=OaD ?Q[pY=L ẁtHt R= xOmWv=O Qy |tra C�}y R=}Dt=
R= QDtm |x@DQt =@ |tra C�}y O=OaD w 1 5 ?} Q[ QO q=@ x@ Q=}Wv=O |x@DQt =@
Q=Qk 30�0 |xrY=i QO pY=L OOa 'TBU "Ot; CUO x@ 1 1 ?} Q[ QO Q=}Wv=O

"CiQo
'CU=yxOmWv=O|WywSB|=yC}r=aiXN=Wu} QDsyt xm 'R}vCvQoXN=WQ=Okt
Cr=L QO CvQo w |tra C�}y 'wHWv=O R=}Dt= "OW xDiQo Q_v QO 20�0 |xrY=i QO
x@U=Lt |rai C}a[w Cr=L QO w |v=tQ; |[=} Q pOt G}=Dv R= pY=L '|v=tQ;
1 2 =D 0 8 u}@ pY=L OOa "OvOW T=}kt|@ w OvOW sm sy R= =yR=}Dt= u}= "OW
OQ}o|t Q=Qk 1�0 8 u}@ pY=L OOa OW=@ |ivt Q=Okt Qo = xm |Qw]x@ 'CiQo Q=Qk
xDW=Po 1 Q=Okt OW=@ QiY OOa Qo = "OwW QDtm |Y=YDN= |xHOw@ Q=Okt R= =D
u}= Ow@ C@Ft Qo = w OW=@ xDW=Ov |Y=YDN= |xHOw@ Q=Okt QO |Q}F-=D =D OwW|t
"OwW u=}=tv xHOw@ Q=Okt QO |WN@ QF= Q}F-=D =D OQ}o|t Q=Qk 1 2 =D 1 u}@ OOa
?} Q[ w |v=tQ; ?} Q[ R= pY=L R=}Dt= wO Cw=iD CQwY x@ |WN@ QF= ?} Q[
u}= =@ xm CU= u}= x@U=Lt ẁv u}= p}rO "O};|t CUO x@ xOmWv=O Qy Q[=L p=L
xOmWv=O Qy |xHOw@ ?} Q[ x@ x=oWv=O O}=@ Qo}O QOkJ xm OwW|t XNWt VwQ
l} R= QDW}@ xOmWv=O l} |=Q@ ?} Q[ u}= xJ Qy xm OUQ@ Vi=Oy= x@ =D O}=Ri=}@

"OQ}o|t jraD u; x@ |QDW}@ |xHOw@ C@Uv OW=@
x=oWv=O |xOmWv=O Qy |=y|oS} w w \rDNt xiOyOvJ pOt R= pY=L G}=Dv
p=@vO =Q |k} wWD CU=}U x=oWv=O xmu}= p}rO x@ "CU= xOW x�=Q= 3 pwOH QO OR}
pwOH R= xm Qw]u=ty "OW u}}aD 1 2 =D 1 |WN@ QF= |=Q@ xOW h} QaD |xR=@ OQm|t
=Q |v=tQ; C=R=}Dt= =yxOmWv=O R= s=Om Qy Qo = =yu=tQ; x@ xHwD =@ OwW|t CW=OQ@ 3
R= |[a@ u=}t u}= QO "OwW l}ORv OwN |=yu=tQ; x@ Ov=wD|t x=oWv=O 'OvW=@ xDW=O
x@ |Q}}eD =yv; |xHOw@ C@Uv QO w Ov=xOv=t |k=@ OwN |rai C}a[w QO =yxOmWv=O
|D=Q}}eD =yv; R= |[a@ xm |r=L QO &OW Oy=wNv Qy=_ =yv; QO |WN@ QF= ?} Q[ p}rO
QDQF-wt =yxOmWv=O u}= x=oWv=O h=Oy= x@ uO}UQ |=Q@|va} 'Ov=xDW=O|raiC}a[w R=
=yv; x@ |QDW}@ |xHOw@ w OW Oy=wN Qy=_|WN@ QF=?} Q[ QO =yv; C=Q}}eD w OvDUy
wO xiOyOvJ pOt u}= pL =@ 'CU= XNWt 3 pwOH R= xm Qw]u=ty "OQ}o|t jraD
'pY=L G}=Dv w |v=tQ; |[=} Q pOt u}= R= xO=iDU= =@ pw= &OwW|t pY=L |HwQN
xOmWv=O Qy x@ =Q =yu=tQ; x@ uO}UQ |=Q@ OwN Q_v Ot |=yOQ@y=Q Ov=wD|t x=oWv=O
?PH w |tra C�}y |=kDQ= w ?PH |=Q@ |}xt=vQ@ xOmWv=O Qy `k=w QO w Ovm =kr=
xOmWv=O Qy|WN@ QF=?} Q[ 'G}=Dv R= xO=iDU= =@TBU "OW=@ xDW=O OwN u=} wHWv=O
?} Q[ G}=Dv 3 pwOH |=yDv= QO "OwW|t pY=L R}v xHOw@ ?} Q[ |x@U=Lt QO

QO xm xOmWv=O Qy "OW x@U=Lt =yQ}eDt R= s=Om Qy uOQw; CUO x@ QO xOmWv=O
|oDU}=W 'Ovm QDl}ORvVi=Oy= x@ =Q x=oWv=O w OW=@ xDW=O |QDq=@ OQmrta x=oWv=O
'OwW|t xOy=Wt xm Qw]u=ty "O@=} X}YND u; x@ |QDW}@ `@=vt xm OQ=O =Q u}=
Qy QO perij QDt=Q=B "CU= xOW xDiQo Q_v QO xv=o =OH |iOy `@=vt R= s=Om Qy |=Q@
hOy u; QO Q_v Ot Q}eDt =@ ?U=vDt j |xOmWv=O QO i |OQmrta XN=W `@=D

"CU=
Q_v QO =yu=tQ; |=Q@ xm |D} wrw= x@ xHwD =@ &CU=yu=tQ; x@ \w@ Qt 11 |x]@=Q
u=tQ; Q=yJ j}kLD u}= QO "OwW|t xv}tm =yv; R= h=QLv= Q=Okt 'CU= xOW xDiQo
Cq}YLD |wHWv=O O=OaD C@Uv x@ \w@ Qt u=tQ; u}rw= "CU= xOW xDiQo Q_v QO
Goal1 |xv}W}@ u=tQ; x@ OQ=O Q_v QO x=oWv=O xm CU= u=} wHWv=O pm x@ |r}tmD
"Ovm|t xv}tm =Q Goal � 1 Q=Okt R= uOW QDtm pOt 12 w11 x]@=Q j@] "OUQ@
Q_v x@ =v@ w CU= |tra C�}y x@ u=} wHWv=O pm C@Uv x@ \w@ Qt u=tQ; u}twO
Q=Okt R= uOW QDW}@ pOt 13 w11 x]@=Q j@] xm CU= d2 u; u=tQ; |xv}tm x=oWv=O
x@ q=@ x@ Q=}Wv=O |tra C}�y O=OaD C@Uv swU u=tQ; "Ovm|t xv}tm =Q Goal1
'R=Ht |x}L=v "CU= Goal3 u; ?wr]t |xv}W}@ xm OyO|t u=Wv =Q |tra C�}y
sQ=yJ u=tQ; "OwW|t xv}tm Q=Okt u}= hOy `@=D QO 'u}=Q@=v@ "CU= u; R= QDtm Q}O=kt
Q_v QO x=oWv=O xm CU= |tra C�}y x@ �CvQo � x=oWv=O pm |WywSB |=yC}r=ai
Q=Okt R= uOW QDtm pOt 14 w 11 x]@=Q j@] xH}Dv QO "OUQ@Goal4 x@ QFm =OL OQ=O
u=} wHWv=O pm O=OaD x@ \w@ Qt C}OwOLt 16 |x]@=Q "Ovm |t xv}tm =QGoal1
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